
1Y
Nonlinear Progr:mming 3

MOI.IOTON! OFIIIATORS A!,ID AUGIINI.ITiD
LACRANG]AN I"IETHODS IN NO].]LINIAR PROGRAI,IMINC

R, T. RockalelLafI

AASTRACT

The lestenes PoNeIl method of multipliers ir convea progran

nire is nodified 'to obtain a su.erlor glotial convergence property
undcr a stolpirg .rite.ion lhat is easier to inlleme.t. The

corverger.e f;esujts are oltai.ed flon the tbeory oi ihe proximal

loint algoriihn for solving 0. T(z) when T is a narinal mono

tone operaior, An eitersion is made to an algorithi foi solving
rariatioral ireaualities Hith .xplicji .onstlaint lunctions.
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1. INTRODIJCTION

(r)

a loremlty, closed, convex subset of a Hilbeit
s!,ac€ H ! and let f. : H'R le a dir-fer.nri:bre
ior i = 0,1,,. , ,n lle slrarl be con.erred Riib

mininize fo(:) subject ro
:.1' f.(x) < 0 for i=1.. .,m

Tne orjirar/ dudl of lP) is

(!) aximize inf {io(x) + .llyifi(x)}

surje.i to o :r ]' = (yr ,. . . ,y,) u Rm

It {il1 le assuned i. what foLlo{s tnat (P) has at least on.

oltimal solution .ha.acteriz.d by the (uh! Tucke! cor{liticns.
Then min (P) = max (t) of course, ard tle palrs (x,y) latis-
lying the Kutin-Tu.ker c.rditions are p!€ciselt the ores su.l tlat
x is oltinal for (r) ard y is optimar for (l).

In r€eent yeals th::e |as le.r mu.h int€rest in congutational
netho{ls for (r) (and its ror:onvex version) ba.ed on the augnented

Lagrargian, nich is the e:p!essior i,{x,y,c) defired foi atl
x€x, y€im ) and param.rer values .>! ry

m l-a 1

111,/,1 -f.1w)- I1
. i . .( )

Tnls is conrex in a , eoncate in y , and .ontilx.usly difier
:rtiable i. a1I areumenis, Its saddle loint. {for arbitrary iixed
c) are the (uh!-rucl€r pairs (x,-r) fof (P) ard (D) If eac!]

D" on.:, o " - -.- , -o "! .h

L in all arguments, e:ce9t on the hylersurfaces yi+ci.(x) = 0

Anyway, the fifsi deriraiires ol t aie ever-vwire.e liFschitz
continuous dith or!e sided {lr:rectional deriratives.

for nore Ciscussion of the ltolefties oi the algnent€d La

sransiar, s€e tll, t2l. The nost lecert surv.y of the "muttiplier
methcdsl lased o! ihe algneried Laqrangian is that of lerts€kas
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[3]. Many extensions and rodifications of tne multillie! method

hare been explored sirce it aas originally suggested irdelendently

bli ttest€nes and Pooelr ir 1968 In essence, a1I a.e aimed at

replacirg the constrained liobren (P) ry a sequence of uncon

strained, or mole simply constrained Problems that can be solved

€fficiently by the very powerfuL atgorithms.oa lnom for that
slecial .ase. Tney .esenble Penalty hethods in this respect,

but they genelally are bette. behaved thar penatiy methods in
tneir .ate of convergence and nufrerical stability (cf [3]).

The lfesent alticle, qhite concerred only with conver !rob-
1ems, will t.eai a new l<ind of nodification {lrich Produces some

very favorable prclerties and also admits a g€nerafization flon
convex p.ogrammi.e to the solution of variational inequalities
ith explicit constraints, The lollowing seheme will be calted

the f,lolinal multil]ier nethod,

' 0. 0' ^' - -
_ 0 0.rnatraL guess: r: ,y )

2 t2r^r\'aL,x.v. 
" 

-)! xxlo !

,'aarsnirf,ix)
r.1 ^

.1" = ,*.0."'. * , ,.*'- .-o 'r....!a

Note that tlre function fk which must tie njnjnized over X

at each iteration is differentiable and convex, in fact stronglv

'o -r "-1rodr. t' t, :.,'.d'l- 
^j.(r.r c !x/ .x,.,,.vr. ', 

j "'-"1' ., ,|
The sense in *t l.tt "r+1 is an aPlloximate minimrzer deperds

on the choice of stopping rule for the ninifrizatioD step

Tbe usual muLtiplie! mettrod colrespords to lr " 0 (no auio

natic strong colverity), The modified method oas intioduced in

t4l alth ! = r and snom to have two tlreoietical advantages

besides the strons convexity. The sequence {:k} 1.. letter
DioDerties, and gLobal conveleence can be obtai.ed undef a nole



easily imllenenrable sto?ling fule i! terns oi the nagnitude

o ! 
"lx ,- x" n b6.o.-,o6 6oD

(i.e. from arI startirg point) is to be ensured, although local
convergeree (i.e. lfcn a startilg point "suffi.ientrvrr .lc3e to
beins oFtimal)nas been esrablished ly Polyak and Tretyakov [5]
o. B r b.o lo

X = H = Rn and the strong sec.nd-order oriimalitt, coraitions

Nunerlcal exlerinents have di€closed, howerer! tlat tte
lroxlnaL multillier m€tnod qiin !:1 moves lather slorl_v in
iritial stages in comlarisor wiih the usual multiltier meriodr
desliiie its ultinate conrergerce pfcleities. lne leasor fo! ihis
apfears to be that, (hen ct i. too ioq) tle quadratic term in
Fk(x) dofrinat€s ard does not atlow tne !,aglaneiar term to hale
a strong €rough effe.t in t4e selection of xk+L Or the other
iard, ahen ctr is too hign, th€ "peraLtyri aslects of the aug-

nented lagrargian are too strorg, and tne lrine advantage orer
peralty nethods geis lost,

The introduction lcre of the lactor tr restores fleribiliiy
in allowing the role oi the quadraii. t€rr to le damped qhile cl
is €till reasonatily low. The sane tyle cf convergence results
as for U > 0 {ill t,e denonstraied for arlitrarily snaIl U > 0 ,

alihougn the algo.ithn tends to iesemlle tti. usual multiplie!
method nore and more as U \ 0

The fact that the nultiplie! nlthod can be alpro:inated in
this serse by an atgorittim lossessing global .onvergence under

o , F :nvorw;-g vrtr! _ g o. " or ""! on.. ,o

the sotution of variational inequatities, As exllained below

in 5 5, these ca! be nandled in ine sane theo.etical frameqolk!
essentially by rellacing tle gradient nalpirg VfO by a nore
genefal "monotore| nalping. TIe ninimizatio! ste! equivaleni
to finding an ',alproximate,' sotution to the equation Vfk(x) = o ,
lecomes a matte! oi sotvins a mole serelaL {but "nice,') eauat:or
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\rx\ - 0 sia"- -her";- no rone-r .ny nin:n;?.l:on. " .topD:ng

- in'\-r : a d6od 6nd. bu. or d in
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2. IJONOTONE OIIRATORS AND VARIATIONAI INIOUALITIIS

Many pfollems can be r€duc€dtotnemodel: lind z satisfyirg
0. T(z) , anele T is a multifunctior (set-valued mapping) from
a Hil|ert space H into itself, Tt?ica11y T is sone "operator,,
involving sulgradients, !orB1 vectcrs, etc. In the infirite,
dimersional cas€, diffe.entiar olefators ard boundary corditions
may also be involved,

Tne corvex programing probtem car be leduced io this nodel
in thlee basic Rays. solutions to (p) itserr ale charactelized

(1) o. Tf(:), Tp = af ,

wher€ 3f is tne sulg.adient nultifunction associated witt ttre
(closed proper conveT) essentiar objective furctlon in (r),

fro(') ir ' is reasibre,
\21 f(:r= l

t-*
Solutions to (D) a.e ctalaciefized by

(3) o € TD(y), TD = as J

rhere g is the (closed propef concave) esseltiat objeetive
function ir (D),

l:lf ',0 , - . ,.,. /,r if o

r4) etyr= ]"'"
i - otr€rrise'

rinally, oltimal lairs (x,y) are charactelized by tie Kuhn-

Tucke! conditions as soiutiors to

(5) (o,o). rs(x,y) ,

, ,,.-, "..nv , .i .o."
t.(a) + u. < 0 aDd v.tf.(x) +u.l = 0]
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if x.x and y>0 , bui Ts{z,r): (l ornetuirF-
Anoiher class oi lrobtens is tlre iolloqiner given a bailing

A : H+H (sirgle valued) and a nonempty closed convex set c.! ,

lind a Doint a sn.h th.r

(7)

(8) Nc(x) =

-A(!) € Nc(x) (lornal ccne to a at :) ,

Hl(x'-:).H>o for a1l xr.cl if x€c
if x4c.

min w.xi is attained at x, = x]

This ls caued a variatioral irequality ir vied of its etDression
di.e.iLy in terns of the inequalities i. {s) an{l because ii re-
duces wher A rs ihe gradient ol a .orvex fune-ion fO to ite
oa :on o o - redr.e-

then C is tne wiole space H to tle equation A(x) = 0

The raiiatioral ineeuality (7) can be e:plessed in tn€ forn

O ",^"). 1..- q+N-
VU Vf C

..-d.Forb.dn .._ ip-".
also availatile ne!

1o

{ "<H

hedial and there is an i € C satisfying stlictly a1l the i.-
equatities fo! which f. is nct afiile. (?lre polyhedial p.operty
nears that I can be exllessed bt a finite systen ol linear
inequalities. It could be replaced bt the condition ; < int X, )
In this case it is knom (fron the e:istence of Kuln-rucke. cla.
acterizations of tie ninima in (8)) that

(10) c = {r€x r.(a) o for i:1.....m}
Suppose the extended Slater condiiior is iulfilled:

(r1) Nc(: ) =

if:4c

€ Nr(:)] if x.c ,
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Then solvine (7)

(r2 )

(13) rv<(x,y) =

F.T, ROCKAFELLAR

is equivalent to findins a pai! (x,y) suctr that

(0.0) < r..-(x.v)

.,v.1, ( r'Dn . _., ,, r .t v.Vr..k.l .\^. x,

f.('' r ". 0 ard .ft.'x iu.l ' o)

if x. X and y:o , brt TVS(:,y) : 0 otherwise.
Va!iational inequarities wele first studied eEtersiveiy in

the hid 1960's by f. E. Browde!, J. tiols and otters, unde! the
plincila1 interpretatio, that A is sobe kind of integlal-dif
ferential olerator. This is hy it is impoitant to al1oN for
an infinite dinensional space H in the theory, aLthough comlu-
tation night twically proce€d bv a seri€s of ieductions to fi-
nite-dimensional subslaces. The use of Laelanee nurtipliers in
such variatiolat inegualities qas fifst lut for ard by Rockafeuar
t 81.

One of the nost valuable norions that energed flon the theoly of
variational inequalities was tnat of a maimat nonotore olerator.
A multifunction T : H+H is said to be monorone if

eo € T(zo), wl.r(zt) + (.0,1).("0-",)'o
It is miimal Donotone if it is monotone and its gialh
{(z,w)lq< r(z)i is not ploperly included in the F.aDh of anv
other nonotore o!elato!,

The subdiffelentiats T = ah of tte closed propei corvex
functions h on H ale inportant examptes of maximal Donotone
opelatofs tgl, [10]. Anothe! example of slecial interest beroH

(14) rt(x,y) = (ax.?,(a,y), ay_!.(:,y)) ,

rhepe l. is a lclosed!' convex concave function on HxHr (pro_

duct of two Hilbeit spaces) [11]. A sinCre-varued Donotone ma!-
pirg defined on all of H is naximal morotone if ard only if it
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is contiruous fron tne norm iolology to th. reak to.ology (cf.
t12l). (Hhen H is finite dinensi.ral, the two topologies re-
duce to the usual one.) If T(r) = Ma + b where U is a eor
tinuous i:near -ransiorraiion! then T is maxiral monotone ii
and orly if U is lositive senideiinite {noi ne.e3saiily stm

(1s) .1,!{ > 0 for a1L r. H

suppose A: H'H jjs q iinere-vahed(everywlere defired)

llcfe geneially, if T is a single vahed difiefeniiable nalFing,
it is naxinal monotone if ard orL_v if its d.rivarive (i.e. its
Jacobian) at evert Foint is positive senideli.ite ir the sense

or (r5).
The orefato.s Tp and Tt abore are naximal monoione be-

cause ih:y are of tne form T = a! , Hhile T. is marii.al mc.o

.one be.ause it i3 .f the fcm (r4) ror !. ihe or{linary
lagrargian functi.r in tle corve: llog.aming lrohlen.

ProFosition 1

- !-a\ opo oo.. - -i - oq-.q,or r. "_a ' "_: Ea-

Tne opefato! lic : x+NC(x) is narifral monotone, be.alse
it is tire subdifferential of tle irdicaior functior of C On

the otner land, A is ma:inal nonotore (as already noied ir the
lemall<s abore. To obtain tne .on.r,ision a|out TV! , ve need

only apply the fact that tle sun of tro narinat nonotone opelators
is maxinal monotone if tne €ff€ctive domain of one has a loirt
inierior io the effective donain of the otnei [e, Tteorem 1].
(The €ffective iomair of a multifunction is tie ser of loints
where it is ronemlt_v valued, ) The conelusion about TVp folloes
in tle sane way from the ie!.esentatior Tv! : TO + T1 whele

TO is the special case of TS qitn fO = O and Tr : (x,y) +

(A(x),0)
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The e:tended Slater condition is the.efore not needed for
TVS to be maximal hobotone, but nerely as a sufficient condi-
tion for the original variational ineqlality to be equivalent
to finding a pair (x,y) that satisfies

l1o' xL eaa I /x O- .. 0. v.4.,xr:O
tA(x) + y1vfl(x)+...+ynvfm(x)l € Nx(x)

The latter could just as weU be adopted as the reat lrobleD
of interest wben C is given by explicit constraints.
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3. PROXII4AI, POINT AICORITHM FOR UONOTO].II OPIFNTORS

'vJe have r€duced a lunbe! of p.oblems to the nodel

(17) find z satisfying o € T(z) ,

whele T : H+H is a eiven ma:inal monoto.e o!eato!,

A lundamental algorithn lor tlis lroblen las leer develoled in
[13] usine the fact ihat for arliitlaly . > O the olerato!

" :.e. /- .-o o. aoa.x? '.-. T "..-d
the proxinal !oint alsoriihm.

larametels, o<ckr' c- 1-, .r_>0, I €,,<-
i.itial loint: zo '' t=o ^

z'': 1I+.t?t '12 I

stop!ing criterion:
'\/ - t, I ^r"z

It may seem that i,ie stopDing ciiterior f:quires er!1icit kroql
6dg6o. hd.,-D g r_-^ .D : ,o,
nunber of apllications qhere e.nvenient cstinates are avaitable,

The nain.esult anout the lro:inal poirt algoritnn is the
following- Su?pose at l.ast on€ solution ic (L7) e:ists {as ea:
le guararteed lt condiiions dlscussed in [13], for instarce).
Ihe! z conrerges (in the neak tolology of H) to a Farticuiar
solutior z (e!en ihough the.e nav te nore thar ore solution! ).

11

(r3)

(rs)

Lr*G t.-)211

a< to,-l is a certair rumber associated witn the ?!orIen,

. = Li!-"niiz 'Tst nr lor I 1 at o

iil ".:'i,,, 
j;j' -

;.r 1(o)

l,t:e



(Ir (ig), the.onv€nti.n is adolted that ttie iigtrt hanc side is
lif a=@, bur: 0 if a<- and c@=@ ?!e ratiD on the

left side is - if just the d:roninator varisxes, but 0 if
boih tne nune!:tor ald de.cninaior varish. The laiter rule is
inrolved als. in (Is). )

ob.erve ln Faliicutar that if a<@ the corvefgence is
lir,eai th a modulus th3r can be fo..ed as close to zerc a3

de:ired Ir choo3ins c* Iigh encusni for .- = - , tte corv.!-
gence is s!F,.!1inca!. I._ i! of iriere.t il:.refore to iar. sore

leeLing for rheth.. the corsiant a car be exlected tc l. firit..
This .an be lronided ir s.me allli.ations in iers of the iind
o: oltimatitl .onditions saiisfied ty the s.lutior, t,ui ihe iol
lowlng general resuli natr be ciied,

l.o!ositlon 2

12

irg t.
(2c)

ri H i. firite-din.nsional

ranee r = lw rI(R)l ,!]

La.d 3t lirici t|! lils.:ritz .on.-ant io. T

i.:Iig:br: (i,e. of Lelesrlre n.asLrc z.ro)

Mignct tr4l has sl.re that in tne finlte dimen:ioaal .ase

a narinal n.r.oton. ole.ator i. actually :in4l3 valuen ari dif-
ierertlatile 3t almo3t .r.rl :ntericr !oi!t oi ir. :ifeetile i.-
nair, At su.h loints it lrar ir particuta. a firite Lils.hltz
ccnstar!, r\Dtrlr,,irg tlis fa.t to T ' , rh.!. meximal nonotonicii!
folloN. t.ivial]t, i:cr thai ot L , re see that T t has a iilite
!iF3.h:!iz c..stari at ainost ev.?t interior Iioint of the 3:t
(20). tut this s.t is al.o (noir, to !e virtraflt cor.ver, {licli
ir tire firii€ dinensl.nal cas. means tlat it Ciliers fron a cLo.ei
.onrer se- .rlv in tle F,clliblc .nis!io! oF c.rtain relatire
louniary lcints [16, 17]. Tlie nonirr.lio! poin.s therefore forn
a set of mea.ur. 0, alC th€ r.suri f.1lo s,
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To int€:?ret hoPostttoD 2, think of the basic pFobfaD in
p4 €trlc fom: find z sch that ; < T(z) , !.her€ ; is a

gi.van vect@. lhis anounts to conEtd€ring slnult€neously aU
th€ ExiMI Dorlotoe ope!€tds of th€ fom T-i . The choices

of, ; for nhtch tbe problen h6 a sotution ale tbde tn (20).

Thus the probiems fotr which a solution exlsts, but the corespond-
irs coffitant a ls not finlte, fdll a nea-Ilaibl€ set.



4. APPLICATION 10 CONVEX IROGRAMMIIIC

tlhen the lloxinal point algoritlb is alplied to the marimal

nonotone olefator Tp ore obtains a meth.d .f flre fofm

' rr -" c "-. l']r. . 0. :=... ..r- 
',t " I

This has its interesting asleets, dis.ussed in tal, but more

imlortant are th€ cases of TD and TS , w!i.h ieduce resliec

tively to the usual multiplier mettiod and the lloxinal nultiplier
methad Hitl U-I

The nain results obtained i! this ay ior the usual nulti-
plier method (tle algoritlm in 51 lor }l = a ) are tle followirg
(see [4, T]reorens t+ and 5l). sulpose the stopling luLe is

"2

-t ,^ .l' Lr 
",1. 

r - ttl

"h""" yl*l is the multiplie! vector d€fired in the algoriilrb
. - ,, o-o I .t x i 

"nc o^ o. l_o
(uder the assunltions about ihe problen stated in $1) tle se-
q".".. {rr} is astnptoticauy minimizirg for (r) in the serse

^ , ". 0,. 
.-: .0. .'x .. .O o. .,.....

ahile IyiI eorverses to sone oFtioal sorltion y* io (!).

- t"o 
-- +.1, , 

.-_"" ."0 
- I

"-- "l] : I- D h r, , 0.
elpression uses tle .onventions elltained aite! (18), (19).)

A strl.ief stolqing rule is needed io obtain better ccrver-

sence lrolreriies o; {'r} tet

(23) lroj Vrk(r) = !!ojectior of VF (!) on the clcsed

iangent cone to I at x

(If X is the whole s!a.e H , tilis is just VFk(x) itselr.)
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If one invokes (21) sinurtaneously ith

D.oj ! xl -

' 'L
"-'- o , 0 .d:l .\e 'D

; o.o -Do- o be ::,:- ' p o.v"rc-
(in the nom topology of H) to a sorutior r' to (F) and

(25)
,.L+1 -11-':! 

;r;i;]-: 
al'"

(In (2s), the convertiors e:ltained for (18) afe litiewise ir et-

Tle corresponding results lof the lroximal muttiptier method

.i .-o.nd o, I : u.p . n o- qbf..6o or!-,',.'='-.t,
for U > 0 , as e1l as on the associated value

Q7) a = Lilschitz constant fo! T-1 at (0.0)Uu
Note that for U = I these iedu.e to TS ald at (as already

P!o!osition 3

ro -r.ry | 0, _ :s d :-xi-- o, o.on-
- L.'q.h'-z t^ -- O

is nondecreasing as a function of U , and if it is finite for
.ft U>0 it is finite for all !>0 Ifthe slace I is
', .-_c:n-,sio,d., .-, . ..^ " I .o

P:oof

, '',!': '" '!'\ '' ' F '."
.s,. ..., -.o ,r-..,.. ! {.v, bvd-._ir'o.,a.a.h-ro.o
tonicity of TS inplies

, 8, o L.! ..'- r,r..,1..,--1i,.,-r '- ...,1
=.,t,i n', -,, .u-r' i-1

= I (n,;)- (i," )t.t (E,t)- (a,y)l
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rhus ru is oonotone- No{ suppose (n,n) € T(E,t) , 'here ris a nonotone operato! {hose sraDh includes the g.aptr of Ttr

Then in particula! (28) holds whenever (r,u) € T!(E,it) j hence

o 
- t j.,'-, .r l'1 .'l'.- \..11

ahenever (v,u). TS(x,y) In othe! words, one could add
(u '€,y,ur,u) to tbe gra!! of Te without destroying its mono,

01: it , B ' -< - raxind ,hi 
'D 

i-. /.:,; r
-b r-14.; -''l ' '..,.',..: . rous,hd , .

naxinat too, By definition

6\0

= li.n
6\o

(i't) € r:1( o 
'o 

)

l(! 1",")1.6

The latio can also be e:plessed as

rq,y r_rE,vt
,q.y,,"i;rrn.or ]n'L' tf- '
(E,y) € r!-( o, o )

Itn,"l . a

l(!x,y)-(u:,t)
(x,y) . i"l(",u1 l(]r-1',u)

rrTft;fu-lt'
which clearly is nondecleasing as a furction of tr telce
aU is nordecreasing in ! , A change ir I hefely amounts to a

clrange to equivalent norms and thus cannot affect the finiteness

ll
ln '- a.- firi(e lor - o. t; ---. '

niie Lilsehitz constart at (0,0) Then Ts'(o,o) consists of
a single elenent (i,i) rurthernore, (o,o) is an intelio!
point of the rnage of Ts [r2, T]reolen 1l and

(29 ) rort"l = ly lx aith (x,y) € r<1(o,y)]

[4, Propositior 1]. Thus
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- n o. gl
u 6-o '.,y, " r'.1'c,,r io.r I

and ir pafti.ular
0l tle otiei

a<a <@ ior all

(:.v). T"-( 4.0l. .i

a <a for ail
nard, sullose a

! > 0 Assltiig
is a runber suc! tia.
firite dimersionatiiy, we

ao = lnl a,, = lin a
u>0 !\o u

iix ant d > 0 sm311 enougl that ttre set

(30) {(t,y) l(v,u) witr l(v,u) < d."a tx,y)<r.1(v,")}
is tourded (as is lossible tecause T;r has a finite r,ipschitz
consiant ar at (0,0) ty assuhption). for u = t/j, j-r,2,. .,

l'"i -u
and

I x,.t. -' Y.- _ , ..1

| . . 1,",. 6 , -o r- --q.-. q x..1 .,1
J6. ' .0 r/

recessary, {e can suplose that (v.,u. ) + (i,i) ard

'x,. .' ,.. L- 1

' rl- . ..,. - O.L .d or'6 - - g,ao o "rd 
.-.."

of Tq_) is closed by narimatitv. laking rhe timit in (3t),

(32) (o,i) (o,t)i > a (o,n)l

Thus fo. each 6>0 sulfieientry smalL there €xist
1--. i h"- .i- /0.t jor on" i . a ,'.,

shoss tnat a>aO and compl€tes tle lroof.

Sulpose the !.o:imal multilIier method for arbitrarr,r U > O

is executed lith tle stoD.ine hrte

!ana;
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As U \0 , this stopping rule is transforned irto the lule
(2a) used (in pa!t) in the usual nultiptie! nethod, while in tle
linite dimensioral case at least, the result (35) is tlansformed
'. .o --) by hoDosi- 01 ,.IJU-

Proposition 2 snors that aU can be espected to be finite.
Actuatly at , and hence aU for all U > O , is finite in

D.o vc, \ +

"'t
lhere € ,o- Il , .- -..a

(34) It*,yt , = tu2l" ' * )""1L
?ha :k converges (in the aeak togorogJ of H) to a solution
x' to (r), yk coaverges to a sotution y' to (p), and

.--- I"' '..u1 l '"'

'. .'' ' " - -'

Fo! u=l , this qas established in [4, 95] by alplying the
theory of tie ploxinal point algorithn to TS The genelal case

is obtained in the sabe way from Tlr As a natter of fact, ttis
sinply amounts to a change of valiables € = U: in the conve:
ploglamning problem: at each step one mininizes the furction
a\'q: . { . d,o.-s.-o - -- Vo^ , u- V.^rJ-lq,
on l- - =)l '- .oo:eru- , - sof ,l I 

s

Pro' vor I 
- -l "' . 'ql-l.v'+ r-"r. 1,

o_.".-. Ll O ri. 7-^- - .",n o 
"I =

,-tEt" , .nrl .*".*.*-1"i. '
EJ

r-' lo o vr.,xr -_ "^ 1,. .'*r".r\ ',-.;* .

and t,ecomes the lule (32) upon settins Et< = lrei
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particular if the strong second order oDtinality conditions hotd

'o .h6 proD -. L!- Ploto. .rio .l. e so Lr'o i t b6inC i1
terior to x Slinearn, in his thesis [15], has exterded the
statement of the secord-orde! optinality conditions ro a1loN
ractive" sets X of a celtain class and has proved in a well
dereloled selse that these conditions are satisfied by atbost
all Droblems with sufficiently diffelentiabte functions f,
Thus the modulus on tne right side of (35) is less than l excelt
roL o ," -s. ig o._ ._ oF p.oDr-,....

1S
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5. ATPLICATIoI] T0 VARIATIoNAL INrQUAllT:ts

Ttie !,roxina] multi!]ie. method nat noN le e:terded easilv
to tre p.oblem oi detemiring a pai! (:,y) which satisfies a

variationat :nequaliiy e:L,fessed in th! i.rr (16)1 nere A

is a single vahed nonor.ne .Ilcrator r\ieh i: contir.uous flnn
the norm iopology io ihe eak tolologt of H Tie id.a is clea!
iron the fa.t tiat tle atg.li-hn can be desciit€d entilet! ir
tefos of tlre gradient malling TfO railer than the valu:s of ihe
oljectire fun.tion fo

l,lininizire fk orer t riallrorimatelv" ls the sane as :ind-
irg an alproxiiat. solutio! to the vafiational inequatiiy

VFk(x).lrx(:)

It is eastr to see that actually

J!.oj !rk(:) = dist(N,Vrjr(x) + 1,rr(:)) .

v 
^ 

lro ,' a^ 0. , t:,, V .

fne !ro.€du.e makes serse, rh.lefore, if one sintty .:!la.es
Vfo{i) by tne more seneial e:lr€ssion A(x) This tieLds the

lloxioal m ttitrie! nethod fcr variational inequalities:

laranetels: t'>0! 0<ck e@::@ !

:r> r. /r o.t!/@
initial guess | (:0,y0 )

ir.: a ./,, ) ", 0..- _....

\ e nollliln Io Ar(- ) . Nr(: )

L+l I '^+r -
i "r 0.i 

^:t 
Lfo. :...,,.

stoDrinA rule:
o_ 

''t
"l- " l. .-.o|, d" ."t . .). ,- o., :o o - -!
sinller variational inequalltl' at eacn iterati.n is assisied b_r



Tle tupDiDg 4 is haxirul monotdp (sinctF-vdlued)!la

fact s!ronsly noro-one eith rodlrie r2 cu, in t'. sense ttr"r 'or

a]l x,x',
)

tx' xl.tA(x')-A.!x)l ,l l.'*l'

It has been observed tnat the furction lk is strongly con-
vex u. rh modLlus u'lcK (do nence lTk is srrongl" nonoton"

Rith the sarie modDlus), even if fO is the conEtant 0 . Taking

fo=o, e ca'] rrite Ak=A+Vrk. Tnus Ak is the sum of
two ma:inal nonotone op€lators and theiefore is naxinal honotone

by [8, The@en ]1. The stronc nonotoDiciry of Vak is inberiied

Tle deflnitiors of T ald a fo! Lr > 0 afe extendeduu
to the present case sinply by slbstitution lvs for 15 in
(26) and (2? ).

Under these ertended definrtions. it remalns true that
I is a mxinar nonotone oDerato.. and a is a nondec:easi, e

functio! of l.r > 0 Fbich is finite for all ! if finite fo!
!!9 rr .

MONOTONE OPEEATORS

the following fact.

Proposition 4

The collegpolding algunents for
the naximal monotonicity or TS

viltue of lroposition 2.

In the lloximal nultiplier method for valiational inequal-
itiesj under the assumltion that (16) has at least one solution,
one always has xk-x_ (weat< topotogy of tt ) and yk-yo , where
(x6,y6) is a palticular Eolution to (16). Mo!,eover

21

Plogositior 3 depended orly
and hence cafry over to TVS

by
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L+l l<+1 E @.r-1a.yr!.

i(,r,yr ) (,-,y') u -

R,T, BOCKAFELLAF

tr+(a!/c-)21

Tlris is obtained ly apllying ihe proxinal Doint aLgolitlrn
to the naxiral aorotone olerator Tir and nalinE the chanse of
valiatres q = !x It suffices to denonstfate that for !k+I =

l+1 -1., "nd k - .k' - oa io :no. -

(16) (gL+l,yk+1)- ( r*"kr! ) t(E*,yu) 
1

.i .." Ir, (Ek*I,yk*r)-{qk,yk) }

l,le have by deiinition

(37) r!(E,y) ={(n,u)lu! tofr-tel*.i, vrvf.(p-1g11.Nx(!-1q),

r. (p-lg) + u. 10, yitfi(u-rt)+u.l - o]

..vO ". l, . 
rO 

o F4; . Or '.d or--,
h"nd. - -- - D, a-r: ion y o -..

\x+ 
'' 

-{i "" a_.,-0.,-' 
.

(3E) 0,.(t,

q. r ,, _. , .r. ,,_ r,., ,_ , ,

r-"t . = (yk-yr+I)/"o, 
"o 

tL.t

, 
-' ' -'a ",

(39)

(40 )

tru*t, - t '1t*! 2tt -

. 1,k+1. - L+1- 1-k+1..' e -). .. 0. 1'. -lf.'! C ) ru.l - 0

tuon (38) a.d (39) bacl to (37), we see that for ar

". tAk('k*1) * Nx(*ktr)l
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tt '.--". .+ l
The lattei is ihe sane as

- .,-- ,,-'.l! ctH+4 , / I€I1+.t!!

, r.,tr ...1 .r-

But the opefator (I+ckTu) - is norexlansive since TU is nono

tone (.f. [13, ?rop. r]). Therefore {41) imllies

lq .j r_11+c] rLr I

1 (r' l",.'+Ek,Yk; {6r,Yk)l = r 1'* 
"

This lotds ior al] r satisfyine (40), so

1,, .-' . .. ,-r.^d 0."^,*l ' ,r., -' ,l
' rt -

= 1-1"ulr.ol Ar.(.1+1) l

It follows that tle stolping c:iterion in the lresent algorithn!

_"
.''_. ."^ ,.1.E .. , _... ,,r .., ,
"t'

does imply (36) as claimcd.

Repa!k

rroposition 2 nas rhe ini.r!rciation in this context that

for rralrosi atlrl variatioral inequality P!oblens the constants

au i]1 be finite.
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