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lntroduction-

ln lasranse problens id optimal conbol add the calculus of vart-_

tions, an integral functional of st-te and velocity is nininized over a

class ofarcs in Rnsatlsfvlnq tsnendpoint condilionand other constraints.

for problens wlth jojnt convexity properties in stdte and velocity, a

theora of duality is avdUable in the conte:t of nrcs whleb a.e absolutely

contiduous, tlowever, for inhereni reasons, a ful1y satisfacto.y teat
ment of state constFints is not possible without dn extension of the

baslc founddtions so as to adnit arcs which are nerely of bounded v.ria-
tiod. Such an eztension iD synDetrlc fo.n is carrled out here for the

iirst time, Results are obtalned on the cha.aclerization of optimal arcs

in terns of a qeneralized Haniltonian 'equation", as well 6s od thelr

enstence and the possibllitv of jdentifyins or approximdtins them by

absolutely conlinuous arcs.

r'@
. Let lto,trl bea lixed, bounded interval. An extended-real-

vd,r-dfun(trol h on '.. -Rr i. s. dto be " LebFsg'-norm6.-

inteqrand (or respectively, a _EelCl:gq3l_!t9.q9lg) if rhe epiqraph

eor h ,., tr,.o. D ' a j1!.2,1

is closed and depends Lebessue (.esp. Borel) neasurably on t , in the

sense tbat for each closed K c Rm x R the set
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is rebesque (resp. Bo.el) neasurable. This concept has been intioduced
ln the study oI integral functtonals. ceneral results coverinq all facts

clted below nay be rolnd rn [1], but we shall be concerned melnly with
the case tleated extensivery in l2l, [3], I4l, [5] where rhe inteq.and is
convex and.I]tgl!!, i. e. h(i,. ) is for each t a convex funcrion which

is not ideotlcdlly -r€ and which nowhele has the value -@,

Norndlity inplies that lr(t,zlt)) is Lebessue (resp. Borel) neas,
urable in t when z(t) is. The closedness ofepi b(tr.) is equivalent

tothe lower semicontlnuity of h(t,.). In fact, h is lebessue normal
'rd1do /rtthelatt-r ooD. L ,od, o ever/ .t lro..l' dnd h rs

'' 'e"p- l "o le a-"loebrd r' o. r ' Pm qe'e a eo oy

products of l-ebesgue sets in [to,t]l andBorel sets in Rm. However,

the same ls not true witb "lebesquer replaced by "Bolef i the sufficiency

let 4 be the space of all absolutely conttnuous functions on tie
ixed.r.elvo [r.,t, . By6 -agoase l' 'crronel on t. ,e .'"]t me"n

an exte4ded-reai-valued functional of the forrr

(1.1) l.tx) = f 'r(t.x(t),: t)rdr ,

(1,2) L : fto.ttl ' nn nn- nLl 1+-1

is a Lebesgue-normal inteOrand c6lted the l,dsrdnsidn. Normaltyensxres
that L(,x(.),il.)) is Lebessue measurable (deflned alnosr everywhere)

for each x. a. 1^/e adolt the conventton that ]r(x) = +6 if nether
the positive lor tle nesative part of i,(. ,x(. )ri(. )) is ilteqrable ovd
Ito,t 1. Then Ir is wetl-defined on all of ?, althoug! both +@ and

-€ are Sener.lly posstble as values.

For each choice oI rO and xt in RnJ there is an assoctated
problen of Laqrange:

mininize JL(x) subjecr to x(to) = xo,x(tt) = 1(1.3)
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DUAL PROBLEMSOFLAGFANGE

Here the nininization is fornauv over all x € A i but because of the wav

+6 is adnitted certain constlaints are abstractlt represented, Unless

5 ioen! co--v i6 01 4. rt- a nlrl?Q io 'rfe ,Ive 'o Frns onlv

the arcs x such lhat

(r.4)

{1,5)

(1.6)

(1.7)

(1.e )

(1.9)

(r.10)

i(r) . E(r, "(t)) a. e. (codtroi constlaint),

z(t) € x(t) a.e. (state consthint)r

r(trx) = {v. Rn I r(t,xrv) < +6},

x(O = {x. Rn r(t,xt + p}.

The abslr-ct nodel (1. 3) thus senes for a wlde varietv oi !rob-

1ens. Ii appears very econonical for ezistence theorens in optlmal con_

lrol (see 16l). In that context it is natural (and virtuallv essenttal) to

reqllre alsothat t(tJx,v) be convexin v for fixed (t,x), Ienchelrs

notion of conjusate convex functions [?] then Fovides a oneto.ne cor-

respondence between slch lasraqians I and ceriain fudclions

H : lto,ttl x Rn x Rn* RLI{t-}

Iglillglticlt:s j nanely

H(t,x,p) = sup {P v Ut,x,v } lv. n'
Ut,x,9 =lsupRn {p. v - E(tJx,!)}.

l{istence theorens in lhe conlerl of x € 4 typicallv entail the assunp-

tion that E(tJx,p) < +6 for all (t,:,p), (Tbis is a q.owlh condition on

the functions l-(t,:, ).) Note by way of contrast that

(r. x) H(trx,p) > -6 <- x( x(t) .

In the present paper we shall be oceupied wlth extendinq the

duality theoly develoled in I8l, l9l and f101. This requires 1,(t,x,v) to
be convex nor jusi in v , but in x and v jolntLy, We therefore assune

he .ce or , .,r" q- Leoesqre-norr" - eqa-d 99 I.c. .l , R ' r9
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convex and p.oper {as defined earlier). The convexlty ol l(t,x,v) in

rirv is Fqr,va.enr to Lie o .d.iLy of hrr.s.p, i' x lor each p,
(Trivially, i{t,x,p) is always convex 1n p.) It inplies the convexity

of the ser \!, and .ne l, .c iona l_ .

A seneralized Eaniltonian "equation" can then be fomllated

uslnq concepts of corvex analysis. lor each t ( fto,tt] aod (x,p) .
n" x nn, t"t oH(trx,p) denote the setofall subgradients ofthe con-

cave-convex futrction Il(t,.,.) at (x,p) [?, p.3?4]r i.e. the closed

convex set consisting of all (yJq) € Rn X Rn such that q is a subqra-

dient ol the convex function E(t,*,, ) at p , while y is a subqradient

ofthe conve: function -ll(t,.j!) at x, The qeneralized equatioo is

O.12) (,b(t),i(t)) . aH(r,:(t),!(r)) a.e.

Itwas shown in [9] rhatii H(t,x,p) > -6 everywhere (no state

constraints)r solutions x. 4 to i,aqranqe prcblens (I.31 can typically

be chardcterized in terds of (l.rZ) beinq satlsfled fo! sone p€?. Mo!e-

ove., such an a.c p solves a paraUel ]"aqranqe problen codespondtns

lo a certain dxal lagranqian,

M : r.,.. . qn z P'- P:, "-) .

Tie latte! tutrction, which is iikewise a Lebesgue-nomal integrand, con-

vex "ad 
proper, rs 'eicred lo I b,

(1.13) M(trp,s)=sup{p.v+s x - L{t,x,v)},

(i.14) r(t,x,v) - su!{p. v + s.x -M(t,prs)}.
p,s

The dual clas6 of l69range lroblems

O.l5) mtninize lM(p) subject to p(to) = po, !(tl) = pi,

also involves abstracr const.aints, in particular

L,rb) plr . Plll ",e. ,o,aj 5rale o sBoi l',

(1.1?) P(t) = {! ( Rn la s. nn wittr M(t,!,s) < +6} .
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Il can be shown 6om (r.13) and (r.9) ihat

(1.I8) P(t) c {p! Rn lE(t,x,p) < +-}cctP(O foreach x. Xt)

(see the rernarks in $4 just prtor to Theoren 2) and therefo.e

(t.19) P(t) = Rn <+ s(t,x,p) < +€ lor aU (xrp) .

The atrsence of €ffective stdte consfaints for L does not implv

the absence ot such constraints for M , and thelefore tbe Harnlltonian

condiiion (1.12) does not lead to a fully satisfactory theory, from the

point of view ol duality, unless Htt,x,p) is actually finite everywhere,

On tbe other hand, the intrcducaion ol state consttaints apparently re-
quires far-reachi.q erlenslons, not only in the lornrulation of the Lequa-

tion' , but also in the scope ol the probled,

xxperience in the theory of optinal ontrol leads us to expect that,

lf the arc x is really affected by state conshaints, this should be .e

flected in optiflality conditions by the possibltity of lhe dual arc p hav-

ing certaio Junps, Tbus both tbe Hanlltonian "equation' and the d!a!

class of Lagrange prcbl€ns must be broadened to allow for p to be not

abgolutely continuous, but me.ely of bolncied vari.iion.
We have demo!etrated the fea€ibility of such a seneralization in

001, but in the codtdt of a particular structure for L whlch cbes oot

carry over to M . It is desirable to brcaden this to a nde sytnhetdc

frahework, Clearly, rhi! means by duality tbat arcs x which are oniy

of bouoded vsriaiion nust be adnitted into the oriqtnal class of Laqranqe

This tben is our goal: to ext€nd the conv€x functionals It and

I.. tro 7 !o \e d,qel spa'a € of ar-s or oolndeo .a' doon r' sJLh a

way that opttnality in the Laqrdnqe problens is charactertz€d bt an ex-

tended ll6rnllto.ian @nditlon, It hop!€ns that thls can be iccomptished

without, d6 nlght be feared, losing contact with the origin6l problens:

the extended piobleds will be seer usually to dtffer only in allowing

"ideal ' solutions when solutions itr the sense of absolutely continuous
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srcs mlsht not orherwise e:ist. One reaches in this way the conclxslon

that solutions in tbe latter sense, when availablej are optinal in a wider

context than has been rcalized.

The results obtained herc laqely encompass the ores for sttste-

constralnted l,aqranqe problems in [0]J as well as a necessary condition
derived by Ealkln [1]1, althouqh we shbll not qo into the details .t this
time. We plan to showlaterho to apply then witb stisht further devel-
opnent, lo problens of Bolza to get qeneralizations of various other

theorens of l9l and 1101.

2. Arcs ol Bounded Variarlon

'varyl r'to of oouroFd rd ro io'q /ej ."
.o " 

D- \"1 .ed r-o!ror Bor- | o.r l. -h- "ro. ,Ior
dx occur only ar discontinuities ol x , of which there are at nost .oxnr-
dbly nany. At any discontiduily, ihe dshl and left linlts ol x exist:
rf !!ese are equal, there is acrually no aton, .nd the discontinuty is
said to be remov6ble, This cannot be the case ii the dlscollinuity is at

Removable discontinuities hdve no useful role in our developmentj

o e eoa d cs 6qurva -r. a.y tto pn .a
dnd x2 of bolnded variation on lro,tl] such th.t al1 the dlscontiduties
oI x -x^ d'- o rr i /pe. A "rc ot bo!no-o \ariario Fl o.er

Itoi\l is defined to be sucn an equivalence class, and the slace of all
these arcs is denoted by F , Neverthelessj where tbere is no harn in it,
we often speak of an element x of E as a iunction, beinq carefuL only

to associate witb x objects that would not be ailected if a were re,
placed by an equivalent function. We thus regard the space 4 of abso-

lutely continuoxs arcs as a subspace of A,

Obsetue lhat we.an unanbiquously associate (ith each a.c

xr. r\-- opor . xi o' ard xirli.6sh6rds Levclre xr. ara1,
t r ltor tl) where & does nor have an aton, furthermore, there are

. io retv det-rmr.-o a.o : frof ro, !1 0 F r-q\t
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and teft continuous respecltvelv, such that x!(t) = * (l) : x(t) at all

tbe nonatonic points jus! nentioned, while

x_(to) = x(to) and x+(tt) = x(tl)

It is sometimes conveoient to use the notation

(2. ll

12. z) r(t+) ;

lz.3)

x ltl and xltl= x (t) fort^ <t< t,

Ax(t) = x{t+) - x(t-) = x+(t) - x-{t)

is .alled the jump of the a.c x at t i and if it is nonzero ihere is an

aron of dx ar r witb this value-

There is no anbiquity in associatind with eaeh arc * € 6 lhe

de.ivative function i - d:/dl, since this is onlv defined in an alnost

everywlrere sense anywdy. (a fDn.lion of bounded variations is differ-

entiabte -ldosr everywhere. ) Strictlt speaking, I is an erenent of the

Lebeso e eDa e rl - r I ^,t, ,D", Ie oe-ore Dy \ or lle.osot-'e

coAtiDuoxs part of the neasure dx. The singrlar lart of dt, wbich nav

ol course consisr of nore tban iust the atoms described above, can be

relresented as (dx/de)deJ where d0 is sone nonneqative sidqular

neasure (a reqular Borel neasurel, and dx/de is the Radon_Nikodvn

derivatlve ol dx with respect !o de ,

The followinq fornula for rrinteSralion bv parts" will be needed

PrdDoc rLon I or anv ! E and p, P , o.e rc.
t

''1, "'. x.Lo pito = lo . ao J''-ax
(2.41

= ft*-oo , ft o** ..

g99! let i: (--,+6)- Rn be anv functlon whose restriction to [to,tr]
belonqs tothe equivalence class corstitutinq the arc x andwhichbas

lhe constant vatues z{to) on (-6,t0) and x(\) on (t1,+6) Siniiarlv

! 1,6.+6) + Rn coreslondins to p . Then i and i are of localiv

bolnded variation, dnd over any bounded open inteN.l (a,b) we nav
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+ I tir,r -irt-rt.lil -i.-rl '*l litt+t -;(t)l lp(t+) -p(t)].
a <t<b a <t<b

lakina rd.b' lo contarn It-,t.1 and

;,, '-, uai, - p_,r for !o ISLr .

we hsve xlr+) , x(t) : 0 and p(l) p{r-) - 0 ior au t, so rhat

the tlso suns reduce to z€ro and th€ fo@ula iums into the first equation

in Proposition l. Tbe second equatlon follows by svmnetry.

3. E!s!qeg-!ssre!q9-!r!gie!eE
The question of how to ext€nd the laqrange functlonal It fron

aros in 7 to srcs i! ,6 has a natural answer in Xhe lisht of recent de'

velopnents h the theory of @nvex inteqral lunetionals [5] since

L(t,x,v) is a lowe' semlcontinuousr proper @nvex function oI (xJv) for

each t, the quantitt

E TYFFELLFOCKAFELLAR

apply an integration-by-parts fornuls fumished bv Asplund aod BunE6rt

[12, Prop. 8. 5. 5 on p. 3?.1]:

J xderJ p* = x{),.pb-) - xtdrr'P(arl

(3,I) rl(t,z! -lin [r(t,xo,vo + rz) - L(trxorvo)]/\

\3,21 r!{t,z) = sup(z. p I p. P(t) }.
we exterd the functional IL from A b f! bv the formula

{3.3r t,{x) 4Jiu,,xo,irll'a' r Jrrr{t.E{t))do{r) ror x€ 6.
-toto

where q de iE any representation oi the sinsular measur€ dx idt

iswell defhed atrd independen: of (xo,vo), aslonsas l(t,x0,v0)<+6,
End Es a flnction of 2 lt is lower semicontinuous, posltivelv homoqe_

n€ous, .onvex and p.oper F, !81. In tact, .L(1, ) is ihe so_called re-

cession function of the conv* tuncttoo t(t,xr' ) fo! everv x . x(t).

Slnce the conlusate of !(i,xr') ls H(t,x,,) bv (t 9) it fotlows lrom

[?, Theoren 13.3] and {I.18) thai

L6Z
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(wilh dl) nonneqative and € Bo.el neasurable). tiere our earlier cod_

venilons about s renain in force fo. borh inteqralsr and lt{x) is inter-

preted as +- if the intesEls a.e oppositely infinite;,the requisite nom-

atity of the inteqrand .L is discdssed below. The expression is inde-

peDdent of the particula. representdtion qd0i becduse rt(t, ) is posi-

tlvely homoseneoxs: il g d0' were -nother rep.esedtationr we would

. de .. dol€; = E'; -. e. dr with dr = do + dor ,

r". ::,"', 1"., ;", .-.0""''.0"
Note that ii the sinqular part of dx is purely atonic, one has

(3, .{) Ir J -.xr .i or - '..a/
0 tn<t-tt

Ofcoxrse. if r€4 then (3.3) reduces to the earlier deflnitlon (l.l)J

becduse tben q(t) = 0 and rl(t,o) = 0 .

ror (3.3) to n-ke sense, we need rt(t,€(t)) to be Botel neasur-

-ble in t whenever !(t) is, so tnat fte jntesral can be taken wilh re-

spect lo a general Borel measure d6. Ar alp.opriaie conditio! ensu.inq

this wolld be lhe Borel-noridlitl ot rL. thic..n be Fanslated inloa

conditio! otr P(i) .

F opo< ior r, th- tnreor" o or r' eo e o ," Ir aco

only if the convex set c1 P(t) depends Borel measurably on T.,

Proof Tbe se.odd properry is equivalent to the Borel-nornality of the

[2, Theoren 3]. But h{t, ) tsnd rr(tr') are conllqate to each other bv

(3. z)r and nonatjty is k.own to be preseNed under coniusacy [4], l2l.

(3.5) h{i,p) ={ f- f :;:iili
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Of cou.se, lM is extended frcm a ta B in the

rnanatoqyto(3,2) and Proposillon 2j the coresponding tunctlon rM

satlsfies

I x. X,r'- l

and it is a Borel-nornal intesrand lf and only if cl X(t) depends Borel

measuEbly on t, ,
Ior our lurlosesJ the Borel nedsurabilltt of the dxltifutrctions

('., r-c \ttj aro t-ctorr,. --< I ? L.

rhiie ersur 19 r'c j- "nd ... a e we l-oehredr rs -or 6 sro)q enorqt
property ior the results of real interesl. We shail need to asBume:

5,' t.e rrlri r liors\3,t,are.ppa qenicorrinuous,

The upper senicontinuity of t+clX(t) neans that the qraph l{t.x)
x( rl ^" rs(loseoi- tr..L l\ Pn, orequvale-r, \" heser

13-8) ft. ft.tl Kn.l Xr +nr

ts closed for every conpact i. c Rn , Our nain duaiity rheorens witt
actlally necessitate the codtinuity of the nultifunctions. Continuity
equals upler seoicontinuity plus lower senicontjnuity. lower semi-

con.ir' .!y 1ed s ,hot Lne sFt {,8 r. ope relo rve !o it.. , tor evew

o!e- \' Pn

'rheo'ea l. 3ss 'ne (5.r , lne- lhe -x e' oed-redl-val!eo L -i oacls

. and r., ar-$e oetu eoo, t and o1/ax. Moeo\e, rherneqrat-

llv

{3.9) IL(x) + tM(p) > x(\) p(tl) - x(ro) p(to)

(wl!f rrre co,venoo) +o -o 6 ilnecessary lotos o clto!-s x. t
!g! P€E iuch that

,..10, \ '0. , .t \,t/ or p ro., -_ P,ro

.e!.q

' i.lir x, . .. \ !l or p,lt r - D, tt, ,

16.r



DUAL PROBLEMS OF LAGRANGE

Proof, The upler semicontinlity of tne nultifunciions (3.7)inplies

thelr Borel neasu.ability so rt and rM are Borel-nomal bv Proposilion

2. "nd le ce d"o i., E e we l-defined. Ie .e\l sro^ .orvexily.

e. x ood ,' be - , rwo -..deors ot e "nd ]e.

x = (1 - \)x1 + \:2 for I € (0,1) .

Represent the sinsutar neasures dxl - iidt in ttre lorm €ido , as is iD-

deed possible wilh a comnon do. Then dx - ridt.= 6d0, wnere E =

Ll-\Ja{ | .E', " ohFg-L

rx t- ' ix' l x-

ftom ure detinttion (3. 3) and the convexity ol L(t,, , ' , ) and rt(tr , ),

keeping in dind the conveltion that +o -o = +6

Of course, ihe sane conveition nakes (3.9) triviai unless bot!

Ir(x) < +6 and IM(!) < +@ , in whi.h cdse the stare constraints ll.5)
and(1,15) nust in particuldr be satislied, The assuned upper sedicon-

tinuity of the state cotrstraint multiflnctiods then inplies

{3. iz)

13,13)

x (r) . \( ,odp. c pr., Ior,^<L-r,

w_ r' \r i .. d o_'!' . cl Prr, for tO. - - t_

so that by (3. 2) and (3.6) we have

(3.14) foran t€ [to,\), rr(r,6{t)) i q (t) .p+(t)

and rNl(t,'(t)) > n(t) . a+(t) ,

(3_ 15) 'o "lr , ^,t.1, r",E, >:t p .,
"d ^.-, 

tl) -t x !1 j

wlere tdo and 'do relresent the slnsular measlres d\ - idt and

dp - pdt, The first equation in Proposltion l can be elpressed as

( 1. 161 *, ott = 1tt,*.p+i,p)dt

+ x+(to) , A p(to)

+ x(\) . Ap(tr)

+ t (x r+p .q).lo
1io. tL) '

+ p_(\) . Ax{ri) .
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It, \r'. ?r r /x) + lM,p) -x olJ = J',-,..,,;'Mr'.F,i -:.i-i.prd!

'l {r-,..1 -t p_ r 'M't.r,-'.vtido r ^oix.p, r 'lrx.pr.
(tn.ttl

(3.18) co(x,p) = rl(to,Ax(to)) - ax(to) p(to) + rM(to,Ap(to))

- Ap(to) . x+(to) ,

(3.19) c!{x,p) = rl(tt,ax(ty') - Ax(tr) . p_(\) + rM(trap(tt))

- Ap(\) . x{rl) .

The two tntegrals on the .isbt slde of 13.17) are nonnegative by vitue of
r1,141. r.. I dld "re ii eo' o'i v

tr-2a ,,.",.'.i',,' + v{L,p,t.p( ,. > "' , i, , r i,r,. ",t' .

which is a consequence ofthe definition lL13) of M. if x(to) € ci X(tO)

and p{t1) € cl P(tl), we also have iron (3.2) and (3.6) the nonnegativity
of co(x,p) and ct(x,p) in(3.1?)r sothat(l-9) is true as clained. The

other cases where (3,10) a.d (3.11) are satislied yleld rhe sane conctu-

sion by consideratlon of lhe followinq expressions equivnlent to {3,13)

l3.zI) co{x,p) = r!(to,Aa(to)) - ax(to) p+(to) + rMltorap(to))

- ap(to) . x(to) ,

\3.22) cj(x,p) = r!(tliAx{1)) Ax(tl) pltt) +rMltr,ap(t1))

- ap(tt) . x_(rt) .

,. Ex.cr ded d" 1il o raa Co drrion.

A vector w is said to be nornal to a convex set C c Rn al the

loint c ifforall z € C one has w lz' -z) :0 11, p.215). tt
z€ int C r this holds only for w = 0 ,
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(4.1) x+(t) and x-{t) belons to ci x(!) for all i ,

,4.1, prr o1o p_i r oalord to cl o{rr (ore'

and for any lepresentation

d-id! - qdo " d op - iot oe

(whele 6 and r a.e Borel neasurable and d0 !s nonneqative) itis
n-e rbar

{4.4) ,(t) is noroalto clx(t) at 1(t) and x (t) alnosl everywhere

relatlve to d0 ,

(4.5) 6(t) is nornal to c] P(t) at !r(l) and p (t) alnost evertwhere

lative to ds ,

It is easily verified that the validity of (4. il) and {4, 5) does not delend

on .he parlrc!tor relreselra,ro \r.
The followiqs junp condition ls lnplied by (4.4) {and equivalent

to it il the singular part of dp is pu.ely atonic):

(4.6) Ap(t) is nornal to clx(t) at x+(t) and x_(t) for all t€ lr0,tll,

On the ourer hand, if x(t) € int X(t) {or all t in sode subinteNal (a, b),

re have by (4,4) that n.ie is the (a,b)r and therefore

p is absolutely conttnuous over (a,b). Similar obsewattons can be

nade about (4,5).

It is inporlaDt tbat, in this wayi conclusions about whether x
or p must actually be absolutely contitruoxs in ceitain cases can be

drawn f.oh the lianiltonlan conditions'ltself. tor examplej !f $ere are

10-{Iecc.ve srcre co srJai ,s asso.:aled wrth . r. e:-V Fn,. rh€

condition inpties p. 4 r while dually lf P{t) = Rn (a prole*y adounting

to a sror.rh condilion on L ) then z. 4 .

DUAL PROBLEMS OF LAGRANGE

1{e sha1l saythattbe arcs x€6 and prE satlsfy the ext4ded

Eamiltonian condition il (r.12) holds,
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propo. io ! nA,S,. f - " , pair o a' s x\ O a^d p\ O

satisfying the HEniltonian equatlon' ( ]. 12) qb9_qe!rqEC!l!9 C:lgrgeq
Eamiltonian cordition.

P.oof, The subqradient set aE(tJx(t)rp(t)) is empty unless x(t) € x{t)

6nd p(t) € P(tl l?r Theorem 37..11. Thereforc (r.12) ihllies (1.5) and

(1,16), lron the upper seoicontinxity itr (3,?) and the co4tiduity ol x
and p , we rhen hdve (a.l) and(a.z). Since (4.,1) and(.1.5) ale irivial
for alcs in 4 , we coqclude that x and ! satisty the extended

tlaniltontan .ondltion

h o.der to describe the relationship between the extended

Ilanlltonlan condition and oplimaltty In problens of ]-aqranger we intro-

z. ) Ir'\o.xr - inltnoroble' t 1to' \ ".
'1.8. f,i "n.p, i-f l ooolen ..1 , for o. 6.

B,
_ -,_ 

1.,"0,*_, f xO( .--!O). x \/r.'.
'' _l - o'- t +6 orheru,se

- f-, oo,o_ if oo. .l D !o', o- ! _ Dr!t'.
1.1.10) fM(rro.pt) = __ ' -

+4 otherwlse -

Condition (Si) is always assuned in this contexi.

rhe reason for int.oducins I in addition to rl is tlar sonetines

we shall want to resfuict attention to arcs z(,6 satLsfyinq the terntnal

condtltons xO ( clX(tO) and xt < cl X(tt)i which do not lollow fr.m

lt(x) <+o due lo the lossibilily of Junps at tO and tt. The next.e-
sult sets forth sode basic relatiodships between these optinal value
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PrcDosition 4. suoDose (s I holds. the. r . 19 . L ana f "."
well-defined, extended-rea}-valued functions on Rnx Rn satisfylng

i4.11' f,i xo.1\ . r;trpo,p,\ : 1 pt - xo po ,

l4.l]t tno,xt' + fMtpo,ptr >1.p1 - xo.po.

'4.13\ .'xo,xl = 1,I ,(fL'x;rxi, I L 
!o.rb-xo, + rL,rt.xt-1 ..b1

,4.14, f;,po,p ,= ,-f,{fM,.;,ptr - rM o-po-po 'r, .,.pr-rj,}
p;'pi

(where the convention 6 - 6 = +6 is uderstood),

Proof, All but th€ lasi lwo folnuias is alparent iioh theoren 1, To

demonstrarc (4. i3), we conslder arbltrary palrs of arcs x and x' in e
whlch asree on (tO,tt) but have posslbly dlfiefen! endpoht lairs, de-

noted br {xo,xl} ard :xb,xi). Let i be the arc which aerees witb x
6nd x on {tO,tt) but is right-.ontinuous at io and lelt-continuous 6t

tl. Thed by the definition (3.3) o! lL:

1L(x) = I!(x) + rl(to,x(to) xo) + rL(\,xl - x(tl)) ,

i.\' lr'i - '..0,i',or - x;, + 
'r,t,.*1 - 

ir.r,'.
But Eince r!{to,.) and rr(t],. ) are convex and positivelr bornoqeneous,

.-,to,i,,or -x, . rrrxb-xor >,arro.irtor- xor.

r!{tt,xi - xi} + rL(rl.{ - *,,,,r . .r,,r,1 - i,,rt, .

t.4,15) Ir(x) 5 IL(x') + rl(to,xb - xo) + r!(tl, 1 - 1) ,

and, for this reason, 6t least < nust hold id {4,l3). The Euth oI = ls
seen from ihe iact that if x, : i in the above.nd ll(x) < +6, then

equarity holds io (4.15), and also xO ( cl x(to) and 1 . cr )ql) by tbe

ulper senlcontinuity of the nultifunciton t - el X(t) and the .utonatic
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stale cotrsfiaint (1.5). The verllication of (4,1'r) is paraUel.

Corollarv. AssLnr q,5, ,oio).o -hds i" - . rf

'.r!.!wl - +6:o "'h'0,
or equivdlentlv, if PL!^) = P(t,) = Pn

Prolosition 4 furnishes jn particular the inequalitv

'4. 6' fr'io.) rM po.o /j P - xo oo.

fion - -r. !'-or-m. .1" '\O.r_' d-d

p-.p.r o F eadpo ! loirq .n d.a-i or - a)d ,1 i. li :_ -aa 
'zed

(\ota t\a! .hen f, {^,x "r d f^,/p^,p I r <t both b'
finite, ) An arc x ! ,! will be .alled optinql fd ! if

(.r.17 ) it(x) = fr("(io),x(tt))

and exfemal id I if there is an arc ! € 6 (called 3 coextremal tur r
coresponding to : ) such that the 4iended Eamiltonian cotrdilion is

the latter definitions are also applicable to the dual L.gr.nqi.n
v, brr et.rei"l! y- 's o.. -ars Lo.he -"- t.,", i 

"....,".""
wilh M ln the sane way lhat H is associared wiih ! :

(r. a i'.,0,*,

(.1. t9) M(t,p,s) = slp lx s - H{r,Prx)).
". c'

These forsulas, in conjuncrlon with the previous four relatjns H, ! and

M. yield lhe fact tlat ;{t,p,.) isforeach t and p the biconlugate

ofthe convez function -H{t, ,p), wbile E(t,x, ) isforeach t and x

the biconjuqate ofthe convex function -U(t,.,x), This neans thal

-itt,p,*) a.a H(t,x,!) are 9g!ifq!9g! "closed saddle-functions' of

x and p in the sense studied in [?,13a], Anonq the conseqlences of

this eqLi\"le ' e or i . 17 c dt. 8') !-e

l.4.z0l itt,",pt = -. ifardonlyif pt P{t)
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are lhe already mentioned reiation (1,l8) dnd its dual

,l-tt. ! I,. p , ,p,x 6l -t w, for e6^h o, P,r,.

Inother consequence l?, Coroll-ry 34. 2, 1l is thar

14.zz) -ti(t,p,x) = E(t,x,p) if x€ intx(t) or p€ int P(t).

rf P.. - Pn lor evelv I.e. -.rJw' s d-tcys a o.

w+0)J onehas -frlt,p,xl = H(trx,p) fo! aU t,x,p. Thesanejs
trle if X(t) : nn for every t (i, e. there are no state constlaidts).

rieore_'- As" re sr. _6! x(,6 and p. € be d1) !a rolor.s
, clrl" \, ",d .,lpJ "r- nololposr el . 'iia. -f6- Lhe fol-ow-

"re eq rir".e r"ndidol/ I rx, " o l,,lp, "re bo.h "c .-
ally finite):

(a) x is exhemal for I yj!&9stts9Ilg! !,
{b) p rs e:trenal for M wlth coexfenal x,
{c) r t:_9Il!1]Ig!_l9L L, p t!,9!ll!te!3! M, and the endlolnt

poi \ trr'^1,:(,,, o o Fr^,A.,t o-:'dcl / ''-
nbove sense.

t99! -le ed-q'iv"le' eoi d .x.pr " o i '.p." "..-o.r.
functlons of (x,p) lor each t inplies that these functions hate tle
s a me s ubgradient s ererywh ere 17J Corotla.t 37,4.ll, i6 fact, the

l a. -lon.dn eq!al.on I -, fo' . ald rh- one,oo aino o e (o ;
can botb be e:pressed equivalently i! the synmefuic forn r

(.!.23) r(t,x(t)j;{t))+ M{r,!(D,i(t)) = x(t) . i(t) + i!(r) p{t)

f8l. ln particula., (a) and (b) are equivalent.

In liqht of {3.6), the nomality condition (4.4) is eqxivalent

(assunirs (4.1)) to

\q.4 ..{ ,i( r - '(r, x (!) (0 x (')
alnost everywhere lelative to d0,

. ' rhich at ro and tl entails
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(4,25) rM(to,Ap(to)) = a!(lO) . x+(to) - A!(to) .x{io) ,

14.26l rM(tr,Ap(tl)) = ap(tt). x(1) = Apltl) x_{tr).

sin1larly ion (3.2), the other normality condition {4.5) ls equivalent
(assumtng (4.2)) !o

14.2i) rl(t, E(t)) = E(t) , p+{t) = E{t) . p-(t)

almost everywhere relatlve to d0 r

whlch ar to ard tt enta!]s

\4,24) rl(to,ax{to)) = ax{to) . p+{to) - Ax(to) . p(to) ,

(4.ra, rlr'.,Axtrr) - Ax.it pr = ax'rtr ' p_'!g).

No we refer back to the proot ot Theoren lJ where relations llke
the precedtng were crucla], but appeared in the forn of inequ€lities

rather than equations, Inspection of lhe argunent given there shows that

lhe extended ganlltonian condition, !s expressed by ihese equatioos,

!s in fact equivalent to havins all of the altemauves in (3.10) and (3.11)

(4 30) IL(x) + lM(p) = x(ti) p(tl) - x(to) p(to) .

In vtew of the general ioequatity (4.I5) and tbe defhitions of fL and

fM , this heans exactly that

(4.3r) tl(x) = fr(x(to),x(tt)) and JM(p) = fM{p(to),p{tl)),

(4.32\ f!(x(to),x(tl)) + fM(p(to),p(t])) = x(rt) - p(tt) - x{to} p(to),

(A central rcIe h tbis prcot is played by the identlty (3.1?),

whtch however nisht fail itr certatn cases wher€ terns involvtng both

+6 and -6 njshi be pleBent, ln the proof of Theoren lr w€ we.e abl€

to reduce consideration to IL(x) < +! and tM(p) < +€ in which event

neither tem ln (3.3) or the conesPondils forinula 60r lM(p) can be +6r

and(3.1?) is va1ld. The same holds here in drsuins ton(c) to(a) and

'brr si ,.e rcr ca- oe expresspo oy r4, lt' ond r4,3"', dnd these eqLolrons
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I p]/ le lj ie,essol x' ald t^, pr, -14r9!ino.n,h"ole!dr- -

tionj we have at our disposal (ir,2.r) and (4, 2?)r which inply the finiie-
ness oi .he rrnorlcr i esre s -1 \e oali t on of < a.d lV' o

Iurrhernore we have (4.23), rhere tle riqht slde is sunndble, Thus the

rt
/ !.x c'.i., o. . o J ' \.1 ,.e .6 ' d

'00
s: -F !h6 .heore- "". 1Fs I x) d-d

1., pr d- o- oppos r-ly LnfinrLe, .\ese: legdsmr.rbo. beli ie,.o
that (3,1?) 1s aqain usable.)

qoro "N., A-srne A - a p. a be drc >a.i)rv- o te

'''. 2' 6.d sr h h"' / oad l /o' ar6io
opposiiely infiniie. then x rg C!!!3lly_9!lqf.U9f L in the present

sense of arcs in € , not just relative to other arcs in 7 , -e!3 !i4]l!4
pqM.
Prcof. this iollows via Proposition 3.

Corollary 2. Asslne {St). In order lhat aa arc x€6 be a solutionto
reL"o-,oepooe ,.,, oiog\F 6rooon.odr,\^,: .i i)..r.

c e1! !h._! x

Tbis condition is also necessary, il rhere exists a! eidpoint Fair

laqranqe llqblell (1.15) bajj qoluligr!
r!^,p.J ^' 'l .s i o.a r w:rL r-,x., .-os,-h hdr l!eco.e,po dr 9

A deeper result on the necessltt in Corollary 2 oi]1 be stated as

Theorem 4 at the end of this paper.

5. Atra]ysls of Some furthe. Reqularily conditions.

lor tbe lurpose of the results to be obtatned in 56, sone sftonger

assunpaions on the Eaniltonian H and lhe behavior ol the convex sets

x(t) and P{!) wtll be requi.ed:

int x(t) + I 3rd int P(O + O for al] t ,(sz)

1?3



F TYRFELLFOCKAFELLTF

(Sl) for arbttrary t, x. int X{t) and p.lntP(t}, th€reisarcla-
dveiy open s rbrnter,6l ot l!^,t, contahilq t

1{( ,x,p) is summable.

Desplte appearancesr {S3) does lgj give speclal weiqht to the

kgradqlan L and therefore call lor the jntroduction, at some staseJ of
a coresponding dssumpuon on ,he Hamr,,orian fr """o"iur.o 

.ittt V .

It is shown below, ar the begtnning of rhe proof of Prcposlrlon 5, th.r
(S3) inthe presenceof (51) Erd (SZ) is equlvaLenl ro a stonser prop-

eny (si). Moreove.r {8i) involv€s only tbe valu4 of H over int x{t)

and lnt P{t)r where H and -U agr€e accoldlnq to (4.22}, and thls
can be v ewsd eq '"lly as a property or oron"ot i, Inass!nrng
{Sl), (sz) and (s3), we therefore do not lose symnety between ! and

M and so are Justitied ln tdvokiog the rrpdnciple of duallty" as a tool in

DrcposiLion 5. sJppose ts,r. {s-r and lS-l ho.d. Then the nultifu.c-
lions {3.7) a.e continuous, lutbernorc, for any corrinuous fpction
i'tt..,.1- Bn w!h irt)r,ny/t, for6lt r 'and ,,ch func.ro,s do

exist), there 6re sunoable functlons

p: lto t,l- R. b: lro,tll- Pn , B : lto'til_ Rdn

and an e>0 such that

{5.r} lx-;{ol < e + (t,x,B(t)x+b(t)) ! 9(t).

The sane property holds with respect to M &L$.yl9!j!$9!ql!!9119!
p:lr^,,,1- Bn *-,F plt) . ! Drt) lordrl r,

Proof. Our frrsr srep is to stow that tS ). rS^) dnd

'or any e amenrs !. tL",!,1, r ,-r x'r, and

is a reiatively open sublntefral i of [to,\],
neighborhoods U ol x and v oi P, such 'hat

''3
H(t,x',p')l 5 d!) ror au t'€ i xr€ U and p. V,

wher€ dt) is flnite and summable io t

(S3) inply:
P € int P{t), there
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liling t,x,p as described, we start by selectinq 6>0 sufficiently

P + 26e. € int P{tl for j = 1,, . .,n ,

where

et = O,0,...,0),...,en = (0,...,0,1) .

By {S3), there is a relatively open inte.val I0 @ntbioins t ove! which

the functions H{.Jx,pr26e-) are aI1 sunnable and hence in paltic!]ar

flnite alncst everywhere. Then p + 26e € cl P(ir) for aldost all tr € Io

by(r.18) and the.efore actually for dll tr€ IO by olr upper senicontitr-
uity assumption (St) It follows that p € int P(t,) and p + 6ej € inrP{t')
fo! all t,( Io: so that the functions H( ,x,p) and Ii(,rxrp16e.) are

all ftnite throughout I0 and, again by viltue of (S3), aU sunnable wllh
respect to some relatively open inte.val 11 such that t € It c Io. let

\5.2) v1 = co {p a 6e ,...,p + 6en }.

Then VI is a neishborhood of p , Ior each p, r VL, we have by the con,

vexity oi U(tr,x,. ) thar

',t .x.p, : r"*t_,'tr,.*.p 6eJ A porr,'

and pollr) is finfe and susnable in t' € 1l At the sane tine we have

p" = ! - (p' p) € Vt by the synnetry in (5,2), inplyinq H(t!xrp',) < po(t,)

on ll . Since p = i(p, + p,'), t follows thar

IJ(t,,x,p) < jtstt,,",p,t + H{t,,x,! )l ,

2E(t',x,p) - po(tr) : H(t"x,p') < po1t,)

for all t' ( It . let

t(f) - nax{lFo(t')l,l2H(r,x,p) - po(tr)l J .

(5.3) lH(t,,",p')l < pt(t') fo! all r,€ 11 , !'€ vt,
whele pt is finite .nd sunnable or Ii and vl
is a nelqhborhood of p .
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The consfuction nor proceeds in the second arqunent of H .

let 6' > 0 be small enough that

x 4 6re € int X(t) for i=1.,...n.

The derivatlon of(5,?)is valid fo!anyofthe loints x+6'e. !n place

of x , and we therefore have

-, :' - 6'e ,", 1 , F,''' ,
for all tr . I and pr ( V,

rlse V c V1 is sone open neishborhood of p , I ( It is sooe rela-
tively open interval containtnq t J and pz is finite and sunnable on I

U = intco {x + 6,et,...,x r 6,en}.

Then U is an open neiqhborhood of x containing alons wtth each ol its
points x' thepolni:" - x-(x,-x). the concavity of H(t,,.,p')
ylelds fron (5,4) for each x, € Uj p r VJ l, € I. that

q,,.,p lr,x E 5a.p" -p^t J.

and sinultaneoxsly H(t,Jx',p') > -pz(tr). Since : = :(x,+ x ), we

H(t::,p,) : ilH(t1x',p,) + H(r,x,,p,)l

- 'r;4,o' - P {. ) 'L','',P' P.\

! rL !.t.Dr

we have p finite anC sunmable on I and

lE{tlx,,p')l < dt,)lor du t!€ r , x'€ u, pr. v
as desired. Tnis finishes the veiiftc.rion of {s:) .

an imnediate consequence of (si) and(sz) is thar the iiterior of

,'.x' , ci ^. i ,elor.v6 !o lr..r,l\D- i, ..\'lx i. . . l\s
lnplies (because x(r) is conve:) that the multitunction t-c]x(t) is

lower senidontinuous J5J p. 4581 , hen.e by (St) continuous. Sinilarly,
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the multifunction t+ ct P(t) is conrinuous,

It lollows from MichEel's selection theoren ll3l tlat there exist
i: ro.trl- " s- s) e i rr.v'l fora L:

srn)ldry p i..P(r. o!o-) '' i aro p r"- - -xrs. o, a on-
lactness arsument usins {S!) some d > o and summable function

i, : Jto,tll - lo,+@) such that

i-,ir.x'. , w. 6,,' z t I i,L, wce,-.- wl e. zt . r.

Consider for each w wilh s < d the functions

hw(r,p) = E(i,i(i) + w,!)

sw{r,v) = Ui,i{t) + w,v) .

lnvlewof{r.9) dtrd(r.r0), hw(t,.) atrd sw(t,.) are cotrvex functions

conhgate to each oiher. Moreover hw{tj. ) is no! tdenrically Infinite
because oi (s. 5), so hw(t,. ) and sw(t, . ) are botb "proper"- Slnce L

ls lebesque-nornal r it follows that qw is a l,ebessue-normal proper

convex intesrand on fto,\lx Rn 12, corolrary.1.51, and therefore so is
hw la, redha5l. Property {5.9) then tnplles by[5i Theorem 2] the

e r)6n eofarl-asro,a. cole L c-o, :lr-...'- Rr s-cl .hc.

* J " 
...' ,'d - J 1..",., u.v ,o. .

'o 'o
We alply lhis now to a set of affinely lndependent poinis worwl,. - .,wnr

o 11. o{'^,w,,...,w a'd , - P fo o

obtaining sunnabte functions

v.: Jro,ll - Rn ard p :fto,ll * R

(5.6)

(5. ?)

r(r,i(t) + w.,f.(t)) < !(
I > o be sr.h th.t

wl < e .+ w. co {wo,ur,...,wn} .

177



R.TYFRELL ROCKAFELLAF

Io. each t le! b(t) ( Rn and B(0. Rnx" bethe uDlque vector and

nat.ix with the lroperty lhat

r'.8 . /'1. I ,. - \.- -Bt'xlb -':o-- -o 'n"
The conlonents of b{t) and B(tl are then sunnable in I . If
x-ir.r 'e !s . rn '.8,d'pos tv'b'c"''eot

(5,?), and the convexity of l(tr,r ') yletds

'(t,x,B\. x . - ' . 
' ) . 1 , * q r . r " r ""0 1 :orr

. - ,Lt.ir.*..' .,I "*l.oo,t=_0 r

b/,!.o,. Ti sr,l'holos to! e ".'rab.eI, 'io' p m"xn OBr,
As for the conespondinq result fot the dual laqranslan M , this

follows by synnetry in view of the remarks made p.ior to the statement

of Propositlon 5. This completes the proof.

Doposr!ono, Srppo,e lS,,\< " o ,S ' hold. \.r L d L.
nowhere have the ratue -{ on . , and the assunpuon in Theoren 2

is thus setislied foi any lair of arcs x € '6 qlq p. 6 .

lroof. Accordrns to Prcposllion 5r we can find a contlnuous tunc on

i, ro.tr -"" "nd. "ole' ' r'o. v, ro. j_-P d'o p:r!0.'ll
,,R slch tha! ;(r)( x(o and

r(r,i(t)j;(t)) 1 P(t) for all t.

M(r,p,s) > s. i(r) + !. ;(t) - F(t)

for all t< [to,tl]J pe Rn, s. Rn

.M.r.w > w. ;'ti ro ar, . i o.' 1. , o_

byL.or. _hisrnpheslo -ora, o - l"'
-t, "\I,",r,p' , J ' i . dq , rJ .r P o/t dt>-€>
'o 'o

The corespondrns Ooperty ol Jr, is true by sYdnetry.

1?8
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b opo>r -o r. S ripo(e rS , ono I ., ho-d. -le (5 ) . -q rd - l
! ,'. onda' \, . trr). tL6rrsa

relatively open subinteral I containinq r , e&!C_ry!!_$48!19199:

(5.9) L(t'Jx,v(t')) 5 P{rr) for al1 t' € I

Sir'ar'.for"rv.! r,.r andanv o, D.i, !\616Liqrelaii/e-v

open subinterval I containlnq t,al@ with s!nm.ble functions

s:I-Rn and 1:1+R sucb that

(5.l0) M(tr,pj s(tr)) : 1(t') &I-g!
(s3), because {5.9) and (5.10)BggL The conditions are sullicrent ror

in!]y 'ia (1.9) and (1.13) that

p. v(t') - F(t') < E(tr,x,p) 5 1(t') x. s(t')

for aU t' ( I , where the rwo outer exlressions are sumnable- On the

other hand, lhe necessity is shown by Proposition 5: since the nulti-
funcrrons (3,7)are contrnxols, wecanfindforany t aqd x€ idtX(t)

l-nc on;: .. -R ,rl ittr. -\rlro"
tr€ lto,trl and v(t) - x (Michaelrs selectron theoien 113l).

6, Optrmal Value lunctions and Duality,

In tnis section we erplore the ne.essity of tie extended

Hdniltonjan coDdltlon for optlnal:ty in Lagranqe lroblens through the

iranework of qorollart 2 above, Thus we lnvestrgate the erlent to which

the fundanental inequauty (.1.16) for the convex'optimal value' tulc-
tions ft and fM can hold as an equationJ .s well as the enstence of

solutions to the Lagrange problems over I ln the definitions of these

A byproduct ol our tecbnique is a simple condilion under which

the lnfidun Ln prcblem (1. 3) or (1. 15) is lhe sane, whether raken over 7

or 6, This is oblained by a study of the relationship between ftJ fM J

f; , f; . and the optimal valle tunctions
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'6.1' f" ro.x. - ! ,L ., lat a. A .

,ii, - t-r,r oo.p t, t-l' ta p A .

)de',s_ -.

(6.3) tl, lztl ""a ralrr2 rfl

{This is trxe bectsuse the state constrdints {t,5) aDd {1.16) are satlsfied

whenever L{x) < +- and IM(p) < +-.)
The next theoren anC its dual a.e our deepest results, 1n stdtinq

them, we recall the notion of the effective donartr ol an extended-real

valued convex functioE f J wbich is rhe convex set consistins of all the

elenents where the value ol I is nol +e. Oi drect interest here -re

the effective domains of the vadous optinal value functions, which can

also be expressed in the lollowing nanner as sets oi attainable endpoint

9:_!r.lat.- orr--aora.arons ' 6rd v:

6 ir dom - ttx.,xt,, o \ R ay. e $r I

Ir(r) < +6, x(to) = x0, x(tt) = xl ),

= {(x0,1) < c] x(to)x cl x(tl) E x € 6 wjth

Ir{i)< +6, x(to) = xo, x(tl) = xl },

f'.el a"^ t{= {(xo,l) ( clr (to) x cl x(tr) s x € 7 with

It(x) < +-i x(tol = xoJ x(tl) = xt ]r

and analosously for rfl, rAa una |ff. we recall atso ihe notarion for a

coDvex set C that

.i C = interior of C rel-ttve to its afflne hull-

Theorem L S!ppose lS,), {S^) a.d (S^)

x€a wrth l-(;) <+€ and *(t) . r.tx(tr

lal i lx .x I = f: i: ,x.) for .11

hold, and tbere is an arc

(x^,)(). rl dom f- , a.d r.
particular

t6.1) .i ao.r. = .i ao. tf. ao- rf. ao- r.
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"n. \e,- -: ... a. d, . p, .

@(1 i5)

,., f "nd r' .,e 
"wer -emi.o '- Lo

Rn x Rn, the -i.im.n in (.1,1.1) ls attainec and

.Eo.8, i...o .o - p /.p - xo po 'xo." r
?o xL L I

lM oo.p, 
" 

o,,' Pt to oo - t-'*o.x

theo,em ' S ooo.e ,S '.,S dnd rS r 'oa. drd '" isan.rc
a a win .. p < - ". prr' '_ rorall '"r

'" IM'po.p - "r'oo "_ ":l oo.p. oor f . s.ql
pafticular

'6.ta .on fM - rr do- ; do ; do^ tM .

R \ R'. there eri s " or' x F

nishinq ihe ninimum in the Lagrange lroblen {1.l),
,c, .no t' nro ). o a 6rv x^!\,,

n" x nn, tne nininr. i. (4,13) is atlained and

..lr. ,*0.1 sJ! v] p - xo oo - Nl 
Do.ot 1 .

'o 
o.

p \, o - .0. po - fNl'oo,p 1' ,

Po ot '
Frcofs, Theo.en 3 and 3' are equivalentJ in view of the s!4netry of

. our assumptions {cf. the renarks precedinq Propositiod 5)r and therefore

it will be enouqh to prove Theoren 3, In fact, alnost everythinq ca! be

reduced to estdblishing a single relalion: that for any (pOipl) there

exists p( € such rhat

vp:-"1.1 o.-xo.po '_ o.*'
or"t

Thls innediately yields part {b) of Theoren 3 and fornura (6 8) in(c),
because ofthe basic inequalities (.!.11) and(6.3). It also tells us that

the Iiqbt sides of (li,8) and (6.13) are equat. Thus the convex functions

l8l
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fr and ff have the sahe coniuqare.

the latter lnDlies Darr ta) of theoren 3r al least it ff does not
have the value -o anywhere, and even in thatcaseifit can be verified
by some or\er neans !' or oon f- and -" ! r"* rhe sane .lo"r re.

Eowever, this ean indeed be accodplished by applyinq resutt already
described to l0 = na!{!,0J, which (we clain) atso satisfies lhe hyFo-

heses,d,o,sirqtheoovo's l"crrhar ., "-d tl "reno..eq"j"e'oo

don 10 = dom 1 and

As for LO satisfyins our hypotieses, it is at least clear that Lo

is another lebesgue,normal inies.dnd which is convex and lroper a.d has

XO(i) = X(t) for a1l r. (1^/e nark all objects associated with lO in-
stead of L by a subscripr o.) By duality, MO(tr,,.) isthe closed
donvex hull' of M(t,,J.) ardrhe indicator funcriod ol the oriqin (OJo)

I?J Theorem 16. 51, i. e. the lower senicontinuous hull of the function
{P's) - inf lu1t,r'-lP, r_ls1 '0<r<1

cl Po{t) = cl co {P(t),0},
and the p.olerties of X(tl and p{r) in (S1), {S2) and propostion 5

carry over to xo(t} and Po{t), Tle facr rhat (s3) cardes over is seen

easily fron tie equivalen! fordulation of (S3) in prot-sitio! ? and the
above descriltion of MO .

The only tihgs that w111 nor foilow fron establishrng {6,13), but
need a supplenentary a4ument, a.e the .sserrions in (c) of Theorem 3

besides (6.s). Tle lowe. senicontinu y "r rfl i" a consequence of
(6, 8) itself, ald that of fM is rhen rrivial frcm rhe definition (4,9).
Fornuia (6, 9) is easy to derive fron (6. 8), {,1, 13) and ihe facr tnat (3_ 2)

sup {w. z ..1t, zrl =

{:

182



h, Theden13.ll. finally, the attalnnent of the nininun in (4,14) can be

deduced in the followlng manner. Consider the colvex functions

sl(:o,xr) = ffl xo,xr)

fo ' -.0. c. v/!o', x , ct x .r,.
s2(x0,5) =\

[+6 otnerwise.

rhe .onjuqares are nf = I u" to. rt, ter+e.t* = tf by (6. 8), and

9 rtPo,P.t 
- V/tO.-oOr+ 

tMrtt.otl

b! La,or, _urlherr o e, l-e l-)potlesis of lneo.e " col."tn la i ra'

oomc, lir oor er+o,

The ibeoren about the conjuqate of a sud of convex functions 17, Theo-

ren 16, al te1ls us then lhat

roi rol o0.ptr - 1 n {q.,oo.pt szrpo-pi.ol-pi)
!o Pi

and this is identjcal to our assefilon about (4.14).

The task now is to verlfy lor an arbitary pair (po,pI) that i613)

holds for sone p. P. we can assune the rigbt side of(6.13) isnot+6r
since otherwise the inequalitt holds trivinlly for all p . 6. Let c be

ihe Banach space of all continlous functjoos v:lto,tr1- Rn, and foreach

v. C leL

@rry, - i, x'to .po-x'L p rJr-'t x. r*,.'1,.o',.- 
^, a to

Then p! is an extended-rea1-valued convex function on C such thal

(6.1 , , 'o' \:-f txo po - xj ol I il xo.Yt l '.- _0'^1 - -

We demonshate that pL is bounded above on neiqhborbood of

the origin in C . Let i have the Foperties 3ssuned ln Theo.en 3 and

take B , b,t3 ald e as in Proposition 5. Define

F, lto,rllx R"' Rn
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(6.16) r(t,x) = x(t) if x = x(r) j
whereas if : + ;(t) aDd thus can be written tn the forn

x = o-r(o)i(t) + r(t)€(t)

-l -\(t) = c x- Y{t) > 0,

€( = x(t) + \(tl _(x -;(t)) ,

r(r,x) = (1 - i.(i))i(t) + ).{t)lB(t)€(t) +b(t)1.
In direct termsJ blt nore opaqxely.

(6.1?l F(trx) = B(t)(:-x(l)) r i(t)
+ e 'lx xr'l B t'a, b,. -x..1 .

For any t such thai l" -itt) .", wehave (5.1) holdins andalso
I(t) < 1 J so thar by convexity of r(tr , r ,):

+ r(r) r(tr6{t),B{t)q(t) + b(t))

: nar {r(t,x(t)Jx(t)), P(t)} .

Thus, denotins the last erpression by d(t)J we have 4(t) sunnabte in
r( Iio,tll and

(6.18) l*-i{Ol .e- r(t,x,r(t,x)) < 4(t).

Obsefte fton (ri.1?) that F(t,x) is lipsclitz continuous in :( Rn and

sunmable rn r , The differeriial eqlation

(6.19) i{i) = r(t,x{O + y(t)) a.e., x(ro) ; xo j

rlLst.s".. a.F o ,.ioa t,A forall *0,o- " o .. d De,oe
o ." t- sot,.ion co ,., .o .on-spo oi 9 o ro x. 0,. r

l/, lyr-x
Ur,xY{t} + y(t), 

'Y1t;; < "1t1 ro. utr t
by {6.le) and therefo.e
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o.o e\tt< f .\rat< s.
0

The malpinq y-xv is continuous (as a tanslornatron fon c rnto C),

and for y=0 we have xv =; by(6,16)- Hence there exists 6>l]

lv < o + l(xy+v) -;L <e.
Tnen (6.20) holds for all y € c satisfyins ly | < 6, aDd ?L is
bounded above on a neiqhborhood of the origin in C , as clained,

The latter fact, with eL convex and er{0) >-o {by(6.15))J
implies the existence of a subqradient of ?t at 0 , i. e. d contlnuous

linear functional L! on e such tlat
er(Y): PL{o) + qr(Y) for all Y€cJ

or equlvalently

sroI Y'-or\' _"1 0

Y€ C

We can represenl

ta.22 ,..y - J '.,' dp, ,, ,\e!e p. €, p,,0. - po .

,o

Conbining (6,21) with (6.15), we see that
t

*"r f.'.cr - oL\'?-6
v€c'ro

and that to establish (6,13) ii will sullice to show this inplies !(tt) = pt

and the suprenun equals tM(p).
It is evident from the definltton (6.1.1) of 9! that the sulrenun

in(6.23) is the sare as Ure swrenum over all x(A and y€C ofthe

/, !
x,t p -\'rn'.ptnj /1"r,.p, Il-1.,,. ,'t'..t',or,to to

or equivalenlLy for z =x+y, the suprenun oter all *.4 and z(C of

185
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t,r
si.r"p ri"..-" rJ'2.-x".op. - / r_.,. . .,i,t,o.

oto
t'\'r ''p -.r , J ' .p, , I 'r,. i,. o.-.1 r-, ,z c'.ir..,0,.to to 

'o
Thus it is the suprenum of

/r .,o,-o. r J z .ao,t. +.1 ro ,.' -J t ,,..,,.., .r
otooa.? r edr'l rrtO.',D. lsrordbe la

if pl - p(tl) + 0 , so we may conclude fron (5.23) thar e(\) = pl , and

the probien is.educed to provins that tie ex!.ession

zi ,oo,., r s, p .y '0,,.u,1 o, - J'r, .., ..,..* .
z c o .,I o ,o

equals IM(p), under lhe assumption it is not +6.
The theory of inteqral functionals and nordal inregrands wilt be

alplied in two steps to calcut.te (6. 24). t et

'o.2, !-,,.^ r,, r *i "/'lL,"to

(Recall our convention that the inlegral ts +@ if and only if
r(. ,z(. ),v{.)) is not odjorized by any sunnable functlon. ) Nore rat.?

f z,.' . \ L, ro, "tnos' r ,(6.26) z. ! :> I
I z,t' IXt]] for all r.

Proposition 5 implies then that

(6.21) iDtt - lz. ciz(t) r intX(t) forall t),
(6.24) cI' = lz, c z(r)€ clx(t) for ax !}.
If z [ , , the! the inner supremum in (6.2.1) is -6. Thus C can b€

replaced by , in (6.2a).

ror eaci z € , , $e inner sup.enun in (6.24) isnot 6 in vrer
of (6.251, nor is it +6, srnce tbe overatl slpremum in (6.24) is assuned
lot ro b. q. rr 

's i. _s l.n.re. _ x aav z. , ond tat

186
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- r = {t € Jto,ttl z(r) . x(t)} ,

l(tJv) = l(trz(t),v) lor t€ T, v€ Rn.

- The conplenent of T in lto,ttl is a null set by {6. 26) while I(t,.):s
for each t € T a proper convex functlon on Rn by the defidtion of X(t).

"re-eoeso e orr"ti.lol o, .o.rt Pr -Rl p'' ll_ L_oe"s e

nornality of I as an intesrand on T x R! 12, corollary .1.51, and the

inner suprenun in (5.24) can be Mitten as

'o.2o sro,'/0r....a _1 . o' ,.
/. J - T

where p can be reqarded as an elenent of t', Accordlnq to a funda-

mental theorem on conjuqate idtegral funcliona1s, (6,29) equals

ro. ro' I .'o^lo . -,,\' d
T v. R

Bui the sulrenum in (6.301 is H(t,z(t),p(t)) by(1.9). Putting everrthtns

- toqether, we now see ihat
rl

s'p;J p. ..ro' / , ',',",'u, J to 
o

Jrnr.,rt,..t,.aL.

wbere F(.,2( )r!( )) is sunnabte over lto,\1. Moreove., this is true

for arbihary z. 2 . A:ne summability implies

16.32) p(t) € P(t) for alnost every t.

(Consider z€ int, as in (6, 2?) and apply (4.20) and(4.22).) we con-

clude funher that the functional
t

( [. qn.z.L,."t.,,d. {.2
(b. rl) o(z) = ( '0

) +* itzA2
is linite on ,, and that (6,24) can be expressed as

t,'b.r4 ."" ,J ' " t .0 ,' - *,. ' .

ztC a
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Observe that O !s actually a convex lmctiotral, due to the con-

vexlty of , and the concavity of H(tj.,!(t)) for each t . rurthermore,

lor dny i. rnt, (cf, (6.2?)) we .an appty Proposition 5 tosetabornd

-l ..' '.8' 'z l b',' < 0/

val1d when lz-i <e, andthen
t, t,

/- *.,,'.o.,. r / ."..18 . J o, d
"ro

when z-;l<e, inplyins rhat o is uilomly bounded above on a

neighborhood of ;. Theretore, in view of convezity, @ is €ntinuous

A -.po- v e - .o-oy ooor , .. e r,aaiLo ia' i co re,oo.orno

to M (ci, {4.18) and (4,19)) and define in terns olitthe itrtegrand

s - ! to.rl p,

It sholld be borae in mind thar tne conpledent of S in lto,ttl is of
(cf. (rt.32)). Arsoj

(6.3?l b(t,z) = -E(r,p(t),2) if t. S and z€ intx{ ,

by (4,22), while

(6.38) h(t,z) = +- if z I cl X(t)

by (4. 2l). Thus tor z < int, we have

h1t, z(l)) = -H(tj!{Oj2{t)\ a.e.

( a sumnabre tunctionJ but'o zl .12 there exists a subintenal (ts,b)

or lto,ttl where z(r) | clx(t) (due to.he continuols dependerce of

cl x(t) on t i ?roposition 9), and hence h(t,z(t)) is noi najorized by

any sumnable lunction of t . This shows that

188
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(6.l9l o(z) = l'I h{r,z(t)dt it z. !\t } or zl.r2 .

we know 6om its definition (6,33) that h(t,,) is for each

t€ ltortll a iower semlcontiduous proper convex function on Rn. The

conJuqaie inteqrand

(6.40) n(trsl = sup- {s z - h(t,z)}
". nn

thus likewise has m{t, ) lower semiontinlous, convex and proper for

every t€ lroJttl, and indeed

(6.41) I nrt,rrtt.st

L 'M{r. s) if tf s

by(a,19) and(3.6). The nornality of rhe lnteqrands M and rM yietds
throuqh this the Lebesgle-nomality of n I2J Co.o]ltsry 4, tl, Since b

and n dre conJxsate to each otherr it foltows that h toois Lebesque-

no.nal la, I-enn- 51. The inteqral functional

t6.42j 'r,., = {: 
!{r,z(t))dt ro. z€ c

is therefore well deflned and convex_ By virtue of (6, 39), jt asrees with
o on inri (where 6 is finite end continuols) as well as outside of cl,
(there 4 is identtcaUy +6), Hence rhe supremun (ri_ 3.!)r which he
want to !rcve equ-l to IM(p), is the sane as

t-t
"o 1t.'op, - /''.,,.,.

to

lve are soinq to apply to (5,43) a rbeoren of l5l on the conjugates
of intesrdl functionals on spaces of continuous funcrions, This requires
noiins some further prolerties of h that result fr.om fs deiinition and rhe

facis already establlshed, Firsuy, we hare

(6.44) x(t) l: don h(t,.) c cl x(t) for all t
according to {6,35) and{a,zl). Thus cl dom h{t, ) depends conlinu-

(6,45) intdomh(i: ) = intx(t) +p,
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(6.46) sup{w. z z€ donh(t,.)} = rM(t,w) .

secondlyr if x ( Rn belonss to the interior (5.45) for au r in sone sub,
inteNal Ja,bl, tlren h(, jx) is sumnable ove. [arb]. This fouows be_

cause of the existence of a function z € int, such that z(t) = x to.
t. [a,b] (cf. lhe result on e:tenstons of contlnuous setections stated
as Proposition 3 of []41)r the inresral (5. 42) has been shown to be linlre

A1l the condttions needed in iivokinq [5J Theoren 5] for the f!nc_
tional (6,42) a.e met, and the consequence is rhar (6.43) can be idenri_
fied via (6.40) and (6.45) witn

/ -6,;,1e1a, * 1\ ."r.,"rorouro ,

where dp-id!=trdo. Since in (6,a1) we have t€ S for almost evera
t € lro,tiir this exp.esslon coincldes with ]M(!), and Theoren 3 has

r-!:!:: rJ ^li-Ig!r:_lr9!!!g:9!,l]i9ts:1. 610 e' ,x..x F
on/ ardpo r pcir wh'-t is sno.olv ard .dbte for i , !t - sease or oe_

longing to the set

16.43) rrL don 'r/ rcl Y,!0, < ct X,!l,l rr don tr

-ha d, cr' x € !4ll xrr^r x. n,d r '.r - x so-ves r,e Laar"nqe
g9!19I] O.3) Jo t oq 6 if and only if i! is exFemat fo. L , i.e.
satislies the extended Hanittonian condition for some p ( B .

Proof. The incluslon (6.48) is valid because the hyrothesis of Theoren
3 concernins i inpties

dom f n (int x(to) x inr x(tt)) + 0

and consequently by [?, Theo.em 6.5] rhat

t* a.' ft n (int x(to) x int x(to))

=.'1o..ft n {clx(to) x ctx(tt))l . ridonfr.

i\..
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ro. the rest, we observe froF Corolisry 2 (at the end ol !4) dnd 1

3(b) tiat only tbe €xistence ofdn endpoint pal. (p0,pl) io duality \

(xo.\) neFos rc be es.dotrsheo. the co:vex furc ron !f s .,odrfr

el idoie lhrolehour r! dom f; 17. Th€oreF 11.41 dlo rherelo,. has a!

{xo,xl) a subsradi€nt lrh1ch 6n b€ expressed as {-po,pl):

fJxb.11 : '-iyo.xrr - po rx;-\, - pr'rxi xr, for drr x;. xr .

(6.49) \.pr-xo.po-rf(xo,xr) i;"dOi. t, - "; no - rfr"5,"lt

But llrxo.xir =fi(x0.1' <+- by our dssumptron on rxO.\', sor6.4c'

can be ultten ln 6ccordance with Theoren 3(c) as

(6.50) --.1. pr-*o.eo-flxo,1) =lM(po,pl).

If fl(:o,xl) = -6, there can be no solution to the laqr6nEe lroblem
(1.3), inasnuch 6E JL oowh€re has the value -@ (9roposition 6). Then

the necessity of H.nittonlan conditlon is vacuously true. on the othe.

hand, if fr(xo,xl) > -6, lhen Ir(xo,xr) nusi be finite, and (6.50)

asserts that (xo,\) and (po,pt) are i" d""litv. TheoreD 4 is iherebv
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