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Nece\3r! and {Jti.id r.ondni..s lor opllrn!lir} xrc drnr.d nx nultistaCe slochas

tlc frosu l. t.ni.ulrr ir is nroqn thatu.der!)ne sra.drrf rcgulaitr condirnr.!ard
a conairi,). ol.n,'r!nri.iFrrir.l.nsibilnr' . a !lnem ,,r Llgnngc mnltiplieis. chara.rer
izdd ht a sra ingale profer(f, cr. hc associated *llh rh. .o.$fints o1rhe Probletu
N.n..ri.itatne leasibililr s extr.scd in ienns or thc JDranliciPativir! !r ! ce(.in
mulrifl.ctnrr a.d i\ shotr. k, he r.l cd to the m.rc fanriliar concept in stochanic
pnrgrnnnning ol relalivcl! .omplete recou*e lt n aho sho*n thnl thn re{ri.tion
rcnders no$lble rhe jusifcarion of the dlnanl. PrograDming te.hniqu.

l lntroduction

wc study a class ol mnftisiage srocha\tic optintization problems. moti
!atcd bl thc l(nlowrng heuistic model. First a.rndom event ls obsenedr
this singlcs ont an elcn1cnr € ol R' . Bised on this obser!aIion, i decision .r1

is chosen which is an clcmcnt of R ",. A second obscrvatior is then made

yiclding €r in R'!. and a (re.,o,rs.) l.ctsio,li, in Ra is sclccted based on the

inn)rmltion acquired so far (€,, €:). This conljnLtes unlil thc N'h stage: at

each stage /r a ncw obscrvation €, € R'" is nlade and the (rccourse) decision

rr is selecled as a function ol (6 . . . . . €, ). At the N'6 stage. we dclcrminc

4. E R'" and choose '!N E R"". The result of lhis cequeniial decision process

i. ...^r rr. r.Ihe-e
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R.l: l..lr.f.l/..r, R 'l B rl'.rr,'N.ndrr.tpdir4,ur! J' nwtnlgnl.\ l7t

.{")€R'=R"xR:x...xR"
..ri) a R" = Rn x R'! r ). R\

The obi.cli\,e is to find a d.cisbn rul( alsocalled a r..o er-s. ir n.rion

t - r({)
$,hich is n,trdnri.?dr;rd (thc dcci\ion rr dcpencls onlv on Ihe past observa'
tion\ 1.....{a, but not on thc luture t!*,. {") and ninimizes rhe

extelted con. This i\ a itr&1rtr/dts (tr N rrzrgr) stoch4stic prcgrutn (\\ith

Constrxints xrc intr'odoc..l bv xllowi g lhe lLrrctjon f to take on rhe value

-.t l(t, r) = -, nca s that il rhc scquerce of evenis €: (€,.9r..... €N)

docs occ r th.n Lhc scrtuc.cc ol dccisiorrs -r - (.r,..rr .....tN) js uniccepta'
blc. o. i othcr \ords J llils to sdtisly lhc cl)nnrainls ol the problem. For a

lired 6 a R', we denote b! D(1) the rtrecLite dandin of f with respect to -r.

D1!.): dom f (r . ): {.! l(t.r). +z}. (1.1)

The n.rp -D : { F D(6) is d nrultilunction on R" yieldnrg a description ol the
feaslbilll! region as a Lunction oI tho fundon clc ts.

lI! a scquclto this p!p.r lllwe dealrith nrultistagc stochastic pr)granrs in
$hich lhe c{)nrtrxints rppcar.xpli.itl! in thc lornrulati{)n ol thc p()bl.mi
here Ne conccnt.atc on thc r.n clion iniroduccd by thc r.quirement that
recoune funclions nust bc nonaDticipatilc Thc goal is to sho$ thlt it is

possible (undcr ccrtain rcgtrhrir"- conditions) tr) asvrciatc with nonnn
iiciprt;!ity a price system (i c . .r slslcin ol Lag.angc multiplicrs) $hich turnl
ont to be a slochaslic procc\\ $,ith srnrmrblc paths sdti\fying a marringale
properlt. Our.arlicr rc\ults in thi\ direction, sketched oul in [2]. inlolred a

number ot tcchnical xlsunr|lions tjrat linriled !h€ srote of the aftlication!.
Thc cxiit.D.c ol a pric. slstem associated nit| nonanticifntivitv wai first
point.d out nr []. Scclion 4l in co.i.cljon '!ith our $o.k on stochasric

con!c\ trograms dealing witlr a special case rvith N = 2.

Prte s!siems rilociated $iih constmints appearifg in mLtltidrrge stochas

tlc proqram\ ha\e beei iive(riqaled bl yudin lal. Flisner a.d Olsen 15.61

' Jl Ihc sequenrlrl acdr.n nrorc\\ rrtuallt {r,6 !!ith a de.isi.n dlrer rhir 3n ob\cr!1n,n
ol r rar{lorn erenr ,tr iL rr t.rmh!r- rrh x. olrs.rvdliot ot i rrnd.m qurn.tt rvith n.
!,h\:qLcrl dIi\i,ni xllr$rd. 1lr. t,.bL.d crn ..r.rr rele\\ be nl,{13 !) lit i.t, drr 4dd ti:t.d
.!1h.,.. bv d,.ifu.li!.irhe ari.rirlou!6rnnrlerjd.trr.!.dr.'^nnnnnrsd..lsnminlr.
lxi {a!. !hl!r qoul(l n.r xll{r rhe !3 rc .L tli.obtNn. lri iod
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and al\o br Dynkin [7,8.9], Evsligneev [10, lll and Radne. !2] in the
framework of models lor oplinal economic developmcnl. The model
sxrdied by Yudin [4j inlolvcs .onlt.aints on ccrtain mcans. o. in other words
chance constrainls. and doci not qu;tc fit in the chss ol problems described
:Lbo!c. But il ca. bc rcduced" tu this case by a well known equivalence Il3l
expk)ited b,,- [isnor and Olsen, \rhc exhibit in 16] a !rice system associated
with chance constrainis. usnrg the results oi l5l lor a model without chance
consirainis. The modelconsidered here is nrore -qeneral thaD the one studied
b! Ersner and Olsen J5l 

j the sense that it aLlows Jor convex objective and
corvex constraints rather lhan linear obiective and linear constraints. Also.
our main obiedile is to estabiish rhe r.!isr?,1ce of a 'nice" price system, a

quesiion left open ir [5j. ln rhis sense. the results presented here are more
closelv connecied to those of Dvnkin, Evstignee! and Radner, who have
siltrilar preoccupatjons, al Ieast in lerms of the properties ol the equilibriunr
price systeIrr to be associared wlrh oprimal growrh programs. These prob-
lems are in iact nultislage progralrts of a verv specific nature. Our results are
actuallv applicable to lhat class of problems and vield sone refinements ol
the resxlts ol Dvnkin el al.

2. Fornulation

A rigorous tornul.rtnrn of thc probtcm clcn1ands app.opriatc asstrmptions
on the underhing probability space, on the lunction / rnd thc associated
multifunction D. as wcll as som€ rest ction on thc class of admilsible
recourse lunclions iI] particular in enlu ng that the expected cost is in some
sense wcll dclincd.

A. Ihe probabjlitl spdu Let (.1,.t.o) denoie the underlying probability
space with E a Borel subsct of R', t the Borel 6eld on 

= 
and o a regular

probability neasL,re on (E.9). we assLrme thal rhe images of 
= 

under
pr ojections R' ts R x ... x Ra rre Borcl. so lhat lhe "marginal" probabil-
ity spaces induced by lhese projections are describablc in thc samc tcrms.
This will aulon1alically be so, il lo. erample E is a f.oduct ol nonncgativc
orth.uts. inleger latlices. whole Euclidean spaces, etc.

B Admtssibk tcrcurse futr.nonr. For prcsent purposes, we deem adnissi
ble as recourse funcrions only those (Borcl) nrasutablc, essentiaLlJi bounded
functiors .r : 

= - R' which xrc errenrt.i/lt nondnticipatiDe rnlhcs.nscthat
i(,r nnnc (Bo.el) mcasurabl. scl E' c E wilh o(=') = 1 th. restricttun to E'



ol each ol the componcnt foictions jrr for t : i.....N - 1 depends onl)r on
(t'..... & ).'t he lel of allthese is denored b! -'1'.. Ar eqnilalent dcfinition ol
.\, is that il consisls of ihe functions which diller by orrly a (Borcl) nnll
function lrom a (Borel) measurable lunctron which is boundcd and no.an
licipative relatjvc Io = i1s.ll. Notc that.i, can be r.grrdcd as a linear
sLlbspace of 1:- r" (-.:i-, tr I R" ), whicb iE closcd, not only i. thc no.m
topolosy, but in thc wcak bpoloqv $ (y,;. /'l).

OLrr restricllon to esscntially boun.tcd recourse funcrions is chiefly n)r
lechnical rea$ns. but it plays a vcry {rbslanlial rol. in olr approach.
Cerlairl] it in!ol!es no rcel bss ol gcncrrlitv il thc scts D({) 

^rc 
unin)rmly

boLrnded lor 6 € 
=, 

\hich is not unrean)n.tblc in rcrl aptlications. Further
juiiificalion is gncn in our papcr lll. Sll. rlong $,ith a proor in the case

N=l th,t thc mcasurability reslriclion doe! rot have some hidden.
undesirable eltecl on thc optimal !allLe.i. the problem. Results in this
conlexl on thc approxnnation of ihe miiimun by means of .rnr;nrrrr
recourse lunctions whcn 

= 
is botrnded mav be found in {151

Let & dcnotc thc gcne.ic oterator projeciins a lecl1n llith r (.:k)
coorponerts (each one bcing possiblr a vcctor) inlo its firlt L comporenrs.
e.g.forl=k=r\l

R T Ro.kdJ. ot. R J It \\ets | Nohdnti.ipdtiritr dnd! 
'Mnirydles

,r")=G,,.r,.....r-)

,1") = ({,, (,,. .., {,).

\ : li € ., tor.rll k :1.

= P.r(a) a.s. whefeler &{

C. The abjecti,le fun.tian. Thetunctionl:=r R" -l a. +zl is a

tonN(\ integrcnd. by rlhich we mean that
(i)ror each ! i. 

=. 
rhe lunciion,-l(e.r) i! con!ex. proper (rot

identically +z) and lo$,er senrico.tinuous:
(ii) tbcrc cxists a countnble collectiof U of measLrrable furclions fron E

'Ihe tdil prcjection ol & is denoted by (I-P,). spccifically, (1 P-)€:
(€'....,6"). Nonantlclpalivir! or a .ecourse lunclioD can bc cxrressed in
ternN of projection, namely {Fr(!) is .onanticipati!c if ror all ,i =
1, 2,..., N and all { € E we have thar Pkx(a) dcpcnds onlv on PL{. The set of
adn ssible recou e funclions is thus gi!cn cquivalcntly bl,

P,t = P,(t.t..
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intoR" sLtch that 6-l(4,(1)i'.ea.u.able lor all ! e tr. $hile lor cach
6xed 6 in - thc sct tJ({).1)(€) is dense in ,({) where

u(t) = {ll(€)€ R" " E rrl. (.2.1)

!!) ..),, = Ix € :l; i r (tJ e D(€)a.s.l

(2.3)

(2.1)

VN.ious criteria for nornlalit\' ol convex irtegrards are gi\'er ln !6, i7 18

,nd l9l. Tfiese properlies ol / inpl! in panic!lar thl]1 thc lunction

t - l(( a(t) is mcrsurable s,henever r is a mcrsu,able functio. from E to
R" 116. Qnollar! ol Lcn a 51. A normll convcr intcg..tnd is said 1lr be
otf-cantpdtt il lot !ll 4 - 

=, 
thc lunctior I' l(1. a ) is allr i.l compact. i.e.,

il lor all a eR, thc (lc\cl) sct {J l({,r)<a} is comprct.
Thc mtrltilunction t-dcmf(a ) = D(€) as$ciatcs with cach 4-i a

cerlain s.t t(6) c R' ol rcccptablc !tccishns. We asrume that the sets Dlt).
t €= are tL.sed 4nd nifomll\ ho ded. Th. intcrFetatrcn of D({)aithe
set ol icccptabl. decisions, a set typicallv derermined by a system ol
inequalitics invdvnrg ro.tinLrous conve\ funclions, mrke! D({) naturallf
closcd. Thc uniforn boundedoess is a definite restriction, but an assumprion
of Ihat t),pe can not be avoided altogether !rhen admirsible reconrse
tunctions mtrst be el€ment! of .l;. I hese assuDrt)riors. when combined with
the tact that I is a normal convex integra.d. iuply that ,D is a compuct-
.aa*\ DalLled. u lfoml\ baund l. ncaswable nultifundja,r l18l and rhat I
is .tn rrf conrp.rct iormal convex integrand.

Thc objective function oi rhe stochastic progran is taken to bc,
fu.ction:rl L or =7; defined by

t{,) = E1l(6, r-({)1. e.2)

For ever! Irtea-(urabl. iorctir)n. thc valuc ol thc inlcgful (cxtectalion) is

linitc or ' (i. th. standad sense) ir f(. . r(. )) is majorizcd b), a summable
lunclion ot {i othcrrvisc its vtlu. is s.t al +' Thc cllcctirc donrain of Ir is

simpl!

a:Ix€";,;tt(!)<+-1.
'ihe deliritiof ol lhe i.regral inplics thal

Il ire lirkc lrs prcmisc thlr1 I recoLrrse lunction, whicfi issociites \1ith alnosr
ali t. sequenccs ol lcccptablc d.cisions, should hav€ finite expected cost;
then :! =2,, This \ill ccrlainlv bc thc.a\c it thc.c cxists a sumnrable
lunclion 11 :=-R su.h ihat r € D(4) implies thai /(L:r) = a(€). wc
shall assutne that srth a fzir./io, p eriJb: $,. therefore say that r is fear;Dic
i x€Ai. \ i!.ona.licipativc drd r({)-D(4) a.s. or equiralenlly if
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r € 7 n.\-,.

Obser!e that the posiularcd function 4 s0tistics

rr (€) n inf /({..!).

i.(0) = E{f+(d, 0)} < - E{r, (1)} < -..
"n, e /"...'rL l, i,:'r'.r!,,re ^l ir€. ,.'\rr i

f.(t r -): sup{(.t. r -) l(4.\)lxeR"}.

1t5

(2.s)

(2.6)

(2.7)

(:.8)

lf vicw ol thc rrrilor )oundcdneis of l). (l 7) also implies lhat L.(r ).: +'
ior all r € ll. (lb s.c rhis. nore that the condition D(t) c !B for € = 

!.
wher. p :5 0 rncl ts is the closod unit bnll inplies lhxt l*(1,.y*) is finite and
l-jpschitz in r'. sincc

/'(dr'') .f"(€.r.) s' P r+' r' (:.e)

lor all € € 
= 

and all i t. r "' in R'. Thus. if l.(r') < I z td one r € 1: thcn
lhe \amc mult hold for eLcr'- r E =ll.)

The fu ctional /, is clerrlt c()n!ex. Iloreoler. lrom (1.7) aod the eristencr
of at least one tca\iblc solurjon. it {ollolvs fronr'rheor.m I ol Jl6l lhai L is

.rlso lower scmiconlinuous relati!c to rhc weali topologv w-(7i.-!1lf
Actuall) it is itlf-.otnpact rel,rtile k) this k)pologJ-r the uniform boundcd-
ncrs of D implies lhat the lc!el scts, i!hich arc w'(.1i. 7i) clr)sed, Are

conraincd in {r ev; ilir I=p} sincc L}(:)c!n for all {.

D. Nanakr;.!)atiu( ftdsirilrry. We delinc tlre ultifrnction 1- r(4) to hc
nonanti.ipalirc il lor all & = 1.....N and n)r all te= thc projcction of
D(f)on RnxR".x ..xR'.. i.e..&D(E).dcpcnds only or Pr{Nore that if
D i5 single valued. lhit ne$ dennition reduces Io the cusn)nrarv one lor
runclx,n:. ll/ thnll nsnne ,hdr D ts tt,'ndati.if tiLc

'lo grif jrsighr irlo ihis concepi. supposc thrt up to stagc k. lhc lrents
(f,. ..f^) h^e bccn obsc.led and (jr,......r.)eAD(€) an is:,ociarcd
lequcnce ol decisio.s. \1lrcre € is 0n elcnrent of ! such rbat &€=
(!,... .it ). xonalticipari\ir) ot, implies that therc c\ins.rr ,..-.. r\,such
th^r (r,..... r,) € PD(€) for / - k + 1.....,\. 1 his folloss dircctly fron tbc
i^ct thar AD(d).'nlt depcnds on R{ and rhrt Pr is a proicction. In other
\!ords. nonanticipatirit! of D means rhal rhc constraints on lhe choice of rL

in strge & dctend onl! on th. last dccisions ri . ...:rr and thc realizllions
(t,... .6t,,t'"re is no iunher rcsrricrion induced b! the ltct lhal teasjbl!'



recourse must bc possible in the furure. Mulristage slochastic prograns ihat
possess this property are terned srocidirt. prl)grams with rclativly catnPlete

/€co&rse. Every stochaslic program can bc reduced to a stochastic program

wilh rclalivelv complete rccourse by introducing explicitllr the itrd!.ed
canstrcints, i.e., those addilional constrainls indLrced on ('r1, . . rr) bv the

requirement of leasible luturc recourse. Thc properties of induced con-

straints [20] and the role they play in ihe theo.y ot necessary and suficienl

conditbns [21] ha\'e been trealed in detail for stochastic prograrns with

N=2.

E. The Mukistuge stochastic pt.gram. The problenl a! hand can be expres'

P Find infl' on "f-.
Wc shall assume that P is lErrllle, i.e. possesses at leas! onc feasible solulion
(It is said to be stnc \ fea\ible if there oxists a function i € "\"- and € > 0
such thrt t(€)+ 68 c D({)lor almost.rll 4 in E ) In fact, if it is feasible it is

also solrdble. The existence of an optin1al solution follows direclly lrom the

lacts nored above. that rehtive to the bpology w-(Ji,9l), ! is inf conpact

3. Th€ value function

An N-stage sbchaslic programming problem can be "reduced" to a

k-stage stochastic program by relying-as in dynamic programming on the

valu€ function. Let (Er, 7r. or ) be the narginal probability space associated

with the random variables appearing in the iirst k stagcs with the notation

€' = (€,....,6,) = &1, E- = &E. By i', = G,,.. ., x,) we denote an ele-

ment of (R" =R\xR'!x..-xRq ard by '\"1 lhe class of esseniially

.onanticipaiire functions in 9i,, = 9-(!',9'. or: R"-), &:1, ,N For

k = 1.2..... N: \1e consider the lollowing stochastic program:

176 R'f . Rockak lldt. R t B wlB I NDnanticipdtitir.' dna Y ndningales

Find jnf I,," on .'!':

\|herc ihe Dalue functian 4* with domain E' x R"". is defined recursively as

follows: for l= ft+1,...,N we set

(3.1)

(3.2)

(3.3)

.r, ,(f' ,,-''):E {inrq,(€'.'') €' 'l ,

.1" ({", .r") = l({, r ).



Hsre Ef{ 1 '} is (a vcrsioD oI) the conditional erpeclarion with rcspecr ro
the random la.iablc 4' gircn ihe random !:rriahle fr r. The stochanic
progran1 (-3.l) is w.ll definccl if the e)iprcssion appcaring in the lelchand side

ol (3.2) nrakes scn\e and is r normal conver jrlcgrafd. Thc objecti\e of this
secti()n is ro shoN Ihat f()r nruhisrag! slochastic programs !s considcred herc.
IIrc rk)chastic program (1.1) is a program of thc \ame ttpe ns P. Resul{s
.tlong rhis linc have bccn obtaincd lry Olsen [:2, 2.]l for"linear" nrultistagc
\tochasric program\ silh conrer crlrerion lunction. and bv Evstigneev [21]
ltho in a sonre$hat diffcrcnr framework deriles the -equivalence' of
optimal $lulions: scc ] emnr I below rnd its application in ThcoreD L

Conditionrl expcctarions a.. delilled ut io an cquivaleocc relation.
IIo$ever \ince .r- is thc Borel ficld rnd o is r rcgulnr Borcl measure on !. a

rhcorem ot Doob [2-,i. Seclion ]71 euaranlce\ lhe cxi\iencc of reqular
condirional prottabilitics so rhrt a emb.r of the equi!alence class can be

rcprNsenled !r rn jrl:lcfifite i tcgrrl wilh r.W.ct to thi\ regul.tr conditional
probability. Hencctorth. conditional crpcctations \.ill ahrltys be "rcsular'
conditional c\..pectaLi()ns. lf lJic does not adhere r() this restricted class ot
c(nditioning. a n!nibcr ol inconsistencics Drav arisc such as cxemplified b!
Olsen in 122. Seclion 2j.

'lhe propenies ol qr can be derilcd recursirclt. Conscquenrlv it will
sufnce lo consjdcr rhe notarionallr sinrpler case oI a t\lo.stage nochasric
progranr !nd sho$ that the rcduction to t one-st{qc progrsnr treservcs all
ihe desircd prcpcrties oi tho inte.srand. I hus bcrr we set N = l. 4r = I and
simpl! Nrile q for q,. As a firsr slep \!c intend k) show lhat rhe lunciion q
kom : x R' inlo I a. - 'l lrnd gi\cn bI

RT. Ro.kuktkn. R J.B *t^ iNon. ti.ipdtixttJ ut1.;! -hutinqalts

q(€,..r,) = E{ini n{..),r,} (3..1)

is an inf compact normal conle\ integrand wirh don q (€ ,.) = P,D(d).

Lcmma l. SrppoJ? rral f it at otf-&bvact nornul onLu( inte+rcn.1.7he'1

s({.:!:) = mf l{d.v,. r.). (3.s)

Prool. I-et C.,(1)=epif(€..).rnd Cr(r)=cpig(1..). The condition th$t f
be a normal convex intcgrnnd is .quivalent kr the condition that € ts C/({)
be e nr.asurablc ultitunction $i1h loncmpl! cl()\ed conlcr r.alucs [18.
Thcorem lj. Becausc of the inf compactnes\ ol I G-(€) is rhe nonernpr!
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clore{l corr\e\ set OGr(!). whcrc O is thc rrojcctio'r: (r,. r,.a)-(r,.a)
fronl R" x R into R" x R. Si.cc the projeclion of a measurable n1uliifunc-
rIon is nrcasurable (a djrect conseque.ce of thc dcfiniti.'r adoptcd in llSl).
\c concl!.I. rhal tE a;,(t) is mea rable rnd hcncc again l,onr [1s.
'lheorenr,ll that q i\ a no nal conler iriegrrnd Ihe i.fcompactncss
lollows al\o ko,n r projccri(m argu rent. cf. lor c\anrflc []61.

,\ measurable multlfLrfcilo. is said io bc r"1,1r,dtl. if e!err mea l.llble

sclcctor is srnrn.rble. \\'hen /) satistlcs thc cooditions layed out in Seclio.
:.C. D is.r summable orullifuncti(m. A n) refhat weaker cofdition is rhal
thcre crists a sunrmrblc lLrnction ll:=JR" such lhai D(t)cp(€)8.

l,cm'na 2. slppoJp l/rdr I : E x R"-l ' + al is ltn inf-compdct nomal
.onilex itnesranLL ,?rr EcR',xR'. trar €'doing(a )=t(t)/0 tr l1

ananticipetil)e \unmdble n hifunction. Suppas. nweaDet thdt u is neasw-
ahLe dntl thdr u(.4)€ D(t) a s. inpry that s(' , u(.')) i\ sunindbLe. rhen the

funct tn q tLefinetl b.t

(3.6)

i:; an utf'contpad no al coht(r intcR\l tl \ith clo zl(t. ):P,D({):
D,lt'). Nloteottt if u' is hltdsurdbLc anLt LL (€ ). D (€ ) d.i.. /lrtr a( . ',r( ))

P.ooi. Thc inl compaclncss and convexjtt or x,.q(1.r)
qucncc .rr thc inl compactDcss and convexiry ol s (f, . ) [26. P,opositi(n 6].

Thc prop.rness of 4({,..) tullows lrom the fact that by nonanticiparivity
.r E D(g) implio. thal r EPD(1)=D(€)andthatg(.,r')isarummablo
functiof. This rlso )iclds thc:Lsscrtion ahoui the efieclli e lioma;n of q (1 . ).

Al\o if u := = PE-R' is anr nreasurrble fu.clion thcn q(1.,(1))=
Els(€. r(t,)) I €J is a nrca rablc functjor slnce it is lr conditional cxp.cra
rion pro!ided that t.s(1.u(Pt)) is nea!urablel but this rollows im-
mcdiarel) kolI1 the fact thai I i\ e norm.rl conler integra.d ll1. Corollan 1o

t..mnr, 51. Ir oreover u({,) e D(€i) a.s. then by hypothesis s({, tl(P 1)) is

summrble in { and thc snnnability ol q(t . t(g )) resL,lts directly from {the
errended) Fubi.is theorcm. It remrirl\ 1o cstablish the densit! conditi(nr'

Lcr VL = 11, u({:):E{ult) tlt,u. LrJ n)r tI the courtable collection or

.reasurable furctions invokcd for Ihe normalir,'- ui g. We nay a!!ume lhat
! € U inrplies th:rr a(1) e D(1) lor all { € 

=. 
(If this was nol the cale we

coul.l replace lhe collcctior U b! th. colleciion tl': { ':



prox(ll I ,/") I v E D] 1161.) rhc clemcnts of vr are rneasL,rable funclions
(Rado. Nikodym derivaLi!ct well defiDed (regulrr condirional expccta
tions) and linjte valucd for all f,€E, (Fubini's Thcorenr) slnce, is a

sumnlable nultiiu.ctio,r. The fact that V,(6,) rs densc in D,(€,) now simpl)
follolv! lroln the lacrs th:rt U(€) i! dense in r({) and thar s{ ld,} is a

conlinxous lirear surjcctior.

Lennna 3. S,poJ" that f h u nahnal c.nl,ex int.grcul delined a ?.\ R
and such tttat the nLttifun.r;or 6 ts .lom f(€. .) = D l€) is nonunti.ip7tiu ,,\,ilh

1r(1). { E =l nifomlr bounlld Let q be thc aalue fwrctkn defned bl

R T Rackafellat, R J B w?tt lNa anti.partnr and ?1 nani,rEales

n€' ') ir I
(3.7)

and srqpost that the sto.hasljc prcgtun P

lnd ini L on "\. (r.8)

adrniLs dn optinaL talution. Then i salLes (.3.8) if dnd o ly if i, = P,t \atjes
the shchani: ptogmnt

lind intI" on.\''-= :t:, (3.e)

l({ t(a) = lnr f(. t'(1), r.) a.r (3.10)

ziG.-r)=E{r.r

Proot. Let -r be a rni.inum pojnt ol -rr on .\i,. To show (3.10) we nrst
obselve lhat thc lu.ction

(a j.) H l(6,..1(a). r:)

is an nrl conrpact rormal con!cr nrtegrand. The inf-compachcss is a direct
conscque.ce of Ihe boundcdncss ol the 1D(€).t€El and rhc loiler
somiconlinLritv ol { - /(d,. ) Thc nornaliry is p.oved jn a sinilar tashn)n to
I emma 1. (The ili-conrprctn.ss allo\vs us to replace lni b\. Min in (1.10).)

{ P a(€) - Min l(a. r ({).r.)

is n)c!su,ablc ll6. I.emrna 5l and atmosl surely rinile (a =l( i)). If there
erists a sct .S c:* of tositilc me.rsure such tfiat d < f( . i) on S, lctpbca
real vatued nrcasurablc function ntch that



.({)< p({) < f(6, r({) (3.1r.

lor f in S. Br' [16 Lcmma 6] rhere exjsts t. : S +Rt a measurable tunction
such that

l80 R L RoLkafelldt. R. J. B. \let IN.n hti.ipntiDit, aul9:' na inlales

/(1. i,(1) r.({) < p({)< /({ r(6) (3. r2)

4(€,, r,(f ) = E{f({. r(€) €,}, (i.13)

/(4, i (t). t:(1) = Min /({. i,(.),,.(1) a.s. (3.1,1)

find infl(f, t,(1), .) on R' (3.15)

for all € € s Now exrend the do.rain ot r: ro 
= 

by sctting r:(t) = rll) fo.
4 € E\S. li lollo\s that 4(t,, i,) < Ii(i). which corrradict\ ihe optimatirv of
i This prolcs (:.10) and al$ sho\ls that

si.ce the nonanticipativit! ol t allows us io redefine a, on a set ol lrleasure
zero so lhat it is a rvell-deJircd luncrion ol 4,.

Now supposc that 'f, mininizes t, o. j1;. In view ol Lcmmas 1 and 2 and
thc uniforn boundedness of D. Ia is \| (.9;,y1.) lnt compad, \\hich
guarrDtees the existcnce of an optinr.ll solulion to (3.9). Thcn there exists an
csse.iiallv bounded measLrrablc funciioI from E t.r R". such ihar

To sec this, first note that nonanticipatilc fcasibiliry implies thc feasibiliry of
lhe n]athematjcal program

for ell 6€; (this night involvc a possible redefinition of i, on r ser of
mersure zero so that j,(9,) e P,D(€) for all { € :*). Exislence of an oprimal
solulion to (3.15) follo$.s fronr rhe inf-conrpactness. The tunction € F .i (t) =
Min i(d t,(€),.) is measurable rnd thus rhe mulritunctjon

t e {:r, /({,i(d).:r,)<d(€)}
is measurablc with nonen]pt! compad convex vrlues, (a :r:) - f({, i,(1)..r,)
being an irf'conpact nonnal coover inlegrand 118. Corollary 1.31. Hence
thcre exisls a nrcasurable selecbr satistying (3.11). Now ler i = (j!,iJ;we
have thar 4(ii) = rr(i). The proof is co,npleie if we observc that by (3.13)
l" (t,) = rr(t) and that 1. (t ) < /,(tL) \'ould conrradicr rhc orri'natit_v ol i.

We now turn to the applications ol these thrce lemmas to the class of
multisiagc stochastic trograms as denncd in Sccrion 2. This will justify the
dynanic programming lechniquc of lelescoping an N-stagc stochastic
program into a t,stage proqram.
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'lhcorem L Considet the stochd\tic yagtanl

P fnd infl' on "\'-.

'J,lrr./:=xR"+I ' ")i\anon aL.a uc.x itte snnd with t , D(tJ=
doln./(€..)dclovlDr,/,,ed, nifo ill\ boun(:lc(l nonanticipatit)( nulrihorti.n.
sun.se that P is leasible ind that there etsts a swnnnble function LL su.h
that f(t,x ) .= pG) fot a x = D(t). Ih.n fot dll k : r.2......N the

no(hatti(: ptogrunls

O" lind inll., an .{\
arc wll defined. 'the ualue function qt cdn be e\pressed ds

,r" (1" i' ) = E {i.J 
qi (4'.,') I 

p,4', = 4', p,r', = :,' 
}

li,r k=/<N h t a nomal conner intcgfultld ,,1 E'xR'^ ,r,
a" - D'({") = dom q (t'.') d cta'ed Mtued. unifarm\ bound..l. neasurabte
nuLtif|n. tion a d I 

" 
is a prcpe\ conrcx, ILNC| senicantinuous (teLati9 to the

wtak topotosy \\ (":,'..t:,.)) fun(tianal on ri,. Mor,.oxer, P jssolrable a d

/or dl1ft = I...., N'. the prosrums O, are solrdble. FinaLLy. il t is an opt,nal
salution of P,tlrcn hi solL)es Qrandif it sal:'"s Qttttd ht "extended" ta

dn aptimdl salution i of P such nt ht = tt.

Prooi. Repealed applicalions of Lemna I and Lenma 2 yicld the atsetions
aboul the value lunction qr ercepl for the nonrnlicipati!ily of Dr = donr 4r
But this folloss sinply fron the fxct that for l-<k, P'D.(1)=P,&r(€)
depcnds only on 91. Sunnabililv of rhe multlfunction D, resulti lrom
Fubiri s Theoreln

The detinilion ot thc i.tcgral rnd thc sumnrabilit) assLrmption on / iniply
that the lcasibilitl- scl j7 is {.! E !a:lr(t)€D(.t) a.s.}. But then ior
xe .{.n9, -rr is nonanticipatirc and almost surel} P,'=\'.Dt:PkD.
sifce other$ise tbere would be a subset ol:r of nonzero meisure ior $,hich
.rr lails to belong to PrD. By nonarticipativilr of ,. this irr turn. would
inlply thrl r iails to bclo.g 1() D(6) almost surelt. On the othcr hand if
rr -D, a.s. ihen rgain bt nonrnticipati\iO of D th.rc must erist a

reqLre.ce or fea!ible deci!ions (.!r-. . . .. rN) whatever be the valLte of g, wirh
P,f = {', Section 2.D. This establishes a natural correspondence beiween
lersible solutioos 1o (:1.11).rnd (3.15). The equivalence ol the valL,es of the
t\ro progranrs is a direcl cons.quonce oi this cqrivel.ncc and Lcnrma I

Finally- L.mnra I aptlicd rcctrrsivcly yiclds thc rsscrtion about thc

(3.16)
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opllmrl solutions. l he e\iilencc ol opiimal \olutidr\ to P rnd Or follows. as

in SectiLrn 2.E. lronr IIe feasibilli_,- ol P !nd th. flct that I !nd /., are

ini-coI}rp.rct functi{rnals to be nriflmiTed on cioscd jrbspnces.

'1. Basic dualifr- resulis

l-et 1/ dcnorc Lhc closed llrerr slib\tacc ot ll consisllns of ihose

luncrions p \hich srtisf! the lollowing ]ndrtingdl? ptL)pert\: fot al) k =
1,. ..N,

E(1- P")r (1) i&{ = {-} = o. (1.1)

We call such ! functio. rn t'-nldflingdlt A.lirecl applicatiod ol Ihe

iteraled conditional c\t.clrlion lormula shows thal 1l is orihogonal io.\_

t2l.
Theorem I trelow show\ that \rc can associale wilh thc n()nanticipati!itt

rcst ction Lagrange nNltipljers rvhich belong to .1,1,. We proceed b] a

dualily argun]elrt. we relale P to a dual progranr

D firrd sup Ir on.11,

and show !hat under cerlain condilions. thcrc c\in t and p solvjng P and D
respectireh. such ihrt N,lin P = Ir(i) = 1,'(t) : xlar D. Si.cc

t'p F\4nliri \, ' rr, rLRl,
the result belo$ Slves u! a fu.dnrn t = 

.11, \uch rhal ; is optinral il lnd only
il i a.\:. and

i(€)-xrg rinl/(t.r) r i(€) rER"l as.

Thui lor e\rmple il l({..) is itriclly convex a.s., the uniquc optimal v)lutio.
toPis

t(a) = a,g nin ll({, i ) r't(€).r.R'1.
in $hich case P is reduceil l'! thc mriiiplicr runcrion t to i poinr{isc
fllr,t Li Iii'|., . . ., r,r,.Lt .i '. \'\

To obLain the existence ol l-^gr.rnge nrultipliers .!c alwa!s nccci a

''constr!int qualilic.iliorr'. SIrict lea\ibilitr" sill plar'. that role. k is howc!cr
notesorth! that b! ircll Lbis condition do.s not lead to the e{ist.nco ot
'nice multiflicrs. but wh.n conrbined wrth thc nonanlicipati\itt of D il
yields thc.lesired resLrlt. Nithout Ilor.rnticitarivity. th. ulL\tiers would be

.l / r. 'e \.ri
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Theorem 2. Consiler th. \tochirslt prcgrdtn

P lnd inl L on "\'.,

L'hse I:= r R'-I a + rl is a notmat c.ntex intesm d with t - D(t) =
donr f(!.. . ) a .lx.d rrtl'/ el. unilotnlr hounded onanti.ittiY nulLifutution.
Suppose LJnt P is slrtLL,- fea\ibLe d tL thLtt tliete e\irt\ d \unmabLe Jundia p
such nn L t G, \)1.. LL 

(.e) f ot att r € D (t). t hen P and the assac ated (dual )

D lind \up- Ir on Jl1

Min P = M.tx D. (1.2)

Prool. Note thar fo. rn\ r€.,\- and p€.11 wc have that

I/(r)r l"(p)>(.r.p):0 (4.r)

and h.ncc lt is trilially lrue that

inf P:=suP D

i\'loreover, if equalil\, ho'ld! ir (4.3). a condirrcn $,hich is equi!alcnl bv [16,
'lheoren lj 1() thc \ubdiilerentjal r.hrn)n p € dlr(.!). then x and p are
optinral lor the t\o proble'ns aod min P = mar D.

'l he h\'pothcscs ol the theoreln inply rhat P has an olitimal lol!tiof, sar t.
B]' $,a1_ of Theorem I. thc !ame hvporhescs dlso inplr'. thar for k = 1 .... N.
thc value funclion 11, is well denned and thar rhe srochasric program

a, find inf/a. on,\"1

admrls ir : P"t rs an optimal sdurion.
The proof now prccccds bl jlrduction on N'fhe rheorem is cenaintl- lruc

il N: 1, sincc then .'\'1= l;. "lt, -1{)} and

1r(0) = l]lin Ir.

Now. sLrppose th:rL thc th.orem holds lor all stochasric progrrnrs with N 1

sl.rgcs. Thus i. plrticlrla. we have thal

MiD 1" on .'Y l = Ma\ - 1,"j. tin ..1'l:

where'reptacesN 1,i.e..q'=q",andlnpa jcular-{iisthecor.espond
ing space ol multipliers defined on (E'.9', d') with values in R". Hencc by
jrductior there exlsls (Lagrange multipliet) p' €,lli sLrch thal the tunction
P,.i -.r'lqhcrnI r /e. /4 .r .\ 'i. .o r'rr'r 'e
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t,, l . p') (4 4)

on .t;. I-ct us denne

/(e r) - fG'. r) (P" r,r'({)) (4.5)

rnd let -f bc the natural injection or v:::t"(2',9',o',R") int<)

.l-(r-,9. o:R" ).
Scr 1tt' = 9(?1,) 

^nd 
W = 11" / y'(=, i. d;R!). Snrce ; mininrizcs IJ

on ..\- and i'= P^ ,t mintniz.s l" l' .p') on :ti. i must mininrize J, on

)r- by revc.se argument.
Srrict feasibilitr- combined with the sulnmability assunrpiion on f inPl\

that l, and also l. rrc continuous at a point t in ,\" 117. Theorem 21. Ilcncc
b) a !ersion of Fench.l s Dualiq lhcorcn [27] there cxists , € (v;)- such

w € rr'(t), (1 6)

w is orthogonal to 11-. (4 7)

Applying Theorem I of [17] lve see that thcrc is .r unique decomposirion
u = w,, + D. $ith r. e =ll. the "absolutcltr continuoLrs" componenl and w.

a \irgulaf' lunctiofal on .7,;, strch thaL

w,, € aI6)

,, , o tl. .' 1l .',1.', / j i' .\

Fron G.7) one has

'r. = (r:,0): (P" ,'r.,,0).

'r, 
: (w1.r-r)=(P" ]'.,0).

with rj€yi'l , wl€(.";)ran.l ': r'1- i'lorthogonal n) ?-'. i.e..

v; = wl on 1r-'. (4.8)

'l he abo!e rlloirs us 1o conclude that l*wlisaconrinuouslincarlunctionrl
on y"- lor.t' the ad joint ol the injeclion .9. Thus,, + w I corrcsponds to sonle

; € j4l such thrl lor rll r'€ jl; .

(./'w. ) r'= r1(-rr'):E,l(r'(€).:'({)r. (1.e)

Sinc. H. = ( 1.0)isorthogonal to l7l we must also havc that ff lisorthogonal
ro 1r'=dorn-4". This folloirs kom the nonanticipatlvity of, (and the
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summabilitr" condition of l) sirrce 9' is thcn sin1pl]' PN ,t. Lel O bc the
pr(,jcctrc. lronr v'; oilo v"-. defined b!

(or)(€')=ElP" r(t) P" ,{: {'}. (1.10)

Thcn again by noninticipalivit) ol D (and thc sumnrabjlirt condition on f)
Qt =,t and if tarticular Qt-i' With O' the adjoint nap ol O and

rl,l. .'"r.J ,nJi ..c, \recrdrior u 
"

(o':', :r ) = (O:r,.:') - E. {1E!{P",r (4) I 1'}, :'(€'))}

= E! {(r'(€). ''(€'))} 
(1. )

which i. view of (1.9) vields lhal

O'.'= (.:t'z .a) = e.0). (1.12)

Hercc. ro .:(€) = :'(t') whcn P. ,, = €', we havc that (Q":') - (:.01 is

orLhogonrl io i-l aI t. Wc alvr have that

I l(J') = (r'. t) on lr". (1.13)

This. wirh rhe lact rhar (r:.0)€ i/i(i). implies tbat

('rl-.:,0)e al(r). (1.11)

iuoreoverlor{E1l',

(r.('rj, :.0)):w:c')+wl(:r'):w:(.r')'(r'.2'):0. (.r.15)

Now lct i be ad elemcnl ol 7'(=, It o; R") co esponding ro r,iand sei

i(()=r(a)+:(€). (1.16)

Thc o.Ihogonallty ol ,' 1lr 7' yields the sanre propefl! l{)r r, s,hich js

cqui!rlent 10 asserting ihrr

E{r(€) 1,1= E{r((t)]:'(€) a'l = 0. (.4.11)

'l hus $,c nLrsr h:rre

E{:(1) t'l-:1{): Elt(€) 1'l (1.1s)

(6)= t({)- E1r(€) 4'}. (i.re)

Now al$ (i 0) € ,r,(i) = ,r4(.) (p'.0) set

F - li + p'.0). (1.20)
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al.!rlt, i€.1,1,. since t€ /l .rnd

slrr(t) €') = ,,'({') (1.2 r)

tur f'E.lll. Nforcr)ler /t E irl'(t) This complcres tbe p(ml ol lhc theorem.

si.$ ihc latter r.l.tliolr ls equilalent ro /,(i)+ 4'(i) = (t t) = 0

Corollarr. arrder r/rr rd n. h\potheses ds itt tht th..rctn. d rcQutse [L]nclion ,
i\ .ptimtil fot the nukittage nochasti. prognm P if and onh if therc exists a

p € /,t, such thut he pajt (i.F) is a satklle paint of the Lagtungian functian:l
defi ed on 

":t(s;)+ 
by

r-(.. r ) - if p . -,ft,.
if rl.1t,

(1).2)

ll R. L Ro.hlr.llrr ana R. wes lhe ofiim.i i..our\e Pr)hl.m i dhcrete tinre:

:t.drlriplie* r.r i.cqualio c.n{ranxi'. Sal M J,rft./ ,'1 C.nh.l anA OPthlizntioa r'

Irl R. wd.. o. dr. re arn)n het{.cr {orhr\ti. a.d (lerernnnsti..Ptii zalior" in: \
D.r,o!\un x..lJ L.l l.n\ rdr. airnt l rh.,^ rrn.tial rnahult utl tDttputt \i'atnr
aorllln,!. Sprinlcr Venxg Lcctrtre Norr\ i. L.onornir\ rnd \lathcnatical Sl{em\. 10i

{Stridg.r. Llcnlr l97j) tf lilr-l6l
[]l R T. Ro.liilclLr adf R. \\'e1\. skr.hr{ic con\s\ p,oglx.uin!: KLhn Tu.ker r..di

ri,rL . .tnfllr ,/,V,drordrirdl E.,,,,ri.J I (1'rr5) r'19 r7ll

l1 r\ D Yu!I,. Dnaljqinmulh{agcn.ch.ni.lrr.grarrnlng.I:rrrrk1tdd.ttrIiNdrt
SssR. Lkl,I.rr.ttdld ,\,r.,r. .d 6 (l9t1l ll ll lrn Rr$ian: Fn! ri.n: als.

Fnsi,r!^ (\ii.,11j- i L (l9rl) 908 9ljl.
[5] \l Eisn.r rrl I ol\.n. _Dualir! L,r rnicha(]c fr)grnnnir! i|ternrclcd rs L P ir

l-,, stJN. . -SLrM tJ,'nll ,l Appli.l lrr/r.rrrrir\ lS 0!15) r79 7tl
llil Nl E6NJ nna I ol\c.. Dlal r! rn 

'ri( 
abi (tc ttugr.dNifs'. ln u D.mp{.r' ea .

Stuhani. lr.!\n1n)in!. Il.ttli\!\ rl nF lttt-1 ()io\1 inkn)utnrld! .a ltt.n'?
Arrd. ii. I'rcs N.l \.rk. l'rln

[1 F B D]rIir]. sl..haii. conrxv. dtnarni. Pn,gr.nrnrlt! Lar.,turta.rln'sb'aril tj7

(rrr))(r!rl)lgr50rlrnRusiian.Egl.IFn\:II!rr.ndr'.s'l1I.L'-sSRtb"1ik16\te'11)

lsl FB D)nlnr. Orrnnalpr.!r.rr\r.d{nn!lrrurgpri.c\ln{orhani'inodeL\ol"onomic
qroLrrh.in:J to(tr.nNl $ l.(.ds ,ttdrft,,!/i.dl,rolr^rr..,no'njr\ {P\\\_Poli\h
ScrentiJi. P!blishcL \arsztsiL. l9irl pn l(17 llS

g F B Dt kiri. Sr,.ha{i.rno{lel\of...nonn.d.vclonnre ' 
ii .Anlri'd)i,tldl"rdrjrdl

S.,ii1r 7]?rrl.nr,r\ S.nrJ : (lqli)
Ir0l I E!{{r.el. otrirr e..n.nii._ Fltrnmg trk]ns nrb...o!'1 or {atioDarr_ rn donl
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