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Abf.c!, lhe basic dunl ptublem ana errendcd ddai ttubl. i a$o.irled Lrilh r l\ojtage
no.hastic program rre shosn ki be .qulvai. r. ii th. progrim G stn.tlt Icrsibie nnd srlislies .
condition generalizrng. rn i !en5e. th. .onditnrr ol r.La.!ely c.Drplcte .ecouBe rn n.cht(ir linetr
prograinming Combidell *ith .ar le! re{rlrs. rhn }iel.ls rhe fu.1 lh . unrler rhc \,m. ,rn,mplnttr.
\olurrons ro the ptugr.fr .an bc chiricteri/ed rn lerns or saddle poidG .t the hanc Lrgrdfg,an A
codple oJ .ramplc\ xrc u:ed ro illustral. iIc s!licnl poir s ot Ihc th.orr The l!n s.dnrn conlains a

r.lie\ of the prircipil rmpl,.ari.ns oi rhe 16ulls ol lhb prFerc.mbinen *rlh lh!se oi lh.ee p.ecedin!
p!pe^ llnr d.loted ro stochaslic .onv.r ptug.nm\

1. Introduction. Ihisisthehu.thinaseriesolpap€rsf ll,f2l.13ldevoredto
thc following two nagc model in stochastic programmnrg. Let Cr and Cr be
noncmply- cloled convcx scts ir R" and R"', respeclively. and let (S.:. o) be a

probability spacc. l-ct/r, bc a inile convex lurction on R"'for I 0. 1. . ,1l,,
and let./,,{r.... I be a fi rrite convex i nclion on R" I R"' for, - 0, l, . r?rz and
r E S. fhe problem is to nlnimize

(l.lr

over all .r, € R "' and 'rr e lf,. - 9'1S. :, rr; R "l (the Leb€sgue rfac€ of equival'
ence classes) salisfying

lL2) ' ( lnd /, \, rr l,r, 1. .m..

(1.3) rrir)€('r rnd /,,(s.{r.1,(s))=(} for i'1. .'nr.

'Re.eiv.d b! Ihc.dnors O.iobcr I l9i1 lnd in rerisea r.rm N4a] l'). lrrTi
i l)c][rhcnl oi Nlarhcnrxtlct. t n \rhrr] !r wr\hrngnn. SrrIle \!,Jr !t( 9i]!,i
:: Dctannicnr of Mathcnraric\. Lrnneriry.i Kennrck!. t-cx ngni. Kc t!.k! ,1r)54)r'

l, l\ r+ l\ /. (. \ . r.(r))rrd()

It is assumed thal l;,1r. ,rj, -rr) is nrcasuiable in s for each (.ri. rr) E R "' : R "'. in
factsumnxble il i =0and bounded il i = i. '. mr. (F nr thisit iollolvs thal tor
each rr € R '' and r. € ]l;., /.,1s. rj, r,(.!)) is measurabJc in r, sunrmable it i = 0
and cssentially bounded if, = 1. . nr.)

The hasiL Lagkmt:ia functjon introduced Ior this poblcln in [1] is defined
on the product 0l dre sets

(1.1) X) - {{,rr.:r,). R "' x r|;.rr E Cj and alnrost surel! rrlr ) E a:}.

(1.5) Y,,:1{}.}2).R'" )(?1,1r,=0andalnroslsurclr rr(s)={)J.
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h! dre formula

L(rj. rz, }. ),

The gi\.en problenr ca'r be identified witb

P minimiTe/{r,, r,rover all lr,,

l(r1. :rJ = sup I (rL. r,,

=/,0{rr)+ I t,/,,(r, )

r I y:Js, r,. rJr)r+ I yr (r)^,(s.:rr. r,(srlld(dr)

] L. Ir)

The hosic tlual probkn is

D maximi/e gtI,, 1r)ove. all ir,. \, )e y,,. where

s() . )r)= inf L(.r1..rr, \'1. }r).

The rehrionship betlveen P and D w.rs studied in []j. rnd it $,Lrs shown in
pa(icuirr thal

In cases where actually min P: max D, a pair (t,, tr) \ol\'.'s P i1 and only ii thcrc
exists (i,, irt E li,such that ti,, t7. tL. )ir) is asaddlc poirtol thcl.agrangiin. This
saddle point propertl was reduced in l2l to a ccrtain set ol Kuhn-Tuckcr
conditions iD!olving a function p E y1,1, which csscntially associatcs p.ices with lhc
colrstraint that rr must be choser before thc observalion ot r. Thc pairs itj. )-r)
are. ol course. solutions b D.

To apply this basicduality theory at its fullest. one necds a simple cri!erion for
the relati{rn ini P= nral D. But the latter does noi hold in gcneral, even if P is
sn;.,- feasihle in the sensc that for some l. >0 lhe conslrainls (L2l and (alnost
surclyl (1.3) can bc satisllcd wirh s in place of 0.

The goal of this papcr is Io obtain such a criterion in supplemenling strict
feasibilil) by a condition on the avaiiability of sccond stagc rccoursc. The
technique is 10 analyre thc so-called induced constraints in th. first stage in terns
oi the "extended duality developcd in lll. The extended duality adjoins to the

t.ag.angian additional terms involving singuler" lirear funclionals on -gi'. It is
interesting that, despite reliance on \uch esoieric objecls in thc proof, our mrin
rcsult on basic duality makes no monli(r ol lhem in its \tatement.

I-c!Krh.'thesetolall-rLeR"'salistvingthellrststageconsr.ainls(l.l)and
lct Kr be the set of all rL E R"' sucb that there exist\ an :r: E jf,,', satislying the
seco.d-stage constraints {1.3) almost s rely. It is cvident thai (: is conver.
According to [l. prc(ri of Thm. I l. w. hale ri € Kz il ror the set

0.7) min P=supD if Cr rnd Cr arcbounded

11.81 f(r, -r,l=1,\,,. (',L,(r, iri.:rrl=0. i = l. .,r,1.

there is ,r boLrnded .egion R with l (s. r.,l a ts L almost sLlrely



We shallcaU (, the rnd uce.1 fe dsible set fot the firs! stage of P. as opposcd &)
lhe e:qllicit constrcint set Kt.

Still anothcr set is ol interest in this connection. Let us sav thar a f!ncrion
0 r t S. >. o ) r,iapt,tdl4 44,rn.n/' p. il ro, e\er) J,,.,h. re e\i.r. a'm(-\Lri-
blc) scl T. S, conprised ot a finite runber of atons wilh rcspecl to d (or empty).
such thal d(s).< E lor almost e!cry i € S\71 The reason lor this terminology will
beconrc clear in the ncxt section. The sing!1dlly itulu(ed leatible set Kiis def'ned
aslhcsetolall rrE R" such thal therc exists an -r, E 4: \\'ilh.rz(r)€C? alnost
surelyand/:,(.:r,,r,{.)lsingularl}rnorrpositiveforl=l. .. 

'?l,. 
Like Kr and

/(r, thc scl K! is convcr. ObvioLlsly
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(1.9) l<.- K!.

(1.10) infP:maxD.

il lll

but in general the sets are not equal. The relations between these two sets is
investigated turther in $,1.

The main rcsull is thc following. (ri Cdenotes the relative inierior ol a set C,
i.c.. thc intcrior oI a rclali!c to thc lnallcst alline set conlaining Cll0.,s 6].1

]'HEoREM 1. Sappor€ lh at P is sttidly feasible and ti K 
'- 

Ki. Then

so thattolutiotrs to P andD caftespond to saddle points of tlrc hasic Lagrangia L.
ln the last section ($:1) ol this paper we pursue the implications ol this rcsult

and thc significance of the hypothesis ri Kr - K!. We note. holvever. thal lhis
hypothcsis is automatically satisllcd $ hcncver

Stochaslic programs satislying this last condition a.e known as stochastic prog-
ralr,s wilh reLati*ly complst. re.our.r.,. Stricily speaking, this is the version oi that
condiiion lor thc class of slocbastic programs under consideration here.

This is not an unusual propcrty ior stochastic prograrns. In fact, we might
expect that for man!- srochastic programs arising lron specific applications a

strongcr property will ac!ually be satisfied, namely.Iheso-called camplete recowse
condition, which requires that for all ri e R^', therc exists r, € l4; satisfying the
second slage constraints (1.3). or cquivalently that K, = R"'; this irnplies that for
all .rr. f(s. rj) I Z almosl surely.

The seminal papers on stochastic programming ol G. Dantzig [4] and tseale

[5] consider only stochastic prog.ams with complete recourse. ]'his restriction is

not artillcial. since the applications envisaged by thosc authors lall in this class.

Actually. Bealc's model [5, ,s 5] and one of tbc prcblems motivaiing Dantzigk
work, described in 16l, belong to an even morc rcstrictive class, known as

stochaslic programs with linvle rccau^e, \\hich has rccciled consklerablc atten-
tion (cf. f7l for a survcyl. Roughly speaking, for simplc recourse lhe recourse

decision is tirnpii a way !o rccord the '-state oi lhc s.\rstem" after a llrsi stagc
decision r, has bccn scloctcd and a particular element.! of S has been obscrvcd.

The ierm "compl€t." was Jirst uiilized by G. Dantzig in lal. The more
delal{ed classification sketched out ahove was inrroduced in l8l. Inte.est in the
class of stochasti{: progranrs Dith rclrtircly complete recoursc but not necessrr
ily complete recourse stenls fronr thcoreiical considerations. but also lrom thc



observation made in $ '1 of [8] lhat some irnportant allocation problem\ arising in
agriculiural economics and fornrulated by G. Trrtner l9l arc indced nle bcrs ol
this class and not of the morc restrictive class of stochastic programs with complete
recoursc. Independently of thc inlplicatil)nr resulling irom the theory developed
here, slochastic p.ograrns with relatively complelc recourse are also of inlcrcst
trom a computationrl riewpoint. since they usuallv porses! special nructores
which can bc cxploitedin the vtulion procedure isee.lor erample. [8 'sS 

2 and 11.

2, Singular muhiplie.s and induced feasibilitY. As in fl l wc den ote by yii thc

setofally'=(Ii . );,)such that li is a nonnegati!e singLrlar linear functional
on -/i. The latter means that ): is a cortinuous lirrear funcljonal w;lh l?(c) = 

0 for
evert nonncgative. €.1/i. rnd the.e exists an increasirg s€quence ol mersurnbl€

sers S! with U;= r Sr: S. such that y?(.i= 0 if i (Jl= 0 Lrlmost su.elr tor sESr.
The erte'1(led L.lg..?ngid' associated \rith P is the funclion l- on

Xox (Yrj x $) delined by

12.1J /--(r,, r.. v,, vr.l'l = L{} .;rr, y,. )r)+ i \i(trJr '.r.:rr( lll

The exterul\l dual ptohleu is

a7l

D nraximireA().'r. v')overrll(rj.)r.)' . v,,x y,i.*hcrc

E(r,. y.. r') inl I 1r,. .!r. I,. \'r. r'r.

E(1,. y.. o)=s(y,. ),).12.2)

so ihat D can be regardcd as a "subproblcn 'ol D.
lrqa.'l,u$ni;t.rlIhar .ricr le,.rb'l ),c PinL'I..'r"r P--''i \\e' ll

demonstrate io the nexl sectior !h4t, i.! some cases. solving D is eqqi!-alent 1o

=t' 
ir! D. -nd hi,"itir.U th.nri ,i l. n. p'...' r...ri"n r,"'..,tr. *ar r. tllj.

argument by developing a represenlalion of the singularly nrdrced feasible sel K!
in terms of the singular componenl of I-_ in {2.11. This rePreserlation. i lhe
theoren which lollows. explains the ninrc $e havc Sivcn to K:

'fHE()REM 2. One has xt. K") il and onlt if rrre exists \.. t:,, such lnl
x|(.s)e C2 almost swel!" and

(2.t.) I?(/,,( .:rj. rrl )))=0 lotdttt'eYi

Ptual. Clea'ly.lha theorenr will be prolcd if we estabiish lhat a furclion
6€vi is sirgularly nonpositive ir and onll il b'(6)=0 tor elery nonncgati!c
singular functional 6'.

Suppose hrsl lhrt g is \i guierlr- lonpositive. tnd Ier ,' be a nonncgati\c
singular fundionttl !!itb an associrtcd sequ.nce of sets .SL. a\ per definilion' Let

€ >0. Then th.r!: cxists I-S. consisting ol a Unile nunrhcr ol anrnrs. such lhal

,1tJ =. almoll .urclv outside of I Sincc Sr 1S. wr havc d(SL) 1 l. Ilcrce ior
somc I suflici€nll! le.ee rve hnle Sr ]T (cxcepl possibl\ for a subsel ol ? of

I
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nrcasure zero), implying thar b'(0) deperds only oll the restriction oi d to S\]:
Let € be the funclion in -fi with e(I) = 1. Then b'(9) 

= 
6'(.€) = €6'le). because 6'

is nonnegative and 0(s) 
= 

Ee(s) almost surely on S\7. This is true lor arbitrary
6 >0. so we conclude 6'{0)=0.

Assume now that the function 9€.li isnotsingularl)' nonpositive. Thus lor a
certain F>0rheser

T= {s € sl0(s) > €}

is nol comprisedof a fi nite numbcrof abnrs (lrp to a set of mcasurezero). We shall
const.ucl a nonnegative singular funclional 6' such that b'(r)= !. Th€ assumed
p.operty of 7 inplies the existencc of a dccrcasing sequcncc of measurable sets
Ir - I such that d(I()>0 ro. all k and r(7i,1t 

= loiri ). Thcn

,, trrr rrl^/.,1 t^,

Delclingtbenullset I. = ni=L 4 komeachsctinthcscquence.if necessary.\,r'e
can suppose that ni=r T{ =2. For cach k, lct 6r bo the nonnegative linear
functional on -Zi' defired by

12.1)

Obser!c that

(2. s)

i'.r.r: .f;i. .r.r-ra.r

b,(.) i,! =l forallk.
where, as above. e(s) = L The set {b(ll = l. 2, . . } is thus bounded iD ihe dual
space (lTl' and hgnce has an accun]ulation point in thc wcak* topology. Let 1r'
denote anv such poini. Then ,'is again nonncgativc. and b'(e)= i by (2.5).
Moreover, 6" is sinsul.rr setting S( = S\Ti, wc havc S = U i= | Sr, and for 1= k
the functional b/ has b,(.) = 0 for all . E tli !anishing almosl \urelI outside of .Sr i

thus r'(.)= 0lor all . € -t' vanishirg almost surely outsidc oi Sr.In particular. f.n
.(s)=max{0(s)-s?(I).0} [d(s) ceir)] $e ha!c.lr)=0 ror all ret and
henc€ b'(.) = 0. Therefore

b'10) € = b'la r?)-r'(nax{d Fe.0}l=0.

and the proof is finish€d.

3. Equivalence of D and D. We consider now, as in thc cxlcndcd Kuhn
Tucker condiiions in [31. the function I on R'' x yi dcined by

13. r) rr.r,. i't = inr {,'i' ri{i,t ,r..r.{ l)ilr.€-4..i,{rlE c.a.s.J

This is convex in rr, concale in )', and nowhere +.c,- Let

13.2) (!':i-r,eR'll(-rL.r')=0iorall!'€Yil
This is a closed convcx sct in R",. (Eacb of the lunction\ ll -, )') for I"e Yi.
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q)nvex on R '' and no$herc + .o, is continuo us- ) Moreover

5'19

(3.3) K',. Kt",

in view of Theorem 2.
THEoREM 3. Suppose therc etists at least one xt€Ct whh fr,(x,l<O for

i = 1,. . . , m). and rhat euery such tt whi.h is also in ri Ct belonqs ro Ki'. Then
the dual Noblens D and D arc equiralent, in tha se^te that lot elety
ly I y2, y') e yt Yi therc etists yi such that (y i, y') e Yo and

o.a)

(3.5)

(3.6)

To see this, fix {yr. }:, t') € y,,x }'8. and observe thar for all -rr e C, Ee have thal

tl -
rnf 1l lrr,.r,.x:rs;. i,(tJru,J\'? I r?,1.r , .r- ,rl
-.ol\- - I

I- inf I I,ls.r.,:s.\ (.\\(r,1,' inl ,1f:.
,,.o I -

whcrc

9f = {xre Y:. )x.Ii) E Cl almosr surely}-

Since the inequality = cerhinly holds, equality will folloli if wc show rhar for
arbitraty xie I, x'! e I and € >0, thcre exists rre I such that

| 4,

I t,{s.r'. ,,{st.y.tstto{Al r t }?U..( ..r,. (:r'r'

P'ool. Lct (yr. t,, '-1€ &,x Yi. We assumc 6(y'. f., y") is not -,c (and
hence isfinite),since otherwise theconclusion of thetheorem is trivial.In thiscare
wc have tle following formula:

6(y', r. y") = inl {I-(.rL.r,.r-,.vr)+/(r,,)")}.

8tlr. I:. r-l>91) . ]:. tr)= 8rlr. yzr

t^,
='J. 

r?{s.r,. rl(r). u,{srlo{ds)+,:, }:(/:,t .x,.xi{ rrtI..

I y?t.f.,t .x,.'jt trt= ! y?U,,('.r,.'lt t)).

Now to each singular functibnal y,!. there correspond an increasing sequencc of
measurable sets S* with US : S,such thal )i{a) =0 if for some,(, the functton
4 e.tTvanishesa.e. outside S[. The lA tte. property implies that y:(D)= f:(b') il,
and b'agree almost everywhere outsidc of S . Now for each index k define

.. l(t\l if res,r fori 1. . .,n,.t''t' lrir. ' for ail orhcr '.
For each k, the function r!€, and

ni(r. r,, x1(r))*/;,G. r,,.ri(s)) if sls,t
so that
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On the other hand, since linlk-,- l'(S\.'*) = 0. we get that

tl,rmIt..\'.( \i ) r{,,l'.11, Ii ''.\.\'rr'.).r\,,l',d\.

From the 1wo prcccding cqualities. it lolloq,s thal (1.6) holds for {,=r! il I is

su8iciently Iarge. which in turn direclly yiclds (1.5).

Now, define lhe functions h and k on R"' by

, t,nr/r.r..r.y,.y 'l' ,.. ,.,.ra.,.1 ,t\'a.
il ,r/((t 7l

k(.r,): - /(.r,, y').

'fhen I is a convex frnction, not identically +o., *hile k is a concave funclion,
nowhere oo, and

(1.8) c(y'. y,. y')= inr {h(,rj) ft(,rj)}.

The finitencss of g(y,. ),. )') implics ft cannol tre idcnlically +.\r, and hence k is

1l nite everylvhere i turthcnnorc ft can not havc the value - co a nd hence is prope r.
Fenchel s dualit) theoren LI0. lhm. 31.ll is tbus applicable to (3.8). and we
obtain

(3.e) A(r,. y.,. r'): rnax {r*(ri") ,l*(rf)},
.LR"

where thc conjugale functions k* and l+ are defined by

(3.101 /r.(ri)= sup {:r' .r'i-rrG,)}.

{t.t1J ,.'r\ir |rl l\, ,, rr( 'i

Fix ri lor which thc maximum in (1.9) is attained Then

(3.12) n*(ri) = g(y,, yr, yJ k*(.ri).

and therefore by formula (3.10).

(3.13) h(x,) r, :ri'->6(y,,i..r') k.(ri) forall.rl€R'.

Also rrom the definition of k and by formula (3.l1l.

{3.1,1) /(-r,,y')+r,.ri=ki(rl) forall-r,€R"'.

Thc Iatter implies that r' . rf 
= 

k+(xf) il l(-r,, y') 
= 

0. and thos. in partirular. il
.r,E K!'. Our hypothesis rhen yields that rL .ri= k+(ri) for all :ri in the set

{1.15) Kl=1:rLeriC,l/r,G )<l),i=1. . ./rr}.
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Definc

(3.16) K1'={.rj€c,l/,,fr,l<0,i=1..,r,}.
B],hypothesis. Ki'is nonempty. F-rom this (a0d the finiteness. bence continuity- of
the convex functions /r, ) ir follows lhat Ki = ri (i', while on rhe other hand,

(1.17) cl }(i' - {r1€ C,l/,,{x,} 
= 

0. i = 1. .m,}=K,
Hencc Kr is in iact thc closure of lhc set (1. where the inequality rr ' ri 

= 
l1-ri)

holds. !o thar

It..dr (",'rS in .r \.

The right side of (1.18) represcnls an ordinarv convex program whiih. by oLrr

hypolhesis. is strictly leasible. In {onsequencc, therc elist niultipliers r"r, ={),
r : l. . .-- rrr, such lhal

l-,t ,,',: ,fr j,l.i - I r,.r. ' '1.

The lutt€r is bette. expressed. lor our purposcs. as

(.r.tu' : f ./,, r.( , I 
= 

( r I.r i r !, r; forall r,€(,.

Combininglhisinequilii!with(i-l,l)andrevcrtinglothedefinition(37loffi.rve

{r.10) L(r,..t-,.!,.rr)+ I i,,1,,(.r,)=s().,.r.r.}.") rorall(.r,.rr)eX,.

But the left side of (3.201is l-(.r,. -rr. yr+ i,. t,r). Therctore. scuing li = _! +f, we
have () 1. yr)€ li, and

g{r,.}r.}")= inl L(r,..r:.ri.r:l:g(\,irr,).

which is the clesired rclation.
Prool ol Thnnt L Sin(e P r\ <tncrl! tcJr,hle. !\c koos lhrr inl P nra\ D

[3.Thn.2], nd also that thc set Ki', as defincd in (3.l6). is noncnrpt]. But lhen.
as in the proof above. the set Ki in (3.lal is ri Ki'while cl Ki' = K Thcrclore

ri K,=ri(cl,l.i'i = ri Ki =Ki
Our assumption that ri Kr c K! then gives us. b] w.r) of (3.-3).lhat Ki - (3'.'fhus
thc hypothcsis ot'lheorenl I is foltilled. yiclding the conclusion lhat maxD
= lnrx I).

4. Anallsh of indrced leasibilil). We turn now lo invesliga(ing further the
relations betwcen tbc induccd fcasihlc set K,, the singularly induced fcasiblc sel

K! and a related ser /(!. whi('h consists of.tll vectl)rs ri € R "' such th lloralmost
all r € S thcre exisrs:r vcctor xr € C c R" such thal

(l.l l /r,lr..(1.r:)=<0 lttri' 1. .n1.



We shall call Ki the il indueed feasiblc set. Il is evident that

(!- L'
One can view K! as the set oi all (firs1 stage) decisions r, wilh shich $,c can

associatc at lcast one leasible recours{r dccision for almos! any 'obscrvcd valuc"
oi r- in S. Ir ordcr lor -rr to be also in K2. onc must bc ablc to slring thesc rccourse
decisionslogcthe.soastoforntanesscntiallyboundedmeasurablciunclionolr.

The singularly irduced feasible sel K: is flol so easily aftcIrable 10 phv\ical
interprehtion. However. the ain rclults do not reler to Kr but to the larger set

l(i or evcn (in Theorem 3) to a still largcr ser K:'. At least in part. this is due to
technical rca$ns which we examine in this section. \\'e concentrale our atteotion
on two extrcme" cases: al one end thc dis.reld.ds?, lvhere lhe support ol lhe
random variable corsisis of a fnire number ol atoms. and al th€ other cnd thc
nonabmi( .ase, whete the probability space corrtains no atonrs. lThis lattcr casc

includes the one of S - RN. N inite, and d absolutcly contiruous wiih respecr to
I-ebesgue measure) These Is,o siluations seent tu covcr ntarl), all applrcalio.s (rl
practical inte.est. By abusc of language we shall refer !o (S.t..') as b!'ing a

discrete or non.rromic probability space in the respeclilc cascs.

Recauth.tfors€San(l r,. R" onehas
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11.2) r(s. {,) - 1rr€ Crli,(s. r1. rr)=0 for l = 1, .m,}.

(4.31 o(r,)= {s. slr(!. r r )r Z}
is a measurablc srt. Moreover ii !L€J(1. then @(rL) is a sel ol neasure l, i.e..
of!,(l )l= 1. we also dcn e

(4.,1) o (sJ =1r, e R" ir{r. r,)L}.

{4.6) 1(j= a o) '(st,

As already pointcd out in I I . Pru)f of Thm. I l. the mul!ilunction

!+i(i.rrl

is nreasurable. Ihis follo\'s fron f1l. Corollary 1.3]. since for lix€d x, thc

ls.:r,r+1,(r.:r,, r:l lor t - 1, , 
'nz

are normal convex integrands u2. Lenma ll. rhu! fo. each -r,€ R"'. dre set

which is clearly a conve{ set. With this noiation we have that

il.s) rl={r'en"lofro(r,)l=t}
PRoposrrroN.srppdr€tlultfotatlsins,bt(s)isctosed.Thenthe,r-inducet:]

feasible set K: is closed dnd (onDex.

P/ool. Ii sullicc\ lo show that the o induced feasible sel can bc *ritten ns

lvhere S' is sone subset of S of measure L The proposition is clcarly true il
(!- Z. Assune otherwise ard le! D bc a counrable dense subse! of K! S ch a

set exi\ts. since Ki is a subscl ol lhe separable met|ic spacc R"'. Take 5^'
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clcJrl.,.'\ Lrd A - '. \.,$ r.r,ll . \.q.
Jl.u h.r!. h- u .r D ".rd rlr.. * .'. A . .l ^<tl ,

(:- n,.'. '(r).
C()RoLL^Ry A. Srppre that Ci is (ompact. IhenK'!ILLosedandrcnrx.
Prool. In lhis case. o (s) is closcd lor eve.y.! € S, sincc (.': is compact and the

functions /r,(.J. , )are lo!ver se micon tinuous.
C()R()LLARY B (fl3. lhm. l.5ll Sr/ppd1r rhdl C' is pol\hedral und thdt lu

t= l. . rrr u d aU s e S he funLtiDnr (:rr.{2r+i,(r. !r.:r:) aft affL t: I'h'.n

K' is closed antl contex.
Prool For each fixed s. thc set

w(s)=1(r',r:jl/:,ts.tr.Ir)=0 lbr;-1, .n,,r,eR"' r,-'(rrl
isa pol)hedralconv€r\ scl. anctits projection in thc r:-Loorcliniles i\ !, L(t) Thus

o '(sl is polyhedral con'cx and consequently chsed.
With some rdditional a\sumttions, it is also possiblc to shor that K!

=l,.so'(r).Thiscsscntiallyrequires€nrbcddingsinatopologrcalspaccLwilh
Srh.nrhe.upp i 'i. 1-J.uqjecrin! hcn 1^ , ..\,.\'tJ('nrriur'\
conditions (cf. ll4. Thm. 2l).

'lhe lollowing two theor€Ins estrblish the rrlalions bclsljen thc various
,nducedl(r,rbl. nr. r- rhedi'crer. .n. no',.r'"rri...F(

TrrFor{L\i 1 SrprrJ? r}rdr (S. t. o) ir a diJct.k prubabilitr sPate. Then

11.1) R\ = Ki = 1{3.r (r - K!

Prft,f. whcn (S.:. d) is a discrele probahilill sptrce. €!err- lunction in.l' is

singularly nonpositivc. \ince the criterion lor sirrgular nonpoiitivity allo$s us to
ignore a fi nite numbcr ol atomsi thus K'l = R' . The fi rst string of equalitics now
follorvs f rom lhc kno\tr i clusions K!. L:'. R '' . The equillily ol Kr = Ki is .r

direct conscqucnce ol the definition oi these sets when the undcrlying probabiliry

T!{FoRLv 5 Suppor.r rrdr (.S, :. o) is d nonatonic probubilitf spa1 l ho

(1. S)

Moreo':er, if to el)?r\ xt e K' left torresponds a ht)utded rcgiot1 B - R" skch that

/r,/.rl'rrsr ,ill r. I'(i, x,)tl B + O. lhttr

rr.,l 1( A K

I'rdol whe (S, :, .') is nonaromic. a iu.ction in -f issingularlynonpositivc
if and only if rl i! nonpositive. This yields (1.ti) We ha!e alrcady observed that.

iD sencral. L'r'r 1(2. Thus to prove (:1 9) it only remains to show inclusion in the

other direction. Fii rLE ('1. Thc mullifunction s'ilrr. rr) is closed convex-

valued ard neasurirblc. and thus thc nulrifunction s+flr' rr)n cl B is comlacl
conlex valued and measurable. Furthennore. by assumption, I'{r,rr)ncl B is

alnost surely noncmpty. fhu: thcrc exisls u measumblc scleckx ir with iriJ^)E

I rs. r')Oclil foralmosralliu:. Cor l.ll.sinccBisbounded.t:isinj/'i':hence
-rL € Kr :i d conseqqcnllY Ki- K2.

These irvo theorcms h.rve inrnrediate imflicarions rs to thc class of du.rl

variablcs we jleed to consider in oblrilring an inl Irlax du.rlitl thcorenl
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C()RoLL,\R\' .1. SuTas( thut P is rrri(11l lldrirl,] rrr.l (.S,: d) ir .r lisirer.'
prob bility \Nu (finittl\ nan)" :.!j.ints) Then

1.1.101 iniP maxD

P/o4. 1heorems ,t and L
G)Rorr.qnr' 5A. S&ppr? Ilr./ (S.:. d) is d nonatohllt ptubahiLit) spa.(

T/,r, 1,. Kr il .lnll on!\ il therc exisl\ r:-'.1;1, !,,.l rrdr.!r(s)E ( ; a/nrosr sllrr:/)

(11l) f:(L,( .r, lrL l)=0 /oriill)"' Yi

Prool Iheorems 5 .rnd L
C.rR(n I ARy 58. Suppo\e that P rr- r/rnJlr l.risibl(. iS :.o\ l\ | M uk nit

pft)babiltl\ sN... tt d tu) &t:h ti. K! th(ft' . arrery"kl\ ? haundt:d regk t B t ith
l ii. r L )n B + a ,rrrsr surd\-. Sutpo\e nlta tnt ta t.s\ is (lo\etl tat all s . S I'hen

tiKt.K'.if asda l\-ilPi\dstucha\t(ftug?tttt\tht(Latit.lttonlplcterc':aur\e.

i l l'- nra\ D.

Proof. Theorcm -5 !vith the P.otosiiion iAlrr{ alrd Theorelll I

CoRoLL.\r.\'5C. Srrpprs. thdt I'k '1 stt)t hank Yagrdm xilh relatiLeli
.rrnplet rcouts(. nr tl\ fcasibl( with C: catnPatl d'd 15.t. trl 15 onatdnic
'fhen

I I 1r- l)

Proof. Corolla.) 5ts rvith C.nollary A of thc ahove P.oposiliolr
Onc ol thc inrplicatioJrs ol Corollaries 58 and 5C i! that under !ho!.

assulnpljons K: and l(: are clolcd.
Corolla.ies 5Arnd 5B asscrt tlat $heD (.S.:. d) is nonatomic, the singLrlar

mdltipli!rs rcs ltt.omtheprc!.nceofinduccdconstraints'lhcsingulLtrmulli
pliers r! app.aring in the e\n'!rdr'd Kuhn lucker conditions Ill correspond

fieurati!clv sp.iking- -to a sjngular subset r ol S uhich determines the criticxl
points in S. l hcn' n1rltifliers cin rrot be 7r lunciions. \iIrce thcse cri!ical points

have mass {r. yet they d(r play a crucial rolc in the oltinrirarlon problcln.
On the othcr h?nd. il (,S. :. .7) is discr.te. Corollarl I indicales tbal we revcr

nied to use singular nultipli€rs ' to oblain the slrong lorm ol the dualitv rc!ult
lh s the basic Kuhn Tucker conditions i2l are in lacr 

'srrssllrl 
and sufilcienl.

assuming strict lcasibilit\'. This does not ntear lbat tlc can ignorc the induced

constraints. but nrore simplr lhat ihe nruhipliers a!$ciat.rl to these constrainc
$llh. r(tr.\n.Jl.\./ rt, !,:' . 'r|h l'.\JhIr' '- e 'l rn'd\rrr. "''r-,jr., , .r. \\'(rl r.rr.eh''11\''rl ^r erIl'

E\ampl( 1.Fn1d \ 
= 

R"'. r:cJi luch thaL

rr=0.

);,(r)::{) ard s .!r+r:(sl=0 li)r0lno\tallr.

.......
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and one has the minimum of the cxpression

IIr' -: I r.tsr.

where S={r =(k - 1)/r'. I = 1.. .,r} with o(s)= 1/r. Therc
const.aints: Cr ={-x,J.rr ->0}. 

Thc induccd feasible sct is

,(,={r'lr'=1}.
whercas K?=R (Theorem 4). From Corollary,lA ue k|low that the basic
Kuhn-Tuaker conditions arc necessary dnd sutliciefll for this problem. lron the
differenliable form of these conditions wilh Cr and Cr the nonnegative orthants.
wc obtain using [2,Cor.B] that a pair ((;r.i:).tt€iRxta;)x?t. (lcret
mines optinal solutions to thc program (l.u), , ,(1.10) and iis dual il lhere
exists a tunctknl p€ lj satisiying:

(a, r, 
=0i(b) !(s) =0. 

y,(s)=0. s i, +i:(r)=0. -i:{s)[s-;, ] f:lr)J=0for all i €.s;
(%) 2=( l/r) L.s p(s) $nd 2x,-(t,/,))".sp(.\);
(do) p(r) = -tr(.r). !:(r) " 

I and ir(sJf I +t:(s)l = 0 tor all s. S.

One verifics easily that rhe values

fr-I. r.rrr-- I fc,rr- ',. U ,' l. .rt L

and

t:(s)=-P(s)=l fors=
k k=0. l. .n-2. tr(l)=-p(1)=n1l
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fs[u4\

sarisfy thc above conditions. l t is srrik ing that tlrc _price ' )2(r ) associalcd wjth thc

r .xr+rr(s)=0

is much largcr when s = I than when s < 1.

Example 2. We consider thc same problem as irr Example I, excepl that the
probability space is now nonatomic. Spccifically: S is the intcrval [0, lJ and ' is

the Lebesgue nreasure. As beforc, the induced fcasible sct is

& ={r,lx, = 
t}.

This is also lhc singularly induced feasible sel K! tTteo'cnr 5). and as can be
verified, it is also the sel K:" defined by (3.2)and ulilired in Thcorem 3. Corollary
54. directs us 1o use in this case the extended Kuhn-Tucker conditions |3. $ 51.

Thus, we have that a pair ((i,. tr), (t:. t')) € (R x li) x (y/; x:l!) dctcrmines
optimal \olutions lo program fJ.8r. .lJ.ll)) 3nd il\ c\tended dual lwilh r
uniform .,I [0. l]r rl rherc (\isrc p i c.ts' .rl'rfying

(a) t, 
=0:(b) i)15)::0- tr(11=0. s ir+il(r)=0. irls)fs irr r!?1s)l=1) for r€

[0, l]:
(c1 t, minimircs (2x,+lp(5)d{dr) + /(.t,. t')) subject lo \ i = 

{):

(4r) p{.!)= -t)(s)._v:(.r)=l a,rd tr(r)[ l+t](s)l=0forsc[0. l]i
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{e) t'=0,!r( tr+.t.( ))=0and0=inllrrii iL+i:( })rrc/;
1[(). l].:. o)..rr(r- )::0 alnosr surcly).

Conditions (rl. (h) and (d.i ) are the sanrc as befor('. hul thi! lime a term intol\ing
the singular multiplierr /{.r r, t") appcars in (."1- and these multipliers must satisfv
thc condjtion (c). The functional t'is a continuous linear functonal on ,'i and
can be expresscd s an intcgral wilh respect to a purely iinitel! additi!c mcasure !
on.!'. Lct / bc the measure on S which assigns nreasurc I to n sct .1 if A is
(Lehesgueimeasurableandlisapointofdcn\il\'ofA:othert\'isethemcasureol
A is 0. (Sucb a measure can be gencrated on the Borcl lleld by a consruclion
similar b ihe onc used in the prool oi Thcore r Ll ol l16l strrling hy sirnpl'
specifling /(81 = t) for evcry set ,B dl Lebcsgue rneasure 0 and /{Bl = I if A i5
(relalivclr) open in [0. l] and contaiDs l). One can rcrif] lhat lhc talues

R I I{OC(AFFI I.,\It A\D R J.B \\LI5

t, = l. ir(1)- I r l1)r.r Fl0. ll

i,':. psr-I rur.E[,r. l'a"i i , i,,./.

and

satisly the above conditions.
The solutions ro the prublems ir Eiamplcs I and 2 rc\('mble each other in

manv $,av,r, excepl for the prcrencc in the ca\c ol Example I of lhc singula.
{unction t". and on rhe rxher hand Lhc jump in the ir nrultiplier whc r - I in
the case of Era rplc l. In fact. it we alloN r to go to I o. in E)iamplc l, it is clcar
that ir(l) alro leDds towa|d +rc. In other !!ords. in thc lirnit therc \rill be an
''innnite price s$ciated wirh the serondslagc co'rstrainl rlhen s I \ie kDorY

fron the dcriralion in E\amplc 2 th lthis unusualbehr!ior at \ Iisduetolhc
presence ol irduced corrstrrints. The rclations bct\eer th.(c two erample-( gi!c
an ilhlstration of the conrent ot Theorcm I of [3].

One can also riew Theorein I irs an enticcment to introduc! the induccd
constraints explicitly amofg the fir(-stage conslraints (l.l). If this is done. €rerr
stocha\tic prcgram beconres a stochastic program wiih relativel)'conlpleti'
recourse and Ihcorenr I bccomes applicable ro .r'..l stochitslic progranr.

This. hosercr. require\ the actual dercrminalion of rhese induced con-
str ints. The general theory of opiimization indic0tes that merel) a llnile number
olthesewillbesufiicienttorepresenrthebindingconstraints tthc mininrum. tsut
this is onlyof rclative comfort since. in Seneral. the coostraints in question arc not
especiallyeasy 11-) identify. Practically. we exp€ct lhat the aPpropriate constrainls
will be generated as needcd. By this it is meant thal the algorithm builder will use

some test to velily if a given.rr E K, is or is not a nlcmber of Kr, and rn the latter
case he will generate cerhin induced constrainls-to be added to the constraints
dc(crmining Kr-which uould ..cul ouf_ thal p.rlicular r r. This procedurc is

already uscd ior rlochaslic |tncdr prograrnming [ 15. .s 5]. although in that cise
lairly complete und corcrclc characterjz li(nrs of thc induced feusible sct Kr are

kno\r'nl15.S11.
We conclude this paper b! illuslratin-s thc cliect orr ihe dual vlriahles ot

introducing rhe indrced consrraintr 0r first-slagc conslraints in the clso oi the
exumples appcnri g atrovc.
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Erd,flple l'. Same as Examplc i. except thal the induced constrainl
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x\= 1

is now explicitly introduced as a llrst-stagc constraint. Thc samc Kuhn-Tucker
condilions yield oplimality criteria. cxcept that (al must be changed to

(a'l t1=0, 1 ti=0.t,=0,(l i,)ti=0.
Withthismodification,itcanbeseenthattbefollowingyieldoptinalsolutiontoP
and its dual:

tj=1. ir(s)-1 s torteS

and

t,=1. t,(51: p(s)=I rorses

The 'curious" behavior ol tr(r) at s = I in Example I has norv disappeared

E\ample 2'. Same as F.xample 2 excePl that the induced construinl is
explicitly introduced as a firsi stage conslraint. lhe new problcm 2'is now a

stochastic program with lelalivciy completc rccourse. Wc can ihus turn to thc

6aric Kuhn Tucke. conditiotrs to obtair optinality criteria. They are (a') as

above, (bl and ({') as in Example 2, but from 12, Cor. Bl \''e also have
(c') 2 +Jp(s)d(ds)= 0 and -r,12 rlplr)d(ds)l:0.

This shows that lhe valucs

and

:rj=1. -i:(r)-l .! forsE[0. l]

t1= i. tr(r)--p(r)=l fors€[0. l]
yicld optimal solutions to Examplc 2' anct ils dual Observe that the (t,. i')
solution obtained in Example 2 is actually an optimal solution lo thc cxtended

dual D of Example 2', but so is thesolution obtained hcre (with y'' 0),givingus a

concrer( rllu.r ali,,n ol Thcorem 1.

If ir P the set C, is replaced by (', n K, (or C, n K:. or C, Tl K?') thcn e!er]
problem so gcnerated is also a stochastic program \{'ith relalivel}' complete

recourse-Butthistimetherelationbetwecnthedualvariablesassociatcdwiththe
originalproblem and those ofthe rew problem is rro longer as easv to cstablish

Finally. we observe thal from lhe prools ol Theorcms I and I it lollows lhat

we could actually use the larger sct K:' in place ol I<: This gives a nlore general

result. but K:'is at the same lime less concreie' We have not succeeded in

proving any more intimate relalionship betwcerr K1'and K! than thc inclusion

J(!'' (!.

excepl in the discrete case, whcr evidently equalily holds.

5. Contlusion. Thc objective ot lll, l2l. t3l and this papcr is to dclcloP
necessary and sumcicn t opilnr alily conditiors for ttochastic convex Frograms Thc
modelchosen P (see I I ) ilemands that the recoursc (or second-stage) decision as a

function ot the randonr clements be mcasurrblt (an inconsequenlial rcstriction)
and essentiallv boundcd.'l'his last condition is I de{inite restriction. if gcneral.
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(nol if the sccond-stage ieasibility region is bounded 11. Thm. ll) bur ir is not a
significant rcsrriction ll. Thnr. I lsince the nain concern is noi $ith lhe existcnce
ol ottimal solutions.'1he approach is throueh general dualii! thcory: we llrsl
cmbed the original problem in a cla\s ol perturbed prcblems (the natlral choice
iurnsoutlL}betope.turbthecon\rraintsbyelemerlsof R"' xJ;r).ihensclupa
Lltg l\gidh L associated with rhe system of perturbatiors and fin"lly lronr a
derivc a ftal problern D. Srddle points ol L arc chlracte.ized br the so-callcd
Kuhn-Tucker conditlons. These Kuhn Tucker condirhfs dl$Lrys p.olidc suili
cicnl opunralil! conditions for P: nror€over the! beco.rc also necessary il it can bc
sholvr thirt inf P mrx D irrd rot jusl inf Ir sup Dr'Io guarantee thecxisrence
of opl;nral solutions lo D. the slandrrd requircmcnt is io dernand that P salislies a
connraint qualilication 1! s strlcr lersibilir),).

This is prccis.l) $,h!r happens fl.Thm. :l il the space aslocixtcd with
pcrturbations is \ufiicicrrtly lrrgc viz.. il the nrLrlnplier space is selectcd lo bc
n"' xi.yi,)*. The extended Kuhn luckcrconditions f3. i 5l are lhcn nccessary
and suliicicnt The choice oi R""x(/"')' .rs thc nrultiplier space is howclcr
ralher unsatislacior) sincc calcul.rlr(ms invol! in€ elementr ol i.l1;,); afe generail!
unnanageabl€ unl.'rr onl] c.rn hen,.lle separrtel) rhc singular part and the
7L p,rrt of €\'€rl such 1 711,,)t multiplier.

I his papcr shows thai the \iI]gula. parr! of the opiimal Inulliplicrs cor respond
basicalh lo the induced corstraint\ i lheo.cnr 2). mLrre precisely to rhc singularl!
induccd ielsihiliti sel. Co.scqucntlr, il lhcre are no induced con\trainls (relr
tivell complete recoirrler o.. nrorc leneraiiy. if the ircluced consrrajnl! do not
determine bindrng coostra;!t! at ihe optimu r. \ri'na! rcstrict ihe multiplier
spacc to R " x:l':,, and still (-.btrin rhc n!ccssil,"- of rhe Kuhn Tuckcr condition\
(Theorcm l) Note also ihat c\cr"- rrocbastic program can be translo.ncd into x
siochasric proglam with relati\ely complcre recourse b! ihe inclusion ol thc
irduccd consrraints in rbe llrsr suigc c.'nsltaints In this case the basic dualir_v
thcory fl,\41 is applicrblc. and tho ncccss:[y and sufiicient conditions for
oplimality are given b! thc (br\icl Kuhn Tucker concliiio|s [2] involving only
l/ -functnnrs as multiplicrs
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