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t,r,eFAltllt 1{uITrPlrEus rN .tTlrrizArlall

r. lJrrc Ll tr.rkaie111rl

The tlre!aJ !l ldgrange multitr:Li.rs n!.Ien rith .lasjlcal rt!dles ol

ninlnizrii.! sll,iect io c.r:Jlrai.:s, !rii1 ihe late 1!Il0's, lnNevest was

center.d.n d.r1!ine d.ce.sarJ.! 5uflicjent cordiiions io chara.terlze a

1o.a1 n:ininun poirii in terns.f diff--r'enl,ial proFert!er ri the polni. Tne

;iiah.iil, aiiainn:nts in this.lirec"!.n are.icn'.lllied bJ results ol'uhe

tni.aE. s.hoo1. xni.h w.re airneC !t applicaiionr to lh,; calculu. cf valia-

lio.-q. Trr: ti.r.tr.r'il.rtene:: !)l !r.rlle:r ar il luirinatint e{positio.,

A1-n.uglr th. enpra:i: iraci:icra11y uas .n equality con.trrlnt., lnequati-

tie:r r.,. als..iudi.d, and ,.r. ra. a. incrlasing use and developme4t of

noilnn. ol .onv.r analtsis.

The 195!rii br.ugh: x rea1lzati.r.l the inne4se inFortan.e of lnequafl-

ry.o.:ir.ints in E..nchi. and ildrrtrial Fr.b1ens. C.nlliaii.nal lto..1

!i1il!., 1,ti'r..ri uliand ".re Er.ril,i siinul!ied bx tl!.uc.cs..l LrantziEr:

5jr!1.x neth.1, an a1[.rlthi i:ak1.g rer! .,iE.1li.1.t u5e oi aagrange nu]ti-

plieri. lr.bal,lt, ,e n.st !!Lra1e a.v.1oliment fo. lhe lir,e.ry .l Lagrange

nu11,i!-.lierB, irore!e!, {rs th,- c!nrF.tl.n oaltc bet{een Ehe Lagrangian function

a!d ror N,,umann's nl.lnax l]rln.iple ior ido-per,"c. ganes-

ilrfn ana Trcker iho{ed ilral. 4.. F'.!I.r: .l co.ver rrtpe an .Fiinal

sadllE !oin. (t,t) .r rhF Las.ensia. run.'!i.n. Thi: !r.fided a.1nF1e

;tltlli,al .l,.ri.ie.izaiion oi cFiirLalltJ {1ri.): !ro1'eC :. be velr irui'!lu'1,

c...e.ttr1rly 1ra ..n:i!iairona11r, Ii a.crsed nL.h aiieall.n .n in'iresii

i.l1.,r:iF ro1..l .orreail! 1r'.!llli2rrion rnd pos.llrre {a:.': of eirl.lting

ilf.rL: l,1vr..n':l.uea L.i':. i:1. prE3sni o. relirlnc tt: clar:l.ai

,..rJ .i 1..a1 n..e;Bary and .ir1l i.l..l ..iaiii.n:i, ltr1. ra. been de:ipl_ue

,1j,lsltD.al 
=uaj{t c1a:irjfi.aii.nr (1:r?ii), rrinar-r' !ta:5, !a(-'ll, rrlE:4.

nese.r!.i sp..:.red liy tl,! Ai. For.e 0li lie .a :lc1.r:i11. i.s.rr.t, !.rr
r-.r.e St.ri.ns a.nrari, L:jr:. j rndr. nll)ar L.r,a.r rurL:r 72-224!.
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the ofl.n thtractlcal .rr unve.lllable characle! of.uch conditlon. \{hen

tnerc 1. nc sinFr. ral oa r.du.ing ti. candidates lor a nlnlnun point to a

'-i 
E pr" jo ri6 , - tti dr

opt1na1lty. hovev--r deslrable. has.eened linlted i.. the.naller cla.s of

problens Liie!e "everythlng is .onvex",

],/hi1e such is 1a.Ae1y true lot a minimax aplroacn bared on the ordlnary

LaZranglar, 1t 1s n.t necessarilt va11d for the inlinlie variety of !ther
laaransian frn.tio.s ihat no! .an be gen-.rate.] r'or 1 problen usi.,g the

rneory oa conjugaie duallty- As a natter of fact, a g1obal saddle point

.haracterization ol oatlnaltty nas iec.ntly been de!eloped tor nonconvex

Fro€jrann1.g prob:tens in terns of a certaln Laeransian {see [7],

l8l a.d tne references eiven therel. A5 one nlght exFecr:! this characterl-

zation is c1o.ely tied in with neir netnods ol calculatlon, in parllcular to

certaln aleorithns ostensiblJ betier tnan standard penalty iechnlques,

rrnal is esteciallJ lnporta.:, Irorever, is the !oss1b111tr that notr

lre.ents ltself ol ert€ndlnE the fr1nln3r aFproach bo other Eeneral types of
problens, :u.h as in optinal .ontrol o: .locliastic proq.amlnA. This vould

provld. a nuch nore satisfectory the.rj' .l optinatity corditlonr lor modern

ou. ain he.e i: to ouiline ihe elenen!. that folnt toxards thls develop-

nena, L{e starr ith a. ovelvier.l the naln necessa!r' and srffi.ient.on-
dittonr in nonlinear progrannlng and tbeir signltlcance. (lto.e deta11. are

glven 1n t\e pap.r.f l"l.Cornick in tlls vclune.) A. abstract nininization
problen is th€D introduced, ll is exll3ined ho{ the theort of.oniDr4ate

duallby ln conver a.alJsis 1:ai. to the c.nsli.uctlon.f a troad class of

aeneratized lagranElan aun.ti.n: a.d the attenpi lo character:Lze lne optl-

da11!y of a r,oint i Ly sn.ring rt c.r.espondr to a mininat saddle point

(;,t) or such a laeranqlan, xhere t t5 a se.e.a1j2ed Fultlptler te.!or,
(A fu:L1cr ex osition is conitined in lne re.ie.tty tub1l3hed le.ture nctes

l6l, ) F1na11J, {e Cls.uss ine auEnentei lrCra.gj.a. 1n n.nlinear progtanninc

and (i) 1t in.icale5 bhe i!sl.abi1ity of adoptine:its neth.dology even ln
ionc.nvex !Fitnlzaii.n,
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1. CLASSIaAI TllEOnI: aqUAJ,IT! CoNS?liAlN?S

let us consider first a nonLinear programiig problen of the forn

(?C) ntninize f0(r) 6ubject to f1(x) = 0,. . - ,fn(x) = 0,

where eaeh fi , Rn . R for i = 1,...,n is of class c2- thu set

(1) 11 = 1x e Rn I fl(x) = 0,...,rn(x) = oJ

r. the fea.ible "ranjlold" . Ir: natr '.e hoped that N is in iact a differ-

in ihe nalrural raJJ but ol ccurse the

rlilr.ut further re.irictio.s on the

{ro), i-e. a P.lnt wlrele f0 has a

en'liai1e na.iaold ol dinenlion n-m

siruatj.r .ou1i t. noic e.nplicated

c.nstraini lun.tiois.

teL a b. a 1o.a1 solui lon 1o

1oca1 nininun lelative to J4. let

(:)

(3)

ll = suirslace.f nn genelated

rr.L;, = D

riy v at(; ), - . -, vfn(i),

lor j = 1,,..,n],

1167e !ir(i) de!.t.s the gladjent ol l. at ;, Il.Lrtis!i.e11t, ea.h

'I

lrc th-. rr..rma1 .pa.eri io J'i at t and ? tn. I'tanflent spac." lo{ever,

the ia.rent trF2ce.en !1.. tre.ieliaed nore dir!.t1J as th. set

r = Nl = {v < nn vr.(;).! = o

(4) T, = rin.!r t 1ll,!;l={v. Rn =tk, ci vk'r, trith ;+Lkrk. J"l}

Trlvialltr Tr c T. l.11ovjrg f.stenes l.l, Ne sat thai i is a regula!

polnt ol N if TI - !, Tai: i5.a.1l:r..en t. be tILr. il

(5) r'. 1;,.....?r L;r :rr i|r...n1. t

(Noi: tlrat re!-u1ar1L- 1s r.i a Ff.pert:t.l il it..1i, oul of 1t3 r.!re-

seniati.n in teriis of the luncil..s 11.) At all .vent5i :il lhe o!"iina1

r.luri.n ; l:r e r.-arler F.int Ie nu.r rril'e

that tf^lr) nust 1.1..e.o T'= lL

I'e trrs ortair the l.:1o'r'r.g flr.t-crdel r..!3-"a!:., .ondiii..:] r.r

19
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rr(;) = 0,...,rm(;) = o, and lt = (i,,...,i,). r'
such thsr vio(i) + t1vi1(i)+.. .+thrrn(;) - o

Thele conditions have a sinpte lepresentatlon ln terns of the fxnction

(7) l-(x,y) = io(x)+J141(i)+...+ynrn(x) lor all x. Rn, y € Fn,

'''a ": "' r"n

Nanelr, (5) 1s equlva]ent to

148

(6)

(8) 'J- .. " v, -.t =o o, vr ;.-r o.

obserre that the sane conditicls can be obtalned aisuning merely tnat ;
{as a rrregular stationary !oint" of r'O reletive t. I'1.

This re!u1L 1s int.resilnEj b..ause 1t shor: that a constralhed

stallonary !o1.t ol la .orre.po.ds l. an un.onst!ained staNlonary point

ol !. Thu. ..nltraini; ... be --LiniDate{i ai: tne exFeDSe of lntroducing

adCitioaal variables Ii! ihese va.1ab1es are.al1ed i,aElanEe nultiplier;.
t]ose!er, ll nxst not Le ihouAnt ihat a co.strained nlntnun .t i0 typically
corresponds to an un..isrrelned rirlnum oi l,. The statlonary point ol !
nay nolr q-ren 1r.ro1ve a 1oca1 nininun of l(x,t) with resFect to a.

Sec..d.rder..lditrons for.piinality in (l,O) can.e derived rsinA

tne liessian (sec.nd de.1rar,1ve) nairir

:\. Cropertlei cl inrortarce a..

(1al v.r:L(i,t)' :, r.!a11 v.!,

v.!;L(r,r)r > 0 i.ra11

l!,r. nain.e:.L1t on ne..s;ar-/ and rLflicient condiiioii cai b! stated i.

aiiEllilri l i1.,.d1 ortinalit:f )

(a) (r,e.es:!ftt ...d1.r.1.). Ll ; rs a 1oc!1 !!llii!!_-!! 1p) ylttl!
i5 ar3. ! :.er.1ar r.iri .! r,r, !!:lL(!) qlt4 (1ri i.li.

' ---:- - l o o '. ; r
is.laled l@.ri :.:luti..: l-! il,. ) .
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A Frooi or Theoroh 1.an bc found In the book of !:estene6 [2, ch. 1],
. 1e6e.vF. rp,e:l- d rne -- 'ulariiJ oi i :-.o! !elq:,-d 1n

the .uiflclent ..ndltion rJur orly in tie necersa.y condition. lntess every

iolht or H 1s reEular, thiG 1r an awkwald assunpt.lon {hich cannot be

check€d illtrcut rn.xlne the 5o1u!lor Lo the problen ln advance. A mole

hores .Latem.lL or rhe 'e. .srr!.oadrrlor nvurd be tha: "rf ; :s e rocai

so1. o,r.', - le! 8 .. 10 noi a.;:Lla! po (cf

Nrr. Even 6., trls 1e a stronger ass:rtlon tlan ore scnetire! sees.

Especially h erpositlons inslIred .J :.e haxlFun prlnciplc ln o!tln3:
con o 1t 1. - n !. .e{ar1.- t 1p l-" to fo.
rlrlch, jt nc^zeio, ear b! t.rrr.ilzed 3s equat io 1. TLc neceEsary cordl-

tLon rh-n a.<.-r-d, ln e"r-a1, :. 1.. ry tha ,, l ; r.:10caI vr'rrioh,

then elthe! (3) and (1!) ho1d, o! (5j j! false'r.

Ii the.lassi.al fianewo!:i, fherrem 11s re-qalded as solvlhB {:) 1n

.rlEci!1e I: .::. se!3. ci.edrc-ie lt tc :he sotuiior ol a systen ci n+n

equari.n6 1r n+n lnkno nJ: !r(i,;) = i, Thus lre dlrould ploce-Ad il tlndlne

a1l rosslble s.1ut1on|) (;,t) l,o t..:e eqra"ions, Thc ones sailsfyirE {10' )

lurnis:: locel s.iualon3, a-thcr6h .o: aeccss"rily all sLci soluilons.

ro ilele!.dne the 6loba1 rolltiois, i jglg.t€_!!9_J:!]tq!_! {?c) $
lndeed 1t!a:nedj we Bhould f.!m th. ..l1ect ron ! ccnslslinar ot all the ;
cotr+c...is oi p:ire (i,)-) 5!t:::"x:i:1i) ana (10), !. '.rl as att lolrtc
t o 1 r. -.1)! - 11- r,"r.e::- e.r!'tr bL: polr' i cI

''L. -: . r'. i. i , :r" , - ft; '. (a1 :. elr

lie 6 olra! sorl:itr::,] to (:^) .::e tae" :r:3 cr.r{,.:s d: s rdr *}:1.i thls

vaLue is loiLr::r:. In or:r,.! r.!rii, ta. 4lnlrilzati.r of :" cre: 14 13

redrcei io ihc r,1r1:rlzit i.r ,ri i. ov.! e mL.h aar0 spe3:!a1 5et s (po5Bl-

L1y a fjnlte :e:),
LIil.rUrnaielr, l). rrer r.asonat.:1.. :llri rrc.edur. rta:., rfen by a.al.,iy

{l:h the .r.nenilry (e.d .areju l! ..nc.i!8di) c.5e! t!ear.d 1r car.ulue

tex'-a:c?s, it :s !:cpe1e:r:; ar.r- tl:! ;1.C!.n .ri.i .j ':ieir. Tltc .e: S :s

t1kel/ i:o !e',.o iilfal.rli tc ie:r|n1.e, of t.. 1a!{-- t. r'.rk trlih. lrtr'rar',

iolri.E a.y5t.i.f lirrri.ns iri 6,,r:.81:r 1: rard e i..L::F! runer.al!l
t!e:::',rt:, rs !ci;It (i,._,) I::::i.

Ir LiiErxn!:: n!1:1!ti:-:.i. n.r ri,.:!i in 1d e:le.!i!...a!.!,er:i..rl

Fio.eaure rr i i 
'j 
i .l c ri o r 1 ! e C , cj 1r]ai ralue are the:r'i Ther' se€ isrertle:er;
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to nave t{o nain uses 1n the theorJ.i conputatlon, the first o.culs 1n

ehouinE rl,at sone alg.riihn produc.s a se.luenee vhose clu.ter polnt. satistv

the llrst-older..ndition 18). The second 1les ln denonst!?-tlors thdt 1i a

-'. co_ r 1. d..
fyhg lbe secoDd-order Eurficient condttlons (6) and (10'), then the se-

{luerce it eenerates conv-arges to i' noreover at a pa!i1cu1ar rate.

Tlre ldea behind tbis presunablJ is that !oint. satisivins (8) and (10)

are "usua11y" 1oca1 so:!uii.ns to (Po). qhile 1n "no6t" cases a 1.ca1

sc!uti.n to (Po) sallsales (8) and (1D'). Theo!en 1 is .ustonarily clied

a! lhe ju.tlalcailon of thls heuristlc reasonlnB, altiouqh it rea11y savs

notlilne quite alonE such 1lnes,

Another u.e cl ],aa?anae nuliipliers stehs not lron lnelr role in ccnpu-

tation bu| irom a .ertein inierpretatlon oi then. Tbls is in terns oi the

rate of cranse or the ninlnun 1n (Po) tith respect io varlous perburba-

To sai. an uncer.tandinq) .onrio-.r fo! eacn r - {)1,...,un) < Rn the

r'!erturbed" proolem

(Pl) eininize f0(x) subie.t to ri(r) - u. = a l.r i = 1,..,,n,

The lirsi-.rie. cond1l1.n lor (Fl) co.respondias to (8).oncc!.s a pa1!

(11) t ru(r.r) =D and

Lu(ii,r) = l^ir) + r'1{11(i) - !r)+...+1n(rm{x) - un)

rt..an erl]res: (11) a. Ji(u,i,tl = 0, ?h.re I ii.ont:lnuorslv airler.nti-

3b1e, $rppose i !5 a 1..ai 5olution r. (!.) ,.irLa11t satisfjrl.4 1!1,

o'- - = o " '
Ja..!iar, ! D(a.;,tl is n.n.lrEul1r. r:e..,- there erist differentiable

fur.li.ir: xlu) and :r'(ul, .ieai."c o. a ..1llilr.rh.or .f u = a, :u.h

D(u,x(!Lr,'(t)) : o, 1(i) = t, i/1ol = r'

Ther n.i.a1! d. r/. lL.v. ti. li.r:-.rie!.!rdli,i.a

(11) !iLI'tx(r),riN)) = o .ni r,L!(x1!l.rlul) =.
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satls?ted tor u ncor enouEr io 0, but also th4 se.ond_olde! condltlon
:or (Ff) coryesondn.iln€ to (1or). lhis can be vertfled usina continulty
and:he fact rhsr i and i .atisry 116,y. ,&eoren t sars rhat x(u) is
an lsolated locat soru!jon to (p;), the 1.ca1 mlnlduh value beibs

p(u) = ro(x(u))' ru(x(u),y(u)).
It fol tows ftun (12) that

e!(u) = (v.,i.u)(x(u),y(u)) = _y{u),

and i! Palilcular

i = -!F (o).

thus rf 1 conpuia o.at hethod io. solvlne (ti) paoduces atonci klth
, sotrtt^n i en ar.o.tar.i .rrlilptJc, ve.ro: i, ttr. ^cnporent. y,
Iulni.h dejinil,e info4atton about Lhe waf, the nlntnr de.Dends on Fertur-
batlon$ or tle .onstralnts.

2. l]r:QJ4LtTI Co.ISTH1I\TS AND COi{.?EXTry

aonvex aoallsls enre!. the Ficiule as soon a5 inequallry constralnts
ayc a::n1itcd, even Tf Lhe tunctlons 1n qrestloh are ncr conv.x. A1thouAh

. p!.bler i€t !a!. a nLxrlre or.quallr! and inetuality con!rlaints, ve

1lnit ourijrlv.r lo! ct!11ty io the Dure if--quatity.aRe:

(P1) nrnrilze io(r) sntject io r1(x) < 0..,,,in(x) 3 0.

..,.31, cqc. f. :i a.. .-. I r: , ^ ,f c1-.., ..1 .n 1, .t.. .casiule .et
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nay rel1 have "edqe., i.-ce,, ari colrors", ar.i lccal co.veliflcation, aarher
iten 1th.1r1z1r,1on, 1s lecaed ir ch*aaterlzlre tie !!ainun.

:et ; n. a lccat jol ,ii.r r. (r- ), and ler I Le trre ler oi

{r3) u = Ix. Rr I alix) < o,-,.,rr(I) < !]

1.ttve coritralnr tiLdices aL i:

(1!) I - 11 I 1.13 nr rr(r) = t)]_

(r5) rr - r.trn.-.j-n1 ieneret..i by {?fl(i) | r . r}
= {u=li-'Jlrj lxt I r, : i r;r , :r, - n ti f1(i) < i}

(r5) ? = t:o (.orar con.)\= {, < Fn I rr.i;),q r I rar ar1 i<i},



If T asrees Nith ihe tansent space T' to u at ; as dellned ny (4),

o.e sals aeai! that t 1s a reaular poin|. Thl6 lo1d5 in parti.ular lf

ttre gradlents vti(;) lor i € I ate linearly lndependent._

i voi.\ o o al

v. T, in other words -vio(t) . !oo= No9 iut r'ioo= N bv the laws or
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convex aralr'sis (!e@a nl larkas). l/e thu. get the iirst-order necessa

( 171

rj(il <0 ior i=1,...,n and:t - (t1,-..,th)
ith t. :. an.r t.ri(;) = 0 for 1= 1,...,n

.uch that rro(r) + trvrn(i)+...+tnvrn(;) = 0.

Taking the LaErangian fun.tion to lje

| -Ji,\r..rJ',' -o
{
I -- ot .rri "i

Ne can expres3 {17) equivalentl! ai

7 r,y. . i. " o v ..

Sec.nd-order.onditions.oncein iihe !essian nairii v2L(;,t) ai jn (9),

th,- set i=l{.U r.(x)=a ir i >0}, arrd ih' froFerile3

(20) r.!_r(x,y)v > il r.r ar1 t. T

(20') 1"t_I (x,! )v > c fcr a1i nonzei. v . 1.

i:1) i={vrr !.,(;).' = D ir v >.},
rr,"",- i 1,, the taEeeni "."e to il trt ; lr ; ts reeular'

rHaOlElJ 2, (1o.a1 oPt i nall tt )

13) (!:9:ij,3!.! !!Illl!lg!). ia ; 1s r 1..al:o1url.r r. (P1l

@t!! j! 3tt! r r"r ell! ir, U.l:! (11) 4q (:o) I!l!.
(b) (.u.ri.i.ni conditions). I. (1'r) mt4 l?0'l !!l!,,jtl''! ; i! 9ll

ls.lared 1.ca1 :.1u:i.n rl

!.r r !r.of.i Tae.fln:rj rE !ele! agaln 1i. li.st.ie5 12, irh, 1l '1he

asse.rion that the ii!.t-or,ler.r.i1il.h (19) (o. eqritalc.Llt (1711 ..1ds ir

; 1" 3 '"e]]u]a"' 1.]c.1 :.1Lrti.. t. (Fr ) 1:i !:raLIt :ited a:i a in....n .r
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(uhn and Tucier L:1, at li.ast rnder A siiEhtli{ narrorer rornutatlon ot

"r.€llarit::". ltovevei, hlsto!t.a1 anl.ecei€nts a"e noi{ k..rn; see the

a!lic1e ol (uhn i! thls volune.
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T.e connerts made sbou: il:c si8nlficance o: ihe La6ranAe nuliiptie!

vecr.r i i5 lr€orcn 1 epplJ equally t. ihe t r. theoren 2 in larllcu-

1ar, it c.n be si.{n urde! ni1d ai.unptions'uhat ; = -?p(0), }there p(u)

glves s iccal niilnur vrhe i5 ire iertubed .ro!le!!

,1 .!:.: x -!J-tr :1 r 3

nI1e auch reeear.h has EOne lnio imn?orrng tne flrst-older .ecessarr"

coidltlon in trt:..er 2 (or..i4t:ne.i ve:;1ois 6! Ti,eorens l end 2) bv suastl-

rut!nE dlifereri aolhs of "!.ru1arlty" (uhl..h nake !he potential nonreEu-

iarlty oi i a norc restrictlve prcperty and bence lupposedl:. 'tles. 11kety

io o4cur' ), thi: ras had a1ao6t no lmpa.! on lnpli.atlon!, lihat {ou1d be

ta! no!e raluai,1. In ir13 f,ree tould l,e a tanily o!- senerlc theolets

asse:t1nA:iaL lo: 'rnost trotlen." 1r a Eiter clase (lh scne te11 detlned

na!ne4aLical sense) a.olutlon i can b-. charaoterlzed oy certaln stronEe!

concl:Jons, llke r,hose ln -rrec:en 2(b). Ne; letrcar.h should be cotduciec 1n

Or'.-rurse, re do.ct n.1r t3 5a! thii1, {o.k c. ne.es:a:y.oncliion$ as

sLcL 1! nc: cf !nter€r1,, lhelo ere rar:.,.rraDtles trl:e!-6 sucl dork iras 1ec

to grcat rhe(.eiicA1 .1ariilcrt1.n cf tae ratrre !1 a ctess .l p!ob1en6 and

hos .hel: .''roqerile. can l,c :c. l3lrei ar:: cellvcd !1 an cleEant Da.aer- n5

an crQii!1.! !re iFni:lorr tlle lec-4it rort of clarke llll or nece:r:dlv condl-

tioxs 15 .Fiinel ccitroi usiEA de{ ldeas of texerarlzed i!{ll3.ts; t.13 nai

leed tc develotnen!s in oi:re: l)tstcfes.i .piln:2etl.)1. Hclre!er, ve rlo ieel

!hat ro!{.n "!racL1.a1" sorle .l sulfi.l.ni.orilti.ns he3..! o.pen

lrtre:sed .nc:i:r :a -r.: tasi.

TlLe.! 13 r,rlasallc ciansc in !i1,- tre..! r)l ia[r.{.!:e n!1ti.IlerE tra.r

lre:ea;-:: ih-. ratre oi:40.t.r.-.rr':nilr F:.E1ei, rlc.. Li: r-!r4tio.s f.

1i (:t) are al:.!rlex. T:i.. 1ocal ..1)ti.r:! r ir!e ilol)a1 r.!rt1on:.

Anrr !(x,:r) 1s conter 1r r I.. rH.rh r'. i!rv s:eil.rar! p11.l .;r 1,1i,))

,1:. res!r!::,. 
': 

iu=t.ir€ r:.!41 :L:riirn nl:i re|t..t !o *, aod the

'1rsi-r)!der .on..lr:on ( tjl cx:1 i. {!:ir,.r ns
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I t . n' "".r' thar nin i,(x,t) = r(;,t) = nax L(;,y)
x.!n y.nt

tnls fact was recognlzed by (uhr and Tucker 1n thelr ploneerlnA paper

[3] and ploaed to be very rertlle eround lor new Crowth of rhe theory. A

palr (;,t) satlsfylng the retatlon 1n (22) 1s sald ro be a saddle polnt

of L. As such, lt can be glven a gane-theoietlc interpretatlon {htch
iurtner ennances the neaning of the Lagrange nuttlpliers, especlally 1n an

econonlc context.

It vas qulckly recosli?ed that 1! derlrlns (22) as a necessary condl-

tlon 1n convex prosraming no dlfierentlabllity assunprlons are needed.

convex analysis sufllces, 1l an apriropriate sub6tltuie ror tbe notlon of
lrregular poirt of lr{!r is provlded. A convenlent assunptlon oiten lnvoked

:o' s t e -a-!e. cono, ion:

(23)
=I!! 

s! I Lh-' "tXr 0 o- -1,.,.,-.

Horeve!, a huch broader, yet a1.o neanlngful crlterton can be stated 1n

telns of tne "stabl1ltt. or (rt) {ith respect ro the perrurba!1ons lntro-

Let O(u) denote the elobal infinun in problen (rl), so rnat

O(0) = hr(r1). (The f.ilnun ls taken to be +- 1f the.onstralnis 1n the

problen cannot be satisfied.) The eoNerily of the functlons f, iEplie6
tle conrexity oi O. It roltoN6 then (assunlns the flniteness of inf(pr))
that the.ne-s1d'ad

o'(o;F) = 11n d(tt) d(o)

a1l erlst (Doss1b1! +@ or --). one saJs thai (?r ) ls stable 1f th.ar.a

is no i wiih t'(0;ii) = -. The slater conditlon (23) 1np11es that (Pt)

1s stable, but other verifiable criteria are also k.oln, cf, l4l, t5l, l5l,
A nore general concept.l stabllliy lo! the nonconvex case witl be tleaied
in !5 (cr. |5l)).

THEOFE!] ].
(a) (necessa.y condition).

1nd the fu.cLions f.. I = 0.1....
necessarlly dli!erentiable). Then

(E1oba1 ol)t1na11ty)

Supp.s. ; is a 1.ca1 solutlon to

,n. ale all convex (iinite but n.t
{Pr )

/22) holds 1l a.d only if (Pr)
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(b) (sufficlent conditlon). I! (22) ho1ds. then x ls a elobal

solutlon to (rr).

A proof of rheoren 3(a) nay be found 1n lrrl o! 16l (see also 5q belo ).

The ract tbat (b) 1s true even rlthout convexlty 1s erementarJ (see 93)

and was observed already by {uhn and Tucker [3].
p"'a l-t !o tzarrol -, = vF.(r\, h-r- s "

result that the Lagranee nultlptler vectors t appearins i. (22) are pre-

cisely those satlsiYlnC

(2q) O'roiwl >-wt for at1 !.Fn,

(see l4l, l6l). rhls says that -t is a "sDbsradlent" or ll at 0,

srltten -t € aO(0).

More genelal]y, the peliurbed problee (?l) is stabLe if and only lf

the set a4)(u) ts nonenpty. The.!ehs of conver analysls aboui the exlstence

oi subeladients show that ad(u) is nonenlty ro! everr rrrelative interlorr!

polnt.f the set oi vectors u such bhat o(u) < -. rn tbls sense, te.an

truly 3ay tnat 'rvirtually all!' problens ln the corvex ca$e are stable, so

that (22) 1s irotb necessary and suillclert for o.tinalitx,

3. GTNFRIIIZED IACIANOI UI,TIIIIENS

lurtner insight lnto the conlutatlonal signifi.ance ol the Lacranclan

lunciton ! ror (FO) or (r1) can be sained fr.n its lelationshi! trith

the eseertiaL objective iunctlo! t, defined ty

L .l5 l
+@ otherrise.

Ir both LP.. r and LP. ) . one has

5ur L(x'Y): r(x)r

and the pioblen 1s -.qulvalent ro nininizins l{x) !?er all r . Fn

To add flexibillty to the dls.ussi.n, 1el u! nou thlnk.l at absira.t
.!tinization problem havinA nele1y the aorn

(?) nlnlmize r(x) over all r € I,

{h.r. l{ i3 a real linear space and I is an extended real-valued furctl.r
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on X. Suen a problen is convea is f is a convex lunction, but {e do not
laLr 1's --s -: I tor " ".oL ro rovs.

B, 3 lod-o E:.' ron o DJ! ..6 cho1c6 o. a

real linear spa.e Y and an ertebded-rea1-valued iunctlon t on X x y

125) r(x) = suF L(x,y).
v.r

The latter lornula nay be 1nte4'reted as expresslng I as the pointFlse
sulrenun on x oi the colrccrlon of funcrlons {t(.,y) | y . y}, The

o-..s -r4 6, z-o ,ap-dns- FLlrl.tla v-c.o-s!
and I 1tse1r 1. a een€ra11zed Laqranslan for (!).

aor each fixed y ( Yj re can leCard the p.obtem ot nlninlzlng
L( ,y) .ver x as a .ort .f 'rlo,er .epresehtative,, of (p), 61nce

(27) r(x) > L(x,y) acr all x.

(28) inr f(a) > inr L(r,:/) for at1 !. r.
a.X rrl

l/e s!a1l sal rnar t is a xuhn-Tucke. vector for (p) (witb lespect to rhe

laeranclan LJ il

(2t) 1rr r(r) = inr L(xJt)-
x<I x.I

If a iirhn-Trcker ve.t.r v rere kno h, one ..u1d repla.e (F) by the
.sbvotd

_.. - " e

t]le globa1 ni.inln 1. lF) nust tnen be p.ecirely the F.1nts ; vhlch

aiiorc t\. €1oba1 nininun or r(.,t) and also sa!1rfy a(I,t) = r(;). In
p3rticular, ir L{.,.i) .a. lts nininun at a unlque point ;, rhen ;
nusi be the unlque soluiioi t. (r).

. - o ,. . o...1
certajn .lua1 !r.b1.m:
D"

(:la) lit/l = 1nr r(r,J).
xrii
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Obse?ve that {28) 1s equtvaleDt to

(t3r) tnl(r) > e(r) for all y . Y,

rh11e the deftrl:lon {29) of a xuM-Tucker vector ts equlvateni to

{29 ") lna(P) - nax(t) and t solveE (D).

l5?

0f cou!6e, .osputatlonal fedliza!1ons of the6e notlons are not lea1ty

invi3loned ln tprnB of t!pr! naxlnlztns g(y) Lo 8-L t and lhcn nlnlni-

zlng !(r,i) to aet ;, although thls mtght be Do5s1b1e !h

l{ore hope rests ln genelatlng a harlnlzing sequ"nce {yk} fo! (D) by

sone fiethod that lnvolves ealculation at each steF oi an aplroxlnate ninldun

1n (30) for 
" 

- yk and thus sliurtaneously selerates a s.quence (xk).

lerhaps thls can be done ln such a hanner that {yk} converged to a (uhn-

1\rcker vector t, rhire {xk} or $ohe aurilliary sequence converaes io ar

; dolvtng (P). In sunmrJ, the idea is to t.y to solve (!) bJ leplaclng

it by a ee1l chasen sequence of no.e lavorable p!ob1en6 of the forn

{31) nlninlze iix.yk) over all : . x.

optinallty ln (?) can be chalacterlzed ty means oi the gen.ral

saddle polnt ..ndltlon:

C2) 3 i. v such ihai F1n L(x,3) = i,(i,i) = mx i.(;,r),
x.x y.'!

TtE0Flu rr, (s10ba1 optlnallty l.
ra: {ne: ssart .ondlri,n). ':| ; :u!r.l.hes 1." Er"Lil n:nrnun :r,

(rl q!4 nln(r) . nax(o), !I!! (12) h.1de,

(b) (nc:!ij!s!_j94:!1-9l) . E ; ,84:,!]-!-1 (32), !l!tt ; turnisaes

- Flob-L 11 -u- .),"id :.? 1rx D /o--v.. t\e - e-en i

sccurring in (12) !!€!_!rrie!l!e _E:_?.!31_.ttgIl[ lll (D), an:i :I]ev ae
F!:oleelJ the (uir-lLckE. v..t9I]: llg- {!) tjth !e:ip,Act to t[e laqj]anqlat l.

This b6Bic result 1s ar! c1en3.ta!y ccnsequeoce.: ihe relat1ons and

aellnltion6 fliven ebove,

?he sEdile polni conjltlon (12) 1s :!us atiia!'s =!J alcient io.
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optlhallty, but it 1s recessafy only to the extent that a duality lelatlon

(14) F(r,0) = r(r) r.r all r € L

l,le shal1 .a11 this a tertrrbaiional repleseniatlon.a {r). The perturbed

proilen c.ire.pondi4g t. a !e.r:.! ula 1n u ii
(?") mlninlze F(r,r) oyer all i. x,

For eiamFlej the rerturbation; already discussed lor problen (P1)

colr.sPond to .ho.sina LI = Rn lnd

IrL".! = I "
I +6 or he.trisF

Given any Fertrrirail.r:a1 representation) $e are interestel th ihe pro-

perties.l tne iunclio4

(16) o(u) = inr(ru) = inr F(x,u)

4. PNFTIJFBATIONS ANIJ CONJUCITE DUAIITY

0ene!a1 Ferturbaiions can be introduced lnto the abstract probten (p)

ay ch.osinr a.eal llrear spa.e U and an extended-rea1-valued fulctlon F

on xru .u.nthat

(equlvalent to the e*1ste.ce ot a Kuhn-Tucker vecto! t) .an be establlshed.

The value of the condMon and the colrespondlng nunerl.a1 approach lests
therefore on our knouledse of cases where (33) 1s sule to be true, or
rralnost'I 6ure to be true, tt depends also on anatyzln8 the varlous rays

that korkable l,aaranglan repr€seniatlons nlgnt be constructed.

Another lmportant questlon concerns itre lnlornation plovlded by the

]iuhn-Tucker vectors t, li any. can they, as 1n the earller casesr be

lntelpleted 1n terns oi dlrectional derivatlves wlth lespect to cellaln
perturbations oi {P)?

The th€ory oi conjueate duality has produced sone far-leachlng answere

that we atienpt to elucidate in the nex| section, But the subJect ts by bo

means c10!ed io fultner resear.h.
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It h is anJ .]iended-rea1-va:luec luncilon or

hu11 ot h (ritn r.sFe.t to the Jralrlng of u and

the closed convex

wlro.ie neeaiire 1s closed.on.rer. toljologica1 criterta fo! the clo5ed.ess

or a c.nvex runction ca. a1s. fe elv.pn I!1, [6]

The follovine idcts af. iundamental. !f-g_el eiiehderi-rea1-talued

h.ctlon h cn U, rhe ilnction

h** wtrlch is the pointwl!e suFrenun of ihe collectlon of all the afihe

runctions (t.e., run.tl.r: !r the r.rn < 
'v> 

+..nst.) najorizec bv h'

It h** = hj one.ays thai h 1. a c1.sed conv.x fun.tion. cl.sed conver

lrn.t1.ns .n ! are dellnec sinilarlv A .losed c.ncave lunction 1s one

r59

around u = C. Ir f(a,u) 1s eonvex Jolntlv ln t and u (ue refer to

thls a. the tul1y convea ca.el, 0 is a convex fun.tion on U and 1ts

propertles afe .eadlly lnvestlelaied vla convex adalvsls of cour6e, one

.annot heve P convex 1. thls way unLess f 1s convex, 1.e (P) ls a

,,convex" problen as delined ea!1ier. Hovever, even in the nonconvex casej

lre can enploy various technlrlues oi convex anatvsls to learn nuch about 6.

As a natt,a. of fact, tbere 1s a very close connectlon betteen

tagranglan representatlons and pertulbati.na1 feplesentations of (P)

fhis is de!1ved lron the theott ol conjugaie c.nvea functtons, a. ve not

ploceed to explaln.

iet us suppose that ihe real linear spaces U and I are paired by

:ohe billnear foln <u't>. Thls neans that < ,v> is a linear functlo. on

I] l.r each y f Y, but ii is ine zero function onlt la v = 0 at the

rane tine, <u, > is a linear functi.. on Y aor ea.b u € U, but lt:l€

the zero fxnc'ulon only 1f u = O, (For rr = Fn = Y, one ca. take

U,

!)

(rr) l{(y) = 1nr {h(u) + <Lr,Y>}

Y. ard nle he

(t3) h**(1,) = su. {'{(rl - <u,t>l

romula (3?) thrs.lerine- correspcrcence h'i{een tbe c'11ectjon

of aLl closed c.nv.r fxncli.ns lr .! Li ldd ihe 'r'11e'tl" cl all closed

..n.ave iun.tio.:i k .r I



l'he iheorv or thi:r cories!.ndence (vh1ch 1. ,axpounded 1n t4l, t6l) 1e

.ustomrift erpresred not ln r:elns ot h and k, Lui h and hx, th€re

' { :. ."1--o

ol b,) l4any !orerful iacts are known. CenerallJ speaklnC, there ls a

de.p duallty tetween 1..a1 prope.tles ol h arouhd u = D and proleriles

oi the ne:r:.f revel set. {-r " Y i k(y) > dl, d 6 R,

The iollowlne consequence 1s a1$ost innediate
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:IIECFEI,I t. (:!ulvalcn.e ol represenlalicns ).

For palred rpaces !l ard Y, trere 1s a one-to-onc corresponCence

betree. all rrhe p.ssilr1e -aErahslan reFre.entatlons L or (F) ULq!

L(x,yl r!q-! j!!!!j r]t y 3nd all iie posslble Ferturlatlonal re re-

_sr,4la!l!u! F o-! lP) !!! :,(x,u) s@ !, rc]Jl

lrq) l.lx.r) = inf {r(x.u) +.u.v>1.

14cl Fix,u) - su! {l-(i,y) - <u.y>}.
!<Y

r'ilrg]Iltj i(r,u) f-i.j!l lrllt !!!r: i 3:14 u ir and onlr 1f L(x,v)

ls ..nvex ii r: (as rel1 as c...aie ir J).

lr..i1lJ.bs.rr::i.n ihar: n.!11. io !: aade, to see the !aliditv oi

Tneoren i, i: tha::ir.!:.i1.: (2a) ard /,?rr) ..rreslond tc eaclr oihe! under

(l!) a.d (L.r '

n. n.ie tha: ilte .rd:narrr laEr.nailn 113) i.r 1P1) j! ootalne,l froo

tlre fe.turl.a,i.nel .epi..enl:ar:ion (l:l Thrs i: an era.!1. {here I(x,u)

:s.1.srd...r.i 1r ! blt r.l .orrex 11 1x,u) (|n]e.. i:he rDnciions fi

jn i?1) 1re all .o.ne1),

lh. iiarn .esrlt ,.nne.tlrs (F) and ie !tr.:! !.oi1en (|) na, n.u be

:rjinlEIl 6. ( il:al itJ )

urder l.he r.rre:Fa!1en.e ln rh.oi-l :-rl i: !llr!ll1l'Jl1u. .un.|ior C

=! (lal lltl rr,,: dq.1 .j.i..iir. fun.ri.Jr s iti (10) 3rf r-.l4iqrl !]i

1!r) Ei:i) = i.i {dlu) + <u,ir>l
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(4?)

and hence tn palt1cular one always ba3

(1r3)

E!.:!rgt,

(!q)

sup(D) = O*r(0) r 4(0) = lnt(r)

1s a (uhn-Tucke! vecto! for {t) 1I and onlr 1f

0(u) : O(o) - <u,i> roP all u. u.

rn orher rofds. .ne has lnf{Pr . aar(D) !I !fg_t: !f_ll !!gre jl!9js t
.q!:{Jl-!s ( rr4 ).

nelatlon (41) 1s obbalned at cnce fron (19) and deilnltrons (36) and

(30), and ihen (!2) rol1oes, Just a3 tn seneral (38) tollo's fron (37). As

fo! (q3), thl6 is Just the speclalizaiion of (36) and (42) to . ! 0. The

tnequallty {4lr) says t.at s(t) - 0(0)! an.l hence it 1s equtvatent to (29t),

an cqulvalent fLrn of lre oeflal 'on ol a li:r'n-TJcl--- verror t-
fhe lnpllcatlon or (!1) and lrr!), .i cour.e, is !hel al1 i:he theo!y ol

.onjugate lunctions can be invoked 1r ihe 3tu:lJ oa tae lelittorship betreen

(P) and (!). In partlcu1ar, plorertles cf tne neit of levc1 set6

{y € Y I e(y) > ol, d € !, ale seen to be iual tc 1ocal rropertles of

O(u) alound u=!.

In the 'riu11y nentloned aborer ehere 4 13 de:litrely a

convex fu.ctton, (qq) cen b3 exp:.ssed br dlrectl..aI derivattves as 1n (2!)

(,^,ith U 1n !Ia.e ol nn). iheorels of convex aualyRi. 1e3d asaln via

lheo.enlr to the concluslon that a 
'.:uhr-Tucker 

vcctc. "usua!ly. ext.:s! 50

that Ihe.ar]i1e !olnt.onditi.n (32) 1: altaJs sulaiclent and'Iu.ua11v

necessa?y for the optinality oi ; ld (r').

1'hls is notentlally a'rery rlch tesuft, beccuse li futnlsnes for any

class of conyer F!ob1e4B a vaiL arral oi suflielent and usua1l:r' necessaly

.ridittons toi optlEtiLy, n.reove., 1n r eorputatidnalljr 5u8ciestlve torfr.

At tlre sane !1ne! ihe thr.ry 1s appltcable tc Frobtena iar m.!e fiederal ttian

lrt) such as in opti@1 ccntrol cr stccf:astic pio.qrahi'1ne.

Even ro! t,he funda)nental convex proEramjng irr.rleh (!l) ihlr theory

yleld6 mu.h tlrat 1s neB. The ordlnery laEraiqllin (-8) ls.ot ibe only one

iira: can be a!!6clated:{ith (Fl). Tlrere ts an thljrlie larletJ oi
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Lasranglans L fcr (FI), each cholce coBespording to a dlfferent dual

pioblen, of couls.r .ot all oi these Laeranglans can be of practlcal value

in conpuiatlon, brt the possibilltles have haldly beAun to rre explored.

Sone elaolles ba8ec or.tecial structnr€ of (Pr) ale treated 1n l5l and

i9-1. Aiciher eyanpr€r not lnvolvln6 .pee1a1 sssm!!tons, ls p!e6eDted

rde renarrr that 1. the !u11y lt 13 DosBlble ro lniroduce

pcltulbaLlons 1n9a th. dual pioblen (D) 1n such a ?ey that the duar oa

r)) 15 rnc r.lnal Drobjcn rl:- SolrLro.s i !" (P) .an tnen ue inte!-
pr'eted a6 lunn-fucLer veciors for the s.lutlons t tc (D).

ic! ru.the! .letails on .onjiEale duatlty, includlng sone of lts applt-
cations ro probles. in opi:lFal contlo1 aic atoclasrl. plosrardlng, re r.fer
tc the r-rce.i lectrr. noiefl ! l. llo d.ubt rhare are nany arpllca!lons !o

3!ec1A1 classes oi c..'rex p!o.1err 3inp1y a{a1t1nE dt.covert.
1n the nonconvex case, it light be .hought rlEt rhele is lirrle hope

in Ehe exlstence of a t sarigfylng (44) dnd hence llErle lrofti.se in rhe

r:adi. polnt .orll:i.n il:r) 1s a 6eDeral .llterlo4 for optinallty. This

I.uld lrdeeC ie.rrr--ci, wc:e it ici f.r the Fleat flexlbI1Ity aftorded ty
lhe thenry 1n the cr,oice.i th. La$rsngiln lepresentatlon, A cholce d€3-

..i.ed !. iae ncrL::::l.r den..:itr{ier rhat! i3r (P^) and (P1) at

1eait, 1;h:' :ajdie !3i.t rFp:.atrh i: .ap3a1e ca subsL:nln6 lrosi other aspec!e

!1'.p!I aiIi,t,, 5r.h a! th(-. tl:r5 si,el,ec in 91 nrd i2.

F. TYNREIL ROC(AIEII]AR

r. lillt .rLucllf,iJ:ut !icil i0llN Iu NoNccNrax fn00FAI{I4:II,J{i

ce4iin .ieal.tF..le. or^ :l e .rdiia.r LagranEian l!nction (18) rcr (Pl)

carr b: ov!r:.xe ot.J,as-1ia r.: so-call.d ruanelted i.aEra.giar lnvolvJ.8 at

i.ldillon!1 narleirle r tlilch a.ls nucli like a.iena1l)! paranele!, ln thls
iriJ a ueeatr1 :aidle noi.a .har.:tellzit1.n cf cFtlnatl:yr capable of taklnB

i1. !laci.i :beorens 1a.i 2, cai 5,' criained wiitrout assxxlng.onvel:1ty

.f th. fun.tl.iLs tl, ri. fh.{11 d15cui. ..1J (F1) for slnpljclrt, arthouah

.: con.lne.l 'f,rn cf (En) ald {!r) crxtd eesr1.r' tie cncoDpassea,

--o le.ilit&le .orp.r iri.ns 1il lhe lac!s 1n 5t, !e ce..le the ordinary

- .:1. r r.. .r:err" "sleno .r i .,. , '" -

: = 1.1,...,t-,:) - (r,.) € Ri x i.
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I e -rsj -, -o (o,) .".- i.6d or

.^.v - o./. I1=1, -, , .u.. .,

146) 6 ( fJ (x),yl, r)

ylri(x) + !41(x)2 ir it(x) > -ii/2!, ! > t),

-y1/a' i.r ti6): -y!/2t, t > a,

ylll(x) 1f y1 i o, r = o,

J

\

l,l. cannot eo into the orlgln o! .onputatlonal n.tlvation lor the aua-

nented Lasransian he.e; see l1l, l7l, t8l and the reierence. glven there.

Ii nay be obselved, however, that to! J = 0, r > 0, one ha.

(q7) i(x,o,r) = i0(x) t "11 , '."trrt*l,ol,
a tanilia. exFresston 1n a vell knoNn peralty method lor solving

the other nandj sebtlnC r = 0 one Cets

i,(x,y,0) = l(x,Y) for all i,!

r-he augnented lagranglan is tnus trulJ an extenslon (augnentatton) .l the

orcinary LagranElan, a. iie nane :rgge.t..

(!N)

Note that l(x,J,!) ls !.ic..reasine a! a fLr..tion of r and hence 30

cLir = Ly,. I = 1nt-l-r ,!,'l

I- Io1lr rs thr i. rh. :uci.1ieC dual

(i) narinize :(j,r,rl .'rer all (!,r) . nn : F,

n.thrnE js 1,-.sr jn rest.i.tlnq t ic t,e !o.1tivei or lor irat natter to ie

as large a5 3e.nr ccrf.nieni j. sor. eontext

TIre .sdcl. poiat c.ndltion f.r i .an the.er.fe, {ithout real loss of

t.neriltiy, be !.s€d in tne a.rn:
'rj

.,... . :.:.. = :..,-
x<nr 1'. Fn

It i: reaiil! che!ked t]]at i(x,y,rl is cl.sed.oncave 1n (v,r) (in

lact also convex in a il the furetions i. are all c.nver, althorgh we

are rot assurlng thlsl- lurihern.i..:. as can b. s.e. eve. lrcm nanlFulatine
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sup i(x,v,r) = i(x)'

{r6ra f i ooj- ,' F ,n . to. ,'c i -or , 01\, ,,Je q"lefore

do ,d/p e LaE"angicn reore enratlon o 01\ neetlne rn6 6qL renen-s of

Theolen 5j and 1t nust correspond to a certain pelturbatlonal repleseniatlonl

r(x,ii) = s!p{l(x,y) - u'y},

The calculation of F is elenentary to carry out, and one obtalns

/-.'r(r.u) = (

\ .- "'""., -.
' 'i" o ono (o1\ i \

and . i. - L" .ncrlon ; .--.p.""-
ing to i, rhlch ls needed 1n applrinE Theoren 6, 1s thef;etore related to

the ordlrary optinal value functlon 0 .orresFondlna to F by

(501 - lot"l rr lu2.s,
Otu)=dLu.s)=1

| +" o r erwise

Conditi.n (!r4) in tlje "augnented dualityrr cont€xt has the forn

( I e .,s) q(0, ) ., - . ( , ). " F,

rlrele 1t ial b. a.Funed thal i > 0. lle can re{rlte thls by nean. oi (50)

qrot = ito,ot = rnr{A(u,.) + u.t + s.i)

= inr irr {o(u) + u,t + s;}
,.no .- . 2

= 1nf L1l !r+ u.j + r u _].

Thus (51) is equi.ralent (for r > 0) ic

(..2) 0(u) > i(0) ".t - ;|"|'? ior all u € Fn.

C.nlil.ing fo.tions ol Theorens q and 6, we reach tie following conclusion,



0r-.". :, lf a d o, 1\ r " - .orna r o.r'r /d F

- P-' "tt'' :gL'" -r ad t o n

i.. -/- r r'6 do..F oo: o.d o, , . _9 i, . alrol', rl-

clent tor ; to be a E1oba1 solutlon to (P1), 1s arso necessarv.

The value ol thls.e.ult 1ie. ln the lact that (52) requlles onty tlre

eilsten.e of quadratlc "suplortlng tunctlon" fo. O al u - 0.

The eorrespoDdl!E.ondition for the crdinarv lagrangian takes ihe f.rn (4lr)

p 1 o.'_ o "d r^o r"

tne exlstence of an afline "sipporting fDnctlon". onvioustv, ihe flrst

condltion can often be fulfltle.l -.ven if d ir noi convexr bui the s.coDd

is.ather unreasonable {lihout converitv

n11e Do tru. seneric tlreor.ns! assertinE tnab {52).ar "usDa11v" ne

'o.corotoo-

a telated.esult 1s lnown. T. sia!e lhis, {e need..ne asun!'tion: I

(1) the functlo.s l.,it,.. ,rn are of.La.s a2l

(ii) fo. s.ne d > ial(r1)i ttre set

{t. Rn rr{.). c ior i = 0,1, ..,m}

!AORA]iOE }{iJLTIPIIERS IN OPTIIlIZATION

ir,r i(r,o,rl ' --

rrhe.rem i: lroved ir a r.n.rlrat nole ceneral

165

ls b.unded;

(iii) there exists r

(cr. (lr7)). The folloNing

rrrn 1n l7 j, lal.

TIlnoREN 6. (saddle points in nonconve! proeraming)

A.sune (i)j i.i1) and (iii).

(a) ra t :ati::ales lhe.uaal.ient cofniii.n3 (1!) r (:c')

:
i;,t,i) is a.addl. roint or r, ;:ijll " ru.a1.lent1v larqe'

' -.:.- s 'o.
Ition Lo (P1) sar:isrrrinr the n.l,ess{!-!!ll4l!l!!! (Li) gjl {:a) r.r this

t.

AssLnritl.ns {11) and (irj) ana il:. Jnlq!e.ei:J i. Fart (a) !f Tn.'ren g

really ..i ihs !e.tri.ri.ns iLev tr.rJ seen ur.. 1t cones t. .onparing

5add1e D.1nt .olrdition t. 1,he e1r1l!r ..nditi.is l.r .!iin!ll lJ, thicir
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i-.- to." .. c.dr"..--. roe"o, l" ; ls an lsolated 10ca1 solutlon to
(P1), these assumDticns can be sarjsiled by leFlaclns fo(a) by

r0 ^. - p il r'n !d. sn-s rhroL..oL soFe ne'8h-

borlrood of x but gro{s last ehough 1n the targe. ihts nodlficatlon oi
o.l r.. o - Ce on .- ara. . of 4 o a1 o i10, i oc- a oq" us ro

.egard it a3 ihe only global so1ut1on,

In thls sense, re nay conclude fron Theorem 8(a) thar the saddle polnt
condlllon (rr9) is a suialclent .otrlition ro! o!tina11!y no!e cohprehenslve

1n every r€spect than tne c1as.lca1 dlfierentlal conditlons (r9) and (20, ).
It is equal1! applicable slthout any differentlabiliry. Ib corresponds

dl!ect1J to a perturbational lnierp.etatlon oi ihe tagra4ge nultlpltels,
nanelt (5:), r{hlch reduces to the earlier lnterpretatlon rnere that ras

va1id. It ha: innedlate .omputatlonal slgniiicance (cr. l1l, t?l). other
pr.!ert1.s thxt are soietlnes usetul in the analJsis ot,arioxs at€!oilthnsr

' -,1' - v . : fo . - o -
o: : - b t -, .6 6rpn., J .- .. .--r: o, ".d

iis secoid derl'atives ar (;,t,i).

Il (t1) is a eonler lroCranmiiE lrobl€n, the saddle Fotnt condlilon

fo! i is e.dlvalent to 'Lhe .ne t.! i\e ordlnartj Laelanglan L. (Then Q

rs ..nv.x 1n 152), s. thai tr.c tern -ilui2 1. superrluous- ) rhui (rr9) is
.lu:t as ne.essrr"r for.lrjlnalLi! jn ihe conver.as. as prcvlous conditions.

Ir the direrentlable (lr9) .pFears ircm Theoren 6(b)

t. ir..llghtly 1es! general lhar (1!) and (20). It i. possinle ln s.ne

ca.i,b. rhe.e ; is r reBular r.jnt of r,{ satlsirlne (r!) and (20) but not

hos 1arg., Brt this i:3 rarginal siiuation ol 11tt1e genul.e 1nte.est,

This ls cuite aFpare.t hen 1t is renenbered that the classical second-

.r'de. ne.essary.ondlrlo.s rie.a qu.s1.1onati1: virtue anywaJ, ex.el)t as a

h.!r1-qllc Ju:itilication in sone.onterts lor &ssuning ihat the second order

:Lrlf1.1erL condlti.ns hc1C. A !etr:et justilicatlon rould ne a Ceneri.
:heoren :irine .lr.)i:ia.c.ii under uhi.h (52) can "usua11t"' be satlilried.
TLls r.uld b. a rery wortnwhile .ontriLrtio..

w. menil.ned earlie. rhat th. a1r'.t order condiiion (19) nas E.ne uses

br lt.e1i ln tne studJ ol algorithilr, That this aspect is also covered b!
''.'a/
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T}l FlIl 9. (statlonery polnt0 )

Assune Ehp funcl lons f. ln I P- ) are of class Cl. tte. i
1-n

:]4 ^_ on R P / (0!F', and ^onoltlon'-9) 15 -oLlvalen' to

(5-?) :l(t,;), i ' o, !!s-b__!!c! v,r(t,i,i) = o 49 vy,rL(i,t,i)

(If the eoustion! hold tor e partlcular ; > O, they bold for every

r67

i ' o.)

i.Theorem 9 1s de.lved by clrect calculatlon o! the eradlenis of

n(f.(x),yl,r) . nartfj{x),-yil2r)
fo! r > 0, {e heve

v"itx,y,r) = vro(x) + Il.1(v.+n(11(x),yl,r))vri{x),

*9 '*'Y,' -'r,rx 'v1,r'.

-)r ix,y,rr - lt=I rlr./x),J.,")',

fron rnlcn - a!- o vlo ". "ecajl a! y./,! i" .on.a -
li (y,r), so thaL the second .t Aiadlent conalblcns in (53) correoponds

to a slobal naxlmum.

The concluslon to be dralr troh a1t th1. is tiat tiele ls vlrtually
nrll'rg ln '.F orevlo." a!rr'a lei t l:al r / orl i rs for '91\ {or

., :ono:a- l ver oi '1] "n ' F. 1:r.

icrrulated advaalageously, and olten nor€ i!.re.atli,, i4 ierrs oi t!:e gug-

nented laEranqian i.
A new goal loi the thcorJ oi laaranE. nultlljllers 1s the.eby auggested.

Fquarlr potent LsisranEian au.tlors should !e :,oughl for othe! ctasser oi
not recessarily-convex riloblers .l ortinizatlon lrc6ldes (tt.). aptlnat

cortlol picblen. are Eood candldates. sone resrlts in thls dtiectlon iave

Alread, been achleved by FuFp; s-"c l10l ana its references. ,loaeve!, onlt
reiher speelar klii- of control Froblen: rave be:r hanlled riuccesstullj,p
tt:1 ros, Thls renains a pronislne area tor Fs.ar.o.

rnother 4ood objectlvr :or th-F ruiule 1s tnal ol devl*Lnts new

La6.angla.s tbnt c:n be u6ed effc.tl?eiy 1n tie deccntioslr.lor ci lar8e-scale



N, TYRRELL IOCKAFII AR

!E'ENlNCES

1, !. t. lert.elta., 'r0n penalty and nultlplier ueth.ds lor conet!alned
ilnlnizetionsrr, 5.I.A.M, Jou!!a1 on Control, to appear.

2. li1. R. Hestenesr Caiculus ol Varlatlon$ and optinal Control Theory,
r,/11ey. 1966.

l. }l V. Iuhn ald A. 11, Tucker, "llonllnear grograrningr', Proceedlngs of
the S.c.nd Berkeley Synlo.lum.n I'lathehailcal Statl.tlcs and Frobablrtty,

. ,, !8 -.02.
q. R, T. :iockaiel1lr, c.nyex Analysls, Prlnceton U. ?ie.s, 1970,

5, i. T. Ro.kale11ar, "Son-- c.nlex !roErams hose duals are llneartJ co.-
strain.d'rr 1n Ionljnear lroe:anninA, J, B. nosen, 0. !, l4anga6a!ian,
and K. Ricter (editors), Aeadenie Pte6s, 1910, 293-322

6. F, T. lo.kal-.11er, C.nJaeate Nuality and Opilnization) neeional Confer-
.nce 5!rter io, 16j S.I.A.l{, Publlcatlons (13 Scutn 17th Sireet,
?hitadelphia, !A 1r1103 ), 197rr .

'/. F, T, hockafellar, "Solring a nonllnear Froe.anminA problem bJ Nat of a
cual probleir'r, Slrposia riathenatica, co alpear.

E, F, T, ]lo.kalellar) rAuanenied lagranBe mltiplier iunctlons and dDallty
in nolconxer prosrannlnerr ! s.LA.Jtl, Joufnat.! c.ntrol 12 (1914),

!. i. T. no.Lafe11ar, "Conner !'rogranhlag and systens cl elenentary
n.noLonl. r.1di:'L!r.i", J, Jtatl,, Ara1ys1. App1. 19 (1967), 15?-18?.

10. il. !. nup!, 'rA nonlinear optinal control nininization te.hnique'r, Trans.
!.u.:. 171 i 1_.711 ) li7-l8r.

11, l. l. Clarke, I'A naxinun princiDle {lthout dilferentiabilitJrr, Bu1f.
r,r,1,s. 81(1!7!), :1! 2t2,


