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Measlrres as Lagrange Muitipliers in

l''lultistage Stochastic Programrn ing

R.'l'. Ro.KArrLL.rR+ AND R. J.-ts. \iiirs

Dlatt an af Matlllnoi\, C it sir'.J tl'a:lrnLzlah, S.d1!1., fiaslittto,98l9t
. - I.K ..

,\ dualiil iheorr is der.lopcd for multG&se conrer siocnrnic proA.nnmins
problenrs Rhose dc.isior (or rcco!6O ann.iions .nn te .pproihfted b!
caniinndus ldrtions s$Gfrins the srme can*rd'ts. Ne.d$i.) and sum.lcrt
.ondlliotrs lor ofrlnrl'ri.are obirnred t! terhs olrhc cxGtcr.c olmultidicrs in
thc clxss or resulxr ll.iel me.srres on tlc lrdcrl,ri'rs r.olabili{ space, these

beine dec.Dp.srbie, ol corLrsd, nrto 3bsolntelr coninruons ,nd sinsul.i .oF
poncnls \rirh i€sDe.t to t,rc s;tcn lrobrbiliir nersure. Tlis piotidcs an
rlt?.mlile to xle.!!r@.h $Iere dre ltiplidrs.ie.lehcnts ofthe dlrl or -?'
lith m .Nlorous dcc.m1,osiii.r. llo{.\.r, bcsidca t)rc cristenk ol *.ictl-v
Icnsiblc solutions, sFecinl rdgui.ri.I .ond'tiots xre reqnired, .! is thc
''lan1nixrii1" ol ihe probibilitj' mcx$rrc, 3 rrropc{r nrtoduce.L h.n earLic
prFer. 'lhesd ire .ft,ci.l ln cn{rri.s ilrt tl,e mnLimam dr. oltlnizntion
problen.rn niccd bc aprroa.hed 6-r continuols functiors.

l- hrRoDucrroN

In a stochastic prosidmming probleln, dccisions must be taken in discrctc
time in rcslotrsc io tl,e lrogiessite obscrrati.rns of certain randon vari.blcs,
and in such . iray as tu minn ze ar ovcrall e\fected .osr subjcct to various

constrairts. Ir stage *, qhere t : i,..., N, there is an R* valucd random

rariablc {r to bc olservetl and a dccision lector.-,, in R'" io bc dctcimi.ed. Let

f-(1',,€')eR"'! ). R'! - R",

I = (r1,...,rn)=n"' x . : Il"x :R".

Tne distribltnn of f is assumcd to bc g;ren by ! horn (regulcr Borcl) pLo-

babih) neasure d or a norcl subsct E of R'. The tlpe of decision stlltcture
tlrat is of interest is reprcscntc.l by a function t E , R, . l]lt1 a /cca1 e

+ Reseuch spnsorcd by the -\ir for.c Ollcc ofSc'.ntilic Resexrch, Ai.Idrce Systcms
Comm.nd, USAF, urd.r AFOSR Gr.rt No. 72-2269.

i Supported in prrt br thc \ationll Scien.e Foun.lxrion rdder GraDt IIPS 75-0?023.
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ln.tiah @ i\ oil,cr contclts a decisnr. rule, policr. or program), \rhich is
nakahtiipat;te jn ihc sctrsc rhir rr(i) dipd.ls .nlr or 4,,..., t",. a.d ror oD

4" I ,..., 4ii

a(f) - (a1(11),,r'(t' , 4J,..., r"(c' ,..., sN)).

ln thc prcseot papcr re treat constdarts ol dic fornr

r(a)€,Y xnd r(4,,(t))<0 for, 1,...,,, rnd €.:-, (t.t)

and the expecred cost 1o I)e nijnnnizcd is
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dr(r) it{i((;, r(o) : ] /i,(a, x(g, 
"(df), (1.:)

(^) xh drananpt.onlea byt aJ R,', ant ce.h Jtfot i - A, 1...., n h a
teat .atued Ju/t.tia on S \ x su.tL tha! l.(t, r) it co .".t h , Jat e@! t.

Ior reasoN explained belov, wc rlso nakc thc foiloring lopological restdc-

lb) E ;s .otuldtt . l i! thc tal,lon af o (j.e., the smallest closcd set of full

(c) X h.otufax bnh on.nt)t:) ;fieiat,
(d) Ji h .a,tiLuo|s .n ! /. x fo ; - a,1,...,1x.

'fhc corrinuilv in (d) eisures;n parricular tluri(4, r(g) is a bourdcd, Borel-
Deasnrabl. fuDcrior of f irhenerer,(a);s a h.undcd, tsorel melsutublc frlic-
t;.n of a. !'urdrcr orc, since Iis bornded. orliecou,s. fuDcrio$ a fhichare
bounded Nill be Deeded.

Let -/ denote thc l;rerr splcc consisring of all boundc{], Sorel mersunble
functions rr;-R. nliicii arc nonanticipatiic. The hlsic probleD we stud!

nn,inizc the funct;onal (1.2) o\er all

"u..or.r..rr Ltl. 
rI)

\ote from the precedins remrks rlnt the erpected cosr (1.2) is well dcfincd.
Fufthermore, rhe hinctional @ is conle!, and ir is to be mininized o1€r a c.nrc!
seL O t dih h Io .haraderize the aptitnal sohniah! ta (P) h te ns of Larrc se
1..', DI;P. aI

,\ problem closelr related ro (t) is:

lri.iDizc thc lunctional (1.2) o\.cr xll a E,r
sxtisfliig the consuaints (1.1) altualt turelt,

(P-)



i.e., ercett perhaps for g in a subsct ol.i ol casurc rcr) \rith respcct to o.

This can be regarded rs a problcn or d,e Bartcir tlr,:e !.' : g'(E, t, ,')
(-a - Bor€t field on !), rith l'rcplrced bv the srbspace J. ol g,' compr;scd
of the functjons eqrilalctrt nr t'irnctions in .,1.

In a scri.s ol papcrs 11 61, $e hde invesLigated Lagrange Drihlpliers for
(P..), parnre particular rttentiui to the t$o-stage clse. \tr'e ]ia!e sho$!, roDghll
spcating. that if at cach stage ,)ne cxr male decisions tilhort rlornl.g about
ilic possibilir\ tl,rt certa;n future ortcones of the rendon ladables Digirr leale
.ne Nitlr no iixsible re.ourse, then multipljer funcllors t, for ihe corsfa;.ts
,(4,.(f))<0 corld be obraired under r "strict Ieisibililr" assunrt;o. as

elerrents of l,','1 - yr(E,,t. d). In general. howerei, Lhe best one could l,,te
for {ould be muliipliers as eienenls of rhe du.l space (-7'")1, each of }l,ich
could bc mcrtjned irith a pajr consisting of a fuD ion I E lfr and a ceridin
'\ingulal' componcnt 1,'.

Hcrc wc prcsent atr altcuarirc app.oach ir irlicli sirgular muh;pliers n)
(3r'): arc lvoidcd, Ict no notran ticipatn itr co.dition on thc dlnanric beharior
oftle co.srr!;1ts is i.rroduced. I'hc nultitliers aprcar irstcad as rcgular Borel
nean "t ft or .t, a.d tliese cM be decontosed ;. tl,e classical \ral into an
ebsolDteh condnuous part $;th respect to d Dd:r singllf part.

Thjs approach, rvlich $as slet.hed in l7l, depends on t(,Ilnogic ?ssLnp-
tiors ber,ond tlose reeded ii our exrlier teemrent of (P-), r.t onll, tl,c co.d!
rions on S, ,l andl introduced above, bur .]so a cerlair fr.pertl .f o. f lie
rc.sorl is thar we need ro rvorli sinNlrrncoush with (P), (P,) end srili ln.ther
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rinnnizc thc fuctional (1.2) orcr all

r- E "r; satisliing the c.ratnnns (1.1),
(P")

\rnere -ri c.rsists af al1 tl\e .a tin oas nonenlicipltile tuncdons r:.E-R".
Ob'iousll, one ahr al s has

inf(P-) < inf(P) < inf(Pc), (r.)

bLt \r;thout fulther assunptions on r botl inequalitics iD (1.3) mar be slr;ct,
rs demonstldted b\ coLntere\xftples in l8l. lt i esscrtial to our aplro.ch irere
thar equalit! trold throughout (1.3), beceuse \rc sain ou. rcsult for (P) br
a narriage of an lfLmult4 er dualitr tlreory Io. (P.) and a mcasurc multiplier
dualitr theorl' for (P.).

Thefurther conditionto bennposed on o Fas .ievel.ted in IElwith rhe present
lpplication in mird. \\'e assurne that

(e) the ptubabili4 kQd te a it latuitlaf)
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r,eolori c .-".fo, .{ R.nJirJ. : / \ 
"r

Sr'. trojectiot !f S.n Rt ,'i )i R'*

: (c, , .., s, l.'(4,...,{'.)= zi.

The condiiors for o to bc "laminart" are tlrt
(l) thc rnuh;functnn lrs is lower scrnicont;ruous relatire to Ar (hcncc

actLtallr continuous, sirce 5 is compact), xnd

(2) Fhcncvc. ,li is a Borel subset of ,? irih "(.s):.1(s) 1 slch that
5" is also a uorcl set in 5r, ther ,,1Nr(9,,..., s'J is dense ;n lr--(9,,.., Er) for
alrnost cvcrl (', ,..., f) ln sr (i'ith respect to die frojecdon of o on ir).

This assunttioD on q is satisfied, nrr eaample, if c can te erpressed as

4aO - p(6, , , 1.) ",(alJ ""(ag.)'

Nhere d,, is a regulir probabililv m.a$irc on R'* njlh compact suptort 5r,
and lhe function p is positirc or jl )< ). EN. Trit;all]. it;s rl!) sxtisfied if"
is discrete (E thcn bcnrs a finitc set).

Under tlie forcgoins assurnttio.s xnd a constraint qudlilication ("stri.r
feaslbjlltl" of (P.)), wc oblain not onl) a charactcrizaiion ,)l optinal solntions
ro (P) in tc.DS of "mcasure" fultiplicrs, bur also thc eristence of sucil optimal
solutions aod tie lssuunce tliat the\' can be "applorinated" br .antiruoxs

Rcst,icting reclurse functions to inr +rccific clxss of lurctions alqzts !rc-
cludes d ceruir amount of gcneralitl. This is certainh the c.sc if xc dco.}rd
t|at tire recourse functions belory to ,,,,, tle spice of R" valrred contntuous
fDnctions, bul rlso ifthe] nust belong to 1,,, tlie space ofR'-valued functiors
th.t arel-sumnable. for i <, .: .o. The staces't. and y"" 1,!'e the distinct
advantrge of proliding a morc natural alenue ro the dcrii,atn,r of necessary

co.dit;ors for optlmalitt. This nishi poss;bl,v be carricd out for probiems

fornulared ;n .!t,' sprces,2 < p -- ,t, but it lrould ccrtai.lt' enriil nurnerous

rctnemerc of the theort' nos a'ailable for mr tistagc pmgnnN forDnriaicd in

^tfaspac€s 19 111. The faci that irc arc able to shoir the esentirl equiralence

of (J'-) Dd (P") nirh (P) undcr trc ablre as mptio.s should rhcrcfore be

rcgarded as one of the chicfstrcngths of the prescnt approxch.

,\lthoush (PJ is introdrccd huc hLge\'as an adju.ct to the studl of (P), it
js noteivorthy thrt, for lrrgc classes of stochastic programrnirg problens,
rcqli;ng the recourse functiors t,, he in't" does not actualll cngcnder ary
ad.iiti.nal reslrictioD. 'l']ticrlll, these are stochast;c prograns wh.se optimal
solurion, if ii exists, is automxtically in ?,, . A number of such problems lialc
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becn identificd in cornection wifi ihe studr ot optimal decision ruiesi cf []2
141. llorcovcr, jn r number of pratical problems, tlere r ght be an a priori
stec;ficxtnrn ol tle class of acceptablc recot e lunctions sucir as hrcar or
condnuous xnd pie.ewise linear, ctc. Such a reslrjcted class rcaril ahrals
iums out to le a.ertain subspacc of 1,,; see, for example, |5 l7l.

lufther motivatlon for stud,ving (PJ and ils relation to (P) and (P-) lies

in the .rea of computation. 'fhc ross;bilit] of ipproiciing opdrnal rccourse

fun.tioDs bt'continuous oncs is likcll t., be;nporrant nuntricall], espcciallt
jn alsorirhms bascd oo discrclizltion.

The cquiElcncc of (P) and (P-), xls. reassuring for cornputatiolal p!rt(Ecs,
has previousll bccn rlemonstnted for multistage "linear" stochastic lrografr-
ming froblens sat;sfiing utler weak iegularitv corditions 118, Proposilion
4.81 and ;n abstruct settings in [8, l9]. This turns out io be a minimal propcn]
for the lctDrl der;lat;on of the induced constraints when relativelv cornplcte
recourse is not rlailxble 120, Sec's. l aDd 51.

2. L.\cr.!\crAN luxcrro\ aND l)r:Ar. PRoRr-ri\r

Let -/1 dcnotc tirc lincar stxce consistinq of alt l"Lvalued Borel measures

I : (r, ,...,1,,,) or.E, a.d let

I-et
": lpe..a p ,. A\t.

s : Lx c.{ r({) E -Y fi' xil € Etl.

Obrioush .'a and .:l are conrer. \\ic dcfire tlc Les{rn1;a. L t'r Jl' t. "1/ 1ir

L(.x, pJ : /; ({, ,(!)) 1,(l{)l
x.I and I e9,
!=9. \nr pel],
. +.r. (r.1)

.i- ir,tc, <ct <ao i(1,,(c)) r,(a9 ,

it
if

Sincc for t - 0,..., -, i(f, r({) is a bomdcd, Borcl trcasurablc flnction of
t,. -] whcn r €.rf, it is clear that.I- is v'cll dclincd and finitc on .tr x .4 with
z(x. t) convcx in ' and conca'c i,i t.

It ;s €lemeria.] that

$tr 1.(r,l) : o(r) in (1.2) if x s.risfics (l.l),
(2.2)
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.{cc.rd;rgi\', we tlle thc dull ol (P) to bc thc prcblch

nrrinize s(1) oleL dL]1 E -/1,

.<G) .r.nj 
z(r, r).

inr(P) inf sup .r.(r,1). (.2.3)

(D)

(2.1)

Let ../4 dcnotc rhc subspacc of,l/ consistins oI thc oeasures Fhich arc

:bsoluicly cortlNo!s with rcspcct io tlrc unilcrlri.g trobdbjlitl .. lor
p : (r,,. -, !,) :: 0 ;'\..//, and r e *, i, c car crp, ess Z in lerms ol the Rado.
Niliodrrn dcrivatircs l; .- lAilo br

t.t..t, L | .,,, I , /,, .,. (2.s)

Notc that thc nultiplicr functions li thcn bclong lo:11.'Ihis proddcs a con-
Dcction 10 tic thcorr in 11 61. l'or scncra1l.'7, wc harc r dcconposition

fldt\ - r(a) "(ta + q(1€),

\vhere q is s;nguld 1r ith resfect to o, lnd the erpression (2.5) ;s thus augmerted

I I .,. ,,,.,
We need b studr rhe relatiorsh;f ber{een (D) end the problen

Daxn ze s(t) in (2.4) oret ett p. J/1. (DJ

Clearlr,

sup(Dl) 
-< 

suf(r) < inl€). (.2.6)

\\ e say that (P) is nr;rryFasrrle if there erlsr t c / and € > 0 src1, thdt

i(€) -'I ana /'({,.r(1).4 . {oti:1,.,,1 rndall {-'.:-, (17)

wnc,e , iJ the closed uniL ball of R". S;nil..l!, (PJ is stticLil fexsible if this
condjtjon iiolds for some t =,li . If it ncrc\.holds alDost srrcll lor sone
; -..,r', ile slt rhat (P.) is srrictl! feasiblc and (P) is \tdltidl4 sti.Ih fedtibt..

Ou main resuli ina! Dow be st.tcd.
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'lHFoREiu 1. -.1-{,,tr, i1L ddditio ta otutitions l^). (!), G), (d), a/d G) ,/
S(.tian 1, that (P) i! esselnidtu ntinu Jca'ihl..'fhu

nin€): rar(D) .: mi.(P.) ir(P.) - ,p(IrJ. (2.8)

In ?attitulal, (P) hd! at lqn.he o?tihul\ol,t;ah r.hl (D) hat at lealt o t.?tinal
sahn;a !. 4nn thc liai^ (i. t') o !;n;ry .,1 n.lt ln tn $ are Pcctulr the sddCle

?ains al the Laltdklian L itlt t{ft.t ta -f t l/ lat alu;1alr tb, !: ? tetpe.t

3. PRoor or rHE fI.\N RrsLLr

The proof of Theorem 1 uses generxl d!"ljtl (a,id mniinux) theoF n! cor-
juDction jrirh a special resulr about c.rtnruons r.d ne$urable sclcctions n rhe
cotrlcri of "feasible" noiinlicitalile re.ortse i:i+ R'r.'I'nis rcsult, rrlich ire
rrorcd in l8l, D.ltes its atpeiran.e here in 1he f.lk^ling for .

PRorosrrlo\ L L'tu.et the a!turh?t;an of Thtuto 1, v lnbbn (Pt) t

min(P) - nin(P-) -inr(PJ. (3.i )

In Jatt, alr! Jcasibh vtnticn to (.P..).ar be ntJilat on a let aJheaute,etu ith
fttf.ct ta o to obra;iaJedtibh sahnionx ta (I'), a,d this.an in turt be alryotihdt.r!
b! Jedtihh tulut;o s to (PtJ. ir thc s.r^e that lat an 6 :..0 therc el6ls a fea! 1.

nhtnn x' ta (Pt) !"th that

"(16-.g l.: r(€) r'(Ol)--1.

Ptaaf. Detue the mDlt;tunction ,:5 ' R" and die fLnction /: e :
R u l+rilb]

,(g) : {"- E R,, J E rrnd.l({. r) :: 0 fft r - 1,..., nl,

./(t. ') 
.r(an ii rEt(E),

(3.2)

-Y-

(r.l)

(3.1)

-\s$DrprioDs (a), (b), (c), aDd (d) mplt /s e ldrer semiclnlnruous tutrction otr
r f R", mch that/(€, r) ls conier jn 

"- 
ind urifornh. b.udcd !n tic compict

d4n/: iG, r) ,eD(i)lc: \. (:.5)
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\\'e demonstratc, in a monctrt, rhat

(i) , is lqle, scricorrinuols, aDd for rli {.^g oic has

z ;- intr(l - lrEimI lL({, a) .,- 0 n rt == 1...., Dli

(i;) csscntial stricr liasibilitl of (P) inllics ili. cristclcc of
(3.6)

.i E.r'and.' ::'0 suchdut "''(l) + €'r a r(1) alnost nrel,\'.

Then, nr ljeii'ofrhe r.n.rks alreadt ,nadc, .ll thc assn,nfturs of [8,'Iheorcm
2, Coroll^rv ro Theoren ll sill bc futfillcd; rhcsc rcstlis asscrt in tcrms of/
and r rhe d€sjred rel,tior (3.1) and thc fact tlrat th.rc cxists son,. t'E,r|
and 6,'r-'0 such ftat !'(a) i .BarG1 tu al1 {=E.'I'l,e latier inrlies br
(i) anii th. corlti.uitr olrhc furct osl tfat (F")is sticth fexs;blc. T|c retuain-
itrg asc.tiob of Prorositi,n 1 arc just dctlils furnisiied bt. the actual froof of
18, Tl,corcn 2l and br 18, Prl,ros,t;on ll.

\\e slnll verify (ii) nrsr. Let.'€.,'. sldsl (:.?) lln.st surel), as rtl our
xssrmpddn of esse.tjdl sirict fediibilit\'. Cli..se a ponn a.nrt I (rs is possible
by es.umpttun (c)) i 1et J :- 0 be such tl,rt a + 3, C,Y. As.umFjons (b) ard (d)
guarantee the e:i-qLence of .!. R such that

JJt, ") 
-.- 

" forall{.; and t.-1,...,?,.

l.or ! \et undeter red .\=(0, 1), let i'E.,t- be Lhe frLrction defned i)f
t'(€):(l r)qt)r.\a In)m c.nleaitl we ha'e almosr sureh t'(a)-
.13, a ,Y ard

'l'"he ,\ suncicntlr sniall tl,at (i ,\)€ )a .::0. Thc functio.s/, arc xni
i,rlily c.ntinuous !n the cohpact sct -i ri -\-j ro $ere c\;sts . : (0,.\6) tch
rfidt f.r each { n' lrl,iclr (3.1) rolds xnd ercl r ir ,(6) ie'R icc have

,(5i, x) < 0, ,s \*.ll s r F -\. 't'hcn i' |$ the pn,fert). descr;bed in (ii).
To estlllisl, (j), se rgain nalc use .l.i lnd . satistiing the essentirl st ct

fe,rsibiiit\.assumrinrn, the p,o|e)11 (2.7) lrolding for al1 l in a certdin sul)set ,S

of 5 wirh o(S) .- 1. Let

J :({,rEr : r r(6,r)< etoti - 1,...,nj.

Thc iDase oi,J urder Lhe prcj.dion (E, r) - € includcs S anrl hence is dcnse

in E, since c- is, b1 assumption (b), the suprort ol ". Dut I is compxct b) dre

cohractness .f 5 and I rnd dre conthuiq oli . Ttrerefore, the project;on of
I is all otlt i. .ther Fords, the set

t({,r'(r'))<-0 -))6 .\!

t-Erl-l(9,A,< . tat i : 1,...,i i



rRocRA\lxlI\c 309

is nonenipty lo. ererl g s J. Convcxitl then rields (l ?) (apPlv 121, Thorem
?.61 ro thc lunction /!(x) : mal'='/,(4, r) lf r: -! /t(,) : +, if a [.I)
It follo$s ne\t from (3.7) !.d the cont;nuitY oft dnt the set

{(4,4 E r x R. 'ciDrr({)i
is opcn relatlve to E ). R'. S;ncc l)({) is conrc\, tiiis implies /l ;s lo'ler senii-

contir uous 122, Lc.nn a 2, p. 15Sl 'I lle proof of Pr.pos;tion i is n o{ comlletc.

PRorosrrro\ 2. A!tunprians (a) G) ,,p, min(P.) : sur(Dl)

l',o, ; l .tila ' .'. r lo .' t/ or , l

sur qa,l) - @G) nr (1.2) it' ' satisfies (1 1) atmost surelv,

othcrwise

whereas bl dcnnnion

inf(I'.) : inf sur ,(.t,1),

$,p(DJ - suf ;nf t(a,l).

\\ie need to shoir that "mni sw : sup inf" lr.lds in ihis contc{t As seen from

the discussion $rLroDnding (1.5), th; is cquinlent 10 prori.g tlut

min slP |G-, t)) : sup inl .L'(r,1,), (i 8)

r'liere.:i|., is thc suhset of 3,,' - 9''(E, :V, "; R") compriscd of the functions

equivalent to thaie ln :tf, '!a;s the no.negltile ottha\t ol 9",r - !1(E,
.s, 6; R'"), and

,l1., ', i lrr< r{r F 'rr /t 't.,r'"'t
(Her 'e use thc lact that if r is eqdlalent to a function ii l' and s.rtisfies

$(0 = 
I almost surcly, then , is equivalent to a fu.ction in.f. Tliis is ttue b]

[8, Proposition 7], rt,.€ I 
^ 

caftlact dttd o is ta"1i u\) Since 9 ,, and lt1are
conres and 1-'(:r,1) is convc\ in , and concave jnl, ive can obtain (3.8) fron a

Dininax tleorem of lan [2], Theoren 2l bI dem.'srraiing, rclativc to the

i'e.l topology b(v,', !ar, that .tr. is compl}ct and Z'(r,1) is lotcL sen;
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Fix nnr' summable funcrion ,!: € r R+'., "', - (rr ,..., J,,,,), and dcfine { on
5xR,'b]

d(€, ') 
:6(t, t I In9.f'(f,.) ir r a,\,

\otc from our assumptions (a), (c), and (d) dtat d is lowcr semicontinuous in
(9, r) and oiv(\ in r, Md of coursc d({, r) is linite if ard aDl-i if a =,f (where
int -Y + .r). It follows drut { ;s ! normal convc\ nxegrand [24, Lenma 2].
\Iorco$er, therc cxists b! (b). G), (d), and the sunmabilit'- ofl a summable
function /: t-- n- such that

d{{, r) < 4(f) 1!hen d(t, ') ': - ..'

The integnl func,tional

r,(.1) :1rjld({, ^(o)l fot !. !:,,,

($hich gi\es,a,'(.!,-q if r€-t;) is thereforc nell dcnncd lith ralues in
R \, {r coi, a!)d r s boundd ab.vo by 4{/(4)l on

dom /a : 1r € 7'" lld(a) < r-ar' 
(].9)

' .1-a'no . uc t

sirce int.Y - ;, $3 k.os from this and [24, Thcorcm 2], [22, Theoren 2],
that Ia is the conjusare of d ccrtain intes.al functional on .g,t (nan€lt, 1+.), xrd
hence, in rarticulrr,Id is h$'cr semico.tinuous lelatirc !o r(E,",.r,1). (l'hus
r,O),r) is --(.C',", r,\-Iolt€r scmlcontinuous ;ts a function of r cjf-.) 'l'hc
sct (3.9), $hich can also be .\prcssed !s thc lcrel set

lx..s"' t o(,r) < L!lr(t)\J,

is nor onlr'!(14"", Z,r) closcd but bounded (since -Y;s bounded), and therefoic
ir is tN(?,,. , 9,,,1)-@mpacr. U e hire

x. - 'f, a dom Io,

aod inasmuch as "rl is a("(,", l".r)-closcd as x sutrspacc ofl4,", $c crn concludc

from this tl,!t,t, is .(^/-j,,, 3"r)-compact, as r€qlired.

Pioposrrro\ 3. -asu,tttio s (a), (b), G), (d). ad *. nti.t feas;hitiD o.f

(P") i1,eu that

ini(P.) - int sup r("-,p): nu\ i'f t(r./). (3.10)
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ProoJ. 'I'h;s is x straightfoN.ard .esult .f dualltl thcor.\' i. the tradilional
rcir.lt cor.esronds to represcnrinsd,e consrr.inrs i(!', (€)) < 0 bl -r(4 E 'K,
Nlcrcl is rhe mappng from

to 11,. B.rrclr space '€" - 'a(.3, Rr') (continuous funclnrns) defined b]

r(") = (r,( , ,( )....,t ( ,,o),
lnd li ;s the n.meg.tile orthanr o17,,, . The dual space of 'd., can bc identified
$ ith ,/1. xrd l, is rhen the ord inart Lrgnngian r$ociated {ilh mirilniziDg tir e

fdctnrnll (1.2)oler.'1c subicd to I(r) 
= 

r. SLticl feasibilnr of(P.)ncans the

e\isteDce of :i =.1; Nch tl,at f.(i)Ejntr, and hence, ii cnsxrcs thc cxislence

.l i nullipiler kctor for tlic problern, i.e., rhe ralidltl' of (1.10).

rRopoirrroN 1. L.id.j a$u lpria ! (a). (b), G), (d), and (cJ, ore has

.iif"z(a,t) : inl l.(.r,1) lat all ? =..//. (3.12)

P,"./. Assune firsr dr.t t --.'1, lnd let d be a regrlar l3orcl lrobabihl
heasure or 5 sith respcct to wh;ch I aDd o are absolutult conthuous. (The
sdpt.rt of d is rhen i.) Sctrifs., - Jr:ll, r:-r 0, 

'hereA 
is thc ftl conponenr

.fl, \e ger the reprcscn tnn

):.. lxE"f; r(€)E r for .11 {: s 5l G.1i)

r(r,2) = J l1!.,(fl) N(r{) for.r e,ti. ,

./(f,t./,(1,.) - I .i(0t(4, r) il a€I,

il rcl.

'I'he srme resuh inloiicd in thc trool of Propositio! 1, nxnelt, 18, Theorcn 21,

\her applied to this / asscr ts (3.12). Its h]pothesis ;s sltisfied almost triviall),
shce the eflecdre dotuai. i" -/(1, ") 

< ..il I js ;idependert of € (ri'ith
ronempir intcrnrr), od/(4,') js suDmablc wnh resfect ro gEs for c.ch
.i E ,Y.

Forl E:7, botl s;des in (3.12) arc rri'iailr i.fi.ile hd equil, troi-idcd ir is

trrc rha r|en*er 1 = . then i|! = " l\vl,ere.{" is detDed bI (3.1l)). 'r'hc
lrttc, fdct can agini be obtanrcd f . lE, Tli$rem 2l: TaLe d rs iborc, lnt
n,erel\ let/(t", x) - 0 for r i r and J(,, r) : + "r 

ror a e -r.

PrcDJ af Theorc z l. 'Il; ;s slmph a matt.r of puttiDs tosctlicr die conclu

slons of thc lonr i,rc )sit;ors. Let t denote an clcncrt ol -// for whicli rhe



312 ROCrt{ rL1R \-D |\TTS

ma:imum nr Pr.tosition 3 js aftained. Tlentis acruJil an optjDat sotutjon ro
(D) by lropositjon 1. aDd he.cc,

-At tlie same tine we hrlc

nrf{PJ

bt Propositions I ud :, so

irf(P.) - nu\(D).

- rnin(P) : rnin(P.) .- $p(Dl)

(2.8) is ralid a.d tirc thcorem js prorcd.
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