
Aifr*d{p,,: v6\h. <""rl'rct -l "oly 
(d,A.6yI,a.,:'\mA .rt..1*,s "I\*t- -)r'"k.''^" o. r"So (ms), fp . an -)57 .

OUATITY IN OPTIIUL MITTROL

, ror nany xlnds o: optiri2.tioi p.oltens ' cmv€*ity proPetjes -e v€i.

thpo.tart,.hd rhen tirey ale p*s€nt in . thorougl fon tbet ]eaa to a:. iiteresrin!
kind of dralitt, Tnis dlality is sonetines uteful in netnods of conputation, b!- it
atso has tbeoEticai apptications, such as in the &arysis of eco.eic Eod€is rhe..
dual euia.bl€s can b. intelpret€d !5 plices. Th€ stldy of duality,.v€h thouai i:
t.y p.ttain to a special elbcl4s of p.oll€Ds oft.D aide in the 8e.e!al d.v€loPi€il

of a 3uhject by susB.stirB alreBatiwe rlys ot ]drirg.t thines.

In th. c1€33icat caLc$us of variations. conv.xity 4C dcuty tirst .,ter the

'icts. 
in the corftsPond.Dce betreen lagle8ia! sd lt&iltotian f@ctions anc ii the

rly thls is conDected sith rec.ssary cdititioDs ad the €aistenc. of s.ru:io:..
lspressed in tens of th€ Hailtonl.n, the oPtinality .ondittons for 6n a.c r pair

it uith "adjoint" rFc P the Pairins c.sies ovet to ltoblehs ot ottlna
cortlol via tbe ndins princiDle. DutiiJ theory in this coDtext eins a: scoverint
and ;ralyzine cases eher. P happens to sotv. a dual ptolt.h fo! khich , is tr t{t'
t\e adjoirt a.c. But alth@g]l this is the pritciPal notivatld, ! .lrDer oJ sli€
llsles have to be exPlor€d along the Fay, ed these sugeest ne*.Pprd'hes ev€n t'
prcblebs 'he!e duaiity is not .t state,

l. lnpllcit constraints
fhe €ffects that the ain of d.velopirs dlarity cd ha€ o on€'s Point of vier

rc-seaieS-=ponsorea by tb€ lir rorce offlce of sci.ntifl. Re5.arch, Air rorce sYst€hs
Col'@1C, rbited States Ai. Force, uder Ar-AfUSl Itatt nu$.! ?7_05!6 at the
tbiwersitt of raslrington, Seattl€,
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a* s..n i@dtat.ly.ee. in the tomqlatlon of the problen, ordinartly, a' optii:r
coDtrcl p.obter for an arc r irlo1ees systehs ot constrlirts oJ warjolr ty:e.. If
rhe oljecrjv€ js ro p.rs ro a dual p.o!I.n of siiirar tyi€ for ai arc a, . a hEar:

hust b. founl to. du.)tzi.r thp consrrainl slru.rure. Thp iore detail. rhal a.!
lullt tnto th. nodcl, th€ horc :here ie io dlaliz€, and b, the tihe every Fot.iLility
is.ov.Ra in a sl Etric fashion rhe franerDri nrr.b. inpossibly cunbersor,i, lr j.
beF that th€ idea of EpFseDtiDa const.ai'ts.lstra.tly by lnatnite p€nerties h€s

To int.od!.€ rhe ld€a in. sore .Ien.ht.ry s€ttine, codsid€r f!.31 the probler

orrinir.:zin, a tun.rio' ao(:) ovcr a.- z(ac/,rrer- lL :\ar.di vd:ue

Junctior. The s.t C coulc b. desc.lbed by conditios of varids rirds, fo. ilstanc(
as rhe s€t of points slttstyint equations o. thequalities, but ar the rd.nt te ne€il

to: be coDcened with tha:, me porrt i lnet rne prcbler cd De repRs;ir-i
notltioallt in tes of hiDinizing a cettaln etter.ded-F.t-varued functio: r over

r!the Dere sDa.e l ! Dare.Iy

(:)

hd.ed, if C t 6 th€ onLy points of tnt.!€st in rini izlns t .re tbose in a ,
rh.re I !gR.s tith io . The c.se rhere t = , (that ts the probl.r has no

nfe$ible lolutidsn) cod.ponds to Di, a = F

nhat fsctl@s r, /-t (eh"re t=tu {!-) )aeof thefon(l) forsdE
AdL"et! C 6d gal-\afu.d io ? Th.y afti of.ouse! the ones such t'h.r

P(:) >- fo!.lr : (.1 ad r(!) <- for 61 I€ast de r(y'. such a tsctioi
d I rili. be t€ftd tF.'p€rrr.

Although topologi..l prperti.s ol f cl.ady @st be ess€ntial in .n!
discssl@ of hininiation, cdtinuity rould s.n€!.Lry !€ too buch to.sk f.r, if for
to othe. n.sm tbe b.cas€ jsps to e rrc allded at the lounddf of C . A io!€
lpt&Fiate .bcegt i. lM? sdtcdl,ituit! (r.s.c.), rhere the l.vel 3ets of the fob

{, < 1 I X"l = !} d a1t FquiEd to be .r$ed, or inf-cap@te6E, rh.E the

e€ts ir questio @ cdpact. !nf-c6p.ctn.ss inpties that F attains its linins.
,{ote th.t f iE inf-cspact ir }dticul lf lt is of the fon i1) ,ith C copact
&d t0 cdtinlos Elative to c . !!t f c€n Elso !e I.s.c,, or eveh lnf-cdplct,

rithout lts .fr..tire doain C = {, < / | rttl . -1 necessdiry being clced. &
adpl. i! @e diftnsioD is

l. t-\ :. -..l'( _ '' '' ' '

te if zl..
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(se.z it -n/2<z<a/2,
Fl'?) - 

1L- "'*- "

G€ohetri.a]ly, ]oH€r seDicontiruity is equivatert to th€.losedhe:. ., 1r. eridr_,i t.
F, rhich is the s.t

epi. = {(2, o) € / x.p I o: r{,)l

The projectid of this 6et on .1 i. c ,lu. ot course the !rcje.tio. o:. ct.r.:
set is not aleays closed, as the e,mple shas,

These Abs€rwations hay be sumarized by sayirg that the constrained,inir.iz.tic:
lrol]€m in I 'hich are 'Fason€.br€,i can!e identifiec a.bstracity Fitti in.
ts.L on F l- r *r.i,r are p,oDe, ao r6p, s--:cdr.nuol .n" consrl":nr
aE inplicit i! the cddirion F(r) < c

2. REpr€s€ntailon of a contro.l ex.npte

A tDicat probl€' in optiG} cotrcr night iave the fofr: nininize

{?)

:t +, -.t. -,,, ,,
(3r 

fl r 
' 

r J l r i .r r r . L t . . utt tLttt

Eft) (x('), [,(roj,,[rr]l € r,

'r'.* r(r)c/, artl .fl aa e.*"{ (these sets na_r, b€ eiwe! by *lricir
.dstlairts), &d r ed r ldse over certain tuctid spaces x ard lt ower tr.
filed intenal fto, rr] s.ttinc aside tenlorality th€ issue of heasuability {irt,
Esplct to t , Iet E Bee hd tbe plolleb could be repFserted using the id€a of
inplicit cdstlairts as abore, !!t in a smrnat m@ s$tle fashi@. ror
(x,s,r,uJ i" [ro, rr] '{"{,{,a"rt""

forr.r, rr ir r(.r,!\. !(rrr, sd t.,.., L'., ,
!

(a) ilt, .. ,. !, = l
I
I

tF otheFile,

ed td (.0, 
"J 

h ,1 ' / d"ri".

!'r'o ron,.,."r,zr,lat + zo("(to), c(tr))
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l
t*

it (.c, trl ( r ,

(5) rG.,,r) .

It eill !e &g!ec ilrat rt. stated probleh can be tdentified y:lh thai of htnjnizint

(5) xG, a(t), i(t), !o))di + t{.lrol , .(rrJ)

. Certaln coDvenlions hst! h*ever be adopte! ir ti.d.! all c(r( &d !(!

one soEce of di::ia1tt in the deflnition is tha: the €xpressio
k(t) = x{t,.lt),;(t), !(t)) re.ds to be n.lsurrre in r , ed rhis rirl be

discEied b.1*.. Blt .v.n ii it is Basula5le, it rigbt not b. swabte (finit€r_v
jrt€F.!]e) ir the usua.l sens€- of couse, iJ &(r) : 8(t) for a sffi.iie fo.tior
I the integrar has a,ell defin.d classlcal value rhlch is €ithei fir:r. c: p .

li*€'i!e, if t(t) : a(t) fo. a sLma.br. fsction o the inre8ral is either finite
@ .4 . tt'e dly truly anbiEuous cas€ is the o. {hcre n€ithe. oa th€€ altehative.
h.lds, @d thd re .doDt in (6) the convenriotr th.i tire integral is F (if the DeeJ

€Qr 4j.ses). This conveltlon i6 equtwal.rt to ssying th.l ih tie fomute
I- t.+ I
l*=J* +l*.sher * ad { .F the poeirlve rhd n.8-trve p+rs oj &.
tn. Es. - - F , if it occus r lhould !e rsolwed as e . 11€ latter hr. is .t3o
ah. oe re .dopt ii (5) ir rhp inresr ts ! lur l{rlro\, r(rr)r - - .

rrndd th€se cmventjors! it ls clea. that

lxfr, r'4, i,r', L/r)) - "rros' everrrne* :n '(1) Jta_ rl t - _{

l!r.t,ol,rl',)l .-.
ad hen.. the "-,.."t." r., ar sarisried (for.tb6t eveD r , Lro, rrl , stilr

sssitg masEab :ty). lbeoer t(r, r) the" Edues to th. erles3id (?), so

ahc F.tb16 is Epr.se,t.a as cr.!Ed.

TIE appEcn '. 5ha1! fo1rd is to tFat c@tlot plob1ec tD th€ ft.@rork of
drieiztns functior.ls of th. fotu (6) for ,( ad tr ot D apDropliat. 8en.!aL
.r$s- 1lj€ int.Fal [to, tr] rill be fixe.l, ht tni6 is not & i6?ortBnt

estlictim, siDce probl.rs rith Elirlb]e tift int.nals d suaUy be *ca5t in thls
Jotu by a ch&s. of p-4t€8. A fired tiE i.1.n.! is Deeiled prtly i. o!d€! th.t th.
fd.ti@ sp.c.s I .Dd ll ow! rhich th. rinhi.ltioD takes llac€ bawe a Uled

i. geFqutlite to the iliscusio of convexity. ln f!ct, X ril! be

= ),,



n3

talen to !e the rp.c€ of atl ansolur.Iy c@tlnu.ls funcrions da u the 3.,..r .a.tl
Lalesgle neasaable fs.tie..

3, ltleasurability

one o: the tas*s befoF s is 1o d€rinea:€ a e@d class oi tuDct:.:- / :: u:r
in (a), A! €ssen:iaI prop€.ty is lhat th€ LzbesEue m.suatllity oi tie :n:err.ni
shourd fotlo{ f!ft th.r of .(t'),;(t) ed !(t) !!r to b€ ulefJl, ihe .oicl:i6i:
on I ilst be Fadily arifiabl€ in term of Daturar asuiEii@s d, tir! s:ie.l:r::a
data, tor irstece - fa, J, X eC U in the case of I Eiv€i by (r). tu.t:e:-

hore, the conditions nust b. teclrnl..lly lolu5t, i:'th€ serse.f b€inE ea.j 1. n4a-,-

s.dr*served ud.: the cdstllctions.nd tlastomations tnal ti€ thec-i t:ll E::::

roltlnai€Iy there is a sinple and natural es'er tc the qlestior oa ett:
conditids to in?ose- It has dev€lop€c in Ecent y€aF !. clos€ relati.: tc ti.
theor', oJ neasurs.ble s€re.tions &a is centeed on th. nction of. "nor,at i.re€ra.: .

An exposition in d.tai isy be food in [2!]! 4d pe shail rir:t ous€rvee ier! i.
quotins ! te' pertinent facrs.

ro ssvA noi.tjon, th€ inr.'va- [!0, rr] wilr be d.no-e: .r a t...-.

int?sad a :',J i, " tu(!:6 r:t.Pr-,i Eu. !..": Fr,z rs -r-..
raiconrlnuous ir. r for lixed t &d ft4sabr€ iD (t, 2) rith *s?ect tc r:,t

o-algebra 8"ner.t.d Dy prcoucrs o! LeDF_g-. Eets :n r .hd Borl sets tn P 11e

ratt€! property lbpues io palticul€r that f(t, z(t)l is !el,.ss!e Deaslr.lie i. t
ehen ,(i) is. (tnis vould b€ fak. for a(t, z) r.dly Ie!es!!e re6!t.!1e ii
(t, :) It rould be tfl. of cous. for F(t, r) BoFl be-sa,ble i, (i, z) , bw

B6reI n.asualil,ity to b€ leselEd by 3de of the oPerations ee ':ll
n€ec to pqim.l In particqld, lf !(t, a) : Fo(:) , rheE fo is rd€r sex:

coltinuous, then f is n.hei.

A noFal iDtegEnc t is Ptopet it F(t, ,) is . PloFr function cJ 2 (in ttE
6ens€ of $i) for .very t ( t such o int.Ersd ta, be construed as Ftresenti.r
the kird .f stlucrEe iDh.Fnt ih a I'Fasona.ble' constlained hinlhization Frcbl€r! lut
eith tlie.srEble" de!€ndenc. d tbe p@ter t

A cetiiad.!7 i\t4stan is a ftni'e funclion I on to, :l' J ,u.i tn-t

I(t. z) is conttnuob in , sd !.b.ser€ h.lBqabl€ ln t This is a cI.ssic.1

Dotidr ot shich the pEs.nt 6e dy be vi.t.d s a mtsal "@._sjdeC" eit€lsion tt
cebelhmthat f is lc.rath6odory integlsd if 4d only ilboth F.nC -r.F
!rcpe! noFal irte8lsds, nre pointvlse suP hu ot a costsll. teilv of
Cdathaodory iot.g@ds i. trmlr .tth6uah not t.cess4itv Ji,ite o! cdtiDuous

Tlre cdnectlon vith asualr. Dultifucttds is ElY inlortut. A tultifrrction
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I,r./ as.inc to €d.r. tt: " s-1 r(t)( I (po.:jL:'.-: !), !h,j,:..
c|Daed-naltei ji I(! ) is a1,a\: .rosea A cros.d-vaI!ed 6ulrirs.tion i3 saic io bi

tuasu 1tl,e \t t.t ev... .r..r' c . lt ,- .".

r_l(c). {i ( f l\r) t ctal
is !.besgu€ Easu.e:lr. r, I ie sinFre-v!l!el (f(i) is a stncreroi tay evri,
t ), this Educes to the usuar c6cep: f.r fuictione.

rh€ h€in fict is thal r ts a clos.a-v.lu€d Deasurante hultifun.tion i: anC oni!
!f ir has a CastainE epresentatior! rr;r je theser D= Itlr I I{i) rdl ie
labeslu. reasua5le &a rh€re is a cdun:alle couectior {zrlr(, oi Lebese!..

As ! c6.ollarJ-,oi€ n6s e fuidanentlr rheoren an neast!&Le seL.ctims: ir f : t1{
is.losed-valleC ad h.asur.'|l.t then the sEl , abov€ is L.beseue neasurajte and

thcE is a Lbes6u. ft.suralr€ t6.tion , : D - i' snch that rG) ( f(r) tot Er:
i ( , . (This is not the nost a.nerat se.tectio: rheorer! blr it colers a wa3t rur$.r
ol .ppricatiors; fo. a suryey of s€l€.ijon tbeojJ-, s.E [32],)

rr Dapp€hs rr,dt . tu"ctjon F .: , /: - r i3 I noFa: inreF.d: ir an. o:.r). :.
itE .pislatn hdtjfscijor

r.- epi F{ri .) . {(2, o) € fl+r I q: FG, z)l

i3 .I6sed-vr.l!.c sd n.asura:le. (Tbis lroperty i. us.d as the definitio a!
!ob.]it! in the general theoly rh€re 7 i. Eplac€d by a. arbitlaiy n.asu-l:
s!ac.-) on the oth.! hdd, . rultlfuctio-- I : tH / i" 

"ro".a-"utu.e -aBasaa!]e jf &d only jf irs dndacatd ahtegidd

, ,F. F'r su.l, th31

=crlr.(t) lt(J) to. eve:t t€D

rG) ,

Rasqail? fuD.tioi5 !.

I(r)

(€)
jf atrG),

[marity hs leo .stablish.d for at1 tntesrsds 6f the g.nelal fom

rh.& t IE ! @rtabr. (d flDlt. o! €npty) ildex r.tr c. i3 i,ebesg!. oeaut!1e !

ed fo &.t .!ch a, li a Doo.1 iDtegrad (fo! .r$pre, a Crrath6odoly integdat).
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Ttktle aO:0 , e g.ts e lndistor as in (3) dd ca @clud. that a ce.ia:r

bultifunction d.scrtbed !y exllj.it constrainri ts ieassalre. Fd flrther eb4le:
.td derails, s.e [29],

4. Control rEdel

s@ lasic assuflpti@s thlt eill !.nain iD fo.€ nay no b€ stltea

AssUnPTIor{ l. t( ia a proper normt intesMd d t,lf 'f .{.\.

AsSlJ,lPTIoN 2. L 1E a prapet Ldrel .en odtantoE turctin or * t { .

^ssoption 
I iEpri.s in p.lticsl- that X[t, r(t), r(t), r(i)) is L€besElt

@asu!3ue ir t vhen E(t), ,(t) sd !(r) ee. Let A be the spa.e of

..bolrtely.dtinudus f@ctids .: r-1, srn l.r t b. the 3pac€ of !.bes6J:

b..srable rurtion t.r-{ Ior rrl tne der:"ariv. ; r e^ists L':::
€v.rFier. eC is Lebesgle Easueble. Helce fo. €err' . ( I anC ! a ! ti.
fsctioral J in (6) is eelr-defined urd.r th€ conventions to! te ei?Iainei i: li.
Th. pror,len to be studl.C is

(a) ninlniz€ /(r,u) over aI1 c(1, !(l

ror this !r.blen, (7) ho]ds, dd tbis eas in tees of the sets

,(t, r, e) A {' ( I I r(t, c, t,, "l .-l ,

u(t, d L I'. { | DQ,., r) I A},
xt.) Ll' < { | u(t,.) .6J ,

Lt I 1(ro, 
.rl ( /' ' ts' I ? (:0, rrl < .l

tb.t ore h.s tne thplicit cdstrabts

irtl t o[t, rttl, !(t)) €.lrcst ev.rFh.a,

u(, . u(t, t(t)\ alhdst eYertth.F,
(10)

t(t) ( I(t) 
'1@st '!'!FtieF '

1_/. \ -/" t\ z "

If these enot satisfied by Dy r (l ad ! € L, thet the hinimh in (Q) is

attaiDed but is +- . Of co!!re, r tE interpret€d rs 1:he.t4t ttvje.tory ror 6

sy6t.D beiDs noa.Ued, ad r i5 the contrc1.

rr th. exdDle tn 92, vhet.ssuFttds .uffice to! th. @r.Pclding ,{ ad Z

to ftt tn. c@ititids tb@ ror (a)? !f E i5 a ndcnPty .l6cil ,.t 4d Zo i3

.6tinuou. (fihlt.) @ I , th.D 1 ts certltnly ProP.! and l@er t.bicontinuols If
th. rnrttf!:nctic'n5 t F X(t) sd t F r{t) !E noDentty-closed_v3lEd sd
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Ea3ua!l€! ana ir to(t, r, !) and J'(t,.t !) ar. continlo!. i. (rt !) dC

lFb.ss!. n..s!rar,le in t , then / in (!) i3 a peper normEl inreE anc, th€ latrei
folldrs f.oF th€ n.Falitl,crit.rid fsnjshed i' !3 &d tl,- erei.ntarr fa.r th:1 tiil
sui of prcpe. Dor,.: ii:erre'ir i3 ror€:, (Tn'. e:ra:i::. , , r.(t, r, r) - c cai :,
€xtress.d by E fiiit: n!hL.! of coistrain:s t(1,., ,, !) : a yir! ,.- a

cdathdodory iDtesrod. j

The optir€l co.t.ol pFbI4 (() is sai4 tc b€ o: cd*. type it x(1,., v, r)
is convex in (r, r, !) ane 1(=c, "11 i= @rEt iD (r-, :r) le tunctior

f , l. r i" cm*! i: its episrap:r is . equiwalerilr, if th.

i.equalrty F{(l-r)'0+r'r) : (l-i)F(acl r r.i.l) holds for al1 
'o € L\ t !:

ar3 I ( (c, l) 6der tne obvies conventjore for hoipui,.tiDa r- ac! iJ
lecessary, rhe sp€.iar p:. - - - = " .) It (Q) is oa cdv€' type, then J is :
conve, tuncti.na] on the spa.€ A ' L , as ca. easily be verttieC. This case HlIl b,;

especially inrortdt for th€ theort of dualitt.

a Drobl€n of corver typ€ thar 'iU serve nicel!'' to illustrar€ the th.orj .r

ttiih:crz- l-.rtr. ..rr:,'']cr , 
J" eG, ,,',)", . lf"1;.r. rt;J)

.^U". .. O,r, - A\0.(t) + r,rrr,r, .,..o". .'"oan"n.,

eber t ad g ae a@s., pro!e!, Domar inte8leds (tbat is the fsctidis
t(t, .) aa 9(r, .) e n€er irt€ested tn coDExity 'ith Espect
to ,l, Z is cdvex, prcper, tor.. s.Eicontinuos, rd the er@nts o: the natlice:
Alx), B(t) @a C(t) .lep.hd IEbese@ reFu!.bly on t Thls corspoDds to

(11)

(oo)

It is rot nad to shos that ]( is a convex roFal integrsdt to ensure that I is
p&!.!r re .ss@ fo! sihpllcit! tn.t f(i, o) < - fo! aU , Ine veetor
g(x) = C(t)t(xt niEht be iDterf*ted tD soE cG€r 4 tl'e "obseryati@" .ssociatea

dth th. st.t€ r(t) .

he special ca3€ ,. shaLL Ef.! to is

lf llull =I,
(12 ) f(t, !) = 0 , g(t, u) =

lf

(ool .*si.ts of linini'lnsvhe ll.ll d€rot.s o .lbitlary oo- o' I . rn."
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ztrG.l,.{!r') surje ! ro lL.r'l 1- lo Eb st every I aid }'u'8,

(i3) t(r, v) . *-''s(t)r , 9lr, u) = y/'|(t)t ,

sh€re 5(t) ani i(t) e positive senidefiDite Dtrices d.P€ndihe L.be.E,';

rasurally on t (Th€h ,f ..d I ae carath6odorJ integrand: ) Not! tha: tr'r
fi.st int.srad in (qJ is th.n ,l€(t)'C(t).(t) rhere C = c'9. 

' 
ti beint th:

tldspcse of C . any positive .efttdelinate (syd.t.ic) Q ca. be rjttei !r, ti:i
fotr tor 6@€ t and posltive deflnite 5 (thich .re .lenentarv to constr!.i !i:i
out Fsding to ei3enve.tols o. the lile)-

rc the bound{t fuctio. / , a sjrple c.se eheE tt is rder seni'.nrin:.::

lt-r1

(rq) 2i.", 'r) = I

i- ', "..a( o- 'r:ar,
rhee d0 anc at .E tpo siven poi"ts ;n .* This co*sPoias to th€ iiir:c:i

tif,ed e'dpoint c@sttaift '[io) = oo , "(tr) = dl A cas. involving eDdpclr:l

rhich ar loi fix.C, yei luru.Ily *Iated, is

ioirr,="-'
I(r5) i ('a, 'rl = 
1

t.
r if roJtl

r.." r{to) en r" !'!i$ary, blt rkt) = r(t") . A hixed .xanlle is

( 16)

lhe- ao is ! ld.ipty clos.it @Ex s.t (Eaucins p€rhats to a sitrgle poinr ao )

oit ar is a 8iG! poirt iD / . n'* "ftf tust rie in to .

5. Reduced Prcblen

a@.@ PEpo3.E, it i3 setut to kn@ that tne Pr<61eh (Q) cs be Fdoc€d to

!ooth.! foh 'hcs the cot&I I iles not aPP@ .xpricitlv. Ib16 i3 t s6d
.Frc.ch ln plovlns the.sist.De of sorutioDs ed h dtaring Pa!.llel3 Yith the



224

classjcal *lculls 6a va.iations, Also! bu.h of the Beneral duality theory applj.:
@irty to tire sr.re t!.jectort r(r) dd an acjoiht t.ajecror-, pft) , atrhourr. j.
sp€ciet cas€s rike {eo) it rili r!.r out that th€re a.e natur.i dlat.oftr.t. ,k)
to sin!le o!t for asso.j.rjon rirr: ,ift)

Startihg fror th€ facl th:t th€ optih:t valu. i. (t) can be €xpress.C a.

(Ii jn. I -ih:iiGrr",r ' -r- \ -. r 
' . ; t .. L I laL t)1 l

re ae.!ej to ask rhether the hjrjni2ariin ower ! ( I can be e*ecltea sinpty b.,,

choosi,E for e:c5 t a poi,t !(t) ( f(t) , rh€.e

r(t) - ars ni- tir, r('),;{r). .)

i19) ,)ld.

Of.ous€, for this to b€ tfte the Ejnihizihg sE: I(t) husr be lor€hE,tj f.r atmr3i
€v€.l t , irt tn€.€ is a.Lso ar iniortart alestio' of ieasf.nility. Nof d. !e knof,

'e cs set€.t !(t) € t(tr in su.| a r3t that the f6.tior ! b€lojEs to the si:.€
! ? ioR g€nelalfy, apErt f.oh vn€th€r the ninihm is attained. rhere is tire .uesti.r
of conditjors sde. rni.h th€ eqr6tior

lt
.inf I .il. !L r,ldr = Lr:f rtr,
,(L t! t, 

"r{
is valid, spe.ifi.atrr' "h"" r(r, "G)) = x(t, rlt),;ft1, ,ttl

It is d€ndsratea ir l?9, $31 tn.r (!9) i: tru€ for ey nohar iite!.ran: ! ,

t+ i,f a( r, !)

"<{
ad the ncftifsctior

r t.9 ag hih r(r. ,)

"t{
ilvays being r€asEabf€. To the ertent that a reaslrat,]€ huttifanctid. is noenDty
ta.l!ed, it h& a neasualle serectio!, as noted in $3 €.bov€, 11r€ .trai. o: fa.ts
leeded heE is cobllet€d by the rsutt in [29] rhat for
t(t, .) = t(t. t(t), o(t), .) , tbe nohaliir ot F follofs fbn that of ,{ and the
Fasr&iriry of E(1) &d r,t' . (rn rhe .as. of ,i11 .;ti' , rheF )- a sinot
ilifficulty 'itb the fact that ;(t) naj be @defined on a cerrain set of heasuG

2!o. t!i6 tecnni.ality c& be hsdled by supplying e arbitraly defjlitior ore: that
set @ by lassibg to a s$set of ? of f!11 reasue. It caEes no ea1 tFoulle ad,
fF riEllicity of exposi.tior, it eill be igno*d rheEwe! it clops up.l

It follors that fo! every r ( A ttre fscti@at
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(2.)

i3 r.ll d. iin.,, tl.:!

L+l'' ' J" tir. rn,. ',:,)i: . tt"ir,). r(r,))

122) iDf Jl., !) . t(.) ,
tlL

{hei€ ihe infinun (it not -& ) is attainei r\ L ia a:i o:l! ia , is a h€a!ur.:1.
s€I€.tio. (alnost .verlahe.e) for the nultlfuncti.: (te), rte tudu..d pt.Li.-
assc.iar.a ri-ir (q) is

'. .:.z. e r)

ec I' is carlec tn. Lagtugid,, The hain colcluion te thus the fol,Iosi.:

R[0UCTI0I THEoREiI. It is oLD.!6 tre thc. ir..\Q) . Lt(r] . A p.:!
(.,,)(A'L eclreE (a)ifo1d@i!if c salte, (F) 6a I ns dhen6do;.
EeLectian lulno't euerphere ) for te tuttifactiar (.16), Ih partleld, 6uc\ a

.eleetid al@ls ei.t6 il x(t, r, r, !) i:6 \nt-eotpaet ir r t { for every

(x, x, !) ir r,l,r'
TniE resur._ dehonstrat€s th.t one ce fo.us ell attention t€nporarily on . , :f

this is conv€nieit, .nd pull th. cont.ol ! out of the h.t ar the las: ione:i, N.t€
tnat I is not siqle]y de:eniDed b,y , , .nd inde€d, t!€ reduced p&bie. (i) ial
dise f'.M sdy ditteFnt contlol problehs (Q), corlerpddi,s to dift.r€lt Fals o,
ldah€t.lizinE the diheics. 11 9a.itcu]ar, &y probl.h of tne fom (P) can b.
Egarded as a !rcbl€D (Q) EheE ! d@s r.t .ctually aopea. {the c6trc1 s!.ce i,s

zb-diMst@al). Th.r is intelest rheFfore in ro.kiog diEctiy rith t , rithou:
Ffe&nc. to ey prti.uld x , Dd tie basic plop€fties assDed for I nus! be

sp€cified dilectiy. lt is obvious that th.s. shoula be as folto's.

ASSUtiPTIoll 3. L as d prop€, tutut n"t s@d a r ' ({ , {) -

If ! aris€s froh a trorEl irtegrand I as in (2I)' ther , is nohal if
,(t, r, ,) is ro,€r Benicontinuous in (8, ,) Tnis ls sh.m b! [29! Prop.sitio:
2Rl. One eiterid od€. rhich the p&per no@Iity of , is jlst . cds.que.ce cf
tbe pbp.! nomariq of x is a sort of aitae inf-cofrDacbess ot X(t, r, ,, !)

in u: for €ach t(1, a(t ! dd i,osd.d set ,c,{t,l, tt'"."t

Lll, x, lt . ina ,{(r! r, r, rj

{! ( I I 3(', u) € s vitb x(t,., !, !): a}
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The proll€r (P) is sEla tc b. c, cnt...t* it ,(t, t. ,) ts c.nve! t. (t, ,)
oo llr,.:r) : con'E/ ::. lr,. j. tr': { ls " c.,v.) :s.tJcia: .: A rrr

cone.xity of I iilli€s the .onverit! oa I in (21), sc (F) is of convex tyte ehen

(O) lF or corvex tvr..

this hords in particula: for tbe convet contlol pro>ren (10) , "trere

(2lJ L(t,,,1t) = r{t, t(t)rl + r'i {9(t, !) | r(t)! . ,-r(t)rl

lohlta {r3) s.s the convention th.t th€ lnfinu of an .rpty set of *al nutrr€.s is
€ fne td€r sajcontt.:iry oa I :. (5, ,) (and h..ce nom.tity) forlo{! ii
this case fhn smtbir6 stiple! tbd th€ "lrifoe inf-cdpaco€s!" cdditr.: iust
sn_ior-', .l! srffic. to nav g', t L.l co-pc.t .. , to' eac ?

5. Hasl ltonlrn function

Associared vith tne Laerars:e'. L c:. r'1,y' it 
"nor."t 

16:rion ; r'

?: I ! ]r rhicn rill be cllled the Bd;1,toLd for (P). I! is definec by

(rrr) t(t, ., p) ' sup {P', ,(t, t, t)l

ttre Hadltonid ptays ar extekfy irpo.tant role i rdy pha!.s of E.latioiar
theory, dd the correspondenc. betree, Hahiltonies and lagregids f6ishes e

peliEtrary case of the kind of duality re .ib .t exploring FoE deeply.

S@ insigbt into the aefilitim o: t d its crassicar lsiticatids cd b.

aain€d by seeirg hor th. fosura ftlght !€ .ppried if ,(t,., ,) h.ppenee to be

diff.F ti.!l€ i, ! Settirg the gradient of the expsssion to b. b4inizei 'itl
4spect to t .qElt. c, on€ obtains th. cdCition P.tJlt,.,t, as.ec.ssa.i

fo! ! to gie the Exinu for a paticurar choice ot t, t oe P sqpose rhi.
clr b. solved for , as a fsctionr u = V(t, t, P) fhe.

8.1,,- P\. P v't, r, P1 - I(1, ., Y(-, !, P)1

ltis 9e.ed!E for passing fM a fulction of , to one of P is .alled th. Iegtuie
ttdsloturi@, ad it is th. d€ ced ln d.finiDq th€ fianiltdian ln tb€ clasicar
olcllls of vdtations. ldev€r! it is 6s!ttsf!.to!y in 6ev.!al spects .ven in

tiat f!@vorlj vely 6t@g lssbPtions ae leeded to eEure that v(,, t! P) i3

r.u defi..d €wr in a f@ai 3en5.' dd ther @ @ty t€chti..l troubl.s calsed !v
$e r.luen.ss of rh.t th. t!!e atonaiD of t is, ad the extent to rhich the t!e3-
foEait@ t! invertlble. to pqt this .pDrclch in . t!ul9 risords $d tuitable glolal

fotu, lt vould b€ n.cessary to as3he that l(t, t, ,) sas Dot only ditteE.tiaU€
.v€ryrhere in , , but strtctL! conv.x .nd lulj€ct to a clrtain grobal gldth
.@diti@ (@ieivity). SDch Est.i.ttons vodd be ..v€* dd! of cous.' vourd
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.x.hd. hrst of the cas€5 w€ ..e iDr.-sr€? t: t:.:..

tortua!€1!, the.€ js e ncdem alte.ra:j!q ir rr? !.sencrir r!.t.1.-:: ... n .

i.: rh. wig.. aii e€ierq::r.. e. .3e:ir. , :i t. :r....a...-, t-.; ie::.:...- t.,_ , : - _. ..
h:s sii.€ b€.oh! ! fundanexral to.t in ..irtr d.et.,:j. (s.e l2a1J. r,.. z- . . .- - .,-

F, /- F, ic Fdliel t@e1o- cJ i rs:., JJ,.ic. r,.rt-I "r.
rr(u) - Eur {d.t-r(: ) )

a<t!

The lench€1 trdsfc- oa rl is in tur:

r.1(r) : s!p {d,.-r,(r) l
a.l

l- 1ur. oJ:1a: lc anl Fi' .re ElLaJr co-!F\ Dc Iove seri onrrn- , e. I '
is 1\. clo.e.l .dtet hll 6I a i. th. foll@i.s s*se: ii a naioliz.: er i€a::
on€ affine (Iinear-plus-r-const.lt) tu.tiaD, the. the eplsleph of 

',rr 
i: r:..

snar,l.s: ciosed convex se: cdt.iri:e the €?igra?r, c: a i cth.F:s: l" = -' ;:
tact tJ f is lover sehicortinuous prop€. coivea! tner so is ar , dC :rr : :
Tbe luctions i oc ar are then s6lC tobe cdizgaxe r. ea.i ot\€.. (l: is a:!:
trle tnat frl=F vhen r=F; the: !,::,) oie lr'eys h.: fra'' il .s.
tl .nc t'r are Bt,ays @nju!!re to .a.h oth€r,

Geonetrlcall!, the cdjusate ar of a lde! !.ni.ohtinuols plop.r conver

tsctloD ! tu6ts to a rlul des@iptid of the epiFaph of r as the iitese:tlo:

o' a coll-ction of non"er!i... .losFd ha-!-sp. ", i. l_I .

lhese f.cts c$ be .pplied !t or.. to th. d€linttion of t.i. 
'teiltoaid, 

t!
fonllE exlrss€s ,{(t, r, .) !s th€ aench.l t!&.foh af L(r, r, .) Ther€:o.e

.u. {p',-Plr, r.,)) -; r, ",, .

P.f
rl.* i is d€:in.d by iAki,s th€ clos.d conv€x huII oi r(t, r, ,) in , (ir the

specl.l sens€ eov.) for.aLh t,. Tne Hbildis dssocicred rj'h ; is -r i:
t . $e tolt*ilE Esurt is th.n obtabed f.@ rrssspti.n 3 4d othe: fa.ts of .onvea

HAXILToIIIAX/LACMI\GIAI lll€oRE . rre E@i|tdia1 E(t, x, P) is aLM!8 L@!
.*icontin@$ Mrer i' p , ail tte ia*lse fotu1a

LtL, E, a) = sup {P'u-r, r, ', P))
pef

holdt 4f 6A qL! tf aE laatuqtd L(t, ., v) i. cdn. h t , I4 ttu Latte!
a.e, the.t ager ptopett! t6t L i. @1tt in 1.,rt &.qlttdldt to tt aTea

bei.ag @u. in t ,

!r ldtlcurdf tn n ts a o^e-to-de coFesldd.nc€ betueen l.grsgias , shich
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.re lrote. nomal inteE dds, cohvex in th! , a.guheit, and celtain funcrio:.: ,
tve.t Flof€rty oa su.t. tun.t:.n I i. thei.:oi! Cua1, ii F,.in:lrj., r! s.:.
ploPerty cf the associat€d !v t and th€ th€o.en illusl..tej lrrj: t. i. .;.... t).
ProPe'rv or -olnr convex.il! j r a

vhe! , a!lses f.or a cont.ot lrobreb (Q) as in (:tr, rhe ijantrtoria: ca.:,,
€xDftssed directly ir tems bf ,{ bt

(26) tllt, t, p) - su! {!.r-i(r,., ,,,))
,(f
r <,qn

Thus for th€ .oldot €xeple in $2 th. tanirtonid ir
r 

'-: 'p.I.t. "." ,ro L. if . 2 J .

1,l21t Blt. r. D) . I
I

It" ::,1/
(xote the coefficienl -t foi lc . rn Du.h ot tn€ lirelaru€ o. optinat co.t.t, a

wdia!1e .oeffici€nt pO is altor€d, arthough necessary corditioi: are deriv€a

sho{irg that po hbt be constat ad 6 be tak€n as either -t o. 0 .J ror th.
convex rodel (Oo) ,t'.* Z is siven by (u), the ljmittoDi& is

(2€) Elt,., p) = p.a(tr, - flt, c(t).) + sa{t, s*G)pj vith
rrnea ga(t, .) is th€ convex fu.tio! corjugate to 9,(r, ,) fo. each t . (Th€

fact that tbe @wehtio, 6-6=a is D€eded in (2s), lath€r thd 6-@i@,
shou-Ld serve as a raning tbat such .onveniiors hnsr be tied to sDe.lfic sitratidhi
dd lot taken tor s!-ted. J

rrsuras ir?) dd (2€) irlustEte tn€ genelar fact tbat
(2s) a(t,t,p) - *--f r(r),
rtnere t(t) is tb€ iftplicit state consrraint set i! (p),

(30) x111 -l|"</ ll,€l ,itn IG,.,!) <*)

7. Eristence of Sotutions

lle 5ha11 core ib due couse to tbe inportanc€ of the Hanitrdnian in conditioDs
Jo! optl@Iity, blt a fer coments about its b1e in existen.e theory my,6 !e in
o:te!. To prove the €xisterce of a solution to (!), one needs to estahlish soft *ind
ot lnf-@pactrss, o! at least laer senicontiDuity !!6!e!ty of the functionar 6
d th€ sp.ce I . sevelal thiDgs & involved in ttis, lut de bilinar requiEmnt is
that , 6hou1d be coetcite in , I for eacb (r,,) , the fiDetion ,G, ,, .)
olgnt to be boualed belo, ed have
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lir iha irt. t. ur/1. _ c

lqlival€.i to such ce.clvity i: it,. t..:!r:: 1: t,.t ... t. !.
exisr 6(fr sr.i ti-3:

,(t, ., ,) : p.t g t.! .-: t) t !

rui the Iartar inequality is equivd:c:: !y (?r) ta t{!, i, ir : i ::,.,i!:::
t(r! t. r' i3 c*rcjve ir u ror ed r, r' j' a.: .. , L', !.:

The cLassicai exist.nce theoen., slct & rhcse cj Tc€::: ar.a t:ia:, , ,:..:.
cdr.ivity of , in t rhi.h is sifon ir E a sliila. eq!i.E.::i a::,-: , :

.rfect, in Dodem optra<- contrr pJ .. -.-- s .. .: :- t .

althoush tbe Fsu1ts *e.xpFss.i in r€hs o, a iiera:&i consrr.i::
ths the frarerorl( oa .rt.n6ed-ell-vahed LigldEi--s, xatt€rs c4 t! :.:r ::::t-i
by P.ssinE to e fomul.tion in tems of / , $d i, this rar a brorae: .:i:. ii
exi8t.n.€ th.oEns cd !e 6btain€c. ole.lr [I9] ras ane at ri'. :lt. r. a;t:.. -

subjecr f.m this diEctiort althougi: he Cid no: d€:ire tre iia:iir@:-: a: ii:

f'e hnihani@ qp.t bada.he66 MdLio1 1 !arr: . :a f< i
6 ( t there is a stmalle fD.tioi 0 : r- X sud: rr.:

t(t, t, p) < O(t) for aII t € r ri€i ]r' : 9

ln PrlticUe, ther , is less the p evertehe!€, To stat€ the hain .onse:u€L:i
of this FlFrty, r€ n..d to introduce the Berch space C. corsistin: c: e::

@tin@rE P-laj]uea tqctions ov.. ?, ad irs nor

lr". ' Bex I'r I
' r€l

Th. spac€ A of alsolute]y continuous t$ctloDs is, of cou,se, coitai:€: ln c . :.:
is a !&acn spac€ itself sd€, the D.m

(3r) t,,,:^ ! r'.{)l ,1.",,",'0, .

II{F-C0itPACT!IESS IHE0REIi. srypose tnot tte a-ttt^i^ qper bod.iedese

cd&ti@ i6 .atisfied dd Ut, ., r) i6 c@@. at t , r@ fo! aL! ft.; nL-be!.

{.€41{(.):o,hr,,c:81
s odpact, both an tle a.d< topolag! af A 6d the Nn tapalag of C .

tlis is g!!Ed in f271. It 1.!ds iiftdllt€ly to a Esl1t on the existenc€ o:
Eolutlos to (P) in th. cas. rlE6 th. abstr.ct state eostlaiDt..t t(t) (se. {31),

(9). (10)) i6 cdtailed fo! a1l t in a !ix.d bosded Fsid or / rid to ontain
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th€ exislence of sorltion5 in other cases is tare€ty s natter of tinaine adCitioral
grorth co.djtjo.s o. , anC Z ehich ensu.e that the t€vei se,s dJ 4 are bounCe,j

i. the nori oa C , ani ye sh.lt,ot eo j.r. il he.p (see t2rl).

Th€ convexity.ondilion in th€ theor€n deserves hore etdolatid., h@ever, sin.r
ii j5 the firsr place in the theo.y thar conv€xity appeers in & esserti.l r3y, ana i:
seens relat€C to the LaErargia./Hahiltonio duatjty. A surprisinE fact of fuctionrl
anelysisi stenmiDg frcn lialsow's theoren o. th€ cdvexitt of the ranee of a vectdi-
valued neasure is that o iltegrei fuctioial oj th€ fof,

Il, I r-.o1"d:, D '.rl:,.C,

c@ ha-lly be eeailv loyer ".rt"...rr,""' etthout being conlex a: the sd€ tina.
Inde€d. ii one tries to take th€ year closure c: the epigrain df f ore g€b€ratly
gets td€ epiE.apl o: the conesrondi.g inteeral fuctionat jo. aa'(t, .) , the
convexiftcation oa f(t, ') des.ribed in $6 (see t2e, S3l fo. a lrooa).

Ior fsctionals ol the foh 4 th€ situation is son€'hat less cled, bLt
convexity oa Ll',. x, t] i. , is crucial in huch the sare ,ay. For irstan.E, it
can be shom sd€r th€ H@iltonia! ulpei hosdedness condirion tir.t dy bosd€i
seouen(" rttJr- i A -r: r r>'asrb-orl c.lv riniaiz:n. f.i e .in a.erlo_

s€rs€ th6t ri]1 .ot b€ des.libed here) has a subsequence coverging in both the r.ajr
topology of A sd the D.h topolog of C to d dc r € A rnicn niri$iz€s, not
+ . DUr tre corcspdd:nE DNDIeT rit. I Fptcced Dy jts converilic"lion i j- !n-
, asuelt (Es defined in $6). rhis is calred ahe tuL@d ptublen (i), sd i is
ahe tu?eed lagtuqid.

Th€ neeing of tnese facts ts that. sitholt the .onwexit!.o: , in , ! tt€re is
Iitt]e notiwation for studyi,e (P), 6ince it is ]ikety to ost to a !rcblen of
Dirinizing 6@ethinE Dot possessed of a ftasole5le contiruity prcp€rt.r,. one shourd
fooi instead at (i) dd its inte.!retation in rhatever appricatioh nay be at hda,
since even fFn a cmputational point of vier the best on€ coutd usualiy hote fo. is
fo gene:dr. a sequehrp rrtlt.r conversing to a so-ur:or ro (D,,

othe, f6.ts lend their reisht to this point of vie{. For ihstarce, th€

r€ierstrass necessa4r conditi@ fo! optisality in classical problens cores close to
s.yins rhar o solu_ron to (P' hcr be a sol-_:o1 ro ti. atong ehi., t,A rHo

lagrogios ! ad i Irapper to agee. iesults of tne htter 6ort ha* in f.cr
been established fo! prcbleN of optinal contlor @der certai! cdditions; ct clarle
[e], rdsa [33].

lruch cd be 6aid, theEfof, in favor of .ospartftrtalizins the tbeo.y ilto the

r$dy or (!) sde! the ssspti@ of @rvesity ib , o! the one h dr &d tne study
ot the relationship beteeeD (i) and (i) "ithout trr" es@pti@ on the other. Th€

3ecord put, .a1ld tu7Mtin trEd?, encohpasses sucn inportant topics as
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'5$g-beg" controls,6s rerl .s fact6 of the 6oir !1*.dy Entio.eC, ft/areve. ti.
M.its ot this phil,osoph,, ee shaU foUd it here ii l@*ios h.nc€jo.tr o.l./ e.
problers Hhjch are alFad) ft-a*r( ,

ASSUiPTIoN 4. Ltt,., t) i6 cdrez:,. | !.t eDe.! t,, , or i.r.ti.!

0f course, i! the nai! c.s. r. sh-11 !€ concefteC rjll ! , e!11 ..ruaI:j ii
cover joinrly in r ad , . But Assun?tion ! w:ll f.cili,tate conpa.isor: r.:
conjectues havtns to do rith nod senelal pr!Ien!.

8. oPtlt|.l lty conditions

one oI the cfassical cdditioDs for optinaLity ct r i. (P),ehose necelsit!
ca, be prcved sder cert.in asssptions,hen I dd 1 are diffe*nt:&I€, le it..
tuler-lag.sge equetio

f tr,,1.,..'', ;,..11 . vJ('. ".'..;-,r .

Tnis cd arso be.xpEss.C by ss.rtirg th6: for a c€rtlin fDctioi D(t) oi! n.:

{pGr, pr,) = !r(r, '(r),;G)l ,

rhere t! d.notes the grldien! of , vith reltect to (r, ,) (As a gehe.el

hotational ruLe,,e iFore t in the stftbotish for g.adients, conjuSat€s, dd sc o:,
of irtegr ds.) the co.espdding ondltioi for endpoints hrs the for
(3.t laG l. +tr l] . vlf"fu l. rlt.ll
the k€y to gcnerarizine such.quatlons to tne nditiffeFntta.bre cas€ dictlt€C by th€
pre3ent rbd€l ls e appbpliat! sostitute fo! the hotion of "s dieit".

I s"cr'. Dotid is veu knoh ih th. 6.. ot cdrer fuctions. rf F is cd€x oi

* . t* ea.r"ttat.e! ef(!) is defined ro constsr oi .Il d ( Lrrl. tnp

prop.rty rhdt

(3rr Fl.t) z P(.) - u.\.'-z t.r "u ,' ' 1 .

tt f(a) is finite, this Deds that the E.Ph of the affine fuction 6f ,' o! the

rishr sid. of (33) is ! suPportitrs hF..pree to tne eplEraPn or f .t (2, r{:))
(rt e<rl = -, dif t= €, the conditid ls sltisf!€d by 6e.J u ! but if
t(z)=p sd t + F, tt is not Eatisfi.d lv av u.j

The theory ot sulgladients is PEsent.d ir !201, dd only. f€t basic fa.ts rlII
be clted he, the 3.t af(,) is.lrays closed od conv€x (tos6Dry efrPty), &d tt
Educ.s to a ttryZ€ et.Mt r, il .nd @ry tf t is ditfetnti.ble .t t (in uhich

€vent u ' vi(3) ). I|1 th. c.3e of a ldet seDl@nttD@ls 9bp€r c@vex fsctio' Dd
its eonjugate, !.tisfytns
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a(z) + Fr(!) u :,, for arl 2j D ,

tiniiior ot.oniugac!. th€.€ ie rh€ jnportant, sFnsrri. €quilale....

, ( aF(:) - 412) + r1(') - z.u e 2 a arlt.u)

c::. r.rrl,r .a h.1t i! lne inaicata, oJ a norer.:r closel ..nvey s€t a

F.r lrollers of conv€x tyre, He .a NorL {iti the sungraCie.t s€ts ar{t! e! r)
, 11- r'allr.rL :n /'P Iae L1.p!-lagrdge cmditid. i'and

[iGr, pt,) < ar{r,.('),;('t , arnost e€!]vherc,

t]ie lta9te$dLat! colditii r.

(. i.r..c,

I* ,, , t . .

ar(:) - I'a(:) = natul cane t. c at .,

bttol. -pk,l) e az["|t") , "(r,]l .

f..., ,.:'-: . o ro: a, 2 .. :, z. .
rat: r _ 

1 o ir zla.

te eF irt*st€d in the fs.tids r(A rhich satisfy these for son€ p€A,ehtcn

Just rhar th€s€ conditions, first iDtrodu.ed in [21], hav€ to do rith optinalit_r
ir th€ Drcbt€b (r) 'i1t b€ the subject df huch discussio. b€ld{. Befole getting into
tha1, h*ev€!, 'e 'ould 1ik€ to sention that the definitior ot af(z) has be€n

€xtend€d by clarke [1c], []61. to th€ case of arbitrary proler 1o{€r sericoniinuou.
fwctims r ir s,cb a ray as to .oincide rith th€ set alove rhen f is convex anc

ritn the sirsleton {Vrr(r)l at poi.ts rhere ! is Etlonsly diff€rentieb]e (not

recesse y cdvea)- Horeover aI(z) is stift al*ays a closed conwex s€t, rli€

tu]eFlasrdee condition (39) ara trdswersalitr condition (40) are therefor€ rell
defilea fo! (r) eEr witholl dy c6nvetity assmptions. hd€ed, Clarke has shon

they ae necessary for oltinality in a nurse! of cases t]rl, 1131. This DoE gen€lal

theola talls outside 6f olr target area of duality dd tsiU th€.efdre not b€ outiined

Olr discssio of n€cessity tud Eufficiency fo! oltilality rilf be tinited
Einlt io the vheE the@ is a rev€lsal of th€ Fituation olten

eleooteeit :D vali.-lidal theoty: tbe .uffici€rcy is tbe easy pdt
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SUFFICIET€Y THEoREIi. rf lp) is aI cqlte! tlFe @r1 . a A .dtisfie. the E,Let
Lagtu?e condattd fat L da t@ts@?sali.tr cddit:i.d fot L bith uijaa.t F t A ,
xhen , ftuiahee the hininn aa lt).

Th€ arguent is so shorr od sinple it litt be gir€n in tul1. Srppo.. (trr r:
(c0) hcrd, dd let r, be d arbitrarr e1€neni oa A (1he p.ihe tras nor:i:.. r. ,i
lith d€rivativ€s). rron th€ definition of subgradi€nts,,€ have

,(r, ''(r). ;,(i)J z Llt,.(t),;(t)) * i\t)\",1t)-.\t)) , p(t)\;'(t)-it,:))
for atNsr ev€ry t eC

z("'('ol. "'('rJ) : z{"(rol, cltr)) + p(to)t",{to)-r(tj) - rlr,lt",(rr) .it,), .

lnt€Eratins rh€ first ineqlality *". &0, 11] = ? &a acainE th€ s€.o.j! !e obtar:.

[- "p.j,, : e\:. , ), j; tc.,,'-.,-- - rp.,r'_:,1,, ,

yhere th€ tebs in p,(it-.) cecel each other.

The Dec€ssity of the conditioDs &quires strone€r ssufrptiors, as pe shall s€e i:
$13. and certain extensios hav€ td be rade in.rd€i to h&dte the cas€ eheE tr€
state coretraint r(t) € 1{t) lecooes etfectiv..

Fo. the hoh€nt re tle irstead to rbe qu€stion of ehat the coditions h€- ioi
slecific cses, such as the cmtlol p,oblen (ao) in $!. ore thirg of s4at practical
iDpdldce i, tbis Espect is tnat quite erists to! deteminins the
sulgladi€nts of coneea tun.tims rbichr like , ald X , are Lilely to be Eiren i.
tems of veious otn€! functios! sers, constlaints, opelations, da so on (see t2ol,

sup9ose , coes via (21) fM a fsctio! ,({t, r, r, a) {t'ich is .onv€r ii
(., ,, !) It is krcrn $at then

(41) [(r, p) < aL(t, r. t) ad z < als ni, t(t, r, ,, .)]

- (r, p, 0) ( atr\t, ., r, u)

Gt. t26, Theoren ?q (a)l). Nd suppose furtber that { has tbe fo6 (Il), so th.i
, is siv€n by (23), ed tnat 9(t, .) is ilf-cobpact for each t , so thar , is
!oea] (as roted at the end of 95). the t'a!s hiD't set is trien a.lHays n6enpty, so

rhe c.lculatid of a, is Fduced !y (4I) to that of aX Assuils for each t
tnat f(t, .) is firite m a neighbolhood of o (so as to hedle the case 'heE th€

lege space fo! C(i) lieht not be aII of ,n J , """ *" 
"ho" 

by the srbsladie.t
calcUs tnat (r, p, 0) t atl(t, r, r, !) if tud only if

t = A(t). + B(t)L dit ,*(t)p € as(t, !) ,

, a aflt, c(t).) Hith r = -r.(r)p + 41(r), ,
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rheF the €sterisk denotes rhe rr&spose of a blrrix, !sin8 (3q)! one crn *rlte rh€
.odition tl(r)p r ag(r, u) in th€ duar fom ! ( agr(r, !.(r)p) , rheF 9r is thr
.onl!sate inteer&d,

An iptlicatiq cJ Ja.ts asou: r€aslra;ie seiecriors t29l the: reans t3 tne
.onc.lEion thar .(A and p(A s.ttsfy the Eurer-rlsranE€ conditton for ! in
this case if sd ot) ij theF exist func:i6. ! ( I ei L' € t su.t: ihat (f.y

(42 )
.i(t) = ,(t)r(r) * r(t)!{r} rtth !(r) € a9.(r! t.(t)p(t)) ,

i(r) = -r.(r)p(.) r cr(r)D(r) eith r(i) ( at(r, c(r)r{r)l
this is inteftsttns beca$€ ot the appesanc€ of a dEl drr&ica] Eysteh,ith.,?ricj!
cotrots r(t) , a lFp.Fty rhat is not sadiry captlEd fo. a€nellt c@vex I r ad
bec.se !f th€ .orp.Lete slmetry ih c ed p . A dur prcbreh of optthat cohtlot jn
p ri-tl be es.rlbed in tlF 

^er1 
s.cr.im.

lf t dd g hav€ the quadrarie fotu ir (t3), the cont.ot eobilitios in (12)

u(rJ : s(r)c(,rr(r) ac !") :,?rrr-Lr(t)p(:r
In th€ cas. of (I:), th.y b6co.e

',(t) 
: 0 dd !tr) € arE ha ,(r).2

t!ll:r
lf t is iliffeEntiaue t the t!tuse4ality conditi@ is jlsr (32). rn the tixei
.ldPobt ca€ rh* Z is slw. iy (r4), @e nEs

l*,*
az1"o, "rt =.1

I,
so tne coditi@ Educ.s be*ry to the

nothhs Eqqled of p(rol bd ptrr)

rr {ro, "r) = i.o,nl ,

rr (ro, .r) ,, (oo, ar) ,

.ost'.airt. "(rol = ao ed c(rrl . at , "ith

. ro! (15) it becdeE

-a p(to) = r(tr) ,'(to) = '(;.)
l1iL to! (16) 6. g€ts

p(ro) "o-.r to ro .t "(ro) -r(tr) = rc(tr) ' c .

("ro&a1" D&s nlelogirs to the no@1 cdet' t o d.fined in (3s).1

:he* .x!qt ! tllsr3at. that . 'id. lpetr@ of .oDditios i6 cov.Fd by the

ilbg!.diert lotatlon. A siailo calcuru .xlsts fo! B.heralizd g!.dien$ in th.
.@. of CtrBikG [10], [!5], but it t!?ically ilvotEs chains of inclciors latiet thd
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.quEL.nc€s. f@tuEt.ly the tDcr$toos !c iD th. itiEctjon @e ne.ds tor th.
d.rivation of n.cess.ry conditions for optinaliry.

9, Du.l problm

The equival.ht r.ys of nltins . r{bgEdi.nt *l.ti@ tn t.hs of . convez

furcttfr or its conjugat.r as in (35), suse€st a dual f6m fo. th. ottifta.tji!
@nditions tor p!o!r.hs of convlr type:

lr, p, .|Llt,.t ,) - (., a) ( aL.(t, t, pt ,
( !3)

bo, -rr) < rz("0, rr) - ["0' "t) ( a/'[po, -pr)

fl.k ln. conjqE.te fuDcties ,a(r, .j .) .nd zi , lik€ ,(r, ., ,) ed t , afr
Ide! ..hlcontlnvous Drpe! coDvex, lrd in tact ,1 t6 asatr a rolrlt int gtuC l2i),
[29] (.oE iDa rhicn 

'dAht 
Ft have len r!@.if a ilitfeart Deasqt€bility property

h.d b€.n incoryorar-d in rhe d.flnitton or,homalit] ).

Sye.t4/ 13 trot q!1t€ !G3ot ia ([3), !o let c iDtsduce rie furctios

M(t, pt ,) = L.(t, t, p) =.!p {!.E+p,v-11t,,., p)} |

r(po, prl . z.(po, -rr) = .ur 1ro..o-lr,'r-1(.0, 'lJl ,
ro,tl

so i})at Ecipec..tly

LU, tt v) .l,r(a, u, r) = s'+ {r,.?.r-Mr, p, r)l ,

(q5) P'r
t(,0, 11) = d(.0, -.r) ' sro {ro.ro-rr''r-'bo, pr) I ,

Po'Pt

.rd tne .quival,.nces (q3) be@De

(!, p) ( ar(t, ', r) - (r, r) r al'(t, p, r) ,

fuo' -pr) € erfto, 
"rJ - [ro, -"r) < a,(po, pr] .

For a.e r(A urd p ( A , oDe theEfoe h.t

(iG), pG)) ( ar(r, rG),;ft)) - (;(t), -(')) ( ar4(r, pG), i{r)l ,

{p(to), -p(tr)) € ar(.('J, c('r)) - k(to), *{rJ) ( r'(pi'ol , p(tr)l

It Ls ap!r$p!iat. to ca]l f th. dal bgrwgia ad n tte afual bolailrrr
fbt tion. fter rltisfy the sale codttlons .6 do ! cld t fo! !!oDl.ns o! c6v€x
ryp€. thE th. iDetlolr

t " !rr1t, pG), iG))dt * "bkJ, ptrr))
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is like!:se relr detined fo! aII P ( A tud .onv€x. fne prcbl€n

(p*) hininiz€ V(f) ov€r au p ( A

is !h€ duZ oJ (P) sd is aeai. of.onvex t}9e The th€oren i. $s is thercf.E
lpplicalte ed says thar p solves (P'!) if P sattsfies the luler-bgraneE coditior
tor /|J dd tlaskrsalinJ.bndition for t in tems of son€ t < ,{ {n interestint
Mne.ti@ !e een (P) and (Pr') is then apparent from (!6),

UJALITI TlltoREfl 1. ,ha <P) ia of cd"er ttry, tte fol1@nng aP e?lieknt
Jar.(A @d p(A:

(d . tatiBfnes the ElLe*I4sMse cotAadd fo? L @'1 t4ture".alit!
cdn&;ttd fo" 7 ttth aajdinL P ;

(b) p sataBfaej the E te?-t'stuge cmditim far N dC ttustet'alit!
cdditaq fa' n aith onioilt r .

m6 tte .uffnciat Mdi.ti.dE fo" <rI alsa fffiish a soLtttd t (P^ j dd

aecause of tb€ €quivalence of (a) nd (b) te shall sinpry say ih tn€ convex €s€

that : dd p satisry the (sltficient) apti.tuLat! co4dntid6 'hen tlrese plopelties

an the cas€ rh€F (P) is the kduced prcbfen fo. the conlea cobtrol plobr€n (!0)'

biDiaize I t,r...r)',r'di - | e(t.,(t ld, . llrtt"l. rlt .)r ' tl -
(46 )

s$iect to trt) - AG).(t) + Blt)ult) ,

the dlal has a sixilar structEe, AssMe, e tas dde in 97 in specializinE the

opl.ira-ritf .onoitios to t is setling. tla- for ea.1 !

t(i, ') is filite on a neishlorhood of 0 !

9(t") is inf-cohla'i-

Ahese t'o proPelties happen to be dual to each othe! tith respect to conjueate conv:x

fEctios [?0, !S3' ]31, so (q?) i5 equival€rt to:

'.(t") 
ts inf_coqact'

(!3)
SA(t, ') is filite on a neighlolh@d of 0

th@ the apressid

L(t, t, o) = flt. c(t).] +Din {9(t, t) | B(t)u = r'A(t)')

i. iEe!.tcd iD (44), one obtains,ith tbe belP of one of the stddaFd for@las for

@jusates (at. [20, !. ]421) that
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({e) u(t, p, a) .9i(t, ,,(r)p) + Eii (fG, u) I crk)D =,rrrc)rj

ths (Pr) is th€ rdlc.d probteD for a certain @.trol probrer tikg (i.r:
Inini'-, 
J7 e.{r, 8.,r,p,!)li! . 

J, '. 
{r. D(r)ldt . "(pt', J. ;',rj,

( 50)
su!j€cl to i(t) : -r,(r)p(r) + ct(t)D(t)

Note that th. dual dynarical 6yrr.n is the ..!rie! ii th€ oDtinar.i!-t

c@juEEt. tuct163 ae noi rLrays €asy to expEss in a m.e dir€.t fos. ev€i

rith th€ b.chinela in [ro] ad [26, $9], blt thls is po.silre in hey in?orra.i casr:.
ro! a ple, ir j od 9 hale the qEdratic tob ir (13) sit: S(t) &a iar)
DGitjv? detinjre, 6. ha

f(t, !J) . {d.r(t)-Ir, g.(t,9) = +4,Rlt.)-Iq

lf they hav! th€ foF (12), the:

fo ir D=o
f(r.d -1 s'.1.e =1...

t' ii , t c '
rheF lj.ll. is th€ noF dual to ll./i . Ih.n ,(t) is i.rpliciriy @Dsdai,€: :,
v&ish in (50), od.verything !.bo!! it d&ps out of th. probleh. The sane rourd !€
tlue in otlr.r D!ob.!ec aith fll, g) = 0 f.us fo! a probi.eh ot th. ton

rinili? [ e(r, !(')]d' + r('('0),.1!r)r)l -'

!u.bjec- ro ;(. : rLtrE(!. r rrr)r(r ,

bjniEize l_ s'(t, B' ttp!t,)& . "b{!o) , p --

3ubj.cr ro i(i) : -I.(r)p{i)
ftat i5 pu'ticulury inteFstiDg.bout this cl3e is thrt the dual plobter tuns olt tc
!c ess€'tr.r1y tta:r.-drrasidalt .tn.e p 1. uiquely d.t.tui.ed by p(t0]

Iooth.! Spod irl$tlati@ b th€ ese ,heF

[ql!l-a ir lv] . r ,
(t.r) t(t, yr = 1 e(r, !) = Ea{ar'1. ...,ar.r.} ,

lo ir lyl :r,

'h!E l.l d.'ot.6 rh. Estide.r.oF &d ar, ..., ad .F EctoF ii I ,
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rheF I'c." denot€: co'vex hll1.
has ho inpli.ir state cohstrainte

(s!) ,.(t)p(t) ( cold., ..., aiil &d lD(t)l : r , alrosl everye\ep-

1l'.s€ corst!.int5 aE d€temlned sD?ly by insPecting rhee the tsctions in rne d!:l
leb]ei @ tinlte, rhich uhde.s.ores tne .c6@r bc .ffectiveress of th. f

, lt,

'l

iI'

ir q ( co{ar. ,.., oxJ ,

because rbe P.in.l P.o:i.. (ri_)

irrs, bur the dual plotlei. (r!)

}lh.i ir coi.. ro rhe possibili'lies for I sa n r th. first eiahpte ro i.oor a:

is th€ oD. Jo! fixed €idpoir.s .(t0) - ao . .(ttl - .r , {here I ts giw€n Lr' (I!r.

biviaUy, r is then lin€ar:

'bito), p('J) = r(t")'oo - p(",)=, .

s-irc€ r is finite .verVrhe.e, n. ispl,icit constraints.F inposed on th. €,dpoint:
of p ; tb.y ae fee in !d. dE: proller. It i€teal i has tbe foh {:t),
.orsponcins to tlre cohstrainr :('.1 = r(tr) , it trns our that 

' = 1 , so tr::

th. d$l plobleh ]ik.Hjs. nae the const'aint p(;o) = p(rr.l rhe ex&!I. oi 1 !:

(54) 
'lapo), 

p(t )) . o[r(ro)J + *b[rr)-r12 * +l"rl' ,

'h.e o :5 the ttppol.t' fututad o: i.he .onYex set to :

o(po) . ",p{po.co i :o t l"i

]f to is a cd€, o is just the indicato: oj the pole cde E3 , ed th€ fi*:

te6 i' (s{) Ep*sdls th€ .o.r:ui.t p(rol € t; . ro! -iEtdce, it tc = I

('(tol f*e) d cets t6 = {o} &d the ioplicit c@sraint p(to) ' o r:

.so=4 ("(rJ:o) , th.n t6={ {p("J:oJ rr to equats ! s$space r,
tl6 4 = r' (olthogdal colgrdent). If to is the sir ball for a nor ll'l '
tra o = tFll. (duar notu).

hcldotally, tne tltrd of tu.lity &en in (116) &d (so), 'h.e.xPlictt d.trcls
rpFq 1E !6th p!obl.G, .e b. c.Ptund in a 3lisltlv bead.! setting tith th.
expEs6r.@ t(t, clr'e)) + g\t, r(t)) aplaced !y h(t, c(t)c(t), !(t)) rnis

ep!4s tr (r, rG)) + d(r, !.G)p(t)) !D (50) by l'(t, o(t), B'tt Plt))
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The dual prolleh (pr) 
'as intloducec ir [2r].

t0. Namjt tonian eqlations
The classica.] eason fo, i.r.oducinE the Heiltonian fs.tio. i: ti.: rr. iurai,

tasrdse condition for , cd, unde. certai, tusMlt:or:, be,rifter in3r€aa :. r:,

( ss) (-;(t), r(r)J = eElt, /t), pG))
Th€ see thiDs cd b€ ac. llished in the @Dvex case iD tehs of sdj8raaieir: ir.teac

silce for pro!1ebs of c@wex type ,(r, c, p) is coDev€ i. E (a: r€t.r el
convex in p ), re can sp€ak of the sulsladient set apr(r,,, p) ad, riti a ciEnEi

of aien, the i'supersradieDt,i Eet a Elt,., p) ,the suirgladient s€t of the tu..tio.
,(t, ', .) at (r, p) is
(s6) atlt, r, = acr(r, .! p) \ a E(t, t, p)

the senetaliaa EmiLtdia eqeti.d (&arty: Hanirt@ia ,,continselt equatior or
"ditterential .in.tusion!,) is
(57) t-i r,,.il r ae{'.: ',p,r'J,.ros- everya.-\.

Tne product foh in (56) Ey give a,isreadi,s i,pressi@, in rhat it is.
6pecial featlE rhich d@s not .ar4i .ve! to orhe! cia$es of tucrions , ,he. the
d€finitid of th€ !tuirtoDio eqution is exteDded. An eat€Dsim is indeed possibtE,
for €xeple ro atl prcbleG satisfyire the Hadlronie upper boundedness @nditioi ii
$?. ]hen for each r th€ irDctio,

F | \., p) a _E(t,., p)

is r*€r sericontinuous ploler t2z, p&positio. !1, s. that ai is Fett defin€c i.
the sense of clarke [ro]: take

aE(t, e, p) =,-al-EJ(t, ., p)

this definiti@ give the saE frsurt as the de above if ,q is c6nca,e
convex, so (56) is Etlet fo! that cde. aut (56) is ofte. tarse, atthoush

a8lt, z, pJ ir al'ays a closed conver subset "t { , { . (rncidentauy, th€ft *
ptulrec ot covex typ€ for rhich Delther ,(r, ,, bar -Elt,,, !) js a torei
sehicontinuous !,!ope! fqctid of (r, p) i cf. l2o, 5331. No e€helar definition of
a, is pEsertly knffi shtch @16 this case in cdvex aarysisr havins sis,ificut
corsequ€nces !etd, ad a.It tne.ases enabf€ to Cldkers definitim.)

llloREl. J' t a @re. @4 ge E@i.ttdiq eqstia la .qiratat ta ae
E k*to4@ge cdditifu lot L (dd alao ue 6a fo, ta ) @d tJcefoe .d be
g|'b.tttut d fd it in Oe opti&Litr addntids.
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this fortos frm a.uI€ Rlrtins sulgradienls od tie renct,€t t! stor.i [2!.,
Tneohr 37.51 rhjch i. th. pEsent notarion takes th. foi.i

(53)

(ss) 6(r), p(')J ( a!ir, E('), ;(r)) - (-i(r), 
'(t')J 

( ar(i, 'ftr, ,(r)l
tne equiva.l.trce also holds in th. classicar, cmtinuousty diff€ftrti.ll€ case,

if , ts actlali,y strictly convex ed ceftite ii , (not ,ecess ily conve, ir
(', ,) l, o. if t is convrr in (c, p) (not necess{!}y dilfeEhtia-ble), in,h:cr
eveDt ! is concave ii 5 a frv..sdl ot th. pep.nies in the th€oFr in $., !!:
i! cs tail for sonr ot the gener.I .ases covered in ters oJ ClarLers d.Jinition,
(rrrcn tt. t.o conditions iD (s9) Eeer to sly differeit tl,inEs, y€t clarre he!
esiAbl,ish€c that they are both sd.titr€s n.c€ssa+.fo! optiEarity. se€ [r2], tlrl tc
Clar*e's FcessEta co.ditions in B.niltmi& fom da [15] f6. their a?plic.tj@s to
s€t s .:trehely gen€ral "ndihs prlncipre",l

!t Dt be rondeEd rhy in the co.wex c.s€, as i. the theoED alove, eqGl
attentio, is aot paid to the d-rc1 N.nilthia t' coftspoding to the du:

(6La)

Tne tsson is rhat

E,(t, p, t) . suF {r.r-B(r, .r, !)}
Y<d

E'{t, p,2) = -r(t, r, p) !':I@str.

Ird6.dr if th. tobuta for I] in teFS of I is used to eprlt. the foftula fo! ,^1

in leFs of , , one obtrins

(6i) rr(t, p, t) : sup {r.t+,!{t, ., p)l ,

ehich rays tbat the r€nch€I tBsfotu of r(r) = -t(t, r, p) is tr(r) .ltlt, p, a)

Th€n frb (60) o. has f.l(r)'= t'(t, r, p) , so tbe ltudy of th. rer.tidship
he ee, t' &d , boll6 d@ to the question of th€ Bstent to ebicn Pai hust

agee rj,th r . Since irr :1 rh.D r is lde! 6.Dicdti.uols ad ndh.E - ,

'e cy cacluile tbat tr(t, p, r) = -ilt,.. P) f@ aII (t, t, P) ehen t is UPF

s€nicontinuols ir r ad ndheE P Actully, fo! I ariEtng floh , thich ls
r*e! BeBicorttnuous prop.! conv€, ln (., ,) as h€nt it .4 b. Ehdt th.t I is
qp.. @i.otinu@s in (r, p) tf tt is noh.e € . In gen.r.lr hd.%!r thee

could b. sliEht discrep&ci.6 leween t' ed a ! 6d that 6. Falrt h.s is tLo

turctions .quivareDt to €aci oth€! in. !.6e ttoh in conv.x earvlis
(cJ. t2o, $3l|l). lte H.tlttdid .quatioE !d tt od t e.quiwalnt.

rtr fiailtonie for the @ntel plobleb (Q.), e*pltssed it (28), yi.ld6 (!.aer
(a7) or.quiv.Lntly (a8)) the eqatl,ons
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i<t) t fer{xlt)*aLt)as.{r, !.G)pGlll, .}rcst .ver}theE,
'prtt t l-t, ttlpLtt,c.rt)a.f(r, cc)'(')l] t arho.t .v€"ryne-,

ehi.h cs be €xFndec ro (!2) thrcuEh d a?pitcarion of th. tbeorr ot ra5!.a:1.

The H.nitoniar for th€ nonlined co.trol probleh in $2, siv€i in {??), rzt v.r:
faii to b€ concave-covex, yet this is a.as. rheft sde! n.tual assbptios the

Beiltonian eqEtlon is e€] detined ln Clalkeis sense. lt is int.Esting tc see h.;
the.quati@ reLtes to the @in@ prtncille, ro..lPricity dn in older to.nsEe
thAt th€ Fduc€d lasrogid ,(t, r, ,) is ! p!op€! rohal integrrid rhicn is cohver

in , , as ee have been lssunina, suppose ttr:
(a) U(t) rs cobpacti @nvex, noetptyi

(5) t(t, -, !) d tc(t, r, r) aR &fined o. ai ot , . d' \ {

ftasur..b]€ in t ed ditfenrtiall. in r ,

(c) t. t-. I f and ! -'^ aF continuous in {r, Lr .

(d) t is af.ine in ! (thdt is, tit, r, u) . P(t, r) + c(t, r), )

ed Jo is coivex in ! ,

(e) r € int x(t)

Tn.s€ condltios cd b€ shdn to irtly

eith tlE h.lp of @asElble sel.cti@s' tlis yierds the Esurt that' for t ( A ata

p ( A vith .(t) € int /(t) for aII t , th. Haniltoian .quati6 is satisfiec if
od only if titeF is a o.esaable functic ! such that for abost ewel t .

!(!r ..rs 'd {1t., rtr, .J.p.t, /o(r. "trt, .)r .
ult)

ito =;(t, "ttl, uttl) ,

i(r) = -v[t, '(t), !(!)]p(.) + vjfo[t' '(t)' !(t)]

t!i6 eunts to the 'hdbs pltDcitle" in rdrced toD. (nr€ .ase ebe* t(t) Bieht

be oD the boudaty of r{t) ir boE coplicat.d, s.. th€ FDrks.t rne.Dd of $I! )

lkrt€ that the ceffleielt o! to ts -1 in dre "a!g Eax" ' l. contrast to est

E .&€rt. of optlet cfitFl, vhich .U4 a vtialr. cefftcie.t PO(t) Dd shoH

ttrt it q6t b€ @6tot lDd ..n bc t!t.n s .itb€r
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poslibiritr is €x.Ild€c, th€ conditio.s .r€ sljghtry stroDget tha. usu.r .nd EluiY.
for th€ir D€cessi:y srigh!lv strdgcr assuitiioDs {Clarle'r co.c€F_ c: .alr,:€r: t 3,',

tI3l, tr!l).

ll. Bariiltoiian rljectories

fh. .dvantace of the uaEiltorian €qu.tion orer rb€ Elta-Lagraree concitioi i:
th.1 i: h.s tt. fofr of a aen..ali.ed oldina:J* diff.F tl.r equltto.

!trl e C(t, rt|) arhosr €verr rh.re, ,(t) : (r(t), p(!)l ,

t(r, p) = lA{0, lpl-r) - !.x(0, lrl-1} ,

vher€ t(t, 2) is . closed convex ser that d.t€nds on t a,c . in e ntce wa:,
(Tn. srlp:t Xt) oa th€ hrltifs.tior z * C(t, .) is cr6ed, ani tte bulttfucrj.:
t* I(t) is heassanre,) Local existence theoEis ar€.vail..bl€ io. su.i,
g€nerari.eij Ciffe.enria! equarios, .t l.ast 6d€r.ertaiD cddirions o: nderrtiseli
dd boud.dness .t C(t,2) lci, l7l). They ce b. applied to s€l traiecto.i.s
(:(t), P(t)l foi tb€ rian:ltor.quaiiors that ehdate tM dy initier 

'cjil 
(.^, p.)

!n . lei8hborhea oa r:icr I is lipschitz continuos rlth especr tc rr F , *:
satlsfies a sma5ility concition in t (cf. 122) for the eorvex case).

rnen t is concave-convex, , is not onl,y Lips.hitz coiti.uous d d_1 ope. s€_

'h.r€ it is tirtt€, blt actutly dlffeantianl. tir.re alrost every,hel. [2c, $3s], s.
th.r lr(i, r, p) Fdlc.s to e sinSle.Isent (the gradient) .rcelr on r sp€.ial sct
ot eas@ 4&. ahen the aen.ral HaEiltonid €qutioD (5?) is not so f6r trft tlre

cf.lsical v€lslon (5s) .5 nient hav. be.h tnouSht irm its "colting.nt" fom. As a

@rt€r oi facr, rdunlq!.r€ss of solu.ioos f6h a Btve! 3tartlne DolDt apr€ars, tror
€x8htleB, to !e a lathe! raE pheroenoi ! althoush it aefinit.Iy ce occu! (see

rrorher !F!.rty knoK in the convex ca. is that Lf I is finite ea
iDdeFDd€nt of t , then ,(r(t), P(ilJ is constot alons all sdtltions t. the

AdeElit€d Hoiltoi& .qua:ion. (Thi3 €xt.Dds a .f.sslc6t es,!t in th€

difteFntia!]. €ee *hoe. pr@f is tlivirl, but tn. nulttvalu.d tom of the equatiot

FquiEs a s@h.r ricky arglrenr, .t. [22].) I rie eay of seDccting sinlre noi-
cLs6icBl erqples is th.Eby llovi.dedr tai<e any firite cdcrve-convex fuctlon t
on i r F and I6t 6't its I.v€1 clllts, the tlaJ.ctolles of t-.e Heiltoni&
.qutio (rhi.h esist at leaet rocalry fd thls cas.! as jst E@!ked) iust forld
'th!s€ cwes. A !!th€! ilte{stilg exdpfe to 16l at iD sucb a Ll8ht is

ll' l ir
,(!, ') = @{0, lrl-r} + 

1_ ir

l,l : I ,

I'l ' r .

$i.h corsp@ds to
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tte ttlj.ctorl.s h.v. com.!s, &d rhey c4 b!dc! .! certain point.

th. lsse.tiols..bout ar(t,., p) being a singteton.lhost everyvheft, a,.r rl

being constdt .!69 H.rirroDie traj.ctoriee rhe: i i5 indererj.:.'. ,: t , .2.:.
ove. to other clsesr for insr&ce the HartrroDiai at tre eid o: the pre.erj:,.:r.r:,-.
&d all HeiltoDi&s *ht.h are c6vex in (r, p) lut they are nc: trJ! jr,.tt.ar.:
lher€ t is @Ery lipschit2 .dtiruous in r ,

locar solltions to the Hsiltonl.n equlrlon hav€ a cerrsir optiEl:rt t.cpe.rj
rhetr t is concale-coDvex. Suppose for inst.Dce th.t I rc p @ .5sotu:.),,
cdtinuous fuctions Hhich s.tlsfy (57) ov€r rhe ehole i.telvEl r . [:., , j (ai..-.1

.veFyvh.F). Deiinins a0 . '(rol oe a, .:(r,) ur tar:,.r : to:. : .

lndicato! of thls endpoint palr as in (Iq), se se€ thar , snd p satisllj !j,
tldsv.rsality conditioD for I , as reir as (by virtle oa the theoer" .: !:rJ :n,.-

lure!-!.Erag€ coditlon fo! ! Hence by the sufficie..y rheoren in $e, r
I!.in.ibi:.s | ,{r..\r), '(t))dr over the cl.ss or ar! .Es harinE tD- sdre e:.:!r:r.lr

co ad dt Nof, the 5de .lEhent ce atso be apFlied rcla:iv€ to er., sGirte."e:
of f. lhus . k Lagtuge opti@L fo! L orer ?, iD ihe sense tiz- o: €we._.

suiint.rval .I it nininias the hglssia inregrat on _l lith Espe.t tc the ciaee

of a.1L &cs that coincide 'ith r at the beginnins ea eni ot _I . The sare cai ni
arEuec ir teG of p via th. duaiity theden in 99, ed one otrtains the folldili,

TNEoRE|i. Jr t:tB aares oue, if . da p e obsaLut.L! cortin@tt fq.eide
.atisfying tte gendali.ed P!@tiltdn- eqstit\ f@ t in ai intewl. I , then .
ia Ing?oqe opti.ml fo! L oat I , ad p i. Lagrtse opti@L fo, N aver' r .

,noth€r rp.ciar property lD the co!rex c.se is that if (:, p) oi (.', p,)
ue tro Hdiltoian tlajectorics over t ! th.n the quaititt
la(t)-.'(r)'blt)-p'(t) I is nddecFasins ove! J lz2i.

12. optimal vrlues lnd perturbations

Thc close &lationshi? b.tree! a p&llefr (P) of c@"ex t?e {a its duat (9+)

extend6 beyoDd the sharlng ot .uttict.nt coDAltios fo! opttnality.. fner is als. E

tie be .en the tro oltiE1 v.Iues

(53) lnf(P) - lnf .(t) , inf(P*) . tnf Y(P)
,(A PaA

t}!€ Btldy of tn6e va.tu.s dd hd they lchav. u,ile! certai, '!p€!tEb.tims" of (P) is
the rcsi. to d.t.mintng the nrc€ssity of th. optiaality coidltions that b.v. b€er

A !6i. ir.qulity @ b. deliwd ceily flor th. .tefinltior ({3) of rV &d D

Da th. Ebtid. (31{), (3s), that }old fd 6y cdjug.te p.lr of c..rwx f6cti@s.
Fo! autE.y r?tl Ed p(A oD. h$



249

,(r, '(,,;(t)l + MF. pttJ, i(t)\ z itt).(t) + ptt)'rt.)
for alnost elerr t ( f . lhere equnlity hotCa it and onty ia
t-0,'.p.', '"1{ ,r',i, r I r'.. - L

rlr{i-1. rfi.ll - "(.lrol. rlr,)) : p{ro)"1r,) -rlr,)"i, I ,

rhere equarit_v horc. ir and..r. :: (;.(roJ, -pl',ll ( arGlr0l. "{r,)l . r...p,::,.
(6c) over tn€ int€iv!1 ? ara adiinE (55), te ser

{66) o(.)+'l(p).aa lar all .(4, p(A,d,th
eq@1it! - r dl p 6ata.I! the optamlit! @haiti.rc,

Or d. rE: TneiE is a sliEh: tla, in the argur€rr, ccnne.red {ith tn€ €ri€;,ar l

d€jiDition of thE integrars of , aa ,a1 .s l- The ineqla1ity (56) is oujt!
waliC if the conventio. - e = 6 is used on th€ t€ft side! but th€ case e -
could con.€iwabty arjse ewe. uhen (6c) dd {55) {e.E true,ith eauarirr,.:i tre.
th€re rould b€ strict iheouality i! (66) desFjte the optiDality eo.ditions bein!

To get aroua this, . nin.r assunptio. iusr bE adaei. Le: L- and ll aen.-.,

the slace: of l-u"t,"c :un"-io,. o. I rhici aft €ssentiarrr r,ounde. .,
!€sp€ctively. surrt..bl€, and de:in.

I16, J.,j, - Ir.rrr.u,-,JdL )a

ASSUHDTIo\ 5. * f^"rr-., I, i6 propp- d L' t- @d basdpc bp.d..

fnis is satisfied i. par-ticula. if +(E) < @ for sohe . € A ad th€ Haritr.:-
ie upp€! nood€dness condition bolds. Asssption 5 is equivatent in tne colver cas€

to the sahe .ondilior o Jl, [h{& it is rea]ty s}m€fui. in character be&e€n (i)

ad (P*)l, ed it is also €quivalent to:

t(c. r) e t- , 1l "i1;, .1116, 2; . - ,

!(p, !) € t'x Ll rith lu(p, r) < - .

It inPli€s that a(rl dd V(p) , so the questt@ of - - - nevei
dises in (66). A! inportdt con.Ilsid .o then be.tran by *niri,e (66) in th€

fo& t(r) : -Y(p)

DUALITY TrEoREfl 2. fE ineqwlnt! inf(?): -inf(p*) lelds forptubl@ af
@@ tgpe. Iar Dir(P) = -6tn(t*) t hold ti.th attdMt dt t(^ @d paA
eBpect:te|y, at ia aecessdv ot4.rfficidt tlbt . dd p satasfr OLe optiwTat!
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?b. dua: of a hinihlaatio probl€i is cusrona:ily.xpressed.s a saxiri4::ci
Pr.i,le:, and oa cours.

-inf(P*). s:p {-Ll(a)l
P(A

Rarher than speali.s of the Darinizatio! of -Y i, the lFseit c.se! s€ prefer r.
keeF the exa.t s)lm€try Ffl€ct.d tn thf optiElity coDdltiois.

The theoeh yierds an iipoltet .lue.!out rhe circbst&.€5 ir rhi.r. tr1
optinatity cohditj.ons, as Ftated, are t.da.rary,

C0RoLLARY. S'€pa6e tnf(:) = -nii(Pi) ne, , a A f@ith.6 th. fttniM ir
lE) af ai onLr if it adti.rfiee tE optiMlit! c6&iti@ ir a@ocilta^ aith €r.:

Th€ challenge raid dm by thls ss!-rt is to fihd conditims auarant..ixg thal
tnf(r) - -nin(Pr) A, appr@ch c& !e bade theueh the Ealysis of the fwctional

(I
o !. a : inf ll rlr, ' r,-rrr,. ittl&+t(t t"\-a, ri'.lr i. ,", c t ." . "".rt^'/1 )

This sives the optinar value i. a problh ehich ls 1ik€ (!) bD: depends o. ! a:: i
.s pareetels (pertulations)i cl.!!l,y o(0, 0) = inf(P) It i3 Eadily s€ei th.:
o is cmEl sben (P) is of conver tr?e, Every continuoE rinear fuctional oi A

cD be cpFseDted iD the tffi pElp, (v, a)) eith

(p, (y. a)). lritt).y(t)dt tprc)." ,(63)

so tb€ sp.ce f_ " I .* be lde.ttfi€d rith lr Each p ( A arso de:lnes a

corrinuous linea, fucrion. (!. d) + \pi ,r. a * L-'l , ..a :. t*''r o-:
that to h.ve tnf(P) = -bj,n(Pr) ritn attainnent at I , it is nec.ssey ani

suflicieDi that p ( ao(o, 0) r or in othe! rords,

e(y, 4) : e(0, o) .i (P, (y, a)) fm al] Q, a) ( L- , {

This Fsllt provides, o! tbe one b&d, & intelPEtation of that the .djolnt arc

eds fo! (P) it.eu: it giv.s cdfficieDts reasbing tn€ itlffeNltilr effects .a
c€lt.in t.ltubatios of (P). tn puti.urd, it I hapt.ts to be diafeEDtiabr€ at
(0, O) , oe hBs p = Vp(or o) in the !.nse of the PBirins (6s)

Ot the othe! had, thls F6u1t Edlces the questt@ of {h€the! int(P) = -niD(Pr)
to ti. qu.stion of tn. .xttenc. of P ( 4 .uch that P € ae(o, O) slch a sun_

gadl.nt P colErponds to a tlDd of suPPottirg hyP.tDlee to tbe 6eex ..t 1n

{l' ' 1) 'i etrlch i. th! .plsaph or e , &d ,o tbe .xist.nc€ cd pressanry b€

oltained fr Eotu separattor tieodF of @nv€r ealysis urder cdititios on , ed
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t that ihpry the .pisraph bas a hohehpty int€ttor ehose ptojection on t- t I

!!t the* is a.atch. lith sme eftori the interioriry can be achiev€d i. t€n:

o! the topolos! or L- , I eonesponditg to re l--nom, but the space of

c@tiruous tinear fsctionals in thts topoloEr is (t-)' ,,{ - 
^1r 

, not just A

thus there is a doger that the supporting hyPetpl&e obtainea thelgh seParation

theory siEht lot !e of tbe foh (67)' ard th€n it eould do no 8@d.

13. li€cessitY.nd dualitY

A clucia] Est,iction nust be nade to get arosd the obstacle just exFrained, ad
it is dual to the liDd of restriction Debtiored in $? ih cornection yith the existerce

o.sotulro. ,,4 ror (tr.

Tne E@tilldi@ laea bodA.&@ss conditid i. satisfied if for each E € I ad
8ti ther is a swanle fEctio e:?PF such that

B(t,s,p)> €(t) for au t€? eher lPl :8.

ror prcbteDs of corv€x tr?e, this is just the ll@iltotid ugper bo@dedness condition on

the dual Laeregie ,B' discussed in $Io, so it is clearly leiated to the €xistenc€

of so.luti@s p ( A tor (P*), In pdticufd it €qlires t > 4 eft4Ybere,

3 c@cave-corvex Hailtonia satisfies the loee! bosdedness condition if ad

@ry ir for €veN t r l- tnere evist' o t Ll v:tt lltz, t) f.irit' lehe-e t/ is

lle fuctiona-I in (6t)). It satisfi€s loth tie ]oHet &d ulPet bo@dedness cotditidDs

it sd onry if t(t, t, p) is a fi.ite, smEble fsctio, of t ( I fo! each

G, pt < { " { $ee t23, $21 for these ed otber equivaleDces. )

the flaniltdia! l6er bosdedless conditior inpties for ltoblens of cotrwex tvpe

tlat the €pisraph of the fuctional o in $12 is of finite codirensi@ and has a non

mpty interio! lelativ€ to ils affine h!.11i futhemof , al1 s$graai€nts of a nust

betdg to A , not just ltr This tas gFoved ir [2?]. Ti,e @Iy thinE fett to be

il€siad is a cordition ieplying that (o! o) 16 1n the plojectid on r- t I of the

cpiglaph of o This al'Dts to e attainalirity cmilitid @ tbe in9ricit
.dstlairts iftgosed by t ed I

!n€ s€ts C, ad eZ defhed !y

',- {G0., tr'(r 'rth J" 
r(r, .k), ktr.\dt < - ,

r[to) = co -a "PJ = "r] '
rz = {t%, "r) | z['0, "1) 

. -]
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C. ^Ctt9- lr(A eirh o(.) < -

Tne attainabi.Lit4 cdditih ta. (t) is the stis5lry stror.r Drore.3 thal
ti CL ^ ti Cl l L ehele 'rii d€notes th€ relallve intelior of a conver .€1 (tt.

int.rio. rith !esp.ct to its !fJine hulI, s.e I2c, S6l). It i6.€rt!inry satisfiea if
.- is all or {'{ ^a c.4 e\t. , or if c, cdsists of a alnale peint lyinE i.
tnp rlatjv€ inlerlor ot C, {In tr3l th. d€rrnition cl c. is a !:r d:rre*:.. Dut

shM to be equivalent to the one hF€.1 tn€ attainalility cmdition tor (F*) is tl:r
FE thin8 in tem of l1 and t

DUALITY TllEoREr.l 3. ro, p,obl2B of contd type, t4e foLloins haA.

(a) If tAe attaiabilaty cdniti.@ fd lP) i. .an.faed and E l@z t@ Ltue'
bou'dattut' propettr, ti.n !nt(P): -otn(F*) < -, eA fd &aA t futn;sn h.
htat@ in (P) it * ne$eary k. deu @ .rffiaadt) tiet . tatiifr tle opti.Mr.;.!
co,1diti.tu (in @seiztLon tlth .oM p . 

^ 
).

(b) rf the attoin biLitl catdatid fd lP'") as .athfi.n d"C I hat the uppe!

bodAed'EsB prope"t!, trpn Din(P) ; -irf(Pi) > a , @n fot p, A t fffihh the

ntzt@ an lPl) it h @$.dt! (d. D9LL @ t$fici.nt) tirt p etitf! tie
optitelit! cordnd.@ (dn @.@iattd ttath .ae E ( A ).

this is the n.i,! tb.o*E of [23]. Not. tnat lt, is e cxi3te,c. theeeh f@ (P),

iusi as fc) is d .xi6t.nce th€oRb fd (F).

the.trainaSiriry conditld f@ (Pr) c4 be tld.lited irto a e'dth condition on

the conrex fuctioll + tn (P) (&e [23]). a conditi@ 6 ! iiplying in the

that th6 6etB c, d c/ in the art!.inabtlity conditions aR no:-

eDpty od project onto al,I of I iD .tthd arslient, ftg.tdl€ss 6f the choi.e .: the

inteBar t , lay be found in [23, p. r5I],

Tne bst tnt€..stine featue i. th. duarity beke.. th. esistenc€ cf sohtiohs !c
one p!obl,.n od the nec.ssity ot th. optiDality .ondittds l! the othe!. the do are

clos.ly coDEcted, fo! b.tt€r o! fd rorse. the r\{or5." asPect i5 that, ehil€ the

Heiltmi.D 1de! bourdedness codltid is,elc@ €nough as a budeD eo eut€ to the

eiistence of soluti@6 to (P.)j it has tbe uNat.d elfect of eljhinatine th€

posstbirity of Eal statc .fi3tlaints i! (P). r teed, 6uch costEints apPe t' th'
iDplicit foh t(t) a I(t) .bost eeery{hee, rh.te

.1111 - {t t/ I ar €i' rttn r(t,', t) <-J,

ald the lorer bourd.dtess cddltid jlpli.s vt! (29) that f(t) : Xr' for !1r t ( I '

lidev.!, tbe f.ct thlt stlte coDs$aittt bec e involv.d ln this tav is qqtte



252

ctEal, rh€, on€ thints alolt it. The optiMlity conditiors that bave b.er d€rived

fd standard kinds of cortrol problens vith stat€ constraiits rypically inclld€
Dultipli€rs (dEr valiahles) that ca. jsF at tines t eher E(t) touch.s the

bouDddy of'!h€ state constraint re8io. This sugAests thai an adeaute FeatDent of
luch prcbl@s vo!.rC irvolve adioint alcs p that hight lot b€ contihuous- since p

is ftquifd to be.)solute]y continuous in problen (Pr) and tlr€ optilarity condttions,
tt is no ronde! that in dder to a€t tb€ Dec€ssity of the oltibality c@eitions ee

tEve bad to inpos€ a Esr.i.tion that elihinates state constlaints,

fn€F does this leaw€ us i! ou! deslr€ to hav€ a theo.y applicatile atso to
plobl€ns vitb stare enstraints? A fundamental extensim of the f..serori is reed€c.

lhe oFtjrality coDCittons nust be Aen€lalized to adbit ars p in a larger space tn-
t4 , ed th€ natual choice tans out to be th€ slac€ of ar.s oi.bounded vdiatior. If
dlattty is stjlr to play a !o.!e, the fonulation oJ (P^") nust afso !e €rt€nded to thi!
spdce. T.!s re hust decide rhat Y(P) snould Eean for an ec of bourded vuiation.
3!t symery deErds that {hatever is dde for p should he done f.r r loth (P)

sd (P*) should tberefoE be i, tems of arcs of bounded valiation. th€ hote is that
the evtended probfens rjll be just "closlrs" of the 6rigin.1 ploblehs ii sMe sens€,

ard it co b€ Ieft to th€ optinality coditions thebselves to tell !s rh€ther a

perti.ufar sohtion arc or adjoint arc hust actually be absolutely continrous,

14. Ar€s of bounded variatioi

thetrearEnt of state conslreints has 1ed us to the questi@ of h@ tc
E€n€Glize th€ Hahiltoian equtions dd tbe fs.tionar + fM A to tbe spac€ B

of F -E,ued fulcdons oJ boundR vaiat:on oh the intenal f. rrn esee! thcl
tates ea* of loth of ti'ese n€eds js tound ir @kirg the right seDeEliation o:
ordiDirl/ dift€rcntla] (contins€rt) €quations ot th€ foh
( 69)

(70)

iLtt < clt, artt) at'ost eer.rHnere, z € A ,

( I n)e Hanilt@id eqEtim is of such type, ad the study cf

Llt,.(t), iG))dt co be &dlced il De.essaly to the study o!II
('(t), 'o(t)) d

c(r, rrtrJ . €pisEph ot ,(t, rrtr, .)

Certai! siDliifi.ations aE possible fo! groblens of covex type, but €ver in the

geneFl ese it i. leasonalfe the vely lcast tnat C(t, :) is a crosed

.olvex 6et fdeacb t(! ed !(/ (!o6si!iy eDPtt fo! t belonsing to s@

'febidd6 Esi6"), ad futiE@ft that the Elaph r(t) = t(:, D) I r, ( 4(t, .)l is

cl@ed &d depe.ds @a$r€!ly d t r tbat is' I 1s a neasEEble bultifiDcti@
(ro trot, oe @nvextty of C(t, t) coespoDds to rssuptid a i' $?.J
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to! a n6.hpty closed convex ser t , tn€ kce.si.d cane of a , denor€. 1,,
o+c , is the . {rr l, ( c) .s I, o+ (see ,r. grr,. ,. *o*". ..
{ol if and onry tt a is bolndea. Th€ basic id.a fo. e,tendinE (69) ie t:.
folldiDA. Eacn . ( I co@sponcs ro - l_,uru"r BoEt reasure d2 ot r , a:.:
ther€ ahays exists a noDn€Eatire lor€t rasu€ on f ,ith Espect to rni.r !.ri Cz
dd the !€besgle heasu€ dt aa ..bso1ute]y contiDuous. The ]ntt€r ca he express.:
as dr for a leal vatEd tuction r on ? ,hich is incEaine (h€n.€ a1s. of
louided vdiation), lf dr is elsorutety c@tiDlous rith respect to dr
Rado!-NikodJh derivativ€s to rrire (69) equivalenrry as

,-rr 4,. ,;i , . .r,. z.r I arhosr evel*n"r ,d:.

.here (dt/dl)(t) > o al,ost ev€4eheft ldr) rf & is not ansoru:€l!,co.riruo!:
vith ftst€cr to dr , this is rettected !y baving neery ldt/d\)\!) ..j arr)..1
everrrhere (dr) The senelafization consists essentiatry of adoptinE (71) as the
Epl.ac€nent for (69) i! this case rith th€ lisht sid€ inre4r€ted as o+r(r. :{r)l
'ten {dt/d1)(t) = a

tlhat @e gets is actualfy independert of th€ particula. .hoi.e of d.r it i:
€quivalent to aughentire tne earlier equatio. (6s) (snich st:tt Mr€s s€nse _ th!

!€ the irreglal or lat ) ly a speciar condition on the sinE!1d part of .iz :

I12t fr,,'-7r.,,7; t, \a-c(t. !,'jJ arnosr eve-)ryneR .a1

Io tbe seneElized iequation,, (5e) pt6 (72), the notation

dz(t) < c lt, '(t))dt

llt tlEe * soe Fihl(res to be iMed our, In (72) the l€fr side is
@4$Ebre Ftth respect to dl , not jEt dr , so sofrethine other tha lebesEle
@6u:Ebility snoufd app3Mtly be denanded of the Dultif!.ctio! ta a+Clt, zlt)\)
as rell. the possibre jups in ! also €lse a p!.'bt€s. lesides z(t) . oe has the
tilits :(r+) aa :(r-) , ed ttreF ca be a couta.bfe infiDity of points t ar
rhicb these &ight not .ll agfte. tt .uch a poiDt, (?2) sives the j@p co,dition

.{t+) - t(t-) < o*clt, 2(t) ,

lut th@ is Bme doult a.bout rnethe! r(t) is Ealty tie corcct thiDs to haw€ o
the lighr 6ide or :(r+) o! r(r-) (o! botn), pafticularfy sibce ee Gy just rar to
folEet a5o!t !(t) it6eu ad i.tentify fuD.ti6s of bounded valiation rhich bav€ the
s@ ole-sid.a Utrits at .ach point. ,nother qesrio concelns Hhat o+C(r, r)
lh@rir !€ 'h€! cG, i =, b* c(t,2k) + 6 -a o'c(t, 

"a) * {o} for a seque'ce

of !.ints tt cove.gllg to r .
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ncF scri is Fei€c in th€ g€n.ral cas€, bul these riddies cai be tD.eered lr a

satisfyinr ndn.. i. rh€ ccntext of thr applicailor to tbc theo.y or st.re .onstlaint3
iD pbbl*: c, co:ver tr_?!r cl. tr\), t3.). The cohc:tjors d! tne Hai:.lto,i3t, tr,r--

ftplac" !tp.r .n.l 1o,e. r.undedness con.€.n'the st:t. const.a:nr set 1(!) a:d thE

Pft) = {i, € in I 3i ( ri ,itr r(r, P, ,)l
for th. .lual protl€:-. Thes€ aft alrays conv.' dd hav€ the Dsp.rty tnar

Itirite varu. lf r(t{r), p(plt),
I

i
,Y r. r, p .1- ir .,.1,i, , p i cr p,r' .

I

Il- i: a.J 6r... ,f r i r,., .

Tne case d€atei in [30] is ihe one eh€re /(t) .nc P(t) have nonehlty intertort
rbich <l.ter3 !'cotinuolslr" or t , bi !(!, r, ?) is sffiall€ tn t over finit€
lnter.ls duins !ni.h - .nd f aF ir the interlors of t(t) and P(t) I. tr.
tlareeoli of th€ developnert outrin.d Jor the prooj oi th.oren !n the pFcedin8

!er1:d, 1r-func:ohE: r..r' is re.:rrct.':o C'l ins!.ac or t'.{..
ihe du..l spa.e can 5. td€itified ujt. 6

The €xr€nded raiilto.ian €quation is in ters ca

c(t,., p) = i(r, r) | (-r, u) ( a.!(r, c, p)l ,

bd it !(t) End P(t) ae closed the sih€ula palt (?2) !ed!c.s to . conaiticn :.

o+t(t, r, p) = rp(r)(p) x ltr(r)(r) ,

.beE txr) ed 
'p(r) 

a* tlE n@ar cones detined iD (33). Resllts o dqalitl,
.xist€nc€, ad becessart ard Buffi.i.nt conditiong aE obtai,ed, huch Ilk€ tho6.

.howE- rumh.M, solutios to the €at nded probt€E in I 4n be chaEcteFizel .e

liEits of Eirtnizile 3.queneee for the ori8lnal prohrens tn A s€e [2r], 1301, to:

t5. Pmblens Dver.n infinite hortror

lbeE is coside.abre iDt€Fst ar@g ctbenattcal .co@ists in plobteDs of
convex typ. rlth the lnten.I ? !D!ound.d, fo,.x p]e, ? = fo, -) ]).picalry the

lag'q8ia i5 of th€ foE

t(x,., ,) - +Ptulz, a) ,

r!.8 , is . c@q. t\rtil,lty" tuDctid sd p ls tlE ldiscdnt Ete".

fba p = o , th. Hmilt@id i. irdeD.ndert of t &it expEssed by
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,(t' P) = .!p Ip.v+v(a, r))
ttP4

Sinc. l] iF coDcrve ir r od.onve: ir. a ! ir ray retl have ! 5addi. pcirr
(;, t) in the ointbax !.ns€:

!,;r.!:;,<,,- - .^- rr - -

Ir h.s b€en .t.M.t!at.d in l25l thai if t bappBs ro b. .t?ictlg qc.we in r &a
.niatlt c6ave in p ln a nel8hbornoo? of (;, t. , th.n 

';. tr i6 slso a .rdd-,
point for th€ Hmilt@ia .q6rl@ ib the s€nse that the t.F ',saAdl€ polDr" i3 !se4
t6r dynsicE) sys!.re. nfe sp.cit.icA.llv, in ! hci8h.bornood o' (;. p t
Hdntlronian trojectorr€" (r !r, pr,'J iEl tend ro (;. t, a r i * b.!p !; a

. -2f;n-diEensioh.I b&iford l- in P- . Hhile tho>e th.r tend r- (r, p) .s - - -
foh . si!,lt!r hatf.Io r- rlrt l, n,t- . l(:, F)) lne r:ajectoliee i ,Lr nave

a c.rlain n.tudl optis.ritv pbperry over iht.na-Ls lro. -J . rii]e ihose rn l.
have suct . rrperly fr (-, tt] .

ltese esurts have !.en obtlired thlou€h !ppli..ti6 ot the duarity theo-J
descri-b€d h.E (rlthout settins tnwolved rith state const4.lnts). A ki.d of eiteDsiq,
to the cas. rheE o > o is caried olt in [31].

oIXER IIIINIoXS 0F lllt ntoRY. The ilultty b.Fe€n (P) &d (P*) h.s been

s€ne!.li@d !y r!!bu Ill, [2], f3l, t4l, tsl, to plobleB,here the states c(t) aF

Dot t! / but d infinlt.-dircrsioal ltilbelt spac.. 56. alpr.icatios to systeDs

soElD€d !y patt6l dift.EDtial eq6tlons as th€Fby cov.rd, For eoth€! c.se

c@rp@ding to p.rtial diffe-ntiar .gEtio8r M.Iy rh.& the lnteFal ? ls

Epl.ced by . ftsl6 n ln ,Y' &d ,! b" & for sne operdror , r ..e the boo.

of Ek.lad.Dil TeIs [I7]. Bi@t [6] has appli€d the dlality theory to plobLG ir
stocnlstic oPtifral eontro]

Raferenaas

lll vioel !a!t!, "c@vex .otlol ploblebs of Bolta tn Ht$€r! 6Paces"' SL4t J,

con*ol 13 (ra7s), 75\-77r.

[2] vioEl !u!!, r'0r the cmtlol probleh of Bola in HiLberrr sp!ces", St4rl J,

Contlet 13 (1975), 1052-10?6.

l3l V. rd!u, i'CoDvex c6tel prcbleis fo! ltftd dltf€*Dtial .ystens of 81.!ded
tyPt, Eice@lc tbt- 26 (1971), v)6-

tql VioE! Balbur I'Costelned contrcl DtolI.Ds eith c@v., cost ln illelt EP..e",

J, lhth. Atul.l@tr, 55 (19?6), so2-s23.



256

[5] v. la$u, t'OD conEx contrcl DTEII.B d trfintt€ ihte als"t su5'it.!.:,

[6] ,h&-Hi.hel rtsrui. "coijugat€ coDvex tln.tions in optinal srochastic co.tlol",
. J. lt1th. AnaL. AppL.44 (1973), 3sq-roc.

[?] Cnlrrei castlin6, "sur les 6quati6s diff6EntieU€s bltivoqucs", a.r, ,cad.
Sct- Pai. Set.,a-, 263 (Is55), 463-466.

[8] l|lb.rto ces.llr i'Exist.nce theoEns fo! eear.hd sua] oFtlEI 6o1utl6s in
Iraxds. !!olf.rs vlth 6i1a!.el cost4tnts. I",7,to11. ltut, lbtj. Se.
'124 (1966),369-1112.

Lgl arhi !i. clel.r nAdrilsLble ler4ation in vari.tiorar and.oDtror lrobleDs", J.

la&. a@L. appl. 5l (r975), 55?-s?6.

lrcl aFik li. Cllte, nc€r€sll.€d sr€di.Dts ad aPPti.atids"r ,1t@8. Ana?, ,41t1-

soe. 2a5 11"15), 2-"-26).

[1I] tr&] H. cr.*e! ,trbe Eul.FlagloE. ditteenttrt in.lsi6r', t. Di.ff.frrtta'l
Eqrattoia 19 (r97s), go-90.

[r?] tsi ]i. C.b*e, ,'b c@dlti@ h&il,tdi.nn€ d'cptinarit6", C.R- Acal. 6c-;.

P@i6 Sar. a-B 280 (1975), Al2o5-Ar2o7.

lr3l tMk H. c].ut., t,Tbe g.n.F1i*d !&DIen or go!a't, St 4 J. CtuteL qddzatLot
l4 (19?6). 582-699,

Llql t!el< r. Cb*e, t'Nec€sE.ry corditlon. for a 8.n.!a-1 contlot proble\tt Calalts
of vdia$de @d Coiael ,t ory (sy!posi6, lhiarslty riscdsin, rbdison,

fisc@siD, re75, 257-273. Ac.d.nic Plrss, 
'l€e 

Yo*, Se rFclsco, Iadon,
r976).

I]sl rtul H. cl.rk., rThe aqi!@ prirciPl€ uiter DiniM-l hypotb€sis",5.&.| J.

cattul opttniadtitn 14 (!9?6), Io?3-r091.

[]€l i.11, clake! t'GeneElizd sEdients of Ligschltz tulctid.lst', subnit!.d.

tl?l lva! tkersd &d ioser leDM, Cdte. Atullsis 6d V@tatio@L Perte!€ (st!d!€s

in natb.Dti€s ad iis APPfi..titu' l- t{or'tb-HourDd' rdsteldlo! 6.iora'
Nee York, 1976),

tt€l r. FeD.!eI. "OD coDjuElte conwex fuD.ti@s'r, Cat,a. J. llat|. I (191i9), t3-?7.

[I9] Cr..l4 of.cb, -Erist trc. tbe@G fd oDtibal grribt@s tith ect*e.lued cos:

functiolr, Dws. Anet. Lt&. Sac. 135 (1969), 159-180,

I2ol i. lyftIr Roctaferlalt CdEr A4ty.ts (Prineton xath€fr.ttcat Se.l.B, 28.

alilEtoe !,DireElty Pe66, hlncet6, lbr.reE€y, I9?o),

lAl i.T. R€l€!eU&, "Cdlu8.t coov.t fscti6. ln oPtiDI cdt&l dd the

carcllrs o! EristloDsi'. J, IOAL attal. AW7.32 (\91A), v4-222.



251

[22] R. ly*]I Roc*!f.IIu, r,6.n.!.Itt.d HrDiltnia .quti6s for conver probl.n,
of Lagrs8.'r, P@ifLc ,1, lltt, 33 {1970), 'rtl-427,

[23] i,i. iockafelle, "txist.nc. .nd dEIir.J th.oErs for cdvex p.obt€:: .:
BoIa", ,!q!. Aer. l&ti. Soc. 159 (Igtr), 1-!0.

t2cl R. TyFell Rocklteulr, ''St!te cd6t alrts in .onv.x @ntrol proDleE c:
R.\.a',9IAl,l .r. Cdt?al lA (872),6sI-115.

[25] l.i. RockafeuA!, "Sadd. points of ,leiltdid .y.t.Ds in 6v.t DFbleE o:
Ias!ds.!, /. opti,tiuti^ ,h.or! 

^WL- 
12 (19?3), 36?-3ec.

[26] R, TrF.err iock.feua!, Contugat D@ltt! @d ,pti tatid (cdt Flce Board ct
th€ Uatb.hrtical Sci.nc.s, R.sidal CdferD.. S.lies i, AptUed l{ati],,16.
Sei€ty for IndBtlirl &d lrp?ri.d li.tb.@tica, Ph ad€Ipn$, le?{),

t27l R, rtF.eD Rocl.teue, 'Existence th.oFE for g6. I cont ol problds oa

Bolza &d l...grege", ldudes a4lbtl|. 15 (19?5), 312-333.

[23] R, Tyrell Rock.t.Ih!! ,,S.Dlsrups of ehvex lifurcttds aeDeNt.a by IaaleEC
probiens in the carcdus of v&iatiors", ral^, S@ld. 35 (1975), l?r-1,58.

l29l R. itrretl Rock.fella!, I'IDt.!i!.-! fEctl4.ls, Dotual, irtesrddE sd easura.ble

sel€ctions", dLied q.ftb"6 a.] the calaLut ol v@iatlotu {li.dR
Iotes iD H.th.ratics, 543, 157-207. Sprirs€Fv.llag, !edb, rbidel,be.a,

tr€! tolk. I q76)

[30] i. lFftrl Roctlfelld, "DuaI pldble@ o! laEloAe fo! lss of lourded

vliatidn, caLaltt of v@i4ta6. od cittol th.or! <sripa.i@,
Oniversity riBcolsin, lldt6o, f9?5, Iss-I92. lcadebic PE3s, Na Yorl,
sa! n dcl.co, rddd, 1976).

[3]l R, lylFu Roc*Af€Iln!, 'rsadd!€ loint3 of Haniltonle systeb in .o.vex
ras.sg€ lrcbl€Es hEetng a nonz.r discost rAt.. Itailtoie tynaie. in
ecotm csr, J. EcdLdt. lleor! l? (t9?6), 7I-I13,

2PtinLettd 15 (r9??), 8s9-903.

[33] J. trarsa, "8e1s.d .fuiatton.l pt [,]ds'r, J. ,4a&. htal- AWl. 1 (t9e2),

1lr-123-


