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nollon 1! nant area. of nathenattcs, lncludlng optl
nlzatlon, probab111tJ, aa"latlonal problens, lunctlonal analv61s and

olerator theory, 1s that .r !n 1.teera1 frnctlonal. Bv thts 1s neani

an expr€sslon oa ihe forn
rr(x) = .i" f(s,x(sl)u(ds),

vh€re x 1s a l1near spa.e of neasurable functlons dellned on a nea6-

ure space (s,n,!) and ha!1ns value! In a 11nea. 6!ace E. rhe func-

t1.n r:SxE+F ls tbe asscclabed 1nt€g.and.
C1asslca11y, o.1y fl.lLe lniegrands on S i R' wele studled, usu-

a1ly !.der the i{s,x) {as .ontlnuous 1n x a.d neas_

urabre 1n s (lbe CaraLhdodory cD.dlLlon) Ho'eter, lron ih€ nodern
po1.t ol vlex th is essenllaL to adnlt po6s1b1v tnllnlte values lor I
and It! sinc€ 11 1s ln thls {ay that tEf.ri'nt kt.ds or conslralnt!
can nost efflclently be r€presented. such lntegrands requlre a dlstlnct-
ly .er theoretlcal apFroach, there quesLlons ol m€asurab111lv and tne

exlstence of neasurable selecttons are pronlnent and are rerle.ted 1n

a concelt ol nnornalltXri.

the !!.pose of these noles 1s bo F.ovlde a relatitelv tborough

treatnenL of the nost comon case 1n appllcatlons, that where E = Rn

vh11e nany or the resulr:6 haie exten.lons 1n one HaJ or anolher bevond

hh15 case, as lndlcated to sone extent in the text, these are olten nore

.onpllcated technlcallJ a.d nav tequlre fu.ther .estrlctlons ror ex-

anF1e, 1t 1s only lor Rn that one presentlv knovs ho' to develop a con-

{lthout assunina lhat th€ neasurable spa.e 1s con!1ete' an

a6Eunphlon {hlch alpears to be atk{ard 1n 6one slitr:tlons ln ireatlns
lnflnlte-dlnenslonal are the usual problens of the nuttl-

!11ctty of toFologles and dualltles {hlch nust be r.oned oui. It 1s de-

slrable, therefor€, tc haaa avallable a ful1 and conststent exF.s1|1on

or hhe deta115 tn lhe baslc case of E = Fn, f.eelng one lr6n the need

ho search f.r au11l11ary results Nhrough sequences of palers {ttn
varyl.g frare orks.
*{liiii6il sEi-i"pported ln palt by lhe A1r ror.e offlc€ or s.lentlflc
Research, A1" Force Systens comand. USA|, under AI05n grant nunbe!
72-2269,



Th€ naterlal berD' 1s dlvlded 1n th..e Drlnclpal
He presenr ihe bh€orJ ir nPastrable closed valued nultlfunciions. E-

qulvalerl p.opertles, anJ of uh1.h could aciiualtv be used as hne derlni-
tlon of n€aslrabll1tyi are dls.ussedr and the baslc n€asurable selectlon
theoren of {uralo{skr and Rvll-llardze{skt 1s derlved a1a a srronger
lheoren on the eilstence of Castalng representaLtons. (rthe F.o.fi vh1.h

ls sl'en 1n fu11, i6 slnpler lor P.n ihan 1n the n.re eenerat case

usualty 6een th tbe lllerature. ) I,lucn efiort 1s devoted to establlshine
convenlent neans of verlfylns iihat a nlltlrunctlon 1s lndeed neasurable.

The second Fart applles the ie6urNs hultlfunctlonE to
tbe 6tudx.l iornal lniee.ands, a co.cept orlglnallv lntroduced bv Nhe

author [1] in a settlns of convexltJ, but d.]elopeC here 1. nore generar

t€rns, Aealn ih€ enphasls 1s on oeasurabltltv quesLlo.s a.d the manu

facture .f hools vhlch nake easler the weliflcatlon of I'n.rna11tv"

No.na1 lnteerands are also lnporlant 1n the eenelat1on ot neasurable

fruttlfunctlo.s Alven by sJstens ol constralnts, subdlfferenr:1a1 nappinssi

These technlcal dev€lopEents c.ne to frulllon In the Llreorv of
tntegral iunctlonals !resenteit 1n r:h€ Lhtrd secllon of the noLes Il-
ls here also tbat.o.!ex anetyslg cones nore to tbe fronL of the stage

Thls 1s due to natural conslde.ahtons of dualltJ, uhlcb are aLtav6
lbportant 1n a settlng of fr.ctional analysts, as {er1 as deeler reasons
rclat€d to llapunov's th.oren and lnroLTire the {eak conFactness of 1eve1

eets or lntesrar tunctlonals,
of space, the dlscusslon 1s llnlted to 1nt€e.al

luncilonals on deconp.sable fMctton sFaces, such as Lebeseue spaces

These are characterlzed by the !a11dlt"v ol a fundanental result on the
lnterchange of lnteAratlon and nlnln1zat1on. The ireatnent of nore

seneral functton spa.es usuallJ re1les heavlly on ihls, tore baslc
theory, as for e:amF1e lhe case of Banach 6paces of conNlnuous funcil.ns
as dereropec 1n l2l, or the spaces ol dlff€rentlable luncilons enc.unl€.-
ed 1n varlatlonal Froblens (cf, l1ll, 1151, t261, [32]). ve have nade

no attenpt to cov€! the nany .esults 1n such dlrecttons.



r, Ileasurabl€ Closed Valued r4ulLlfunctlons
In e'erytnt.s thal 1.11o{s, S 15 a. arbltrart no.EnFtJ 6el e'tul.-

led Nlth a d-algebra ni rhu6 (s,r) 1s a gdneral ieaslrablc spac€

subJe.t only io the restrlctlon Elenents of
freasurable subsets .l s,

A nultlfunctlon l:S - X, {her-" X t6 a..ther sFi, ls, l1k€ a

deflned slnp1y :i r x. !h€ ser of all
x r x such ihar (s,a) € I a.r a Elven .. s ls d,.n.:.d br r1s),
U.lo.Lu.aLely, this n.latlon Is aFblsuous ln r:he sFe.1al
happe.s to be a funcr:1on {r(s) = {xl .r r(i) = r?), a.d ir 1s 611sht-
tJ t.oublesohe 1n sugse:tl.E nore g.ne:a11y iha: a .a. rlallv be
fhouEht or ae a mapFlng asslgnlng ; a subsoL r(s) ot x,
It 1s true Nhat I glves rlse to su.h a fla!!1ng anrl is unlquery deter
nlned bJ 1t, bu| ol corse rhe tr. ar..ot th€ s!nE. The naFplnE
s ' r(sl co.resFonds, srrlctly speak1.e, S,2x, and
thus the questlon.i khehh.r or nol th is nElsu.ab1€, r.r exam!1e, 1s
properly ansvered 1n terns of ihe usuel thcory of neasurabl-. functlons
a.d the cholce ol a neasurablllry rhe spac€ 2x. Thls ls
nol the Folnh Df vle{ ve {ant io adopt. and so Lhe d1s1,1..r1on should

tt 1s hard to be a purlst on
havlng a nulsa.c€ {tth baslc {ays of rrlrlng thlngs (e.9. one coutd
{!lte rlsl 1n prace or r(s), r.servt.g the latter f.. the unlque
el.nent or 116l {hen o.e exlsts, and the napptns s + Ilsl courd be

denored by II]), In p.achlce, .o s€rlou6 confuslon arlses eren 1r
t€chn1cal1t1es are 611gbl1y abused 1n thls respe.l,

l,Je content ourselves rlih the lollovlnA notatton lor nulltlunetlons
lrS + x, rh1ch, 1f a 11ltle redundant. doee serve to enphaslze the

donr={..sr(s)rd,
sph r = {(s,x) *. r(s)1.
r(r) = us.r r(s).

0f course, glh r 1s rea1ly no dltleftnl lron rhat tre havd ca11ed lJ
a.d don I 16 1ts proJectlon o. S, Il€ sharl denote b' r-lrx + S

obhalned bJ .ev€rslns the palrs constltutlne l; thus

r-1(x) = {6 . slx. r(s)},
-" - ,..f-"t ''t).

For thc mosi lari, ve sh311 be concerned only vlth nuttlfunctlors
that r(6) 1F a cloBedl:S ' nn (h!ch are cloeed-valueit,
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subser oi nrr . s, such a nultlfun.r:ion i6 said rio be

neagurable (relarlve to th. o-f1eld n), 1f lor each

the 6et r-1(c) 1s neasurabl. (rr.e belones to r).
Thls dellnltlon of neasurabllltJ of nultllunctions was fir5t adopted

1. a sene"al conlexi by casLalls, {ho ln }j1s thesls t3l pr.'ed lis e'rulv-
a nunber of c€fl.lt1ons l!an]'' su.h e.lulva-

1€n.es, vhl.h are vlry uselul to kno{, {111 be stated belov lt 1.

thporrant to that r:h€v }reak dDun rhen ln 15 .e_
placed by a spa.e, Dr 1l I ls not c1.sed-$a1u€d, and iust
rhlch prcpertJ 6hou1d ihe. be .a11ed 'rneasurabllllv" ls open to c'ntro-
versy. l1Je 'a.t lrhe reader t. the present deftnlllon mar

"elr b- s D.. -. rol In 6. I dd-. .

Note thar: 1r I 1s actually slnsle vatued (hence trlv1a11v .10sed-

valued) a.d ev€ryvhere .on€nptv-va1ued, 1 e. I 1s a functlon, neasu'

ab111ty reduce! to the DsuaL concetl.
It ts.btlous lhat I 1s nea6urable 1f ih ls.onsiant: r(s) : D

ror a llxed cloEed taci '.rth recordt.s 1s that lf I
ls n€asurable, r. Rn 1s closed and T c S is measurabl€, then the

nultlfunctlon lr dertned rry

r, ", " -
I

l.,
L

1s nea6urable. of .ouree, th€ neasurabillLv of I 1n!11e:

an111ty or the s.t don r. rnasnuch a5 ddn I = I-r(Rn)
In the result wh1.h fo1lo{o, {e denote bv dlsN(z,c) the Euclldean

._o' a l.Ed ar D1

dlst(z,c) =n1.{ z x x. c},

{hfe l. I 1s the Euclldean nom. (rhls 16 interprer:ed a6 +' ir
c - 0,)

la, PnOPoSITIoN- rd q closed-valued
follo{lnE Fropertle6 4 equlaalent:

la) I 1s neasurable:
(b) | '(c) 19 heasurable rq all
(c) r-1(c) 1e !]s3!!re!1e !e! il!
({r) r-r(c) 19 neasurable &! qll
(e) dlst(z,r(s)) E e neasurable

nulttfunctlon

!-ps! !,9!c cj
conpacii sets ci
g9!!S lcllq c j

. s for each

PROOF. (c) =(a),
c. u: . c,., vh.re *ch

be a.y.tosed s€h

conpacr:j and hence



(1.5) f(s) i {r.(s) 1.11 E 49!!9 1! r(s) for all s . s.

t€ heve ea.r I '(cr) neasurable, , .,,,. :
(a) + (d). rh15 1s trlv1al.

' b- oo-

a .1.sed ball. Thus (1.1) aE:1n : _.r: i.:::r.:!tej a.d {e

ci{ = {2. nl dj5i(z,r) . i_ll
Tb.n Clr is ope!, .1 Ck :Ls .ohFa.l. ;.n ilr : .t .,+.. {. na,e

f(sl i ck L f.r all k tr and ..1v 1r r(3) i.t ck I i r.t e\ k,
and sln.. r(s) i5 .10s€d, rjhe laiier 1s equi'a1ent bii ..nFa.iness ho

u r i;=1r1s) n c:r .k = r(s) i c.

I'lCi = ir- f _ ak\.

r-'Lc) is n€rsurable.
{dl € (e), lr€ ba'e dlst(z,r(s)) : c 1f a.d onlr 1a f(s) neers

tne ball z+aB (B: .].sed unlt bal1j o > o). Thus

(r.1)

(1.2) {s dlst(z,a(s)) : d) = | 112+0!).

condlllon (€) Lhe s!-!s or ihe lert 1. (1.2)

'hile 
(d) neans all rh.se o. the rieht are ncasurabte,

18. THEoFrl,!, Fd a cl0ied-valued hulLlfoncrlon
1Ig condlrlons re eduiw!1enr: l

(a) I is neasurable;
(b) (castaine re.res€ntatro.) I donr 1s n€asurable,elg !!srg 19 4

couniable (d f1nl;e) &s14 (.r ll . l) of neasurabr.e runctlons

rls) = cllxJ(s)11 .I] rd all s. donrj

. r) aq neasurabre !4ci1ons

4!l 1r r,



PR00F: (b) + (c). Trlrlar.
(c) + (b). I'Ie can suppos. xlthout loss of selera11Ny that

I = {1,2,,.,1. t,er the neasurabte sets ln (r.4) re denoted by sl.
. so do.r t3 n-asurdo.. I- I b-

the fu.ctlon vhich asrees slrh xt on St, Hlrtr x2 on S2\st, rlth
i3 on s3\(st u s2), etc. rhen

lor all s r donl. No{ f.r FA.h

1E nea6urable, ahd q(s) € r(s)

let xi- be the runctlon xhtcrr
asrees rlth tl on s1 and {1th { on (donr)\sl' The functlo.s
ri are also neasurable and satrsry xi(s) € r(s) ro. art

r(s) = c1{ai(s) 1- 1,2,...} for all s.dons.
h other vords! (b) holds for the collectlon (*il1 = r,r,...).

(b) = (a). For any open set c, {e have by (1.3) that

{_ ' dor-ltt 5 . 1,

and hence r-r(c) unlon or neasurabre ser6. Thus r-I{c)
1s freasulable fo. all open 6ets C, anal fron ?roFoslttor tA,e see thar

(a) + (b), For every nonenpty closed 6et c . Rn and evely z . Rn,

Pzc - {x. cldlst{z,x) = dlst(z,c)1.
{a nonehpty conpact set), Obse.ve lhat 1t the polnto za,zI,.,,,zn ot
Rn are atflnely lndep€ndenr (1.e. not contatned ln a hyperptan€). then
'he se D, P, o a stngt- Fr.1.1L, 1l Is ro 016

from tne ract rhar rhe Eet 1n questlon 1s contalned 1n the lntersectlon
of A fanliy of n-spheres rlth cenEets za,zr,...,zn,, by an elenenta.J

anr ror."b l,i--s..rIo. or ,. l.spt6.-d,. F'

rs. ro- soae r-sp.A.e ri a. ".,,n" -r,.", -ll.-r,
:Y^tx.,

Let I be the countable lndex set conslstlng ot a1t
7 - lzA,z1,..,,zn) suclr that zOizt!,,.,2n have rarlonal c.drdlnares
and are afllnely lndependent, and tor such I and each s € donr 1et
xi(s) be the unlque elene.t ar p, pr .-.p7 r(s). In Faltlcutar,-0 "1
iI(s) ls one of the polnrs of r(s) nearesr

ranges over all 'rratloralr' polnrs of Rn

see that (1,1) ho1ds. Hence ho obrah (b), 1t v111 sufrlce ro sho! thar
r1(€) ts neasurable 1n s tor each I € I. But bh16 fl1l1 fo11ou r.on
shorlng thai lf lr 1s anJ nultlfuncrloh of the forh r'(6) = pzr(s),

q



rher€ f 1s neasurable and 2 i,i

To prove the

(1.6) dlst(x.r(s)) < k' a.d ii::r(z,r) . disri(j,i(3)) + k

observe that rk(sl 1s open ror all s ln..enpt, ir erd onlr ir
s € donr). ret c be anJ closed c i rzr(s) I !
13 obvlousry equivalent io c i rk(sl l0 :.r.rr k

(r.i) (r') 1(c) = ";=1r;r(c).
0n the oiiher handj den.ttng by D a.J ..untab1E de.se subset of C

({h1ch erlsts s1.ce nn lrsell dense subset), Ne have
by the open-valuedness ol rl thar

"^ - 
",1

B. .v".v -- .^ -. ro

satlsfylng (1,6) for flxed r and z and hence 1s neasurable by drtue
ol the lnlllcatlon (a) - (e) 1n ProFoeltlon 1A for l. ln thls vay,
(1.7) a.d (1.8) iry.r (r')-l(c) r.r albtrra.r
closed c, Tbus l' 1s heasurable, Q.E,!.

rhe lnportaht equlvalen.e of (a) and (b) rn rheoren 18 !a: rlrst
establlshed bJ Castalne lll. Ii 1s ror thls reason ihat re shall .a11
2fa'r! ". '. o ^as a _j!:jj:_:n
Llq of L rhe €xlsienc€ ol such relresentatlons provld€s a haddy Nool
1n na.y slluatlons, the fo11o{lng iaci. vhlch ls the focus oi aI1 ihe
rheory or n€asurabl. Jnulrlaunctlons 1s an lmedlate

]C. COROLLTRY (!j:!:sg !! lleasDabl. sele.tlols). 19 r,s . nn rs a

, .-., ;-'i: "-,"
;"--.,,.

This result nay be credlted lc (uraroxskl and Fy11-Nardze{skl Irr];
althouEh castalng t.delendently at ab.u,: the sane tlne,
he dld not pubrlsh a.y detalrE unN1l fru.h ral.r lll. 

^n 
earller Fr.or

by Rorrhlln t5l t. b-" lnra11d [29], a.tuall]. these .1taL1cns
all reler to a nore general s€1Ectlon theoren ihan ]C, namelt {here pn

1s reFlaced bJ an arbltrary netrtzable space (Po116h



space, 1n the Bourbaki terntn.r.ey). renalns lrue 1n

th16 caoe l3l, buL the proof 1s no.e .onFllcated be.ause a flnlbe
nunber of near!st pornr rrproJectlonsr! Pz, doe3 nct sufflce. a.d hhe

conpactness areunents nus: be re!1aced by sonethlne 1.!D]vl.e cauchv

anotber consequEnce !l Theoren lE 1s a slhpler condltto. for neas-

urab11ltJ ln g€nerallzlng a .rlterl.n of ncckefellar
[6] ror convea-valued nultlrun.llons

1D. conol,raFY. !e! r:s - nn !e 3 sg4:I4@ !!!! !.!C.!, I9I 3l-l
s € s. r(s) - .1(htr{s)) (3.i 4 gr9, &I lnstance, 1r r(s) l! el
n-dlnenslonal set). 1!s! I lq s!!!]:9!19 l! -gl !!l!
1 1 t,-a.do- 9-:j. r' a

IROOF, The necesslty 1s the surflclencv, 1et
,"t'. ro-
be the correspondlne fanl1y of c..sLanL functlons: x1(s) = a If
r-1(al) ls neasurable fo. eY€rt 1 . I, He ha'e c.ndlf1o. (c) .f
Theoreh 18 fu1f1lled, lrtt hence r ls neasurable. Q E D.

the 01! -'o, te h- F s' .b

EFace (s,,1), I belne ihe lniersectlon of all lhe o-aleebras of the
forn ,4!i {here ! ls a nonnegailve. d_llnlte neasur€

consls!6 of all !-neasurable 6ehs (o" equlval€nt1v' a1l sehs of the
fo.n T A f.i rhere T €,1, To 16 a subsel or a set of !-neasure
zero 1n ,4, a.d
(s,r) is.onplet€ 1f n = !. rt 1s elenenta.v rinal (S,!) t: a1{ars
conplete. Moreover, (s,r) ls conplet€ 1r I = !p ror eDne !,

Thus for exanple! 1f S 1s a Borel subset.f sone Eu.11dea. s!!ce
and ,4 1s ihe alE.tra ol Lebeseue sehs 1n S, ve naae (S),4) conplete
If In:tead ,, 1s th€ argebra or Borel sets ln s, (S,A)

prete lut could, fDr nany purposes, be repra.ed by lts conFler:1on
(S,r)! ! b€lng ]n this case the alEelra ol all u.lv€rsa]1v neasurable

The nosi lEportaht property of conpleie neasurable 5!2ces (S,n) 
'

ror present .eeds, 1s tbat &I :3g g:ete!]9 !g! r 1n s " Rn the
proiecLlon or r qr s E !:e!-!:e!-19. rhe neasurablllry of r here

neans, ol .ourse, thaij T belongs io the t aleebra 1n S I nn ge.erated

by products of sets 1n ,4 and Bo.e1 reasurable sub6€ts ol R". for a

recent Fro.r of thls pr.iecti.. theoren 1n lhe eenerar case lhere nn

1s replaced by any Suslln spa.e, see salnte-Beuve [7]

1E. rnEonEM. 4! I,s " nn !9 closed ':rued. ila 3!9:6 !!9 igll!]ll€
Froperrl€s hhe lnpllcatlons (c) = (a) + (rr) 3- 3-:19J! I3l1g, 4-!-L



conpleL.:
(a) I 1s a neasurable nu1LiIun.r1o,,,
(b) eph | 1s a a 3-nea:r.abLe sLrrrs.f !f

F li !!9 et€!!r3 !! &re1 ser_r)j
(c) f-1(c) 1s neasuiabl€ &r 3l! qorel s.rs
rFooF. (.) + (a)
(a) 3 (b) ret

:l and k=1.2,..,,
radlue I 1. \j-. h:ve
1 6uc! hhlt x . cr*

s , r,, (4s3

. T.1r1al froE Lhe refln1t1of,.
{atl be a .1e.3. seque..e In nI, and for each
let Clk re th. cloeed ball rlrh center al and
r . l(s) 1l anli .nl:r 1i lor all k ihe.e exlsts
and a(s) r c1L I P. Eut rhls says that

e!hr = i;=ru:=ttr-1(cik), c1k.t.

| 1(cr.) , crk belongs to n i ,l,
tel1s us that gphr belon8s h. I 6 a.

(b) + (c), assunine (s,t) 1s conllet€. t,et c be any Borel
seL 1n Rn. Then (sDhr) . (s, c) berones.o r 1n, and bence the
proJectior of thts ser:! rh1ct1 1s jusr r-1(c), 1s n.asrrable by the
f!cl c1r€d Jusi !rlor Lo rhe theoren. e,E.D,

s,.nera1 .o.text oa n rertaced by a. lnflntLe-d1n_
enslonar s!a.e x, the , 6 r - neasurablllLy of I can u.efully be
adopted as the deflnlLl.n of the E.a6u.ab1tlLj of I as a nultlfuncrlon,
and nany ol the racts devetoped h,"re rehatn true. to. a sunmary of
sone ol the cenhral asDedhs of thls appr.ach as reaa.d6 1nr€grands and
lntearal runctlonals, see l8l a.d the ret.e.€nce6 slven there. Horere.!
1t nusN be.eallzed rhah the conplereness ot rh€ neasurable ipace 1s
essentlal ln sucb a co.Lexh. Thls.onpteieness nay noi atvays be con_
vehlent, as for tnstance 1n cases {her€ on€ nusr deal {lth a NhDle fam-
lly or Ro.el neasurEs ard perforn frequent hanlpulatlo.s on the measur_
able spac.. (iuch as Laki.s products, {hlch does not preserve

rhe nexL theoren, due €ssentlally t. casratna lll. exptolts the
exira slruchure present 1t S 1s a Borel sei 1n in, Flcall that if
s ls a topolosjcal space, a nultlfun.tlon f:s, nn 1s sald ho be
!!!!I 6enlcontlnu.us (d or closed sraph) 1f aphr 1s ctosed ln rhe
pro'lu.t toF.logt. (Thjs 1s equrralent to ihe condlr1., rjhat for €verJ

. nn. r-rtcl 1s cl.sed, ) o. rhe other handj I 1s
sald to be 1lrw senlconrlnuous,lt for er€r} op"" u"t C. nn, r_l(C)
16 open. If both upler and lo{er senlcontinuliJ are present, I ts
sald to b€.ontJnrr.|:

Let s !9 4 n@ subs-ar a! !@ Euclldean !!e!9,!1!-! I



l-

Lh6 rrldora or :ao- o.5 - .., r6 :6r:,1 .t ,d: j ..:...
Tha the lollo{1ns corditlons e equlvalent:

(a) I 1s neasurablei
(bl rh* is a.losed-valued nulrifunctlon r,:s + Fl such ihai

ephr' & 3 E::-! !:! t! s ' nn, 9!q r(s) = r'(s) i:r 31ry:!.:L:-ry s.
(c) (!}lr! properry). Ig gfsg . > o there ls a .1osed ser

. s r4i! bes(s\T-l < ., slch that r 1s cDntlnuous reratlre ro

dj -9- :'_v r 9!_::9 ::'. , jl 1", r-.9a s.l r. s, l-: o::9
?FcoI. (c) = (d). rrrvlal.
(d) +(b), For . = r{-1, k = 1,2,,,., 1er f be rbe u.ion of

tbe correspondlng sequ.nce of sets Te. Then T 1s neasurable rlLh
nes(s\T) = 4, and the ser {(s,x) s € r, x . r(s)l 1s a union of
closed set.j hence norel n€asurable. fhtrs (b) 1s satlsfled rlih r,
the le6trlcllcn of r ro T,

(b) + (a), t\je ba{e r' neasurable b} rheoren tEj b€cause (s,n)
1s conplere, !et c c nn be closed. Then (f')-1(c) 1s neasurable
and dirrers froh r-1(c) bj, at
r-1(c) rs neasurarre, and 1L rollo{s thai I 1s hcasurable.

(a) + (c), Frrst ve debo.st.are .an b€ reduced ro
the case {here nes S r -. S1..e S ls a Eoret .et in nh fn" "n."l-t as Lhe unlon ot Lhe dlsJoln! Boret sets

sI = {s. slk 11ls < kl.
a.d thdse bav€.es Sk. -. If (c) holds relailva to every sk, ue

.t .!. , .. .."
-'. no ror" n^n

'ln -v r"'l o 1- . sto, 
",, t""-- ""t" ,

rhe.€fore, I ls alsb eDntlnu.us rer.iJvc bo r = ui=rru, wr.rd, rs a
closed subseL or s srrh nes(s\T) < t.

In hhe resL .r the F.oof, {€ ds6une h€s s < -, Leb (xl11=1,2....)
be a castal.e relreseniarlon or I. L€t . > 0. lor ea.r t, irere
e*1sts by tne usual forn of Lusin,s Theorer for neasurable tun.Lions a

:".
--1d'tr" ,o ... 

".d ,. ts ro" - ,t.
."' - rl

1r sd thar the ser
,:. .. _ l_,.,, ..

ls open relattve ho T.. Thus I 1s 1o,er senlconrln



It renalns onlr ro show (assurlns n!..5 < -) rhat (a) inptles
(d), l,eL (ck k=1,2,, ,. ) be .r alt .rr. (..uniablr na.y)
closed subser6 of Rn ..np1eb.nLarv r. r.e. .. batri J. uith ratlonal
cenier and radlus. lor each s, r(sl 1: the. ia,. 1!r..se?r1on.f.rt
Lhe sets Ck conraint.e 1i, ter sk = I lirrrr ail -..-

si = s\sk = ls rlsl . cLl.
Th€n sk and sk ar€ nearlra}1. ib:/ .r1.,eft.r (cl 1r Frlposltlon 1a)r

sphr = i;-1i(sk ' F'l , (sk , ck)t.
F1{ . > 0, Fo. €ach k, rher€ exlst ..n!act sets Ilk c sI and
Kk c si , such that

hes(s\(K* ! n;lI <.2-k.

r = ": -Lk

rhen Te 1s a conpact 6et vlth nes(s\!.) < E, and ve hawe

.- t", -"1 r

rhe latte. sei 1s c1o6ed, so (d) 1s esrab11sbed, O,E_D.
The precedlng resulijs provlde the natn dtrecr crlierla fo. neasur_

abl11ht ihat are co.venlent 1n pract1.e, add for cohplete_
n.ss one furNhe. condlrlon,trhlch has been used as the deflntrlon of
neasurabllliy by sone authors, such as Debreu [9].
lc, PRo?osITIoN, !:! r:s r nn be nonehpty-corpact-va1u€d. lha r
1s a neasurable nulilfuncbro. 1f and onlJ lf the correspondlna napptng
j:!! s !9 !!9 :!_e-9-:. n, colslsirns or att conr,act subsers of nn

ll]]!q !!: nausdorrf ss.!f19, :: neasurable (u !!9 eel :-:.!-9-9 !!
" -":u 

"b rePl00l. suppose llrsi Lhat thls napplne rron S to rr 1s neasu.-
able. r,ea c be any closed subsei oa Fn, and tet U be ihe open set
1n I'l .onslstlng of all conpacr X sucb that K i C = !, BJ assunp-

{s€sr(s)€ul=s\r-1(c)
ls neasurable, and rhererore r-1(c) rs neasuraore.
neasulable hulLlf unctlon,

. t- . -- ld vo o6no.F -'F .ot...,o- o! d.t
D o lsigo' poi. o. - s0 I.

.ountabte and dense 1. lu. ope. 6er 1n J 1s the unlon
of a counrable ran1lr ot c1.sed bal1s {bo
1,he.erore. to shor hhe neasurabllltv "",;: ;::;:: ::*'"""".",



assoclared wlth f,
8ct {s . slr(s).
and c€nte! F.$0,
lben K.I ltand

{e need only vertfy !hat, for each luch batl ur the
ul l ."jur5bl-. rfpo6F rr l.aF rad .s e ) r]

and 1et B denote the cl.sed unlr: ball 1n F!.
on], lf i(.I + €B ard .F c I( + €3r or ln oth€r

X^(x+€ts)10 for ea.b r.F,
Ki(PIr\(F+eB)) -!.

It rollo,e that the set {s . slr(s) . tr) 1s tne trrers.crlon of the
flllte fan1ly of sets r l(r + cS) fo! r . F (each o! qhlcn ts
neasurable bJ hyloihesrF) and

s\r-t(Fr\(! + EB)),
Th€ fatter ls neasurable by Proposttton 1A, stnce srt\(! + €B) 13

open. lience {s € slr(s) . n} 1s neasurable. a.E.D.

1H, PXOPOSTTTOTi, !s! r:s = nr be hulhlfuncl,ton, and

!! I' !9 !I9 aulrlfun.tlon such Lhat, rd each 3 . 6,

The chlet 6oa1 of th€ iheory.f neasurable nulblfunctlons 16 to
aneble us lo verlfJ lhe erlsb€.ce of n€a3ulable selecrlon: for nultl-
functlons r of the klnds tbar arls€ ln practlc€, and this 1s ro be
accohpllshed by sborlng rhat I 16 neasurable {cf, Ic). troreve!,
thc crltella 61'en abov-. are n6i alrays easy to apply dlrecrlJ. !Xp1-
ca11y, r ts gl'en in ],€.ns ol B nore.r less c.Eplicaled constluchlon
lnvolvtng other, slDpler nultlauhctions, as rell as cerrah frncrlo.s
("lntegrand6{, {h1cl rlll be dlscu3sed ln !2) . The neasurablltry
plopertles of ln€se nore fundanertal obJectB hay be hore acceodlbLe,
and tt Is lnportaht to kno{ ho, rhey are preFerv.d !nde! }a.ious ope.a-
tlons. ,lthout aurllllary results ln thls dtrectlob,
n€asurable Betectlods .an be wle{ed as nore than a p.ellnlnary step
to{ards appllcattonr, It nay bc lenarked rhat the rery chdlc€ of lhe
detlnlllon ol "neasurabllltyf ls heavlly lnfluenced by 6uch conslde.a
tloDs; the app.oprlate caregor! ot nul:lfunctlons nugt nor onlr Do6sess
heasurabl. Eelectlon6 but also be coavenlent Lo oanlputere,

The ne:t serles ol !esultB de6crlbes oFeratior3 oi .106ed-velued
nulttfunctlonB that liresErve nea6ulab1llt'. The p1.!ute ulr1 b€ con
Dleted ln 52 by analoaous resulrs ab.!: "lnleErands" and thelr tn.lnare
fe]etlon to outtlfuctlons.

r'(s) = ct cof(s) (9.9!1999ry9: !]41). &g .'

IE !!I9 1-:. !t!.i 1J, 1!
closed {m !!a!g!.lrDg r(s),
!Ig!g senerated w r(s).

cr cor(6)j .ft !g!E !\e snalresr
afflne hull of r(s). or the Eub-

!.Lc!-q e-t



PRoof, td exploll, ih€ fact , ' . ,:i) ran be

a.onvex cooblhaLtcn I r+ l,r.rrri.r r(s)
(ca.6th6cdo:y's Thcoier). Lei i:.' ' . ., ::. r:fose.terlon
.f I (.1, comenrs follovlng:hl it. r.r /, be

-rtlo.- 1..r., -t..
r i O 'rd )n-^),. - l. Fo' e;,'. : I -_i ,'-ircr

J' 1(,.. rn = : l "
c€llne the irr,.tloi rj: dnh. - F .-

rr'en (xJ l.J . r) ls a casral.a rrp:..eiia::cf, .l ri, a.d hence r,
1s neasurable by The...n 1!. (Tho Dr..tB fir N:),. cther cases tn Lhe
proposltlon are aralos6!3. ) A-!.r.
-, l"o ojll. 1. L- -,: -1-v)..-o a,o -eas"r-b_e.--l-

lor .l =lr,..rrr ard fo! Fr=Dlx.,.xFr 1c! r:s+E be cellDed
* r(s) = rr(s)r...rrn(s).
Tha I t6 neasurable (crosed-valued).

PRcoF, l,-t (xlll € I,) be a casialns representa!ion oi r.
for J = 1,. . . ,r. !or each .f ihe courirbl]i n&nl indlces

i = (rl '... '!D) € J ' r.x'-rlh,
.....x Tl -. /,l E .' s 3 . '{1.! eF-e -' a!1o.

' '1
of I, so t ls neasu.abie. Q,E-D.

. PFoDOIIT. . L- f, En o" clo. ",-rat.-o and -!6ur". e f)
.i = 1,...,h, ,nd-:gr ': s t" 

"- ".rr.- 9y

-- r(s) = cr(rl";;.+fr(s) )

1!:r I ]E neasurabl€ (!-lglrt:l3.lg).
?nooF. The araurenl ls sinllar r. rhat tor 1r,

1t. conr!:rPy. !3! ri s - n' !s a !s!:qq !!:!-g:-:!.1_!s.t q4-!1-
ru.cLl'n, ai &! a, s , R" !s g reasu'abre jg!9t49!. r!9! :!.3
nultlf!..t1or r' SI-1:I !-t r'(r) = r(6) + a(s) (q!!!1a!!) 1"
ne.surabre (qrosed-valned),

rL, pnoposl.rrol{. lgq rl: s , Fn be closed-va1led !-nd nesurble tr
each 1 . T (countablE lrcd set), ea! ]li rr S ' trn be d,.rl.ed !X

r(s) = clul.rrj(sl

I

Thq r 1s heasulab1e (.Io5ed-vaLued),



/ \ ?HooP, Tror each cpen set c < Rn, {e have

r-rro = !f.rr;'to.
- H.nce by the equlvalence or {a) and (b) 1n 14, i ls n..surabLe, (The

result also follors lm€diately vla castalng represeniatlons.) Q.E.D-

lT. IltEoFFv. Let f,:5 - Fn b- cloEed-va "ed and -"ds rebl-
Lgr.:4.9! 1 . r (!-4!.!g.!l:. 14g !4), elg let r:s + Fn b' derhed

- | rs,. rl,rlr(s),
ths I 1s heasutable (g!!-9.9-j.elr94) . !! pa.t1cu1ar, the 5ei

{s . s ^1.rri(s) l r} = doht

1: oeasurable.
PRooF. Ftrsi re t.eai the case rhe.e I = {1.2), Flr anv close,l

sei c, and detlne the closed-valued nultlfunctlons li and aj bv

ri(s) =. n rr(s), rj(s) - -r2(s).
rhen ri and ri a.e neasurabre, and on. has

c n rt(s) n.r(3) /, - 0. ri(s) + ri(s).

1- 1161 - r11 *,11-lror,
and {e nay concrude vla P.oposMon rJ thai l-I(c) ls freasuGbte.
Thus I 16 reasurable.

The validltJ ol hhe theo.en f.r I = {1,2} 1npl1es by lnduct1o,
1t6 varldlry for any ilntt€ I. lr lenalrs to co'stde! the case ul!€re
I !3 lnftnltei he can suppose I - {1,?,...}, F.r esch lndex k! the
clored-valued nultlrlncilon rk deflned by

rk(s) = il.rrl(s)
{hat nas already b€er proved. Por .ach conpa.L 6et
r(3) . c I ra 1r and only 1r rk(sAcrr l for EtL k.

r-1(c) = n;=rr;1{c),

rrrcrc r-nlfct Is neasurable, and tt foilo*3 that r_I(C) 1s n.asurable,
thl8 €stabllEhes tlre neasurablllly or r by ua' of crlterron (c) or
Propo.lt1o. 14. Q,t-!,

Theoreh Iil, a cruclal fact ln s€veral ar6unents belor, {as f1!st
provcd 1n the plesent rranework 1n Fockaf€l1a! [6]. 0f course, 1f the
frea6urable spece 1s conplete, lhe leBult 1s Lllv1al 1n Lclns of erlterlon
(b) or fteo..r 18, aod helce 1t 13 trlvlal also ln seneral conterts



f h.asurable (cl.sed 
'a1ued). {:!: !'!:r:r .r--'rt-i.n i]l. 1r slp.rfru_

g]: .1! r(") is roanded. )

!FO1)F. L-"t C L. ant .re. se: in F'. Tl_,on | 13 
',e 

unlon oi
a seque..e oi .I.sed seir Ck, deftne the nulr:lfunctlon

s1n.. c 1s oDen) ue hav!

,here thl5 critert.r 13 ad.!led ir . ..i I rh. n:as!rabilltt

The ndxl re5u1t 1s nev, aL ir, i it. r_3l.il t:'n.inllllr'

lN. rlrl.rEri. !9! l is'Pn !9 rr :! 'ti]:l !t4 ..arrrl,l., :r9 Ilr
each s . -q 1EL kllri . i.:ex ;raPh

closed valued rnd n.asureble). h.r rrr. nurriluart'!.. r':!'nn

'l.rlned b!
tr/st = tr. /f rl

(r,) 1(cl = 1s. i ^"(r(s)l l0l

1n u. Let f' :S + R" be dellned !{

-:., n r 1 
,

-"I .{so\s) ic.( r ?o

Each of hh. seLs 1n rhe larter rrJ Theoren llY.

rherafore (rt)-1(c) 1s neasurable, and e con.lude rron condlllon (b)

ol lroposltlon lA that r' 1s heastrrable. {If r(s) rs b.unded, 1l
1s con!act, and .!e sees €as11r thal As(r(s)) 1s closed, nakrnq the
c1osu.e.F!rahlon 1n the derlnlrlon of rr(s) unnne.essa.r' ) a-E.D

lP. conoLLAFY, !:! r,s - nn be .1.sed-valued and n€asurable, and

&I:-e.9! ".s lei F,s: Fn -n' !9 e naF!1.q slcb thaL F(s,x)

E neaslrab1e ! s and .cnr1nuo6 1n x. r,et rr:s . n' !9 rls-lllt:q
!-r r'{s) = ctr(s,r(s)).
I!:l r' 5 neasurable (closed-'alued).

= i(s,'). !,et (ar 1€ I) lre

= (a1,F(s,a1))- The. {zl 1 . rl 1. a casralnq re!resentalton fo. the
nult1fun.t1.n G(s) = Eph,ts, {hlch therer.re is neasurable lTbe.ren 18)

fhus hhe hy.olhesls of Theoren 1N ts 6atlsfled, Q,E,D.

tQ. coRcLl,ARY, Let I:S ' !! be cLosed-valuEd a.d freasurable, a.d
j9I !4 ".s let F:s'F 'Fn qt ? nappins !4 !!9! F(s,u) :!

1n u. Let f' :S ' Rn be dellned bY



r,(s) = {u. nn .q(s,u) . r(s)1.
Thd r! 1s neasurable (crosed valued),

Pnool clearly r'(s) 1s closed for all s. ler rs = F(s,.) r.
By an argunenh s:Lnllar to the one 1n rhe F.ecedlnq corollarr, hhe
bulhlfuncrlon c{s) = Eph As has a cashal. represe.hailon, and hence
Theoren 1N ts alpltcaLle. Q.E,D,

ro. ooo ro1. -tl s "' d 1-d-!,ab.-! o.eo.d.Fd

r'(s) = c1{x 4". Fn vlr.h (,,r,u(s)) € r(s)),
l l "u.-.:::- -,: "

-ie l9:il op- ,AE 6-ob ruous- sod d-a..
Pn00F, Let F1 be the F.oJecrlon (u,x) . x, and tei

r2(s,u,x) = (r,x,u(s)l. Ler
fr(s) = {({,x) F2(s'{'x) E r(s)},

Then I" ls neasurable by IA, a.d r,{s) = cr F1(r',(3)), so that r,
1s neasurable bJ 1r. Q,E,D,

IEMAi{, Tro neN artlcles rjtl bo esFeclatty useful to hhose 1n
need ol a nor€ ee.e.al theory ot nealurable hultlfunctlons ih,r iF
fur.lshed here. Irasner l29l nas put rjosether a cohprebenslve surveJ
or the ealsblns tlterar:ur.. D€rode, !.tno and Fenor t30l ha,e rorked
out a new and broader rran€rork fo. Lh€ subJe.N, f.on th. lolnt or vleH
of l1be. slaces, and have tbereby obtalned extenslons of a nunber or
prewlous re6u1ts, fo. exanple, lnvolrlng a ,eakentnA of the ,iconllete_
nessl requlrenehh



2. !!qEg! Intes.ands.
!D p!e6. ' p.rposes, a J r.. ._ ; !' o'.lLled

an lnteEland on s x in. Here fr :l€f.'.-.s ,h! exr,-nded rcrl5:
F = n " 11-), .cr.espondlns to t aad ..rrl.!err. net,.rnllln: lt, 15

lts eplErash nuliirlnciion E-: s ' t'+1, tlL:-ired bJ

(r.1) Ef(s) = enl t(s,.) - {(x,.) . Fn ' rl o I r(d,x))

lJe shatl say that f 16 a r(ry senrconill1lls lntesrend rr f(s,])
ls 1.s.c. (lorer senlcontlnuous) ln r for.ach s (t.e., lf 13

ctosed-valued), a.d ihat I 13 e normal l!!s5le!4 1f, b€lides th13,
E, 1s a acasurable nultirurcilon, of c.u!3e, !o.na1ity depends on the
chol.e of lhe d-ateebla ,; 1l rore tha. ore cholce ts po5s1ble, one

ca! .p€ak .a I belna ,4-norE1, fo! c1ar1ty.
Ii ts conve.lent ro 6ar trrat the functlon r(s,.) 1s proper on

nn 1i f(s,a) > 6 fo! all r snd r(s,x) ! +-, and to call f a

!Ig!g !E-SIeI]l1 ir f(8,.) 13 praFer 1n rh13 sense for every E € s.
Fultnerno.e, f 1s sald to be a 9-9ry9! 14EIC!4 1r a(E,x) 1s convex

1n a for each 3, Le., 1l Ef ls conrel-valued, lhusr rcr a proper
lntesrand, r(s,.) 1s obtained lor each 3 by ert€ndjnF as +E a

c.rtaln llnlhe functlon deflned on a nonenply 5et

12.2J doh r\s,.r . {} . Rnl fr6,xr . +-1.

Thts set 1s conr€x for aI1 s, lf f ls a convex lntegrand. observe
tlat the nuMrunctl.n 6 + c1 don f(s,.) ls lreasurable tf I 13

nolnal, .lnce don f(6,.) 13 Jush the lnaEe of Er(s) under the pro-
Jectlon F:(x)d) r x (cororlary 1P).

The rh.o.y of.ornal integrands rlth pcs51b1y lnflntte vatu.s ras
lntrcduced and ileYeloped by lockarellar t. a ler1es of peper. tll, [2],
l6l, l8l, llOl,thar ortEtnally !reaLed.nly ihe conre, caBe, a dlffe.ent
dcf1.1t1on of lornal1ty, LaLine advantase of conrext:J, ,as enlloyed 1n

nost of tbls vork, bui 1l aErees rlth the prese.t defln!!:on applled to
colver integlabds, as uIlI be seen betor, flowever! theie ls one sligit
.ha.ee ol lernlnology to be n.tedr {hat plevlouslJ ra5 a nornal convet
lnteerand 1s .ov a prope! n..nal convea tnt€8r&!d.

lhe clas61ca1 preculsors af nolnat tnieEralds are flnlte lnt.arands
satlstytna rlle carath6odory condtitons. These vlll be sho{n to flt ln
as a speclal case.

VarlouB .esulis, EenerallzlnE sone of lhe developnenl tn iheoe notes
to spac€s otber Lhan rn, nay be fou.d 1n l8l &!d, nore recenriy, ln
laradler [1r], casralns [24] and Derode-arho-peno! ljol.

cbvlously, ary thtesland oa the fo.n t(s,r) :1(1), ther€
O: Rn ' F lF lorer senlcont1nuou6, ts nornal, The follovtns resultg



fxrnlsh other crtterla.

2A. TIIIOFETTJ, !9! f !g e lg!s! senicorilri.uouo lntesrard m s i Fn,
If f 1s .orhal, j!s! r 19 .4 6 r-neasurabre (I!9I9 r .19 j.!.9 gle:Eq
.9! e.9I9-! !:!!). :!9 converse 19 !r!91! the neesurable !!9!9 (s,,4)

i! .ohplete.
PF00l, Necesstly. 3. R. d€f1n. r^: S. Fn bv

{il t(s,') : !1.
Th€n l" 1s closed-ve1uec,
rO'(c) = Er'(cB), rrrere

.B- t(r.ol .F ' x.c.d.6)'
a.d 61hce Er !s a hed.urabte mulilfun.rlon. rhls lnFlles r;1(c) r s

measlrab1e. lhus lB ls neasurable' and tt follous fron ?heoren tE

sphrB = {(s,x)l f(r,r) :9)
1s ,4 0 ,- neasurabie, Thls belng true f.r every B . R, t 1s

Sufriclency. If f 1s A Q !-neasurable, lhen sc ls the funcilon
s(s,x)d) = r{s,x) d on s. nn+1, rhls lnprlei !he .1 € R-neas,rabtrrty

{(s'x,d)l e(s'x,a) < 0l = sPh 8..
Assuni,nF (s,,4) h. be .onFlete, re can conclude fron rheor€m 1E that
Ef 1s a neasurable nulllfunctlohr i.e,, t ls nor@1, Q.E.D.

28, COnOLLInY. Ir I ls a nornel l.regrand @ S " ?n, and r: S. Fn

5 a !i.a6urab1e fNnctlon, !!a j:!tg runcilon s - f(6,x(s)) ts neagu!ab1€.

PRooF. The t.a.saorDatlo. t: s ' {s,x{6)) 16 neasutable f.oE
(s,r) to (s ' in, r e 3)- (ior all sers r 1n ,{ x r, E-1(T) 16

heasulable, and hen.e the sane nu3t be !ru-p for T 1n ihe o-algebra
, a F ge.erated by ,a x 3,) lJe kios lron Theoren 2l\ that f ls e

neasurrble functlon flth re6pect to n e R, and therefore aq 13

nea3ulab1e, Q, E, D,

As {1th neasurable rulrlfunctlons, the , 0 t-heasurablliry Froperty
can be adopted 15 the deftnltlon of ihe flo'mllty of an l.regrand when

the neaBurabl€ sFace (S,i4) ie conplete, Thls opp.oach bh,Fn at1ov6 an
easJ exlenslon of 4u.h ot the theo.y belo! Lo cases *here Bn ls re-
placed by an lnrlnlte-d1ne.s1o.a1 spacer cr. I8l.
2C. PFOPASn'ION, fd m 1.regland r d S i Fn, rhe follo{Ina
condl,tiols 9E equlvalent I



(a) !9.!-! r elg(b) ( gere!!&!!!!
4 s, 414 contlnr-ious ! x.

-r 4- !t!jl4 ClIl Froperl
condlrlon): f(s,x) l9 !&1_!e, neasurabl€

rRooF, (a) + (b), r'or eacn flxed sj n€1ther the funcLlon f(s,.)
.or -r(s,.) lakes on the value +-, and both are lo{er senl.ontlnuous.
Thererore, r{6,a) 1s llntte and c.nt1.!ou6 1n x. 0n the other nand,
r(s,x) i6 neasu.able ln s f.r each rlxed € by 28,

1B

(b) + (a). Let countabl€ dens€ subsets of Rn and
respe.tlvely, For each J:(a,F) 1. r=DxF deflne

s ' ttn+1 ly
vi(s)'f(d/(s.a) + 0)

(yJ lJ . r) ls a castalne r€Fre6entatlon for Efl so by rrreoren
{e have Er neasurable (1.e., f nornal). a.t.D,

I,l€ shali calr I a carathlodpry trtesrand lf 1t has property (b)
1n 2C; thus caraih6odory tnleArands are exanple! of nornat l.tegrands.
Jn fact, they are anong the mosr lnportanr rlsht and ln the

of nore seneral nornal lntegrands,
luore eenerally, we sha11 call a funcllon I: S ! Rn ' Fn a

q44!!!od9rX happ1ne,lf F(srx) 1s neasurable 1n s and conitnuous 1n

x. Such napplngs have already been en.ountered 1. lP and 1Q.

The next re6u1t, for .onvex lntegrands, irles lhe present concept
ol norhaltty tn rlth thE neasu.abilltJ propertJ orlelnally used to
d-"f1ne nornallty 1n l1l .

2D. PFoPoslrIox, !:! f !9 C 1M senlcontlnuous, convex lnteerand
d s'Fn. rhd r 1! nornal !le494l 1r theft 16 a countable
'".'.v i,l1 -) o rea -rao-€ r'un lore r, s "r s" t.-

(r) f(s,xr(s)) lq neasurable 1! s !9! c99! I r I,
{11r fr.ls)ll € It n d.n fls..r 1s ders€ 1n dDm f(s,.) ror each

!D00-, \a.bsst r, - c L ro..":. 1" 1.11.,o. .r -as

I) by The.ren 18! and ea.n yt 1s

vhere ri: S . Rn ls heasurable.
don f(s,.) (derlned 1n (2,2)) ls

Rn. rhl1e on the othe. hand (11

a castalne represeniatlo. (J1 1 .
of th€ torn 11(s) = (7i(s),d1{s)),
Theh (11) holds trlviarlr, because

Just the proJectlon of Ef(s) o!

sulri.tenct. Here {e use the facr thaLJ b} .o.vexlty' any de.se
subEet D(s) ol don r(s,.1 yle1ds

Er{6) = cr{(x,d) . nn+11x. D{6),d ' f(s,x)}
[12,57]. clven a fan1ly (xlll € I) {1rh the properiles 1n questtonr



let Q be a c.unhabr,c dense subset of R, and define the ranltl
(yjl.J) ro. J=(1.!) 1n r=rxa as.o11.'sj

J J.I
bJ (rl), !t tbe sane tlne, for each j r r tne set

t,
ls n€asurable br (1). rhus condltlon (.) or rhe.ren 18 1s satrsrted
oY d o j ' " lcl ". o{ o - .d- d

neasurabte, o. E. D.

- l o. l,.o . . .. e^ I. elrrno .i
'L 

-e 
,.

rhd f ls .orra1 :,]::!4 9ru l-! f(s,xl 1s n.asurable {1tn r.s!ecr:
!9 3 lq 9e!! *

Pnoof. sDffl.lency folto{s t.on FroFo6itlon 2D?by raklng
(rl 1.Il to b€ a fan11J of c.nsiant fun.Lrons 'ith relues jn e dens6
subset or Fn, xecessitr 1s corollary ?8.

The equl'alen.. .r (b) and (c) 1r the nex. rheoren {as !.oved br
tkerand and Tenan 113,p.2161, wh. adolted (b) as tneir defrnltl.n or
normallty (rltlr the sllght dlalerence thaL theJ requlred !(s,x) to be
lorer senicontl.uous atnosi eve"y s).

.4 hhe alsebra of r,ebeseue ::l:. !!! f be !:nI 1(JM senlcontlnuous
lntesrand m s ' Rn. !!g !!9 f.11"wlns condltlons * equlvalenr:

(a) r 4S nomal lnhes.and.
(b) rn* 1s i Eorel neasurabte @ s," " nn - F :g:!

!_lre!, f9: elr!!! !=:I s € s, f(s,x) = E(s,x) fd a1r x r Rn.
(.) &]:gi:g e > 0, l}srg !3 g1dsed set r c s {rth

.".;;.,,;,.,.;.
.e1ai1ve to T x Fn.

Pnoor. '1be thplicatlor 1c) = (b) 1s elene.ta"yj {ht1e rneoren
1F! alpl1€d to Ef, yletds (b) > (a) + (c). A.E,r,
c. op qov. i !: " "_9_:l:uo " a lj .-!::::-9!_:

:!L!lr ,4 .!!-: alsebra of Lebeseue 34, !!rn ler f be a flnlre lntesrand
o. "' 'l-91- " .jjlg ".r":-jj.- " " -._a;(a) I rs a carath6odory lnteFrandj

(b) (scorz!-rraeo.r Fropertr), !r :I:jI e , o, !!!I9 ]: e
.los-o - n- f rs o n-ol



FRoolr. Thls 1s lmedlaie fron The.rrn 2F and Fro!oslr1.. 2C, Q,E,D

Cc..l1ary :C 1s the verl-kno{n hhe.ren of Scorza-Dratonr. part (b)
of Th€.rEn 2r e.nFleme.is Theoren 2A 1n the speclal case of a conplete

of the r..r 1n :1.
exr o. rhe aeenda elucldatlon ol |he r€lationshlp

bei{€er intesra.ds and iLul.1luncr1.n:.

(r. rr )

9!lJe !g!cl lnr.Erand

1r161 = 1" 1'13; i Er(s); s].

J

\

?Rooa. this 1s .brlous trob rro!.slrl.. 1H a.d the rep.es€rtatlon
I {o) = r(.) n., a.E.lr.

2i. PnolosrrroN. lqi r: s , nn be 1 nuliiiun.tlor 4 !!9 I!:I
f(s) = {x r(s,x) t 0(3)1,

th* t is a nornal lnteEra.d q Sxin (e,e,, a aaraih-E.dory l4!:
c!e!q), eg d, s r F 4l99qjg!19. rh r ls .1o3ed ralued
neasurarrle,

tRooF, Slnce f(s,.) js lo{er t(s) 1s closed.
l,et a: s + F be the .1.sed-valued nuLrlfunctlon detlned by
.q(5) = {B . rl 6 : d(sl}. rh€n r\ 1s n-.alurabre,
urable, conslderlne an arbltrary .1osed ser C . nn, ve aeftne a eor-
responlllns nu1t1lun.t1.. r,: S + Fn+l by r'(s) - c t A(s). Then rt
ls closed-walued and neasurabte (troposittDn 1I). l\Je have

sei is neasurable by lheo.en Lt4. Thus r 1(c) ls neas-
uiable fcr all .1.sed c. Q.E,tr,

21 ls lnportant 1n p.ovldlne. 1n conJun.tlon {rth rhe
abo'e condlttons for nornalitrj es!ecla11y 2a, ?c(b) and 2F(b), an eas11y
recoenlzable ctass ot heasurable nutrltuncrlons ho which ihe operailons
1r the Frecedlng sechl.r nay be app11ed.

4s an 1Llusrrat1on, e have rrre rolrovlns ve.slon ot Nhe fanous
resuli in oDrjimat control orietrally knou. as rllippo''s 1ema.



2J. TllEOnEM, {h!11c1! $easurabte luncttons). i,et r: s - nn be a
mLIilfun.tlon of the !6rerat lorn
(2.5) r(s) = 1x € c(s)l p(s,r) . a(6) 9!g

r1(5'x) < dl(s) I9r :ll 1 . rl,
crere C: - Fn s (Ioseo-v.lLeo
a calE h.ocory rarDi.s. /.,11 . I) ts a counLabte .oltec!lon or noroa.r
1*s6l3Igs /g:9., caratr-6odo.u 1n,Fe and6) 9f - "n. ,, s "" 1:
I "asum' '. 9Ig o,: I - 6 r rF.a6 -aok.

rh4 I ls heasulable (c1o3ed-varued), elg I!L9-9 | !e9 e l93r-
!I9-!-ls ". s!l-19! $qs. !-u 16 nor.eFpLr-valued rl.g:, r-rallve Lo dor r).

D(s) = {x . nnl F(s,x) - a(s)},
11(3) = l! . Enl 11(s,x) : 01(s)l ro' each 1 . r.

Tben D and tt ar€ closed-valued and neasurable (Corotlery 1A and
ProPosltlon 21). rile have

r(s) = c(s) n D(s) 6t(r 11(s) !

ed thc.efore I 16 n.Esurable by Th€Drefr ]tu, A neasurable 6€lecLlon
relahlve lo don I rhen ex1st3 by 1c. Q,Fj,D.

For appllcatlons to optlnlratlob problensr lt !r usetul ro have
the lolloxlna cohFlenent ro Theoren 2J,

2lt, tHEOREll. l,et r !g a nolhaI 1nte6land d S I Rn, nnd 1et
I: s - nr b. a neasL.abtp, crosed-vs,ued n!trlrunctto,. (alj, r(!'
or r.m (/.5),gr rrs) i Frl. Th{ Lhc rur^r'on r: s . n- gj.:a-l !I

n(s) - lnf r(s,x)
x.r(3)

_&d th. ctosed-varJed nulLtrlncrlon I,r: s - Fr 6:f,sl by
r't(3) . arE nlD f(s,x)

r.a(6)
* both heasurEble.

PR(m!. To denomrrare the neasurabltlty ol [, re constder rhe
clos.d-valued nu1t1fun.t1on It: S - nn+l derl.ed by

f'(s) -Er(s) i lr(s) xFl.
Thls 13 neasureble by 1t4 (a.d u). ror an, B € I, re hare

{slr(s) < 9) - (r')-l(nn x (,6!s)).
rhlch ls a n.asulab1e set by piope.Ny (b) ot 14, Uen.e fl ls reasur-

(s). {r. r(s)l r(s,i) < n(s)),
tbe nearurablllty or I't ro11o{s by rneoreo 2r. (M(s) 1s cros€d,because
f(s,.) 1s lover senlcontlnuous, ) a.E,D,



lJe tu.n no{ ho lhe mer:h.ds I rr l.;rands

2r,. ?P.rosrrlor,r. !:! | !9 1l
f(s,xl = r'.r- , 1. r,1r'

vl- - ,l
r 1! nornal.

r 
. ,h- .o., o - t,

1s lmedlate fron rheoren 11"r. rn tlre sec..d .ase, Er(s) 1s r-h€

2r\1. rnoFosrrroN. !s! | !9 e! ll'grglri 9ll s x Fn :l !1.]'9 -q9Ig

PRooF, It 1s surrictenL to = 2, Dellne
I s ".1 ",, o .

A. nn+1 x n.+1 + nn+1 by
II "1 "-'"" -'

I (x. ,d,,x-,o.) = {

\ a 'c , -

6o hhat Ef(6) = A(r(s)). H€re r 1s neasuranle br ProlosltlDn 1I.
closed araph. llJe ha'€ Ef(s) closed (slnce f(s, )

senlcontlnully fron fr(s,.) and f2(s, ), as 1s obvt-
ous from conslderlng the r'l1n tnfr'at any lolnt), and therefore Ef ls
neasurable by iheo.em lN. Q.E,t.

0f course, sore of the terh. 1n the sun 1n Proposlilon 2lu.ou1d
1.l.Era.ds as 1n P?orosltlon 2P (e.e., vtth I as 1n

2N, PEoPosrrroN, Let I !9 e! lntesrand o s ' Fn dr the fl)m
(2.6) r(s,x) = ]l(s,s(s,x)),

&9!9 c t9 4 proper, nornal lntesrand !! s ' nn elg 4 1q 4 nornat
lntesrand !4 s " n 14,!! C(6,d) nondecreasrne ln d (!99€4&!l
0(s,+-): +6). !E! f E nornal.

slnitarlr, f 1! !9:re1 :! Mr € !!9 lgrq (2.6), y!!! 0 q !!s!31
lntegrand o. s ' nt a.a e, S ' nn ' at a cararh6odorJ napplng.



rR00I. obvtousty r(s,r) I6 lorer seni..ntl.uoud ln rJ so
Efls) 16 croscd. Detlne A: Rn+1 - !n+1 by

As(x,o) = {(r,t)lB t o(s,!)1,
60 Lhar E-rs) - | /E_rs\\, ;e hav- !, c1o6"c.!atued and n-rsurabr-,
becaLse g 1s n.rnal, shil€ gtph As 1s cloeed and neasurable ,n F,
because O Is norhal, irence Ef ls meaBunable by lheoleh 1N,

ro prove ihe other assertlon, let P(s,r,o) = (A(s,x),a), so that
F, S ' tn+l - Fl+l !s a cararhdodo.y napptng ktrir

r"s .{r,!l. :,x,o\ !-(6)\.
The neaEurabtllty of Xf th€n tolld{s lroh Corollaly lQ. Q.E,D.

2P conO!1AFY. lgq r !9 44 lnteqrand 94 S t Rt oa the fm
.(s,x) = o(d,x,u(s)),

gs:s e 1r q l:4l Ll1:cE!.q m sxnnink,gg ur s'nk ts
h€a6urab1e. rh- f 1: !:gcl.

PROoI. Apply rbe 6econd asEertlon of Ploposlrlon 2N *tth
s(s.x) - (r,u(s)). a.E.D.

2Q. coiollAnY- 4_! f !-9 94 14t€I94 9! s x Rn of the f.d
r(s,x) . r(s)s(s,x),

IIIIS s 1: g p-oegl no.nat !$SSI3!d ot s cn, \:s,F+ lE lgas-
gleSt9, glg 9l-Q:r 9-1!!9 co.venilons 0.- ! 0 91 0.o = F 16 used.
!!s t 1r. !!rr4

PFOol. Apply ihe flrsL assertl.n of Plopdsltlon 2li xlth
{(s,d) . r(s)da rh13 ylelds rhe resuli for o,- - -. lhe cese of
0-- = 0 ls then obla1ned shply by redeflnlng f(s,.) ro be rdentlcatty
0 on bhe (n€asurab1.) 6et Hhere I(s) = o, Q,E.D,

2i. PFOPoSITIoN. tet r be M lntesrand 9! s ' Rn 9!.!!.9 !9:g
12.7j f(s,x).1nr O(s,r,u),

u.lk
!!S-r9 0 lt a nornal tntesrand 94 s : Fn i Fk. I f(s,x) j9 l!y:I
6e"' oJ rlnuous ln x. ti-. i 1s nornar

(lE lg.lle!-!c 6r.9!]i "oE:r-lgr e! 4 tr si-Il!-l!r! ler c,s!')
!9 !9 l!!9! !ir"J."'t!l!r!ou- 'n r, and ror lhe rlntnLn tr (. .?) Lo be
a 'a'ned: for ev.r\ o fi

{L r Prl 3x.. r,rn o(s,r.u) < d)

lol! s.!q-"" .y, !l " 'atIE ro b. roue! s", j
lnteerand



ri n€ rsrlheless norial,

?nooF. rror Lhe prolectlon a: {x,u,d) ' (x,d)' {e hare

E;(s) = c1 a(Ed(s)) Thc nornalltr or i is iherebv

conseque.ce of The.ren lN If f(s,x) 1s 1o{.r senieontt.uous 1. x)

{e of.ourse hare I = T, lhe co.dltion l.f lo{er senl..rr:lnnlltv has

an elenenr:":y pr.ol, Q. Fi.Ir.

To c.n.1ude tiils sectio., asFe.r:s .r dualltv lhai
]ead uE lnto convex analJsis

B:' rhe conjusa:,e ol the l.heeradd I .n 3 x Rn, te s.:11 near

rhe lniesra.d l* or s ! rn deflned by

\?.9) f*Islyl = surr {i Y f(r,a)1.

The bic.lJlsare lniesrand 1s qlve. b!

f**(5,x) = 3up {a.y - f}{s.r) l

A..ordtne to hh€ theorJ.f conJuqrte .orr.i fur.r:i.r: '12 , i* 1s a

9!!!4 convex lntesrand (1 e.i r*(s, ) ri r.r -':.h s a loqer sent

.ontlnu.us conr€x fu.cito.){n1ch
ar: all or j! ldenrlcallJ -), and f** is the greatest closed convex

rntegrand najorlzed by f. Il I l. c.nvex 3nd !.dp€r, both f* and

2s. Pno?osMoN. If r 19 a nornar l.tegrand 9l s ' Fn, !!!I] !9 g
Ic'""e' o "

?Roor, Let ((r1,dl)lt € r) be a c!stalns repte5e.tatlon or Ef,
ald 1et r - don E. (neasurabte) rhe .arath-iodorv lnieErands

st{s,Y) =x1(s)r a1(s)

.n ! x tn elte us t5e rep.esenrtahl.n

rr(s,y) = suFl€r s1(s,r) for 3. T.

and hence f* 1s nornal relarlve ro T x nn, on tne other hand, for
s I T re lave f(s.x) = +- for all x, a.d c.nseque.tlr f*(s,v) = -

lh r
i. ! ard constahl relatlve to s\1, Il fo11.as ihat Flf* 1s neasur

able .e!atlie r:o S, and he.ce f* 1s nolmal 31.ce frr 1s the
lnteErand .onlugate to rr, lt too nust be nornal q r.r'
2r. corlollAnY- !9q r: s . Fn !9 e !r.Ml!!:!!gl !E!9 IC]S:,1 4C
closed !!!!9, and 1er rr(o) !-9 !!9 !!-1-Cl 9-l r(s) lI r E



neaB!.ab1e. hhen s. is ri
rn00l. I1 I = 0_ l.f {2,!)), then f* =,lf*. appl! 2s and 2H.

2U. conotlrtRr. !t! rr s, Rn bE a closed-c.nrex-vatu.d nuirlfunctl.n
Thq I ls neasurable it and .nty 11 1Ls support fun.rlon
(2.r11 h(s,v) = sup(x.r x E r(.)]
1s a norhat {convex) lnresrand,

Pfroor. It f = VP tben r* = h and f*r = f. Appl! 2s and :H.
Q. r. D.

2v, coFOLLAFY. !!-! f !e e prope. ln.esrand d s , nt. rl"n r r"
lgsl clg !9:r:r l! e!.4 941 rr '* tu u "ou".rr" "or.""i"i( (al,ol) 1 € tl -rp"r""a - *.*-*r. 

"-"tr-*1 s , if e4a1: s ' r' such thai
f (s,x) = supl€r{x.ar (s) - !1(s)t,

Sln11arlJ, a nuliltuhction r:s + Fn 1s ctosed-c.nrer ratued :1f
e1g s-ta:_l th* ls such a c.rlectlon 4:I!6- 13q!!:r!!r:r -

r(s) = ix . p.'l x.a11s) 1o1(s) fd 4r1 r . |.
FRoOF. Ior rJ the suffl.tencJ aollows fron propostblon 2L (hhe

runc,ilons 1n the suprennn rretns ca.ath6odory jniearands), ,nire rjh-"
necessltJ 1s Dbtalned by raklnei the coltecLlon ic be anJ castalnE
represenbatlo. for Ef*. (one ha6 tr n.rnal and trx _ f, ) For t,
ihe suffl.lency 1s jusrltted bJ ?heoren 2J. and ihe necesslty 1s iee.
v1a any Castatne .epre:entat10. of Eh, {bere h 1s the noroal 1.r€
arand 1n coroltarli 2u, Q.E,D,

l.r a conrex lnregrand f .n S ! Fn, ther€ ls assoclat€d {trh
the subdlft€rentlal nultlflnctlon tr(s,.):rn. nn, deflned

(2.12) af(s,a) = {y . nn r15,*'; : r(s,x) + /.(x, a) ror air x!}.
Thls 1s c1o6ed-convex-va1ued, and 1ts sraph is ctosed,lf t(s,.) is
loser senlcontlnuous. rf f = rrr (cr. propo.ltlon 2E), rhe seb ar(s,x)
1s rhe m or nornals bo r(s) at x,

The follovtne theoren {as rlrst proyed by Attou.h ltrrl ln a sone
lhat dlfferent lnflnrhe-dlne.s1ona1 sertins.

a oaFV' A:

::" o. _-9!t c
{a) f ls a nolnal lnrreerandj
(b) (ar:touch's condltto.): Nhe Ca!e!! of tbe ctosed ,a1ued



nultlfun.rlcn Aris, ) !s!!q:: !!
^.. neasurabl€ fu..l10n t: s + l'

. -|- rt-: r:! l!e!-q' ir 1_r1te and

hP:surabre tn s and af(s,x(s))'
Ploor. (a) + (b). ret

E(s,x'Y) - al:

eph)f(s,.) = ilii-r:i ,: -,ii,:,.'::..
In vt€v .l lroDoslrlons 25 and 2lT, lntrtr?nd, and th13

repr€serLatlon ih€relore shors bhat Errr;)1is!.) drp,.r1ds n-c3srrablJ on

s (Pr4posrtlon 21). Fult.emorc, tr:: clair 1- ..rerat:. .Dr every 6,
because r(s,.) 1s a prore. conve':.u1cti.i t 2,F i:il. ie.ce there
exi6b by CotoLlary lC neasurable r:rn.tl.rs x: S - Frl a.d y: S - Rn,

such that y(5) € ar(E,r(s)) for erery s, rhis thplI.s r(s,x(s))
1s ri.lte; of.ou.se' f(s,x(s)) 13 n.rsulab:e i. 3 Lr cololtary 28.

(b) +(a). r,et 1(xi,yJ)ll . il t.. .as-al16 lepresenre',lon or
ihe multlrunctl.n r(e) = sphaf(3, rr :hls can be crrisen so Lhaij f.r
1.e!1ar' ndex ^. a e.r, (s)) : lte " , -e::.r'o 1. !

rs knoHn froh lt2, ?heoreh 2!,9 and p.o.a of rbeoren 2!.81 that t(s,x)
t6 hh. suprenun ol

r 3,n; c - ), s)-x. /3 ). , s,0 ,] .': : ,I

....r(x_Ir /s)).y, rs)

ov.! all llnll€ fan11les (lk k=r,,,.,n) of 1.d1ce3 1n I. Each of
the erplesslons ln trle luprenun, vlewed as e lunctlon of (s,x), ls a
carerh6odory lntegrand, ?hus I 1s Llre EuprenD of a c.untable i5nIly
ol Carath66doly lniegrands, and the noreallty of f l.llo{s fron
DroFos o 2:. o. !. !,
2x. ConoLLAnY. !9q f !g e !g!91 proper convex lntesrard d s x Rn,

f(6) = at(s,x(s)),
$!ff r, s " Rn 19 Eeasurable. l!!a r 1! neasurable

P9col. In vie' ol 2w, th15 1s a s9eclar case.f Th€cren lN. Q,E.D,



lrr^ -/rrs,r: uos

derined nalue 1. R under the lollovlne convenlton: 1f
po31:1v. nor the n!eatjve lart of the functl.n s + f(s,r(s)l
(i,e., ilnltely), ve set 1r(xl

If(rl < +6 + r(s,1(sll < +- a.e.

€ call Ir the 1riee.a1 fu.ctlonal- :ssoclar:ed !1lh the lntegrand
f, Ttpi.a11y, re are concern,.d wlth ane resi.1.tlon ol Tf r. sone

I ol n.rsurable + R'. N.ti.e ihat Ir
1s a convea l{, 1r f 1s a .ornal c.M inregrand,

Anone the l1near spaces x .r the space of all
h€asurable functlons, Lebesgue spa.es and nrlr.z slacesj

diffe.entlabte S, spaces or c.nrlnuous o. dtfierentlabl!
runcttD.6. In rh€ rjh€.ry or inteerar runcr:1onals, hoveap.l
these spacei fatl lnto two v€iy dtll.r€nr .aNesorl€sj distjr.Euished bv
the Fresence a ceriatr FropertJ of cecoflrosablllriv.

sllehily generallzlng d€finttlon ln ll L {e shall say
thal Xr a 11near slace oa neasDrablE ' nn, is de.onpos-
able ir S .ai be eapress.d as the unlon of an ln.reaslng sequ€ncE of
nea!urable subsets sk (k=1,2..,.), such rhat for elerJ sk and bounded
heasurable functlo. xr : sk - Fn. and ere.y x'r . x, tne lnea:urab1.)

(3.2)
{"""
\''" f""..s':".

1U

3. Inresral Funcilonals !11 Deconposabte Spaces,
Fron notr .n, uc d€nor;e bJ u a ronneeatlve, d-l1nlt. neaoure on

{s,r),
For a.J nornal d. s x R! and ary neaiurable runciion

x: s =:i, re have r(s,xls)) qeasurable 1n s! and hhererore the

belengs to x, (The orleinal deflnltlon .equlred thls !..perty,.ot jlsr
for Sk, blt all neagurable sets T c S rlth Lr(T) llhlle.) str.e
! ls d-llnlter the .ehs Sk can alvays be .hosen {1th rL(Sk) f1!1ie,

TIre space or a1r T€a6u.ab1e luncllo.s, the rrebeseue s!aces and
Orl1cz 3paces, ale all dee.nposable, spac-F cf .onstant
functlo.s and s!a.es of conrtnuous or dltre"enrlable fu.cLio.s fu.n16h

ncndecorFosablllty.
The concept or de..np.sab111ty ts desiened fo. bhe f.l1o{ine reruli



(3.3) 1nr / r(s,x(.))!(dsr = i r'.
x.x s

lnrlnun !4 !9 +-. (!!.:-ae gsljj. -j ,.1 itt: l|:tl t! -:rri tflg !t!!i_g
.I

sai1sf1.s a e.ndjtlon 1n!tx1.E Lht
lhrt I^(r) +-, i

Pl00F, Thc erpr!.sl.n lnteqr:1.,i rrr -!. rlr+L:;jr. !r 1:.1) 1s
n(sl = jnr fi! ,,.r,

rhich 1s neasurable by fheoren lI{: 1s :n rh. n!rt!111...f T., thls

tl'e F:rt .l n ls sunnable.
r(s,x(s)l ) n(s) fdr all s. S, rtrus r..:nequetlL:r ) 1s rrlvlal
in (l.l), and.ur hask is io

tn(F)L'(ds)rB<+-,
S

'r1-. . " I,

a(s) = .p(s) + nax{n(s), -E-1}
e > 0 sufflclently sna11j re ha'e runcilon o: S , R

rhat a(s) > n(5) for arI s, and / o(slrr(ds) r F. rh€ nuLilfunc-
s

r(s) - {x € rnl r(s.x) 1d(s)l
1s rrhen nonenrtJ-c1ose bJ rroposlti.n 2Ir neasu.able.

a neasurable iunctlon xt: s - rn such thai f(s,x'1s))
< B(s) for a1r s (corollarJ 1c) and consequently If(i') < S. Hov-
ererj xr need not belonE ro t (exce!l 1n the cases c.rer€d by ihe
parenihett.al rena.ks 1r the theoren)J -ro 1n g€neral a hodllicahlD. of
x' 1s needed. L€rr a', . X b€ such rnaL rt(x',) . +-, a.d teL
(skln=r,2,...) be as tn bhe deflnltlon.r dec6npcsabl11ty, Inrerse.rlne
each sk Nlhh the neasu"able set {s I sl i'(s)l < kl 1f necessary,
oe .an suppose xi to be bounded .r sk, slnce rf(x') < B and
Ir(xr') < +-, a1r k surrlcientlv larse thlt

/.n tr.,''t"ll"tu"l + l\.* r(s,x'(s)) . e



Thue for x deflned a6 1. (1.2)r 'e havo Ir(x) < 6. and br our de-
conDostblllly assunpl!or, x . X. Q,l.D.

As an thportanL l11ustra',1.r oi no, Th-.oren 3l .a. be a!p11ed, let
an ophlnlzarlon ploblen.r the fornl

(e) nlr'rlze rrx) r I.(,,u) over.. r. xr -. Ur

a no-'aI 1r'Fsrand o- S ' Fn . "1, 1 '6 
g "-" ;1nea1

spaces.a n€d5urable functlon3 x: s r Rn and ur s ' Fk, eld lhe
tuncilo.al Jr X ' F te arbltrely. (1o cove. all conLlnFencles, ,e
a.topt the conve.tlon (Q),1 rhe questlon to be lnvestr-
Eaied ls Nhelher (Q) 1s equjval€ni r. !le reduced p:oblen

(!) nlnlnlze J(x) + If(t) ove. all x . x,

(3 4) r(s,x) = lnr {(3,x.u).

Ilere I ls norbar by Proposlrlon 2! tf, as re no, assMe, f(s,r) ts
lowe! senlcorLlnuou3 1n r (cf. tbe sufflcle.i conCltlon fo! l.'er
sehlco.ii1.u1!y furnl6hed 1n 2R),

38. coRoll,anl. (lheoreo m n.duced unlnlzatld). la !!9 9!:f9 3!!-
l4I! 9q problers (e) glg (P), .uppose f!.th* thar,

(1) j!-9:II1I!g g9!]l1Ig t(s,x) u (3.4) 19 11198 aitained
(gl, the sufftclent condltlon g1]l! 1n Froeosltlon 2n), 4

(tl) ,b..eve. u: s - Rk :9 g peasulabre functtcn yl.Idlne
r('r { r,(x,u) . +- aor sone x ! r, one .ils:!3lL.lJ hd u, u.

!E! (P) e4 (o) erg !g.s!.I3kqi'1! !!-9 !g!e !.lE! l!-:9r!lr
x.x Nrrh J(x) <+6,(reh*
(3,5\ r"rr). rnf 

',rr,ui!
thlB lnflnun els l!1Is artatned w ah s! !!g u € u.

PRoaI. F1r any r € x {!ih J(r) < +-, and defhe s(s,u) .
= 0(3,r(3),u), rhen e 1s a nor@r lntcsrand (corollary ?P). and l!
follops rlon theoren 2A and assunptl.. (11) that

rnr,,rD) =./ [tnt sr6,J)]!,ds) = / r(s,x(r))!(dsj.
u.U 6 S u.nk S

Thus (3.5) ho1ds. If ihe rnrlhun over U 13 +@r !t ls of course
aghal.ed bt everJ u . U, so lei us suppo6e 11 13 not +dj then
If(r) < +-. Th€ closed-valued nultllunctton r: S - Rk defined blr

I(3) = {sl B(6,u) ! f(s,a(s))}



13 neasurarrle by Fr.positlon "rI a,

He... it has selectt:i
r l-.u) = 1(-l r.

hi.h ,anla]ls u . u Ly 111), ali t.r..

The rlae .anse of !roblens al,.r. iIii reru]r-r;-r
apFlied ls apFar€ntj :t,:r v!r.r Eeirrll .o.srralnLs
are rep!.s.ntabl! t. terns or the l--il:.ar1.n.f lh! el.rL.rLs Nher€ J
and ii have rh€ .?srit eer.r; rlzee

a keJ ste! in ,.stabllihlnE rf .!ilna1 tra-
jecr.ries 1n..ni.o1 theorrr see o.kalellar |151. ii::sr fu.nlshesj

riih aiL r:he na.hlnerJ lnr verllylnE nornality, a

!.'erfur rcol :or Lhe analyrls sr:ochasilc oprlhlzatlon
problens. Su.h pr.blens .an "dJ.anl. prcerannlrel nore
efflclentry lhan has prdvlouslr b€e. shoFn! e.s, rrv lets and the auhho.
ilal and Evstle.ee! 1171.

{e denoie br x anc Y t{o l1.ear
valued tun.t1o.s such that.

t.1.6) / jx(s).y(s) ri(ds) r +- ..r all x. xj y. r.

deflnes a palrlnA YJ ln t€rns of {h1ch the siandard
lneory of locally .onvex spa..s can be aFFlled- Ir pa.tlcular, the
veak Lopol.sles d(x,Y) and o(Yjx) are available. (sLri.L1r sFeak-

n.t) of cou.se, Hausdorff ,opoloEles
eLenenis of I prcducine the runcrlonaL on Y '1a 

<.,.>
and s1fri1a.1y r.r €Len€nts.a ll. Thls 1s harnlessj but
a lohenrlal nuisan.e r.r iernlnol.gJ and nctail.n 1tr vnat foil.v!, s.
re 91.ss orer ttr reavlrs r:he detalls tsp11clt.l

Ar irp.rianr case to be bor.e tn ml.d ls rhai of the (de.onlosable)

'' "- ! " r "- '

:- " ,-,"
rhe relarlon (1/r) + t.r/a) = I suffl.ss r.r (?.,i1, blr ii 1s not
i.La11y necessa.Ji for lnsiance, th rs occas1.ral1y useful to enptoy

= - 1. th. c!se rhere !(s) < -_



F*(y) = !up{<x,y> - F(x)1,
x€x

and sinllarll tlF corjuaatc oi X o" a funcrl. ndt r:Y . Fj lrus
r ir) = sup{<x,r> - Fr(y)l.

vrY
As 1s {e11-k.ovn, i' ls convex and 1.o,c, ylth !€Epect ro o(JJx):
Frr ts thc o(x,1)-l,5.c. convei hull ol F, tr rhar lurcrlobal norhere
has Lhe valu- -, rhi re oLherr:.e F.r : --,

Our aln no' 1B to aFplJ !he6e facts !o lntegrEl functlonals, halrlns
use or lheolen 3a and the.DrmatlNy of ihe conjusate 1nL€srands f*
and lt{ 1! F.olosllton 25, The nexi rh.oren Is a sllshtiJ lnploved
verslo. of the baln !e6u1t oa Rockaferlar [1],as erre.ded 1. [8]. fhe
version 1n t8-r {rs presented 1n teh: ol a Eeparable retlerlre Benach
Fpace 1n place of Fn, buN Nlih the neasurable spac-c (SJ,4) oohplete,
For a recent eenerallzatlon, r.e Valadler l1rl.
lc. IHEoIIEI'. lsrq f bF a !gE: r4:lle!g 9r s ' P', ud j9!!lgl
Ir !! x. sueose x :: deconposable,Slll! !!:I9 s-{11-!9 9! s.9 9!!

!1rh ( 1l < -6, e. !1 a.d he ce ln lerrl L-

&r !!9 lg!f,S: ru.ctlonal tf| !! Y l! d(r,r)-1.rt.c.
If Y ts like'lse .reconposabre, 3!g !!slg s:E- 3: !!4.! !I9

v Y ,lth l.t/v:. +-, .hen Ir^' 1-r, o /.
PR00F, Flx any y . Ij aid constder lh. integrard

E(s'x) = r(s'r) _ <x,Y(s)>'
TLe secontl tern 1n tht6 erpre.slon 4on6tltutes a Caralh6oCory tntegraril
(tlence a notral 1rleErand), i. I 1. nornal by Pioposltlon 2M, ApplJing
!he.reh 3,\ to ej {e obtaln

Inf / tf(s,x(s)) - < r ( 3 ) , y ( s ) > I ! ( d s ) =./t-!r(.,v(s))l!(ds),

the coMon value not belnB +-.
iro re'.1re the equa'rlon as

Due to lhe latter, it ls fecMhate

1"1'rr. _.,.. , _rrr.y..

o! !. oth.. rords, Ifr(y) = ifr(y). The rest of the Li€oren rotlows
by ilua11ty, Q. E. D.

3D. coFolrAnl. !S.! f !9 9 !!-fl3l !-ry!l! c.nvex lntegrand d s ' Fn.
fc / lE deconposabre grq -L-EII s.!:]_: c_L lsg_:_L 9!-c v , y 4:-!
I..{v) < +a, r--n rhe con'-r 1n:eqr.i runcLlora' t- .n X 1s d(X.rr.
lo{er senlconLinuoua (ald noHhere --1.



PROor. ,{ppry rheoren 3c to r:" = lr--. rr."

hypotheslB on f 1s equlialent :irr r)* = L a,E,D,

lE. COROLI,AiY, Let r be q no!n.
Laar r-( ) .

(1.7) arr(x) = {v € vl rf(ri) I r,.r') + 'r'_1,'>, v x' .11

E e!-v!.4 !x
rlf{x) = {v . Yl v(s) r1( ;,"i r i ' !' I

PR00F. Accordlns bo the derjfjli.r i1.i), {. hjr. v r llTr(x)

<x,Y> - It(x) =r*rrr,
= lr*(y) by rheoren rrr- !h.

<x(s),1(s)> - r(s,i(s)l < r*(:r,r1r))
alrays holdsr ritb equallty 1f anc onl! 1f y(s) . rr(3,x(s)), a,E-D.

3I. conoLl,ARY. !9! I: s ' Fn !9 A neasu.able. c1.s-"n ralued nult1-
functlonr and rel

c - {*. xl x(s) r r(s) a.e.l,

b(s,y) = sup x'y Iq (s,y) . s ' nn.
x.r(s)

.4 x Ls 9s-99sp-9!3!le and c r e, !!sll
s p ,y! '-ll .' . r y .

Y 1s deconposable, tha

"r'""" ri<r I

f(6,x)
rlth g slrmable; rhen
crlterlon 16 provlded by

3c. PRoPOSTTTON, lgl f
and 1er Y:r.P. r.n<

: B{s) for a1l x € nn,

r*(s,0): s{6), 6o rf*(0) < +-. Another

!gc!!gl convex lntesra.d d sxRn!
-. fhen for the exlstence of at leasl one

d(x,1)-.1 co c - {x . x x(s) . cr .or(s) a.e. }.

?n00I Let f - tr (cr, (2.4)); the. fr = h, and the result
follovs at once lrom Theoren 3C. Q.E.D.

In nany s1tuat1ons,1t 1s useful to be able t. applJ 3c a.d 3D

ttthout verJ exptlclt kno{ledge of the lntee.and r*, and hhls requtres
sone lndlrect crtterlon ror the exlstence of J . Y satlslylng
IfI(y) < +-. o.e case whlch fa11s out lmedlate1y,1s that vhele there



r90

J " su r ''a l^-(r ) '-. h- .--..tnc
--9: 9!: i l'* F, to- E...Dia o, .. u lo.

!:.-s " rP -:: ---: I {"'- 
.-

lu <., {hlle r-(x) > --,
. E o" ..y

contalns rhe unit ballt bhen

'.''.-."
Let 6 > lr be snalr en.uEh that 6a1l 1. for all 1. Then each.r
h- 1"1 .'

01 s j It .

"" " 
-" 

" ': ":6 o,bo 'd.

r. s {ith rr(s\r) = 0, such thar 01ese rmctlors are all fln1r. on
s r T, ine conlex runciior r(s,.) 1s rlnlLe on a

nelehborho.d of x(s) and thereaore has at(s,i(s)) / r. thus the
fr!1t1runctlo. s - 3r(s,x(s)) ts arrost eveNwhere nonehFti valued:
since 1t 1s also closed-valued a.d measurable br 2x, 1L ias a neas-
urable selectlon relatlve to the 16 nonenptr,valued (1C).
Hence ther€ 1s a neasurabte runctto. t: s + nn satlsfylnE
(1.9) r(s) . if(s,;L"r) a..,

rh11e lr(i) > --, ve ha'e If*(f) < +6. a.E.D.

{e then have, alnost everJrhe.€!

It(s,r(s) + 6al)'ri(s,x1s)) + 6a1.t(s), 1= 1,..-.n,
or 1n ierns of the noiatlon lntrDduced above,

,..j ' 6 ot o .

Taktns the naa1mun.. both sldes Nith respect to 1 and.ecarllng (1,8)r
re obtaln t(s) t d(s) a.e., rr*. . . l!. rnls shors that ;. y.
sl!ce (3.9) rnplies

rr(s,;(s)) = <t(5),i(s)> _ r(s,t(6)),

In Theoren aCj It*{ turns our to be rh€ ',c1osed .ohaex hu11,, .f
If, Ho{ever, 1n an lnporiani rlhh the trreory
rartatlonal problensj lfrr 13 also s1nplJ the '.rosu.e'! of 1.i 1n

othe! rords, convexlL, f.1lors fron reak lorer seElc.ntlnulry, This
case ls dellneated ner|.

IIe shal1 say tnat the integrahd f ls aroblcallt con'ex li, for
each aton r ( s. the runcbl.n f(s,,) 16 conv€x ror atmosb €very
6 . T, or course, 1r the neaslre rpace (s,r,!) 16 rlthout atons,



.., rli Fcr. _j: b" I ,o 
__

{ -Ier ". L) __:__

!l!a !!9 lMg !!!l:I flncr1,,,r r.r) j ::tt it::j:j! d(x,Y)
' lo" o '. "o " _a !"

o(x,r)-ljjjs. 1! u 9r! 1-{ f(r,xi 1 rrn,rfr. 1! r r.. alnosr
:9. s

FFOOF. To pr.ve the frrsb a:sEriir., l:1r r..!ih, 1| vip'.t
Theorer 3CJ io denonstrare tbat ire aea| {..nenpty) ser

eFl If = {(x,d). r '. atlriill
1s conrex. Renenberln i-r lh. riDrr.loE:r .(X.Y), one s€es
ihls is eotr1v!1ert to shoNlnq ihat t:le rl.su.e !f Lh. inace.f ep1 If
under any napplng of Lre forr

(x,d) ' (<x,v1> + 00r,...,<i.vF> + aBn)

--r "" d- /

r(s) : f(s,x(s))
r,eh z = x x l-i (th1s belne a de.ohFosabl€ .Fac€ or Fn+l-valued runc
tlonsJ s1.ee X 1s deconposable), and leN

c = Iz .7 z(s) . rr(5) = ep1 r(s,.) a.e.]
(a nonenptJ set because epl If 1s nonenlty)- con:tder any llnear
transforhaNl.n a: z ' nn of ih! forn

az = / r(s)z(s)!(ds),
s

vh€re luls) 1s a natrla of dlnenslon n x (n+1) rh.se conp..ents are
such thai x{s)z(s) lverti r . z, It suffr.es t. 6hot

- - "r . - " t '
any partlcular elenent ol c, 1t can be supposed 1r Lhls bhab 0 € c.

l,.t (sk k = 1,2,... ) be a raollJ of neasu.able seNs rllh the
propertJ ln r:he deflnltl.n of de.onposablllrl' , and ror each r > 0

1n Sk for all k surflclent

. r- Fn+r "d.i.r/1,:(l 10) z(s) . Ef(s) ard lzls)l < r ror ai1 s € r.
,po--',:p.r" : rne-e. ordt

restrlctio.s ro f ol fln.tio.s 7. z sattstylns (,?.1r). and 1n tacr'''.- o " :
q1vlne Ii hhe zero va1u. oltslde ot !, Thus for ihe napplrg

t/ lv./ ,.
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fe have ac > Arc;, vhe!. the latter set lncreases Hlth T and r.

For any z.c and e>0! theset
! = sk n {31 z(s) . E-(s) and lz(s) | 1 rl

yleldF Az - A-z < e fo. k and r sufalcl€nily 1arEe, and one hes

&z € arci. nr€.efore
cI"rcl !Tc_

rhere Arci lnc.eases vith r and Tj th. unton 1E respect to e1l

r > 0 and neasurable T sucb thai T . Sk tor k sufflclenlly 1a!Ae,
lhe plobleb can thercfo!. be ieduced to sho{1n6 that each ol the seLs
or the forn anc; rs conrer- (For thls pu4ose, {e note that lhe coh-
ponEnts of M(s) 1n the d€fhlt1on of A! hust actuallt b€ sumable
over 6 € T, 51bce I'r(s)z(s) ts by a65unpt1o. sumable over { for
e\et! z. z, and by the decofrDosablllty ploperty bhe set.f r66t.1c-
tlob. to T of the functlobs ln z tnclud.s all bounded beesurable

The convexltr of ATc; {111 be shoHn to fo11ow rron lhe vell-knou
iheor€n of LtapMov, ,hlch as3erts that itre lange ot a nonatool. Rn-
valued neaBule ls conver, tn lact conp&ct. (tor a 6hort proof of
LlaF{nov's tbeoren using the {!eln-tl1lnan Theoren, eee Llndensb!6uss
lrSl; the hahn deconFosttlon theoren.an be uEed io renoae the a66u.rp-
tlon ot llndenshlauss that Lhe conponeni nonnegatlve,)
I1ftt ,e paltltlon S lnto SO dd 51, rhere ! 13 pule1y ttoDtc
retartve to s0 anit lon.tonlc relattve tc st. i,.h 10 r T 

^ 
3o and

T1 ' T n 51' Accoldtns !o ou. htpotbegls thal f 1s atohlcally convex'

". r.." ert"l convex ror brncat .very i r r0, a.a r'..". cf_ t"

A,cI .a".; 'a.cI ,

conve*j,, of qrci .rlr .or.oq . or tra of ,. cI rut e'o '
be any L'o elFnFnts or cl . and darln. 'ae s. runcL'on ., ro! 1-as-

urabte sets E c T1r by

t(E)=ar(z'-z)=\!zE,

,her. zE(s) - z'(€) -.(3) for s. Fi,and zE(s) =0 ro! s. T1\E.

obvlou81y 1 1s counrably addltlve (s1nce the natrlx cofrponents delln-
lng Ar. .r€, as sccn above, iumob-e over Tll, and

r'f -Ar_'A. t-t,{1 I zE r.



I

t.t D - (.anae i) + xh z. rhen .r' 1_ .l: {}r1.n. br
'1 l

!laFunov's theorem, 1s convex, 14.r,.r...r, lr r..i!:i:3 I.alr i (co.-
respondlne t. E = ,) and zr 1...rrt.r.rdirr: r. F = flr. !h. 1lne
segne.h j.inlne z and z' 1s ii rr, ier.. 1n
d-;; r

It .endin6 to denonsrrate lhe ft.a1 as5-".r:i.r .r rlre theoren. The
sufrlclency of 16 c.,.e:ec b:r tr IriLh a s1tght haneurer

ol heasure zor.). s. {E r]lre.L re necesslby,
In rleu .a vh3r: has alr.ady b€en cLa.Lin: aislnptlo. ls
thar. If**(x) = Ir(x) ror every r . x. irln.e f**: r, rhls 1frp11e6

(1.11) rr*(s,xls)) = f(s,x(s))a... ror each i. x.

l4aklng use ol de.onlosabl1ity, s as th,. unlon ot an
i .-4d lc .ad

(3.1:) !'r*(s,x(s)) = f{s,a(s)) :or
{h€never x: s, + P,n ie neasurib .

FixanJ k and r>0, a.d c.nsid,.. the (nea:urdble) nulttr nctlon

r(s) = tr**(s) i l.B ! Fl.
vhere B 1s the closed unlt tei ((t.,ol)l I I t) be
a CasialiA reprEsentation for I. Then by (3,12)

ot(s) > f**(s,iI(s)) = f(..xI(s))
for alnosr every s € Sk i donr, so Lhah {.Ince I 1s cou.hable) the

(3 13) (x1(s),di(s)) . rr(s) . trB x Fl r.. all I . r
bords for atnost ev.ry s. sk i donl. of couFseJ (1.13) 1n!11es

r(s)cE.(6)ilrBxRl,
or rhaii 1s ihe sane thtng,

rii(s,x) = r(s,x) ror air x € rn {1rb x t r.
Tbls eq€h1.n has been shoon ho hold for 6 . Sk su.h
Lhat r(s) / S (1.e. frr(s,r) ieast one r 1rh
lxl : r), a.d 1! h.1ds trlvlarly 1r r(6) = t (borh t,*(s,x) and
f(s,x) hhen belne +-). s1n.e k and r are arblrrary, ue r.ach
the c.ncluslon rhat r**(s,,) = r(s,.), er.epr ror s in a set of
heasure z€ro, 0, E. D.



There arE nanJ sltuatlons {he.e lt 1s .o.tenlenl tn dl.eet ter.s
lnteFral iunctlonals l;, because, lor

eaanFl€, contlnully ntth respeci ls hhen .as1er to tort {1rh
and ro exlress vla loca1 prop€rt1es of ihe int.crand. Hoxever. such

advantas€s are .llen pald lor pr.blen uhen lrj .ones
b6 6 r'r'dd Li I

: '"'" "". 
- rd D- ro -s. i r .r --ro L ' ror

the slluallon 1s not quibe as tad as nlsht be tnaglned, and {hlch can

be used to derite sone useful conpactness theotens,
''. l-" " ,. " 

t;'

:-r-!-+, ' ." '
-;--. ", c i-,". "" ;,"
runctlon vanishi.s alnosl eve.Jthere outslde .f lone sk, one has

z(x) - 0, The set ol ih€se f.rns a l1nea. sFace {e shal1 denote bv

r,il"e. e runau."ntur ract. equlvalent t. the Eevlti-Yoslda theoren

1191, 1s thei unde! .,he patrlns

' '.r./ - - "'' ; I "

rl.lr L; = r;0 L;''
tson€trJ (subJe.t b. the usual ldenLlllcatlon of "equ1va1e.t"

" "" ; d |oodd-

contexi (Fn r€Flaced by an lnflnlte dlne.slonal spac€), see l,€vl. l20l
rh. followlns iheo.€n 1s taken fioni Rockafella! l2l.

3I. THEoRBr,l. !9! r !g C nornar inteerand !! s ' nn, Cg! .onslder
1- on L l . Supoos€ ihe sei

! = {a r L:J rr(x) < +-}

!.!9 lglrflg ( 3.1: ) br

:"" ., ro. a

r!s-!.g

PR00l. uslng Theoreh 3c and rhe deflnltlon of the conJugate func-
tIona1, Ne ob|a1.

rl(v,z) = supl.r,y' + z(x) - rr(a)]

t 6u!{<i,r> - rr(x)} + sup z(x) = Ir*(y) + rr(z).



Thds i holcs in (i.1rr), a.d tlrt
lnequalitr'' 1! thls,ve .an sup!"

thar 6'+s"'1; i 'r'r lL {€

andx"1nI3
6, < <r',r> - If(x') .i ' 'r3'llr(ds)

and s" <2(a,'). Ler (skl k = r, . . s'r-s harine

relatlve l.
'islncular lun.li.nat", and dellne

I\kT" = 
1

[' i": :r ' f'r]'
rhen z(xk- x"l = o, s. that
orh€r han;, because r(s,x'(s)l ':

a€ hate xk € I a'l

rxk,y>-rf(ak)=1. " " 
" )'13rllr(ds)

+ | t., ,. r i. r.r'i:rll!(ds),

therelore, .hoosing k surriri' rt 1r

B'+sr<<xl,i>

as desLred. Q-t,D

,As a.rrotlarY, 'e sNate a.rliqlrL

3r. concrlrRr. E! r !9 3!:g4 1.!l:q:!l q! :] ' F" !fj! !!e!
1., :9tr9r!!::3 3! g Itr4-!EL 9l Ln' l: !r! 1d'nti'alrr +'', a'd

.- ' 1. . . - -! 'e o

= {r . i,; rr*(v) . +-l



l9r ss!!
", r"rtr.r"t l ". rlt,

{(x,zl I rf{x,z) : dl = d(L:r,i,:)-c1ra 1f(x) : 'l.
- . - l ! o. -o , ,- o l" -o . -

of rhe ivo expressions f.r 0 1. (1.15)). appl]1ns Theor€n:r to
lr, 4- sa'
a.d tbls yletds the tjr,"i resulr. is ihen lmedtahe
rron rh€oren :lH. a, E, D,

l\ fu..t1ona1 F:x + n 1s sald to be r(x,Y) 1.r conpaci 1i all
1ls re!€] sets or the rorE (x € x .(x) t dl, d € R, are o(xjy)-

15 o(x,-r)-coer.rr! if F-<.,y> has thls properry for

our next obje.rlre 1s to stare a rarrher.onplEt€ crlterton ror
' 5- ."3" o ., ..-s.d] . o.d

and th€1. duallty {1ih c.ntlnultJ If*. It H111 be seen
that nany pr.Fertles,{h1ch hlght in s€neral b€ expe.re,l to ne dlsrincL,
c.llapse lnto equl'aleace vhen 1s ,lrholt atnn3.

The follo{1ng e"ovLh c.ndlilons .n an lntegra.d f cn S ' Rn

. I o, there ""r"t" r . l] such tha!, roi alnost

f(sjx) > rlxl-b(s) for

flsJ') > r xip b{s) for

r.] "*r. tr,.t, r-. "r."=r



(a-): rh€re .iist r > 0 and I

r(s,r) <+-+ x ."
(c-)(1 . p. -) rhere ealsr ,

erer! i . a,

f(s,x):axP+b1.1

lc_): r/s,yr

3K. THEoF.lr{ (],Ieak conlaetness). .d r. r_! I jnjrl r!.,ex lnt.srand
d SxF', aidler:1<p<-, r,,.,rr,.,.r=.. u,r..id-.. tr !l
l!:!ra:-__j
1np11.atlons (a) e (b) e (c)€ rdr e le) rri ijr,:]! :lf!, jll! !-!.9condltlors aLl a.Lualrr equl'a1eni Ij.jI9

(a) rr E o(r:.r:)-!{ .inrra.r Ti r1!!r !r Lli

itrlAnr. Tne..n'exlty.t r(s,xl 1n x, :t leasL ror atnosi
16 necessary ror (a) to h.rd r. ih. .!se of an arcmless

Th16 follovs rron Theoren lp,
PF00F, {bl + (a). rrf i;l .

(.1 +1b). rn parrlcular! ror a4ji flnlte subs.r ivl,...,rnl of

= ';.'"'.,
1s surdablE. and se hare

r*(s,y) ! q(s) eh€r y € co{y1(s),,.,,yn(s)t.
fhls shors that, tor arnost eaerJ s, t*(s,,) is tln1L. o.
c.{v1(s), .,,yn(s)1, lreulns 1n hhls {ay rrLh v"rlous
fun.tlons yl, th Is ea:rr bo see thar, aor alnost everJ s r s,
f*(s,y) nusr b,a fi.ite ror atJ y . Fn.

tht6 .re1lnlnarv, v€ shoN I" 1s !.oper. a1x

":closed-v!lued nrltlrun.tr.n (corcllarv 2x) and by tn. rinrreness JusLestabiished, r(s) / ri a,e. Hence I has



corollary 1c: Lhere exlsis r: S * nn su.n Lhah ;(5) t ar*(s,7(.) a.e.

t(s).u{5) 1r*(s,t(s)+u(s)) f*1s,t(6)) for a1r u . r,:.
In other {.rds, for everri u . l:, t u is n:Jo.1:ed rry . sumabl€

- 
" " ;. ,: a,. ..- .. -.-.. q 

" 
..

. .;" _ ,.s,

and hence Ir(r) r +@, 0f courseJ 1t 1s t11vla11y hrue hhar

rr(xl i <x,t> - rfr(t) rcr '11 - . L:,
and he.c€ If(x) > -- f.r a1t x E L:, thererore Ir ls Froper, aE

Slrce If 1s proper! 1t fo11.rs b' rheor€n 3C that If* is

d(r,:,r:)-1.8.c. a.d 1n partlcular r.s... 1n Lrre norn h.po1osy. But a

flnlte conv€x functio.al havlng lhls p.opertJ on a Banacb space 1s

necessarlly contlnuous erery{h.re 121;7c lr and lts conJugate on the
duat Banach space ts th!n{eah*-.oer.1re 1221. t211, For 1 < o < @.

,- r'.- o - f. "- :- - rn-o.-n " " ;. ',' .
lurther ado. I.. q = 6, the duar Banach space can b. 1denr1fl€d {1th
i; .l'ins a" ln Theoren 3r, yleldlns for the conJusat.e auncttonar the

(r.16) r:,(a,z) - rr(x) + rc(z),

rc(z) - suF{z(y)l r . rl ,rtr' I-*{y) < +-}.

al '0. b-dus- .)
,rn:L-, o," o, r,, u./ 5.."!."
r;. are €ssutlaxy those or r| and the Hearr*-coer.1v1ry or rf* r"
nothlns other tra. tr" .tr,l,r,il,-.?ctvlty .r r.

(e) + (c). Ior the cas. vhere 1 < q < -, ve ha'e

rr,(r) : 'llvllq + /bd! . +- ror all v € i,:.
sr, " -.. 

i a o,v./,-n.tora.. -r -. .., s ,t-
' ro c o.. -. or T1r o.d oodsiJr r.v

cluded by assubpll.n. Jf q = +-, ve aeatn set the flntreness oa If*
(and tner.by Lhe sane concluston),1..b6err1rq the to11o{1ng. Clven
anJ r > 0, choose a f1nlle s€t {J1,. . ,.ynl 1n in rhos€ convex
hull contalns erery y € R' vlrh yl < r. The& slnc€ rr(s,.) 16

colrei, all 6uch y satlsfy
f*(s,y) : naxT=1 f*(s.yr ) (sumabre).



(d) € (e). cD.diiion (c )

ic ) 1s sa.1sl1ed

ls vdririEd by takine conjLsaies . t

questio.. In the case ! = 1, ! -

roreach.>0 ir

lvl :' o '* '
rhis is lnplred by (c:), as ., ,,,, .,r-..,,,.!. raraeralh!
and lt lmpltes 1n turr rhat tr*(ti:
sunprlon ln (d) rhab rf(x) < ;- . , ,, , l ,,. .',. ..r "."""
(3 1?) rr*(y) : .*,r' ,, ' . .1,

rhls {1lh the ..r irl + (.t.
To.ohpier:e ih," verlflcatlon of i.'-' .t1. {,.:r.11 :rt' j.!.rr. hhe
fact already that (€r inil:"- :l rri if r!rjj!.rtar rhe
properness.f it.

Ia* .onJugate h. ea.h.r:her by Thf.rrr :ar. :re:.l.re, /r) jn!tie5

rrr rs conrlnuous at o tn the l,:a.k.i. 1.!!,.r.gr . = -ir;,ri), ad
ln particular, the convex seL

c = {v . L; rr*1yl . +-l

ha6 a nonenpty r-1ntEr1o. conialnlnr 0. Tr--r.r.re,
llnear runchl6.a1 o r; uhlch is b.un.1erl abov. !r I is i-contlruous
and consequ€ntty a. Eleneni .a r,l- rr ihere ts no such
ru.ctlonal, Lhen,br 1" al1 "r r;," anlr {. are d.ne (1n

rieN of the additlonal rect thal (t.1?) h.lds :or any * . r,] ":tr.Ir(x) . +-, and ar leasr.ne sucb x 1s assuned 1r (a) to €ilsh)_
tl"t"r.r.,.rrrr".. o I *. r,l,
(l-18)

Let (yLl k = 1,2,,,.) be a naxlnlzlnE sequ-".ce ror the supr€nun 1r
(3.18). No' a"rin" (yt k * 0j1,...) recurslv.ly as
5hart, .rt = o. c1'er k-1, rei

I",
,"'"'={;..

t' 'r 
I u '

then J,k. c f.r at1 k, a.d the eaF!.ssi.n i(6).yk(s) 1s.o"".ea
b u."o oo o

, ' I rnll ir
. ri-ti l]]ls

rrrlt j5 ihe
. :, et such



acco.dlns ro (3.]e). Denorlns by 0(s) the linlt as tr + 6, whtch
exlsts a, e., Ne have

lodr - Ld r.. - s.p.^,r..
J.c

(3.20) r € c a x(s).y(s) : a(s) a.e..
lor 1f y reie a fu.otlon contradlcblns itls lnptlcatlon,re voDld ge,
a contradlcLi.n Lo /dd! belne the suprenum 1n (1.19)? by consIderl.e,
for k sufflcle.rty laree, ih€ funcilon I, . c deftned by

t-,"^.s - ?

I " " ;"'''
(3.2r) c.H={y.r;l x(").y("): d(s) a.e.}.
Slnce e has a nonebpty r-1nrj€rlor, so does t, and lt lcllo{s thar'- oor.. .- ,o r. ." .s o ,1, ."* " 

.. jpo...q .o.o, a r r

f(sl = {y € nn ;(s).y 1 d(s)1,

,up.,r../,so os li =.u,L_r
vlth r(s) > 0 a.e,,

and other{1se tbe suprenuh is +-. Thus no .onut"t" of a1r neasurabte
functlons x of ihe latier rorn rlrh

/- r(") ;(") !(d") < - and / r(s)d(s)u(ds) < 1s-
(there d(s) > 0). 

^ctua1tx, 
slnce c 1s a i nelEhborhood of 0 1n(3.2I)j 1t 1s ln parrtcuta. a n€rshborhood of O ln ihe h.rn to!otogy,

and there exlsts, there > o such that e ;(s) I : a(s) a.e,

/ ".- ". 't..

"--'.t " 0".-.. /.dor 1

v{e craln tbe .rr,i,r,i;--.p*t"e"" 
", "n* """ ," 1np.ss1b1e ,rth rlnonatohlc. Inde€d, 1f ! is ot tnls nature, {e cah flnd a neasurabte

set T {1th 0 < r'{t) < -, hocether wlrh nunber 6 > C. su.h that
6 -,s l d a d d d



fhe naFplns I r:e L1(T.d!)

({h1ch ls n..es6ar11y lnflhlte dlr" '_i rr'r rurrsra'e of

Li, {1th the lroperiv thaL the inir ' I +i ri! rlri rrr Fart of

rhe unlt ball of Ll(T,o!), ." "r"1 r[15

lnp1ies, l.adnlsslblv' th:t Br i:' ll,!r I ltself)

". 
L1(!,d!) 1s tl.lLe-dinersl'r'rj
lar - le) for u nonatoni.,

haye If :nd If* c.nJugar:€ r ' - r :i ld la)

rherero;e lnFrle; rr, ls.ontirr' _:il L'rrL r-:rr"ir 1211,

I22l, In Fart tculaf,

Be.ause ! 1s nona:on1., Lre

(c) + (b) aboa. shows (even 1r

?lnosi every s. S. ror ihis rea..n, r..!. irr!rp!se"tli'h':L loss 'f
g€.eraLiby 1n the rest of

(3,21) fr(s,y) l5 frnlt" r.r all s.: :nd I E rr'

11.2\) e(s,n) ' 1nr{_r}(s'vl (lv /r)q : r} f'r (s'n) ' s x R,

(3.r5) o(s.n) 1-r*(s,o) if | ; o,

{3,26) s(srn) = +! 1r | < o

I u, o- dlousr "or 'r"'] : ' D I '

(1.21) 0(s,i) Ic(s)ir -b(s) a€,

slnce then ty lhe deflnltlo. (1.?11) .a 0

f*(s,y) . l.(s) lr + b{6) Nhenever ( r /.)q I i.

r*(s,r) <ayq+b(s) for a= llc -/.q.
ue 6hal1 obt:1n lhts exlstence bv applvlng o'ne oi lhe lr€cedlng theoi}
of lnbeeral r'r..t1onal

To 5e-. Lne nornatltr al r:h€ represenlatl.n

(3.r8) o(s,n) = 1nf O(s,r,Y),
v.Fn

'|'Ir
drs.n,y). i

t '' . "". "
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We have { itself no.na! by 2tr, because O rs ih-" suo or -fr tnorh-
al by 2c) and ihe 1.d1cator of e c1oBed se! or pa1!s of (njy) that
does not depend oh s; hence € 1s nornat by 2n. rt 1s ewldent lroh
(3.?t) and (3.25) ihat re on !l ha6 the Dr"eertles
(3.29) ro(n) < -rfr(o) < +- lor all n > o,
(3.30) rs(i) = +- for arl n I o.

we claln.ext that
,1,31\ o-.-3 fo.etl ,2o "trh I.dL- I,

this Nere vtolaiec by a cerraln n . L]. ?he ser

r(s) - ars min 0(s,n(s).r)

1s closed afld nonentty by the ccrtlnultJ of *(s,y) 1. y! and r
Is a neasurable hultlfunctlon by 2( a.d lP, fi-.nce by IC tbcre 1s
a neasurable tunctlon y: s - nn slch that y(s) . r(s) tdr aII s,

-f{(s,y(6)) = 3(s.n(s)) fo! all s,

(ly(6)J/e)q : n(E) ro! all s.

rhe rarier lnprle. r . !l and llrll :., "r""" .l.du: r; lhe
fomer tben yleld8

Ifr(Y)=_Id(r)<3,
contrery to (1.22). Thu3 (1.31) ho1d3 as clalned,

No, for x = 1,2,_., leh
(3.32) 0&(3! ) = mx{o(s,n), 0{s,o) kr}.
_nen 

^. to E orher -.!net rr,.q-a. d bl t\, .r d Tek s.rt reu, I e

Is, the conttlti..s (t.29), (3.10), (1,3t). In addtrton, re have

1r s,-k -0 .0 fo atl . S.

so thBt! con6lderlnE -k as a constant ru"ctro" rn l], re Lave

rar(-k) < -r6{o) < B.

T}le 1e6t pft of Colollaly lJ can tbcretore be apDtted ro 0k, the
r.asLre u b-lng ro." o11 , and r'3 v!- oB fo evely

tr > irflr€ (n)ln. Ll)

ra Lil 
^,.r"r 

. .t = "trf,r'i,-crr. . cll r^ r., 1o'.



In partlcrl"r. if also a < 0, lJ

1"..o

as rol:Lo{s fron (1.3c), (1.11) ar_i

ihe riEht .f (3,lt), rhus

3

Burr (3.12) ard (3.25) rrnplt

:r "0 3^

vnere r:he rl.sL lern 13 surdabt. i
Ieb€sgue conrerqen.e tneoren!

A!)

rh!rerore by ( l.ll).
rB**(r) . -B +r i o, I L : I

xe a16. ha'e 3**{s!i) - }- for , . . rrr (r.i:1, 3f: rr,.r.-"

ro**(i) = +- 1. Z r.

ra**(n) a B ri :th li < 1

l r,29l . te haae

rsri(nl < rr*10)

and {. are able to c.nclude ihat

1in 1nr 1",-(nl i: ri.ire
nt 0

iu.cti...a1 r0** lhar: its.onjreate on

Hence iher,. exisrr .. L; rlrl, I0*{.) iinirE. TlkrnE
b(s) = B*(s.c(sl) (sunaable), tr. obtaln (1,27) as cesirEd. !.r.D.

The srrfl.ient .,..dir,l.n ror ..npa.t 1e'.1 seis :r Li, ci'cr tn
theor€h 3n by (.) rih q = -) {as orlqinallr pr.'ed 1n R..kaf.1lar l2l,
afa gererallzed 1n l0l r..ases vltl fn r,-pla..d bf a tsana.h sFace
and (s,n) ..nplet.. results, s.e.15. cariainE l23l a.d
vxladler [25]. For !eisl.ns ol rhe.o.d:tlor {hj.h 1re boLh sulfl.lenl
and n,Fcessarr! see nerri.c.hr and ras.r lr6l d.d ala!2ur. tr7l, rhese
verslons te.erarlz. Lhe.r.n ol lava114e-F.)ssln.
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Theoren 3K and lrs p.oot y1e1d,ylfl1 snalt effort, ihe folto{1ne
theoren on conrlnulty, rjere ihe equi,aleice or (rr) and (c) ror nonaronlc
h.asures realeccs facts noLed 1n n.re eene.at co.rexts ry Bisnut l28l
and clauzure t27t.

31. THEoR'M (contlnrrty), !9! f !S a nornal co.,ex lnieErand on

condltlons rh€ 1np11cat1ons (a) e (b) e (c) = (d) elleJ-q &lg, "1rhthe condltlons all actually equlvaleni 1t Lhe neasure sp* 1s trlbhout
j1!!!!@ o"

'F on o .dra.oor tooc

(b) Ir l: rlnlhe 3g! contr"uous at a er.oent i . r,p.

' | ! ':,--::-!-g o r- 'u'_Yn'." 9- o

o " u, :e :- c31 o o l. ::
Ir(x) > _@ fd at leasi 9!9 t . t:.

PRoor. T.1vla11y (a) € (b)€ (c). fhe proof of (a) = (b) can be
effected by a sllghr reftneneni (rocatlzatlon) .f ihe arAunent 1n
Theoren 3I( thar (c) + (b). rhls snor6 at rhe sane tlne that (c) 1s
eqrlvalenL to tne s.enlnAty r.aker asserrlon, (.,), hhat If 1s flnlte
everJvhere on r,p. sut (d) > (c'), as sho,n by rhe beElnnlne of tte
arsunent ln rheor€m:ti rhat (e) - (c).

(n) * (d) fo" ! nonabonlc) p < -. Ler e(s,x) = r(s,x(s)+x),
Then s 1s a no.na1 ..n'ex lnteArand (proposrrlon 2N), fhe .onvex
lunctlonal Ig 1s :lnite and continuous on a nelErb.rhocd or th€ orlElr

's'ls- 
gt o '!oaI

r-o--. K,o 
: " "" 

" "" 
,"

arCmenl Just e1re., te 1s rlnlre and contlnu;us everyuhe.e, Iten.e
If 1s llnlte and conilnuors everywhere, and th€ precedlng argunent can

,t , -o

3M. tRoPosITIoN. tet f be

I^ rn IP r

nelshlorhood of d elmt x

a nornal convea 1nh€srand d s ' RJ',
< p < -. suppose I- 1s rinlie on a

. r:. ]!!1 !!tr9 !r\j_:3! l!e!! erle
' Rn satlsfylns
r(s) € rf(s,x(s)) a.e.,

Y bclorss lo r! rr/p + r. o = r) rnd

hea6u.able functlon y: S

and noreover ewen c r.h

tb€refore furnlshes



?Roo'. ThlB Ls obtEtn.d by frrr.lfna.in: th! tr..a ln Th€oreh 3l(

ior 8.neral1zatlon6 of ?ropoF!-1.. ?:1r see Blsntrt I28, Theolen 2l
and clauzule I27. rlop, 51,

Furth.r oropelLlp5 of lnLearpl j-ncrl.n! s on L- spaces, connecL€d
xlth tl,e theory of l1fttn63, nay bc iouDd lh r.evth L3rl.



1, n.T.lockalel1ar, !'InLegrals uhlch are .onvex fu.ctlonatsrrj Facirlc
J.xarh, 2rr (1968),525 539.2. F.T,n..kafe11ar, 'rlnteCrals whlch are convex flnctlonal6! II,r'
raclfl. .r. r4aLh, l9 (1971), 439-469,

3. c.castalhej "Sur 1es nu1t1-a!pllcatlons nesurablesr', th!se, CaAn,
1967, ?hls ha3 patllJ bee. publlsb€d ln Fer, Fra.c, lnf.. ne.h.
operat1one11. 1(196?), I 34-4, r, I{u.ai.{skl and C, nyII-liardze{6kl, I'A eenerar th€.r.n.n sel.c-
to!s." 8u11. Foltsh acad. sci. ri (1965). 197-4r1.

5. r/,a,Rokh1in, rrSelected topic6 fron the fretr1. lheory of drnanlcal
systehsirj lrspel{ht r{at. Nauk ir (1949), 57-128. see also Aner,xaih,
So.-rranslatlons ll9 (196.4), 171 240.

6, r,T.Rockarsllarj "r,4easurable d€pendence of convex seis and funcrlon.
on Fa!anerers'rj J,l,laih,Anal,Ap!1. ?E 11969), ):-2t,

7, M.I.salnte Eeuve. I'sur La e-.n6rallzatlon d'un tn6orane de sectlon
J.Math Ana1.aFP1 17 (1974).

L R,T.Rockafeltar, rrconvex lnteeral
hrlbutlons to lionllnear Functl.nar analJsls (E,
edltor), lcadehlc P"ess, 1971, 215-236,

9, c,Debr€uj rrlntes.ablon .r c.rresp.ndencesl, Proc. illth Eerkeley
Synp. on Stat16r1.s and Prob., vo1. IIj Pa"t 1, (Unlv. ca11l.rn1a
Fress, Be.ke1er, t96{), lar 172.f0, n.T.Fdckaf-.11a., "1,/eak conractnese
tlonalso, Trolslene colloque drAnalyse Fonctlonelle (CBAi1, l,1eEe,
1970), ll.G.can1r (ed1to.), 1971, 85-98-

' r.v-."d1"r. o .-" . -g.d' o o. Ln _o -I-. n.-" . " ". .,"., o,)j,Ypo..

12. F.T,Rockafel1ar, con!ex .qnalyslsJ Prtnceton Unlverslty Press, 1970,
d.r o..; j:-d- ;o."=:_

Dun.o. 1974.
r4. H.Attouch, oMesurablllld et n.notonlerr, these, Farls-orsayJ 1975,
15, F,T-Fockarellarr "Bxlstence theorens for ee.eral conr:rol pr.blens

of Bolza a.d Lasranse'r. Advances ln rqalh. I5 (1975)..112-31:1.
16, n.T. nockarelta! and R.v.aa,-r'{lmntlalpa

1n stochasil. optlnlzaLion pr.b1€n6!'iJ r4ath. rrosrannlne Studtesr
6 ( r976),l?o-8r.

17, I.V,Ivsllgne€v, r'ueasurable 6e1ect1on and dynanlc F.oerannlnsr',
luath. or 0.n. 1 (1916).

r8,

19.

J,Llndensiralssj "A sbort Froof of l,lapunov'6 .onrexltJ lheorenr',
r.Matb.Mech. t5 (1966), 971-912.
K.YoBlda and E, neHttr, rIlnltely addlr:1'e n€asur.s'!, T.ans,Aner.
r4ath.soc, 72 (1952), \6-66,

20. v.r,levln, r'Lebeseue deconpostilcn for fun.r:1ona1s
" :, . Andl ' dapl 8 \'91! o- r.

21. n.T.nockafellar, rrLevel sets and eontl.uttJ of conjueate convex
functlonsrr, rrans. rner. Math, Soc. 121 (1966), 46-61,

22. J-J.MoreauJ lsur la polalre sdnlcontlnue
sup6rteureh€nti, c-r,Acad.sc1, Parls 258 (1964), r128-1130.

23, C.CasbalngJ 'rQue1.rue6 resultaNs de cdnpaclt6 1t6s a 1'1nhEs.al1.nr''
c,R.acad.sc1. Parls 2?0 (19?01, 1732-1735,

24, C,Castalng, "Int6g"andes convexes duales,,, Travaux du Sdnlnalre
d'Analyse Convexe, llontpe111er, 1971, Expose no. 6.

25, M,Valadler, "Contrlbutlon a 1'analy6e convexe!,, fhe6e, Parls) 1970.
26. H.Ber11occh1 and J,ll.i,asry, nornales et nesures para-

netrees en calcul des varlablonsr" Bu11.so..Math, F.ence. 197x.



r.cla-l-re. o-e ...s ! or'La 3' d{ e r? s " <. ".86 .'tl_6ri
i*"i"- au rr"'r" * o:rni,y:" : nr-.", r n.oF: Lr.. o- , Yb qd

26. J.I,!,8!sn!t, "In:6erales convex.'" et
appl, rrj (I971), 639-6?3.

29, Danlel ij. liaEner, "S!.tey of n.asur"bl!
naiusc.ict ot 80 lrg. (auttors addressi
lennsrhani 2 i ! 101, usr)

Dr.blbttl',6", -r, l,4ath. A.el.

s.le.t1oh theoren.r'r
Sta-13r sauate 1, Fe.11,

10, C, Delo,le, a. !rl.o ar.l i,!.Pen.:, r'ah:nFs i,esur^Ll,.s et hul:t-
se.t1.!rs,r n&nu6cr1!l rf 37 !p. (P€nor:'s dddre;s: DeFalr:-"nenl de
athanitJqles, i3.lre Foslare 521, 6rrCiC F:u-!rl:ers:t6, !_rance)

11, IJ-L.i,Ev1n, "Con!ex 1n!€sia1 turcLlonals a.d ih," LheorJ of ll frlngsI
Lrsp,.knl [:aL, Eauk 3r(2) (197t), rr5-178, (ror EnErlsh translaticn!
see eussra. r.reih, survers {19?t). )

12, F-T,Fcckaieilar, i'iEx16renc. a.d dualltJ theoren3 f.!.onvcx
lrobl.ns cf Bclz:r', T!:ns, A.I.S. 1t? 1r971), r rr0-

Deparlner! ol Jilaihenati.6 cN 50
thlverslty of ;asalnsto.
searLle, itA 9 s19t, USA


