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]iI. CONIET IiAMIITONIII] DYNIjIICAI SYSTEMS

UIIVERSITY O!'I.JASI]TNCION, U. S. T1.

rlaiy e.orronists irave studied ollimal qroeth models of the forn

e -' u(k(i), z (t] )dr

One lhinq is clear/ hoqever. anr iiaje.toly t(t) vnicn is ror.ny of
..nsideiation as oplimal in (1) would ir larticutar have tc hare the
propetlr that:or ever! fiiiie time interr.al tio,trl .10,-) ore has

t2t .i: . '" -. ,'11r, + nlt ,dt e -" LJ([tt) ,;(t) + ]i(L))dr.

flamiLaorian d!naai.al st'sters aris. in tie .ptinaLitt conditicns :or
v3!1atio!al ifoblens oi ine ioin

(rl
j6 0 ^o ..:

,here L is a vec.or of capital goods, y is tne rate of delre.iation/ :
ls the discoDnt rate/ ard iJ is a corlinuous cor.cave utiliiy funcaior
Cefir,ed on a.losed co.vox set D in hich the pair {k/z) is consiraineC
io lie. Tlre theory of sr.]].rob1en. is plqgued bt- lecnnical difiieul
ries carsed b! tie infirite time i.torvar.lrhe cp.inalit! conditions
ar. still noa well understooC/ and there are serious qtrestiors abour
the e;islence of sofutiols a.d ever tLe neaningflhess, in certain.a-

(ror olh.fti:er the lor.ion of I oter lr0,ttt con]c be re!1aced !y k,
a.d lhis world corstiitrie a deiiliie imllorenerL,r Tnis .ondition se1,e-
r€lt' linits caniidales for optimal laths and al1ovs us to shdy then
in terns oi Hamiltoniar dynamical st,stens involvirg sulgradienas.

J 1-4446

Epoisored ii pait by lhe Air ror.e Office of S.leniific Re-
Ai! Force Slslens Comald, USA|/ under AIOSR glanl nlnrler
aa the unlversily of washinqtor, Seattle,



(r)

(4 ) L(t,r,v) = +-Pt uG rt1,e lrv),

Hhere u is irrerpreted as -d outside of D.

(51 1l{i,x,!) := sr4){p.!-!(t,r,v) l.

Thus H(t,x,.) is the convex function conjuqate to l(t,:,.), so that I
is in tuln determined uriquell' by fl:

of course somcthing nnst le assuned about the ray lhat ! depends on r.
Tne correct .ondition ir general ts that L shotr1d Le a "^ormaL integranal"
tll , t4l . This te.hnical proleriy of measurabiLily rill not be discussed
here, nut it is cerrainly salisfied vhen t is of the forn (4) (under

th€ asstrnptions arready stateC) and also wher l- is irdelendenl oi t.
concernirs the trajecrory :(t) , ore does nol have to assDme differentia-
biliry, bul nerely absolule continuiiy; the time derivative i(t) inen
e.isls for almosi every t.

The Eamiltonian associared with I, ts the function

snlrject to a(io) . Do, !(!r) : or

classicallt, one af?ays strpposed l, to a firite, diiferentiable iunclion,
blt ioi the pulpose oi aFllicaators io economic odels it is essential
that one be able Lo t.eai the case where !(1,.,.) is for each t a closed/
p.oper, convex iunciio! on Rr ' nn. The iheory of problen (l) has been

exlended in ihis direction by RockafetLar Lll , i2l , tll . Tne noder (r)
corresponds with lne chanqe x(r) = elti(i) to

. r,(t,:,v) = s!p{p.v-H(trx,p),'.
!''Rn

since l(t/r,v) is not just convex
H(t,x,pl is not just corve: in p

rxH(t,x,p) (concave sense) and rp
welldefired t 5l . The relalior

in v but in {x,vl
bnt con.ave in x.

, it tulns out that
The strbgradient sels

H(t/x,r,l (convex sense) are lherefore

(6) ;(rr. ! E(r,i(r),i(Er), i'(c) . a1{t,;{t) ,;(t))



:: :ie geneialized Hanilton condiiion. rf H were Cifi.r:nriatrto as i:
:::ssi.al maLhemati.s, it rould redlce to th= eclarlo.s

,9

r-n absolutcll continuous iraje.tory i(rl is said io ne en exirenal fo!
.-rv , , :. o " 

,

a co ertrenal for il su.h that r:hc Haniltorian co.dlti.n (6) irolds {for
-. o he o.- " ., ; -" e o_!__:

(7r r:r r(t,;{t) ,;(r)).n

TnEOrurl 1l rl ,[2t ,t 3t . rf : is an extremal for I,, tha r ls piecevrse
optinal fqr r. Ii x is pieceirise I and c.riain iconstraint
qualificatlons ar. f!Ifr r l c,l . rhFi x is ar ertremal :or r_

{x. f v. Rn Hfttr r(t,x,v) .-1.

In econonics, the variables p(t) usuallr have a! interpretation as pri
ces of sone lind. It is of qfear inrerest, th.reiore, thar they nare
oplinalitt progerties relatire to a function 14 dDal to r, naielv

(If tne second condiaioE fail.s, a noro general tbeory nust be invotred
in whicb p(r) is not absolutell conrinDoD: ard nay hare ilnps. Tn€.or-
responding version cf the Hanilronlan equatiorr has been dcveloped in
I3l . This is irdeed the siruarion thar nust be doatt rith in ecoromic
aptlications whe.e:(tl is a nonregarive vector of goods, sone conponents
ot which nay well varish fron rine to rime.)

for a1I (arsolutetr contiEuous) x(r) over tto/ttl such thal x(to) =;(t0),
x{t1) = ;(trl, rhe main resrlr abcu. rhese conceprs in i:he present set-
ting is the folloring-

The eract nature of the constraint qualifi.ationsi ,it1 not be discls_
se.l herer see l2l , l3l . Basi.al1y ore needs to kno, :haL lhe pair

set of al1 !airs (r(io),t(t1l) .orresloDdinq io rrajecrories for {hich
i i_.o..o.

touch the bolndary cf rne na:uiaL ',state ccEstraint set"
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Il(t,p,w) := su! ip.!+x.rl(t,x/v) l,
(*,x).P--

r-(t/x,v) := strp {p.*x.rN(t,p,') l.
(p,H).R

rHto!.nM :l 11 . If x is an extfehal for L rtth co-eatlena1 p/ !!ea p 5
an extremal for M wilh co-extrenal a, and hence in palticufa! p is
pieceuise optinal for M.

for the case of the eeononic model (4), ore oblalns

3, H.,r,p.. ,p e"'e'\,-,v, r.v

hle x,e p)

Hhere 5 is ihe t!!eres! rate defined by

(9) 6=p+y,

and h is lhe function defined by

(r0) h(la,q) := srq lq-z+U(k,z)].

".*
The H iltonid condilion {7) has a rathe, cofrplicaled e\.Lrression in
lerms of;(!) and;(:), bur in terms of

111) kltl := e ''xlil, qlt) := e"p1l) ,

it takes the aulonor.ous forn

k (t) r :qI (r (i) ,s (t) ) -yk (t) '
(12)

n(t) € :kh(k(i),q(t))-6q(t).

It follows irom Theoren I rhat every traiectorr k(!) satisfvinq (12) hd
the piecewise optimtity property in {2) {and the .onrerse is rialmostri

Tbe function duat to I, in this model is



(r3)
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r' ,p,w : p

(r4) v(qr3):= sup {q.zr€.k'6(k,z)}'
(k,z).D

Acco!<lins to Theoren 2, lhe tralecrortes q(r) a?peafing in (r2) have

the Plecerise ogtinallty P.opeity that fo! everv ltnlte sublnletval

\,5) -] "-"'v-...,S. 
-"s' ,,d!: ,t e- \'6 t',q -64 ! o'

fo! all lrajectories q(t) over lto,trl wlth q(to) = q(ro) 
' 

q(tr) = q(tr) '

Eele q can be irterpreted as a vector ol d'ted prices and r = -s as a

@c!o! oi renls: q = 6q_!. rhus V(q,s) repEeselts the narinm late at

hlch 'vatuel can be cleated in the economY.

A b1g advantage i! the Etudv of (r2) (and rcre senelalfv (6)) is rhat

thls conitillon 1s an "olalinart dltterentlal equatlon wtth nultivaLued

rtght side". It is kno n, for exehPLe, that a soLutlon (k(r) 'q(t)) ex-

iseE over an interval Lto,lo+.) Etartirg fton anv polnt (l(!o)'q(to)) =

(k^,q^, inre!ro! Lo Lhe ;egion whele h rq frnrte lci l 6l 'l ?l ) ror the

*1" i",., .n. soluLions Lu!a out to be unrque desprte tne hultrvzrued-

nees, although branching can sofre!1nes occu!'

In the context of ihe inlinite holizon Ploblen (r)r a ctitical question

is hoq to shgle ou!. llon mng the trajectories k(t) sith k(0) = kO

that satlsly (12) for some q(t) (and thele 1e5€ to be one

such for each choice of qo), a ttajcc&rt {olthv of belns deemed 'opt1-

Gl" (or at least "ex!reFa1") ove! the {hote irteival t0'_) No rif,ita-

tlone are imposed a Drloli on the beh:wior of k(!) a5 t" (f!ee end

polnt probleh) . setrrlstlc corsidelalions tead one to believe that thele

should "usu.lly" be iuEt one tlaiectorv k(t) of the desited tvpe for

each ko (in a leasoDable resios) ald this seeG to suggest a correspdn_

".".";- "."t k^ a d q. a'ro. e g!a!h o!f,e a so'r of n-di"nslonar 4dn1-

rold 1n R-n. rrri ".t"!po 
d slecid !!ale^ro es k ,1 t Id

tdc€ out thtB nanifold
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It so, then in looLing at e:amples of dyramical systens of the folF
(r2) we should readily be abte to dete.t a special n-dimensional mani-
iold thal is the nahral candidate for e\.pressing ioptifralitl'ir over
I0,-). One aptsroach lo ihis questio! is to i:ry to analyze behavior aboli
a rest point {constant solDtion) to the systen.

a rest point (k ,q ) of (12) is characterized by the relations

(r6)

These are equivalent !o lhe condition that

lr7) O.rI(k,q),

fr(x,q) = i(r,d -!.".t;r..q*,

and (rr) means thai
(which, like h, is
vior of Hamirt.ni a.

tt',qt) i. u .rnr.u*
.oncave-corvea). vlhal
systeh (r2) alou^d tk

might this inply for ahe beha-

Ii h were actually tHice diffeientiable, i! {ou1d be possibte to rrire
the system in the form (1i,6) = Fik,ql and analyze the behavior in terfrs
or '- i.,i, o- I o ^ .q ' c!q. -c"L F" - o
the lheort of ordirary differentiaL equatiors. rf h uere in fa.i sirorg-
ly concave in k and stiolqty corve: in q, the Jacobian oi I with respe.t
to k {ould be leqaaive definite at kr', while ihe Jacobian uith respect
to q {ou1d be positive definite. Thus the natri: in question ould have
n neqative and I postive eigenvalues, so ihat systen woutd have a dvna-
mic saddle point ar (k ,q ). This neans that there wonld erist {rocally)
an n-cine.sional manifold iraced by lhe sotui:ons (k(r) ,q(t)) t]1at .o-
veraqe to (k ,q ) as t'-, as HelL as another n-dtnensioral manifotd rra-
-.i or .ne o ',io s .d d, .-9..o,. ^',q' " -,, ne o '-n:.rolds rniersectinq onty in the poini (t'r,q*) itself.

(ar1 Shell focused on this idea ir his study of economic arowlh nodels
and Has led io conjecture that the picture of dynmic saddle poirr be-
havior shouLd generalize somehow ro the case qhere h is not diffeientia-
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b1e, Iioreover, ihe tlaleclorles that are iroPtinalir over [0
be the onesconversins to (t ,q ) E l'-. F.r the econonic

see lhe articles tOl and t91 of cass and shelL.

This corjectule qas lerified by RockafeLfar in Ir0] for lhe case p = 0

(r = r) with h strictLy concave-conve! and in Illl for p > 0 (3 ' 1)

uith h srrolgly (There is a nistaie in lhe ptoof of
prolosition 2' ot tlrl Hhich invaLidales tie asseriions frade in the

articLe anout the conplenentaiy nariiold of EamiltoniaE lrajectcries
oi er ,.o -_.. { ,q - o, o 5 oe -o d,l_
*"ff*.-.., *nt.n..".... tbe trajecioiies corverqirq ro (L",q'1) )

In lhe ease of a = 0/ "optimalitv' nusl be interpreted tn a certatr
telative sense, For r > 0, it is necessai! to limit attention in {l) to

lrajec.ories k{tl which do nol srow at a rate fast.r thar p. rt must

atso jre strplosed tnat a is not too 1arge.

The conpficatlols inloLved in eslablishirq 'true" optimalitv of some

sort, ard tne serious restrletions or the nature of h ard o that are

enlailed, bring one to the view :ha! 'oltimalitf' over I0,-l ma1' noi
be the narural concept to be aining at in models lihe (r). The iDslifi-
calion usralfy qiren ioi the irfinite horizon is that it enables one

to avoid the selection oi a ParticuLar Lerninal line r ald the aHkFard

decision about Hhat tbe lei'els of goods or prices shouLd be at that
tine. Ho ever/ thete are olher ltaYs of avoidlnlr ihis liilema_

ror example, one could consider !o! each line r the lrajeclorles k(tl
that irould solve (1) rith., replaced by 1 ln. conslrain! being imposed

oi k(i)) and the! see what rrajectoiies these colveise to as r_-. such

lindl rrajeciories HouLc be a natural object of studv. Thev lrould aqain

be 'piecerise optimaL" blt not necessatily optinaL in arv sense qith
resge.i to rne integral (r) over [0,-) (qhich any{ay frishr] not be te1l
defined) , There is reason to believe that this is r]he desired class oi
traje.tories that exhibits ihe dynanic saddle polnt behavior (a-.troaching

a rest loint as t+-l tn the nany cases qhere tle llaniltoniar s]-sien has

such behavior ard ]'et 'optimality over tll'')'.annoi be established.

than night be supPosed lo the lheorv of econcnic models in Hhich the

elolution of the state t(il (a vectot of soods, tesources, labo!, e]lc.)

is golerned by (i{(t),ilr)) . r, ahere r is a ronenptv cLosed cotvea set

in eN " nN. rn such a setlinq lbete is no real loss of generalitv {and
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considerabte advantage) in iaking T to be a cone and trritinq rhe dyna-
mics in the forn

(13) .i(il . A(x(i)).

Since the graph of ihe nuttiiuncrior,[ is a closed convex cone coniai-
ning ine origin, A is cal1ed a closed.onvea piocess. rhe general theory
of corve! processes has been d.ve1oled in t5, j39l r ioi the special "no
notc^e ' ard "poLyhedral" cases, see tr2l and II:]l , resfectiv.ly. conwex

9rocesses llay a larqe rolo i^ the 1S?3 booi oi Makarov and nubinov on
econofric dynamics (translated 1977 by slringer-verfaq l r4l l.

If e associate iln A the convex fun.tion

I(r9) L{l,vr := I

+ifvlA(x),

the problen (3) appears ratner dege.erate. Indeed, cne has

,0 IIs Li e l3'-o ^ ,: " ]
'o t " o netvi

Nevertheless, the .orreslonding Hamlltonian systen is very interesring.
The Hanillonian func'"ion is

(2lJ ti(x,P) := snl P.v
vn1{x)

This is no!: olly corcavc in x and convex in P but positively nonogeneous
in each o: these variables separately. lor each P. RN, 1eL

t ) ir r:

(The nlltifunccion a* is the cfosed.onver process adtoirt ro A,t The

HaniltontaE conditto!

(23) x{t) .1pH(X{r),P(t)), P(rl . rtH(x{i),ptt)),

is then equivatent to
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sp iF(t).vv. A(i(t))] artaitred at i(t),
(24)

,. ,,.t,. . h p .-o o_ Pir,.

Ir] can also be wriiten simply as

(25) x(tl . a(x(t)), -P{t) . A (P{tl),

P(r).x(t) : -P{t).x(t).

Observe that the lasr: relatio^ is equivalenl to

(26) x(t).P(t) : const.

rrajectories i{tl rhi.h satisfy (25) for sone t(L) I o a.e said to be

price-supported or competittve. It is remarkable that such traiectories
anal their 'supports" .an be gcneraled by solving the ordinary differen-
tiaL "equation" (231 from arbitrarv initial Points (to,P0) inside the

region vrhere n is firite, just as kith the HaFiltonian systens discus
sed earlier t 6l ,t 7l .

The orlgir (0,01 is always a rest point oi (23) , but it usually lies
o^ the botrndary of tne reqion where E is iirite. A more ltonising cLass

of points for si:ldy is obtained lhrorqh change of variables. setlinq

127) rli) :=€ '_i(L),0(lr :=e'!(r),

for albitra.t reaL numlrers 1and a, one can erpress the Haniltonian cor-
dition in the forn

'Pl ,o

l2e)
-a(t) . iiH(K{r) ,a{t))-do(r) /

\29)

K(tl+rr((i) . A(K(r)), -o(t)+dq(t) . A (0(t)),

A(t).(K(i)+id(L)) e ( {l (il +6(l (t) ) .K (t)

(This transformation makes use of the homoqereity of Ii.) a rest loint



(K,

(30)

o o. lne r.o,s 
's 

chd d a

lR . a(("), 60" . a"(a"),

0 = (c-rr ,Q = oK .g

{where (9) is used nod as the definition of !).
rne Lof o i- o -.4 o -" - .' o dr o s o: _

of r ard a anounts to rhe generalized eigenvalue theorv for the Pt..css
A and its adjoinr, In ihe case oi A "morotone", it is closely related
to tne iheory of gro th and i^terest rales for the cale-von Neumann

moder (ci. t12l ,ll3l ,ll1ll, Presunably the dynanic svstem., (28) should

e:nit]it a kind of 'turnpike" behavlor arcxnd rest Points (i ,! ) ir (10)

:or qlicl ri*.Q'r i o {inplyinq d = y) , or in other tords, such ihal
(fi ,0 ) is a "nonde.rererale' mlni{ax saddle Pornt fof the

{r(X,a) := H((,4) )R.c (i = 6 = 1) .

It uould tie irteiestinq to see lnis rolked otrt in d.iail, hicn has.ot
!'et been done. the .tunpike nehavior should eorrespond lo the geone-

,.dd F ooi.L.

ln iact, the theory of lne inhono.Jereous Eaniiloniar sysiem (121 can be

recast to fit the mold of ahomogeneous system associaied ith a .losed
.onvex plocess A. consider a de.omposri:ion RN = R ' Rr x R qith corres-
ponding notation

(3rl I= (ar,x,x.), F= (pri,p,!c).

let the qraph oi A be ihe closure o; ihe set of all Pairs

(x,v) = (:r,x,xc/vl,v,vc)

132) a, > 0, !.::!u{x/xr,v/xr) + 6tc, v! = tax.

The graph oi the adjoinr A* is then lhe closure of the set of a1l Pairs



(P,s) = (!2,p,pc,sl.s,sc)

(31) pc > 0, sr: pc v(p/pc-slpc) + 1p1, s. = 6%,

whele v is the convex functton in (r4) . The colrespondinq Hamit.onian

(:4) n(x,p) = -rpch(:/xr,p/pc) + ]xrpr + dxc!

forx[ > 0,pl >0r

vhere h is qiven !y (10)- (For:r = O or pri = O, the values of H are
obtained fron (:14) by a linit pro.ess, ior rr < O or pr < O, the vatues
of ]l are infilite,)

rhe dynamical rerarion I . A(x) redlces under (32) ro

rr(t) = delt (d > o)
(ls)

i. r' oF U --r , . o,--'t'

The interpietarion ls rha! xi represenls a basic factor that grovs at a
constant rate 1 (posftive, reqative o, zeroj), the parmeter o nerety
sets i:he seale and.an just as well be chosen as t. The variable x
neasules iutility satisfacl:ion. and is rypicaLry neqative; it "",1; 9."*
(nore neqative) at the rate 0 if this tendency Here not counteracteil hy
contiluaL inputs of trtility deperdent on the vectors x/trr and i/x, (quan_

pe. . i o. ro, si r"-l " ", .- or ,"-
micaL relation -i . -lt'tpt t.ar.". undei (:3) to

r.(t) = ee-6t (F > o)

(16 )

-p" , . u--6'v -" "'t o,-o d,r ' | ,ot. .

aqain I is just a scale paraneter rhat can be rajren as 1.

The Haniltonian systen (23) for the fDction (34) tales on a particularry
sinple form rhen e:pressed equtvalenrty as in (28) in tems of



133

n, i,iil ,f,t. --

or "l/- oc/ _- 'rl- ,. r"Fc"

i rrr =,.; rr) = 6.

n(r o n(i'.)//.,f /3) - \

{:7) -q(t). Brkh(k{t)/a,q(t)/B) - 6q(!)

1., " : ., i +;, . - i.

-sri(t) = 6v(q(t)/0, Iq(tl - ,q{tll/B) _ psr(r) .

Takirg o = r = 3r one can wrile this as ihe previous sysrem (r2) foi h,
augmenred by lhe equaiions (for all L ' 0):

r., -P tt. o, o - 
o ,. ,. , ; ,i, ..d,t ,

(33)

cr .e" o.0.-;- .rq q, oo. drt.

This denonstrales that rh. inhonogeneous system (12) can indeed be
treated in terms of a special case of the honogeneous systen (28), The
analysis of r€st points calrles over ai: the same time. As a matter of
fact, for the convex pro.ess A in question, a vecto! Fair

. r,L ,\c, , - .r,| ,,

is a rest loirl for (2s) (i.e. satisfies {30)) if and olty 1f (k*,q*)
is a rest polnt for (I2) ard (from (lt))

(40) okc = -U(k ,rk ), eqri = v(q ,-dq ).

Of course, due to the spectal ay the nufrbeis r and 6 enter lhe defini-
lion of A, they are lher unique vaLues for which {30) has a solution

lt rs irrereslirs to hote rhat the rest poinls (x*,0*) jusr descxibed
necessariLy have X .a = 0, ho ever- Desptle this, r:he anafysis of lhe
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h,om.gereors sIster arou.C (r ,! I is inlrortant, ie.ause it c.rre:Fonds
i. thE inh.nogene.us lfsiem. TnLs one aiiparentlt shcul.i not, in the ge,
neral stddy of (26j , linit atr:nLion to r.st ,roa!-,s l:0) sf,ch that
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