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SEIIIGROUPS OT CONTEX ]3IFUNCTIONS G'}iEItATEl)
tsY L,A,GRANG! PI-I,OBLJIMS

IN THl] OALCUI.US O}' VARI.{']'IONS

li. TYF,REL]- ROC'IIA}'DLLAR *

To 11ath.r Fenlh?t ak hb ?Ath bi'thdatr.

Duality theoremd trevioualy obtained Jor certair convex probleras in
th€ calcuhls ol yadations are apllicd to the studJ' of the bchavior oI
convex bilunctions under thc operatioD oI inl-dnltiplication. It is shorvn
th&t each cotvex bifunctioa -F fiom R' to Rn gelre$Ltes a onc-puadeter
senrigrorp of convex biJunctions from R'to Rn haxiog l as its il]J]nito-
sima,l genera,tor. The loltlr scmigroup is defirod and its infiritesims,i
gencrator iB also irrestigsted. Thc rcsults generalize the cbssics.l thcorv
oI onc-pa,Iamctcr gloupi ol lirrear tr&nsfomations.

l. Introductloo,

A bift.ttction fuom a, space X to a spucc I/ is a mrpping ? s hich assi$rs
toeachreifaful)ciion

_F:j: I/ , 1_ N, + &1 .

The vatue of the lunct;on .r', at thc point i' e I/ is denoted by (/'Xr,).
Thqe is th[6 a one to-one corr€spondcnce betrecD bifuctioDs ftom X
to I/ &nd extended-real-ialued l..1nctiol]rl on .tr x F (the "graph flurctions"
of tho bifunctionE). T11o bilunction l is said to be cozrec iI its graph
Iunotion is corve\, i.e. il X ard I/ rrc real lincar spaces nud (?'s)(r)
dcpends convexly ox (c,r).

Conl:er bilunctions *ere introdrced io l2l h order to bri[g out a
far-r'caching &nalogy betwccn many rcsults or1 ol)timization, such as
duality theorems ard lrlilimi!\ theoreDls, and cerN&in classiool Jormulas
of linear algcbra. Bli means of lencLel's ihcory of conjugato conyex
{unctions, a "oonvex algobra" palnllcl to linear algebla 1!as developed.

* Resdarch Bulloltod in !e!t by sraDr.{.trogB.?2 2100,
Rccoi\rd Ooiobd 31, 1974.



In this contc:t, a linear traNforDation ,4: R" - R" is identilied lriih its
.indicfltur biflnctLan, ramely thc conver biJunction y/ lrom R" to R"

dafined bv
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(1.1)
(n i+ r:4..(,a.r)r,t : 1*_ ir rr-a,.

(1.2) lur rc<z<+rc.

giver Ly

(1.:r) (11r,,)l) : 1,,.i" l(x,r)(4) + ("r4(,r)] ,

Flrcrc in the su one uscs the con\.ertior I

(1.4) --+ts: d+(-@) : +-.

(r.5)

(r.6) E@E\') : En+or {or a1l 7>0, o>0.

The tnrtosc of thiB note is to pursue a lurthcr atlalogy. It is \rell-
knov'n that eacL lirear translormation ,1: R" + Rz genentes a one lala
moter group ot thcal tra sformstions 3(rr ' Ri + Ra hrring -4 as iis ill-
finitesimal gencrator, namel,Y

lYe shrll shar that. snaihlly, each conr-er bilm.tion from R" to R"

belorying to e cutain "regular" class generates a orlo prrameter semi-

groul o{ conyex bilLnctiols also belorging to thi: olass. Xloreover. such

scmigrouls conespond to certail con\.cx problems of Lagrengc in tle
calculus ol rariatbns, rr.l the]' rcllect the mary dualitl' In olerties that
heve bccD d€momtrated for sucli ?rohlenN i3l, l1l, t5l.

The semigroul oFration ir qtestion is that ot i"LtrnultipliaLrian ol
biiunctions, Fhich is de{ined as follows. Il 11 and /n |1re t'iJunctions
from R"'t. R", ulen -8r1: iB the bil nction frorn R' to R" whose values are

l'his operatior is associativc a!.1 cc'rNexity trosi,rl-iile [2, p. 400] Nore
o'er, it genemlizcB thc oTrerntion of mnltiplicatiorr of lincar trnlsforma-
tiolls, in thc Fcrse that

Tbe bilunction 9l h'lrere 1is thc idertity tirllns{ormatior) sewcs as the
icl€ntity Ior irf rrn tiplication.

By s onc parameter scntigroq ol bifunctions lror11 Ra to R", we mcan

a pftraneterizeil fanil). t('). 0 < 7 < + N, lritll the property thtit

(The ?ropcrbt' can nays be extended to "=0 aid o:0 by taking
t(o):?r ) Efery ono larrmeter group oI lincar trnnslormflt'ions as in
(L2) yields such a sellligroup llith



h lact prolrerty (r.6) hotds in this case ior all real z arxt d bv lirtue of
(r.5) and the idertity
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( 1.7) Et): !)ati],

(r.8) IJnB\o):BG+q) lor all 7eR, oER.

(1.r0) Nx - L\r,-) ,

The close relationshi! bet"ccn one-paranctcr semigrours o{ biluxc-
tions ard lroblenF iD the calculuE of rariations is easjry perceivcd. eiven
any extendcd rcal-valucd lunction , on Rz x Rr. or equiratentry thc bi-
funotioD I fro r R? to R4 having

let ns deftue the bilunctior j?no for 0 < z < + € bJ,

(1.1r) @Ft,)i)\b) nrf {!'r(jl(,),r(r))d,ljl(o):a, s(,):r},
vl1crc the nifinlum is orer ell absohtdv cortinuouE lunctiors r:10,,] +
R" tsatiEfytug tle sir-en termi.al cordition.s. Here tlre inr€gral is (in the
lrossible a,lrserce of measlllabilitr.) to be inter! ]i}Jtcd :js Ilrc u,ppcr inte.ttul,,

'F. , p : ri.',"1 of !, r/rdl olpr.U srt.lm,brF t. - ior,. ,:10..1 -

l- -, + -l satisfying r(i) :,r-(r(r),c(t)) Jor alnoEt ever. , e [0, zl at 'trhich
the derivrtive t(,) ei,cts. (If thele are ro sllch Jlrncrio1ls.,, the inregral
iE +€ bl'convcntion.)

Note that in tlie case o{ F:y/, 1v]lere,l is a hrear trarBtornution,
lFr') is the biiunction in (t.?). Indeed, olle has

\: l"t.,r(t)l{i(t))ttt < + *
Lr'1orJl i .: t ..a.tt. no.'.\. )r\ hcF. i.F.

x\t): etlr(o), 0=t=7,

in whicll c:isc the irtegral raDi.hes; thus h tiris casc (ti,,G)d)(r) ;E 0 if
b-e'aa aud +- jl b+e-ad.

Ir this sense, the generat dcfjnition oi u,e {ami]]' tr,.r.) ertcnds re
notion ol the er.pore tial o{ a iinear hanslormation to that of the e\po
nential of r bilunction. Thc lollornrg rerutt conlimrs the analogy aird
sets the stage l0r oul main e{forts.

TFtroBxn 1. :l'h,e J.Nnil! E Ft' deflned by (r.t) itr a atle-p(Dalnetet s.n;-
gtoup al biJunctians lronl Ra to Rn (calle.l, the s.nisraup senerated ba the
bifunction F in (t.10)). I f ]t tis um u:, then so is E 1,.t4 lar all r > 0.



I 't0

Plioo?. Il-e must !ro\.e that,

(r.12) (.I;3+.)a)(b) = ]fit.^"{q|taa)p)+(IFtac)(b)j.

]'ixst 1le fix any c E R,r and demorBtmte that

(1.13) (E,.G1")a)lb) 
= 

(E nG)a)(c) + lI Fctcj(b)

Ii (trG)d)(c):j-- or (,'r9d)p): +s, then (1.13) holtls trivially (in
rie]l of conrention (1.a)). SUI|oS.3 therelore thnt there are Dumbers p
arid r with

(r.r4) @,.],./)lo < p ald IEF\t)c)\b) < r.
To esiabli,qh (1.13), it 1\in be erough to chcck ihat

(r.r5) lE Ftt +ao',1.61 . ,r',.
n_v virtue ol (1.1a), there exisr: fnnctions y:lO,dl - R' r]Ld p:l0,dl -
[ €, + F] such that ry i-F rbgolutcly coDtnluou! vith 9{0):d and y(o): c,

$]]ire t is suDDable viih i;dt)dt<r rDd z(s (I),yl!,J) 
= 

FO slmost erery-
n'herc that 3i1t) exists. At ure same time, there exist functions::10, zl - R"
ard t,:[0,2] - | N, +€1, such tl,at : is al,Eoltrtely cortinroos \vilh
z(0):c rDd z(?):r, $a,ire l is s nmable with s;yltJilt < t' and L(z\t).z(D)=

t (t) almcst everyr-here that :(r) exists. Def e

t,,' {or ,. Lo.ol
t,/. o, t'r I l-. "l

,. [Frt t fo. / 0.6)
" - 

17 t-.t to" t .o., o

Thcn x:10,2 + dl '' R" is absoluteiy continuous $'ith r(0):., andllj(?+d)
-r, \ihile slf0,7+dl - | -, +-l is sumlas.Llc \yith t (r\),iitD S.'(,I)
Elmost eyerJ'$ here that i(,) exists. It {ollo\is that

(rFc+",d)(b) 
= \i" 

L(,(t),it,t))dt s !;." '.(i)dt
: \i, Ftt) dt +\',,r\t) at < t.+, ,

which --rie,1ds ure desired inequality (1.r5). Th'1s (r.13) is valid for alt
a, 4,, r, ard in consequence tho niequality 

= 
hold: in (1.12).

We ror-argue tov&xds the nrequalitJ' > in (1.12). ThiE ig trivial i{
(l/'-')a)(D): +-, so it may be supposod ulat there is a lumber l'l vith

(,81c1d.!,){b) . tr.
dclnoostra:he the existence o{ c € Ra vitll

(r.16)

The task is to

(1.r7) (E Pa)\c) + (I Ftnc)(b ,\ < p .
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Tbe d.'finition6 imply frorD (1.16) ih:!t thcre e\ist luDctions , rt0, z+ ol +
R,' a,rd a:10, r+ dl + I- e, + @l such th&t / is ab$olute1"v contiDrorls sith
c(D=a rnd c(r+d):r, while n is sumDublc vith 5;+'a(,)dt<s and
,(c(,),t(.)) < r(t) alnost everlrhere that,(.) erists. Let c=:l.(6). Then in
laticular \e hare

(E,!'b)lc) 3 \iL@O,i\t))dt = !l*(r)ar .

On tbe otlcr baDd, setting y(,) : r(t - d) Ior ; -- 10. rl $ c La.re V absolutelv
corrtiruous $ith ?(0):c &nd g(z):0, Eo tha{

(81]3\c)!bj 3 \ir(yal,laD,u = i;"(,-d)d, .

It follo$s t]]al

(E FG)d.) (c) + (1) Etia)\b) s !; "0) 
ri, + i'." "(r) 

dr = l;.",r(r) d, < p .

Thw (r.u) holds and the i(l.ntity (1.t2) has beerr esta,blished.
It rcmahs only to proye the coNexity asscrtio[ ir T]reorcm l. This

anloutrtE to showing that if

(1.r8)

a,nd

(1.10)

then

(r.20)

BI (1,18), ther€ exist lor i=1,:, cert&in furctions rr:l0,zl+R" and
ar rl0, il + t - €, + &l s ch ijhat I, iB absolutcl). continuom \rith rr(0):ac
and o,(z):Dr. rrhile an js summ:',ble with $dr(r)dt</.. and

(1.r1) ,(rr(i), clt)) : &,(f) elmost ever] l4rcro ths"t i,(t) exists.

l,et
1:lt) = lt - 

^)at(t) 
+ 1t,(t),

d(r) = (1,,1)'1(')+ r,al(r) 
'

whero the convcntion (r.a) is used in the second formula. Then a; is
absohrtely continuous rvith r(0): a and c(r):6. ,\lso, r is s mmable (the
convention in the sum caDDot affcct this, since 1 nnd d, cen be inlirfte
onlv on a set of measure zoro). We hnro

(EFG,d,t)(b) < pt tot ;:7,2,

(a,b) - (1- iJ@,b1) + ).(a,, bJ, 0<,1< r ,

(E/,)a)lb\ 
= 

(t - i.)t t+ 4r, .

ilt) - G - 1)i1Q) + f.i,ltt
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(2. r) (/*oxd) : su?.,b [6.d- d. c - \na)(.b)] .

for a,lmost eyery , € 10, zl at which i(,) erists, ard hence the s,ssunted

corvority oL idplies by (r.21) (stin ustug (r.a)) fiat
L(,:\t), ilt)) 

= 
(r - i)L\r1\t),i,\t)) + |L{r,(,), t,(,)) : ,r(f)

{or almost erery I at which t(f) exists. Therefore

(r?,Iia)(r) < l; ,(r(,), t{t))di 
= !;d(,)d,

: (r .- 2) l;d10)df+,1S; d,tt).tt < (t-))rr1+)"p,.

This gi1.e6 the relatior {1.20), and the proo{ o{ Theorcm I is {idshed

To what extent is thii "iniinitesimal gereraiorr' I oI the semigroup

tn c), 0 < 7 < + F, uniquely detcmired by ihe semigroup ? If it is udquely
determined, c:in it be recovcred from uro scmigroup by some knrd oi
diJlercntiation ? Thesc ere intiguing qucstiolls, a]rd except for the special

Ll'-.i.Dl .-s-d. L\-r . "e.otu'lrr,l.. ^n.r'.
\\'e shall not tackle such qnestions hcrc, but concentrate rather on

duattv properties in the convex casc rehted io the t|cory of conjngate
convex functionl. The mair god is to describe & "reg ar" class of coNex
bifunction,e -F vhich is Pcserved noi onh by ini-multillication but by

tassage io the semigroup lot'r, and rdich is also closcd urxler certain
duality oFratiorE defined bclow. TLe chief results are giren in sect'ion 3

Somc indications ol thc reiatiorshi| betveer one-parameter scmi-
gloupE of bifunctions |1nd the dynn ic eYolutioD of ccrtnin economic

models and theb duals is fumished ill 16l

2. Duallty.

Tho polir.r of a bilulction X {rom R" to Rf i6 ihe biJunction 1r from R'
to R' deftued bv

The sraphlunction of l* is thns the conjugate o{ the gralh function of 7',

ercelt lor a cltange of sign nr the filst argument. It lolon's from Fen-

chet's theorcm on conjueate {L,nctiolrs (see 12, Theorcm 12.21) that -Ft

is alarys a closed corrrr bifunctior (i.e itts gralh fuDction js cither iden-

ticaly -- or it is conrex, lower sernicoltinuous and ro\.here -e),
while ].{i is the greateFt closed corve! bilunction 51. E 1:9? for a

linear transtormatior -4, then -Xr:rp-01, rvhere At=\A+) L

The re arLable propcriy of tle pola,riiy operation is tha:t it is "eEsen'

tially" ar attornoryhism on the semigroup oI oo??,e} bi{unctions '1'o strt€
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ure precise rcsLltl, \re irtrodu3e the lolloNing rotation. If I h ary cr-
tended-rcal-valued {unction on R'?, $'e set

(2.2) dor]l/ : ir I l(r') < + -} .

ft -Ir is a bi{unction {roD R' to Rn, }€ set

(2.3) domx = {a € R" I dordla+o}
: {ae R" L :D -. R" {ith (i'a)(r)< +-},

(2.4) rsel = u..R', domL,

- {, e R". I ld,. R" \ritl (?'.lxb)< + &J .

These set8 are convex il I lr1ld t' are corvex. 1Ve denote bl' ri0 tbe
, elatiLe interior of a conven set 12, S 61.

IFDox,ln 2 l2). 4 Ir ahd. X, dre conxer biJunctia?Ls Jran R to R such

(2.5) ddomll n ri€cf, + o,

(r.6) lr{2)* : !L* tr", .

Pnoor. This iE ,.hon n or l. 106 ol [2] n1 ihc case where ure glaph
furcljions of 1r rn.l 12 lowhcrc hrve the 1-alue -. (In tho notation
of l2l, the polar f is 1++.) The general case is only a sliglrt exterlsion.
Su!!ose, for instancc, that the function fi(a,b): {lr!a)(b) has the yalue

- - some]rherc. Ther bJ' delinitior (1.1) l{e iu1.e

(2.7) (X,'c)(d) : +- for all c,.1,

(2.s) (,F \r F 2r .i)(.1) : inf_.R,, (7'slo)(?,) + (-F1rrllx.l)l = +-.
Cn thc other !ond, the fact that 11 is conrex a,nd takes on -€ implies

(2 e) "f'(,,1) 
: -- Ior ati (a,D) e ridonl'

12, Theorem 7.:1. Bui since do]n4 is the projection of dolll/1 in the Iirst
argument, wo hare

(2.r0) ridonli: I(o,D) I a -- ridom-P1, b eridom{x1r)}

12, Theorcm 6.81. Thus, taking u' to bc any element of the lioil emdJ.
irr ... . r ion ir \2.i1. ll,.r "ri.r.I"irr 1F,a;161. -&.abi par rl,Faame

time there exists a $'ith (1,4)(?u) < + €. Then

tl -FAa b) ' LFrtittu) rF,at|t - -.



i]]rpbiDg from thc lormula {or ihe polar (-811)r uia,t

l\I!1")r.)@) - +N ior all c,il.

Comp:rring this Jfith (2.7), we see th&t, egain nL this alegenerate case,

(2.6) is ralid. Ihc nigumert is similar if it is tLe graph furct'ion o{ !'!,
rrther th:r that oI ?1, a'hich tnkes on the ralue -F.

The intcrcstirg colsequence of TLeorem 2 {or uro study of orc-para-
metcr scmigrorps is the follo ng.

CoRor.LAa].. Il thelanily nlt').0<'t< +-.'i8 a one-pdramelet ge'nisra p
of (ia M: bifunctk)ns .fMx R)i to Rz such tlLat damgt') is nonempta 6nd

apen far all, r, tlLe,L tlft patat Jan:ila E\')+ is o,Iso .t, (ne ?ctrdneter /\emigrcu?.

PF,ooF. l,et z>0 and d>0. Since ,rc+d): E/r)lk), r'e harc

(2.1r) domr(r+q) + b /:t. datrlDG) n rgcEt') + A
.= ddomrc) n lir.gerG) + o j

thc sccond eqdl.alence holdnrg bI lirtue of the o?erueEE ol clomro.
Thlls the hwothesis of the theorcm is Estisficd lor a,ll r>0 ard d>0,
Yielding the identitv

144

(2.r2) Ed+d)1 : Etnl E@)r ,

(2.1s) (Gr))\ln): siipt."{x u+?'| \I4A)}.
(If r = ?-{, ihen G : p tr,.) Observe that in the notaiion ol ( l. r0) Fo have

(2.r4)

(2.r5)

which sal's tltat the polar familr forms I semigrcu!.

'llhis corolary rdises a question in the case where it is a,pplicerblc io a

semigroup oI the form 7/ot'r. Is the polar senr]group ,...k)r ol the form
Jc(.) {or somc other conlex biJrmction 4 ? This is trLle if I is the irdicator
jjr oI a li ear tnnsformation / , snrce then t?c) is the indic&tor oJ .Bc) :
e'j, and hence tfc)l is t|c indicator ol

((e'r)'!) 1: e '!'.

The polar semigrou! is th1is gerelllJcd 1r1' the indicator 9--r,, vhere,4+
is the aEoini of .{.

trtrre nolf trove a gerer'aiiza,hion in telli1s of the bifLuction

Ap: Ml.p,'),

M(p,w) : L*(u,p)



and, there exists 
" 

E (0, +-l sli,ck that doljnD Ekt i,s nonenpt! and open i.f
0<r<I but e"Lptu,if I=7< +6. f,IoreoL-et, one ha.s
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(Z*: conjug:'.te o{ ,). Tle lunction -ru Fos termed i\ l}l, ta1, $e La,sran-
gian d|!,al to L.

TEEoRTM 3. Let n be a cowat bilunctian ft.orn & to R ttuck thdt
doiip -Rh. Then

(2.r6) dom'] '(") | R, a., 7.1 0 ,

(2.17) E r,k)* : Ict) lat o<I<f .

liiz(e.(r),:;'tr)ar < +-.

(2.r0) .D={(,,r)€IxR"llr<r}.

)qlt,x)') - E(t,r)] = 
k(t) x.,-rl .

(c,E(r,')) e ddon, .

dh",p c ;s rh. L:Idn"t;a4 d"I;t"d i4 \2.t3t.

The prcof o{ Theorem 3 ni]l be Lased on duaiity theorenx ill [a] and
the {ollowing result.

L]JMMA. Let ! be a conw' bifinclian JMn RL to Rn x),;th dom?: Rr,
and let L be the gra,ph functian al F, as i'z (r. r0). Let rr:l.rr,.'l + R. be
an ahalutelu cant;nuous Juncti,on such th.!,t

(2.18)

Let re(0,+-) be such th.tt r> ra\ Iar dU t ekr..']1 l.l:81'ctidean
narnt), Iet I be ang balnLdeil open reo,l, interx.ll contai,nins ko,rl, and,Iet

rhe11, there i,s a fwLcti,an .ptD - A li}ith tlle fol,lauing praperties.

la") L@Jt(t,rJ)<d0 lot au, (t,r) e D, wtlerc d:r -> l- 6, + @l is a cer,
tain sl\nnable lunctian.

lb) io(t):E(t,ro1t)) lar atmost euflr t elao4.
(c) p(f,r) ts sllmmable a.s a Jlutction of teI for Jh:ed, ae^ and, Lip-

sahit conti.nuaw as a jvnct;on al.r6R lot Ji,$etl, te1. In Jact, there,iE a
swn.mable function htl + [o, + e) such th.tt

(2.2o)

(d) 1/,+ro(,),
(2.21)

Pnoor. Let S be an n-dimerrsional simplex containhg every c rvith
lx <sr. Let ao,a1. . .,a" be ihe rertices ol B. Each a, belongs to dom}'

M8ih. sc,ad. 36 - i0
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by hypothcsis, aDd hence the conye: set domlar is non€mpiy; choose

an element ?r of ddomlat for d:0,1,...,?r. Then

(2.22) (.Lr,q € id.or L lor i'=o,7,...,n,

because in general the colvoxity o{ X implios

(2.23) ddo]l, = {(r,?) | :a e ridom-F, ,' e lidoml,j}

t2, Tlleorem 6.81. Lot 4 be the unique linear transformation lrom R'

q\drai : ri-ro lor i:t,...,n,
and let q:tro-Qao. Thon

(2.21) ur: Qa'+q lor,i:0,1,....2.

If a € S, then u can be exprcssod aB :! conYex combinaiion oI the ror-
tices ol S:

w = li:o),1t1 where 2')0, Ii=oi':1.
We then havo

\u,Qu+ q) : |']=o x"(tt,,t,)

bv (2.24), and hence via (2.22) a,nd the choice of Sl

(2.25) (u,Qu+q) eTjdon0L rdeneveruL < 3r ,

\2.26) L\u,Qxt+ q) 
= 'Jt.ax!a.r....,hL(ar,1r') 

whenever L?,1<3r.

No$-let 10 be the set of, e lzo, tJ such that r0(,) exisis and (ro(,),t0(r))!€
domz; the comllement o{ 10 in lz0, "J 

is of IneaEur€ zoro For t € ,ao and

lc <r, define

(2.2?) E\t,t): lr - x)ia\t) + A\qu + q) ,

'whcre the elements ,X e [0, ]) and u 6 R' are determined by the relatioDs

(2.28) r = (1-]'Ji,o!)+tu, iu-ao(t) :2r,
or in other words

(2.2e) ). : la-ro(t)112r, xlt' = r-tt-(1r-ro(t)ll2t)l1o(t).

X'or , e-Io, $'e then have

(2.30) E(t,t): io\t)+Q@-ro(,))+ c uo(r)ld(t) ,

(2.3r) c(t) : (lx-ra(t) l2atq - o0(,) + 0l'o(,)1 .
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Note that 44 is summable over , E 10. We complete the detinition oJ ?by setting
(2.31) E(t,t) = Qa+q ntt'Io.
Proterties {b) and (c) o{ tho lemma arc then evident. Expressions (2.92)
and (2.28), rdth 0=,1< l, lield via (2.25) and ie retation (ro(,),rto(f))e
domz for , € 10 the {act that property (d) hotds. Tho same oxpressions
alEo give us from (2.26) that

L@,q(t,r)) s (t - ).)L(r.)ltj,io\t)) +,r(u,eu+ a)

= 
ax lL(ro@,iott)),L(do,ro),...,L\a",b_)l

il , € 10 and i"l < r, while

L\x, q \t. r.)) : L(r, ea + q)

= 
nlax {L(.10,1)o),. . .,L(a",\)}

il t€1\1o and :r <r. Since (2.1?) iB assumed, it is clear {rom theso
hcqualities that proper.bj. (a) is fuuilled.

Pioor or, TEEoREM 3. I'irst consider any r>0 anil ao-.domt.o.
Thera exists by definition an absotutelv contiauous fuaction ao:l0,zl +
Rz Brch that

!i z(""1r1;"141ar < +- and to\o): a(,.

Couesponding to ,0, \re can consimct a lunction q:, + R' vith the
propcrties described in the lemma above. Then, according to the theory
of differential cquations (cf. t1, p. 591), there exists e>0 such rhat rbe

(2.33) i(t) : E(t.r(r)) a.e., r(0) : a,
has a solution " (on absolutely continuous function) over th€ interval
10, z+ el s'henever irr-ao < e. hoperty (a) of the l€mma tels us tha.r

\:L@@,i@)dt < +6 {or 0<osz+.,
and there{ore a 6 domrF(d if la-ao <e:i,nd de(0,2+sl. ThiB vedJies
tha.t the set domt.o is olen, nonincreasing in i, anat Don€mpty for an
olen iDterval (0,?) o{ z values.

To dcmonstrate thc Iimit assertion (2.16), we borron a fact eEta,blished
in the first paft of the proof oI tho iemma: given any r>0, one may
construct :r linear transfotnation 0 | Rz + Ra and a vector g € Ra Buch
that (2.26) holds. One may then find r> 0 such that, for lalSr, the solu_
tion to ihe equatior

i : Q:.+q, t(0) : a,
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settulies ir(t)l< 3r for I E [0,2]. TheD by (9.16) ure cxpr€ssion ,(c(,), t(t))
is bomded above a.B a function o{ t E [0,"], so thot

5l'(a(t), 
'(t))rll 

< +-,
and consequently o e domrr.{d. Th s, for any r > 0 rre har-e

doeljio > {a € Ra I lal< r}

tor o,l1 z sulficie tly sma[, and (2,16) is valid.
Ive tum noi,' to the proof of (:].1?-). If Z is lower semicontinuous aDdl

nos.here hos the volue -€, tbo rclation amounts to an carlier rcsult
[4, Coro]lary 2 on p. 8]i on\' a ohangc of Dotfltion ard termiDology iB

Suppose next th&t Z i6 rlot lorer semicortinuous, although , still
doe8 not take on -€. Lot, dcnote thc greatest lower scmicolltinuoua
{unction or R'rR" rnajorizcd L) r. Then L is corrsux, doe.s not trke

ridom, : ridom, ,

Lb:,x) = L(t,rj ir (c,r,)eridom--

[2, Theor€m 7.4]. ]Ioreoy€r, t has the same conjugaie as r, i.e, Tields
1bc 53me durl Lagrar.gian -U l:1, Iheoren 12.:1. Le{ F bn lhe conlex
biJulcrio'r from R to Rn $boec gmph function i6 r. Thcn doEF -R",
beca,use t Sr. Since, is lower semicontinuous a$d does not tali€ on €,
the case of lormulr (2.r7) ahead}' established is applicable to.F. Inas-
much as t and Z yield the samc dual L",grangian .11, tbe biJLurction d
invoived i! the sanle Jor -F as {or 

". 
'fhus we have

12.34)

rrith

(2.35)

(2.3?)

so that, in view of (9.36), (2.17) is irdced truc lnder the present &ssump-
tions on -L. Clcarly

(2.36)

I'hcre {0,7) j-s i]re inteNal o{ 
" 

velues for \e}dch dom-4Fc) is Donempty.
Wc demonstm.te nexi thst for 0< z< 7 one has dom-gr(d+ O a,nd

Erq, = Eek) tot o<t<I ,

E ,,6, = EiG)1 ,

(/.oa)(D) 3 (Er.r%)(6) Ior all o,D,(2.38)

because Z S -L. It suffices therelore to demonstra.te that il
(2.3e) \Dntt)do)lba) < p < +6
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a,nd d > 0, there exjxt a and 6 sith
(2.40) \Eroa)lt') < r, ,nd i(a.6)- (ao,r.)l < d .

Aocoding to (2.39), there is ar absolutel:,' continuoN lunction ,o: [0, "] 
+

Rn Buch tha,t

(e.4r) co(o) : a0, 
'o(, = ,0, l; t(ro(f), to(,))dr < p.

W€ construct a couesponding function of thc form q:]) + Rrhayirg the
proJ'erties described in tbo preceding lcmms Fith respcct to t. TLen
Ior all points @ in some neighborhood of ao, tho equation (2.33) has a
solution over l0,zl. X'ix & particul&r such point d1+a0 a,nd correspondirlg
solution sl. The Lilschiiz property (2.20) in the lemm., guarantees tha,t
no other solution to equs,tion (2.33) coincidee st any point with q,
0, p. 511, and thereforo, since r0 is a pa,rticular Bolution by (b) of tLe

sr(,) + co(t) for all € Lo,al .

I{eDce

(2.49) (q(t),tr(t)) e ridomt for dmost every tEl0,rl
by (d) oI ure lcmma. Aho,

(2.43) ll z(,.(r),1,(r))ar < +-
by (A) of tLe lcmma. Consjdcr a funation of tho form

(2.44) c(,): {l -X)l,0(t) +r.q(r), }herc 0<r.<1.
lVe have

(2.45) (,(,),,,P0: (r - z)(rop), i0(,)) +,2,(,1(,), tr(f)) € ridomt
by (2.42), and conscquently

(2.46) tr(clt),iltJ) = r(i-(f),t(,)) for armost evcry t€[0,2]

by (9.35). The convexity of Z implies

(2.471 t(r(f),r(t)) s (r -1tE@oq,io1J,)+ il(&(,), tr(r)) .

Let
a : ii(0) = (r ).).ta+|dt arr,] b : rG): lt -l)bo+).br

(where @1:rr(0) axd 6r-,l(z)). Thon

IE FG)a)\b) < \; L\,\t), i\t))dt,

so that by (2,46) and (2.47) *.e have

\2.a8) lE tod,)(b) = 
(r -.i) S; t(no(r), ro(,))dt + 1\; L(stlt),drlDdt .
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Furthermole,

12.4e) )la,b) - (ao,b; :.ii(a1,6,) (a0,60) .

Iiis clear lroln (2.39), (2.43), (?.a8) nd (?.as)thrtthe dcsired hequalities
(2.a0) will bc satisfied iI l, is chosen su{ficiertlv small ijr (2.aa).

We are left vith the case of (2.rr-) rvherc, takes on the value --
sonle]l'here, anal hence [2, Theorem 7.2]:

(2.50) L@,a) = -6 Jor all (r,r)€ridomr.

Tdvially tuom the definition (2.13), x'c have

(CpXi,): +@ lor all p,?r,
so that

lEct')c)(dl = +o lor a]l c," '
To estadilh (2.1?) in ihis case, thercfore, it lyil be enough to sho$.that
Jor every 7 € (0,?), ihere exist a and 6 \vith (r,,(')a)(D): -6. Gn'en any
z e (0, ?), there does exiBt an absolutely continuous {unction jro: l0, rl +
Rn with

li ,(co(t), c"(r))dr < +-.
Once more we constru€t a corr$ponding fmction ?:, + R" wilh the

?roperties in tbe lemma. tr'or a! points a sufficiently ncar to &0, tho
equation (2.33) has a solutioM oyer l0,zl. Sitce r'0 solv$ the equation
Jor thc initial point {ro (by (b) of the len]na), the Lipschitz property in
(c) of the lemma ensures that i{ a + d0 we have

l,(t) + "o(t) for a1l , € [0, z] .

But then
(lr(r), i(,)) G ridon, for almost every t€10,71

by (d) o1the lennla, impb-ing by rvay o{ (2.50) that

L(r\t),i'(t)) = - F lor almost every t e l0, zl .

Therefore, the points o=r(0),6:tr(z), satisfy

\EFoa)\b) = l;r(z(,),t(t))dt: --.
This complei€s the proof ol Theorem 3.

3. The case of regular coflvex bitunctions.

In ordcr to crystalizc a more contlote dllality in ihe cortext of Theo-
rem 3, $e need conditions ensuring thrt the "cs!r,pe time" ? associated

vith the bilunction 7/ is +@, ard tha,b the relntionship between trd
l'nd ,.4) is rccilrcoal.
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Let Z: R'x R" -, ( F, + el be a lower semiconti:nuous colri.ex lurc-
tioD with domr+ O, and bt t be the r€cesst an lunctian oI L, i.e.

(s.r) t(y,z) : lirDr*--lz(so + 1!,ro+ 1z) - L(x.),1)o\lX ,

ryhere (r0,c0) . dom, (tho formula gives the same values indeperdent oJ
rrhich (so,r0) in domz is selected [2, p. 66]). We strall associate with,L
the folol'ing s€ts: JiISt the nonemlty closed convex cone

(3.2) &,(z): cldomi = ctlQr,z) | L\y,z)<+*J,
aDd becond tba.ece.sion cora ot cldoma, i.e.

(3.3) K^L) = l@,41 @,r)+ ).ls,zj e crdomL

Ior alt (ri, o) e don, and .1 : 0] .

Some bacLgxound Jacts about -Kr(r) [9, p. 63] are that it is a, nonempty
closed convex cone, aJ]d

(3.1) llt,zJ e K,(L) i{ tlerc eiists (c,,) € cldom,
Buch lhat (r,r) + l,(y,z) € cldom, for a.lt .1> 0 .

tr'urthemore,

(3.5) @,!)+ ),(!,r) eli.lolnL for all I > 0
if (r,?')€ddomz s}.ld, (g,r) e Kr(L) .

We sha say that n is a regul,nr cantet bifunc,to?, iJ its graph function
Z ie, as above, a, lorver semicontinuous convex Junciion on R" x R' ndich
noyhere has the value - @ Jret tu not identicaly + @ (imptying 

"t*:Z),and i{ in addition the lollorring two conditions arc sa,tisfieal:

(3.6)

(3.1) lar eaer?t !e{h, there edsts zeF.n uith ty.r)eK,lL). ft_:2 ,,q,,t 
r\i t-.::

For exrmpte. if f-y,. wb".e I j. a lirpar fr. i€Io,-mdiiol lrom R6
to R", then ? is regrrlar convex, because 1{r:f,=grr!h oL4. X.or an-
oiher example, suppose I is of the form

(3.8) (Ir)(1)) = l@+s@-Ar),
$'here I axd g are convcr functions on R" arld -4 is a,linear tranlJo1natioo.
(This case corrcsponds to troblems o{ optinal conrrol as siDdied in l3l
ard l5l.) ff / i-s finit€, vhile s is co{irite (i.c. the conjugrte of :', finfte
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conyex function)r then .I" is regrJar convex. (Pro?orty (3.7) holds be-

carse (r,-ar) € /ls Jor all |., while pmpefiy (3.6) folos.s {rono the formula

Lla,z) - J\!j)+A@- -4i ,

wtrcrc I and 0 are ttre recession furctiorN of / and 9; since g is colinite,
ve h:',ve 0(?l')= +€ for ?r+0 [2. p. 116].)

Some initiai results about rcgula,r convex bilunctions are co[ected in
the next theorem.

TEEoREM 4. IJ I ;,s a regu,lar .orner biJunction Jtan R to P", then

dom.l': R". Iufthermore, the .Lssaaiated biJLnction G in (2 t3) 'is trikeuise

rcgul,M conwx dnd s.Ltisfies the reciprocdl lormul&

Ihe class ol re|utrar comer b;,J nctians i.s closed under ili'mukiplicatian.

PRoor. The f:tct tllat dom-8: R' is clear from property (3.7) and the
delinitior of 1l,(r). The validity oi (3.9) is a consequencc mcrely of the
graph funct'ion t ol X being a proper convex lunction Fhich is lower seDi-
continuous;then by x'enchcl's theorem (cf. t!, ! r2l) the conjusato r*
(or cquivalently thc dunl Lagrangian jlf in (2.15), the gralh Junction ol
G) is likerdse a proper conyex function v'hich is ]o$-er semicontinuous,
a,Ld L++:L. We.invoke next the {act that tho polar oi the cone L1(r)
is, according to [2, Thcorcn 13.3 and Corolary l'1.2.1], the reccssion

oone of the closure ol domZ*; thus

K\lI)" - {O,q) | (q,a e I{,(,M)} ,

K,IMJ" : l.lz.1r) | l!r,4 e E1\L)j .

It foilorvs that property (3.6) is equiYalent to:

(3.12) ior every q E R" thcre e:ists ' 6 R' ITith (q,t) e K,IM) .

By sJmmetrJ, proporty (s.7) is iikewise equivaleni to:

(3.e) (Fi,Xr,) : sup".-{l,.&+ p't; - (ep)@))t .

(3.r0)

(3.rr)

(3.r3) (0., ) € /f,(-11) only fol r:0.

The regularity o{ -x' thus imFlies thnt o{ G.

Consider now two rcgular convex bifunciions -F1 and .,', ftom R" to
R', ancl lei 10:.r'r1,. We sha]l demonstrate thet -l'0 is regular convex

I'or t:0,1,2 let

(s.1+) (11,1')(r) : (44(l,) ,



eo t\^t llo:Efi1. The graph {unctions oI 11 :',Dd -F, (or equivalently,
of 11r and Zr) are knovr io be closed convex functions \rhich are not
identicaly inf ite, and we $.ant to yerify, a,mong other thirgs, that the
same is true of the graph function of 10 (or equira,l€ntly, of do). Snrce
domtr'r:R":dom/r Lry what has already been established, it is imme-
diate lrom the fonnula Jor inf-multiplica,tion that dornfo: Ro. ThuB the
gralh functioDs of 1o (and I1o) are not identically +@, and it will suJ-
fice to sho\r that ,al' is the polar of a convex bifunctior whoso gr:sph
tutlction is not identicalrr + -. In fact, n'e shal show that
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(3. r 5) E, : (8,+ Err), ,

maLing use in this o{ Theorem 2 as well as the rela,tioDs

(3.r6) Hatt : I\ Er,d Hlt : E,,

(3.r8) (H"*Erl)t: rl2*t Er** H,&: 8".

which aro txue by the cited lroperties of thc graph funciions o{ 11, and
.8,. Let G, be tho bi{unction corresponding to /i by Iolmrria (:.rt}). Therl

13.17) \Iltiu))(r)): sup".,{o.p t.w lI!:)(1))), : (C tGu))(p) .

\Te knov from the treceding argumenis that 4r and 4s a,re regl]lar con-
ycx, since 1r and -a'! are. Therefore 11,t a]ld 11,* are regular convex by
(3.i7) and in tafticular doma1. - Ri:dom.A,r. The latter implies that
dom11r?grr:R', and the graph lunciiion ol .4r'11r+ is thus not iden-
tic.rlly + e. Iurthermore, l.hcorern 2 and (2.Is) yielcl

The mentioned prope ies o{ tho grapl function of ,H0 {and of 1o) an€
thereby shom to bc colrect.

Ncxt I!€ prove th:',t 10 again possesses lroterty (3.?). Let ri be tho
grrph function of It, i:0,1,2. Given any g/e R", there cxistE by the
regulariiy of 1, some s e R, ivith (y,s) e rlr,). For this s, there also
exists some z e Rd with (s,z) E ?r,(rr). We clann that thcn (y,z) € 1l,(rJ.
To see this, let (r0.r0) be an arbitrary element of lidomzo. \Te ha,ve by
delinitioD

Lo@,I') : tfi,. {L,(,a,t) + L 1V.x)},

(3.1e) donro : {k,,) I :" \,ith (3i,f) € domz,, (r,r, € donrll .

Moreovor, as will be proved in a momenl,

(3.20) ridomro - {(c,,,) I lr wfth (r,r) € ddomr,, (r,,) e dolnrl} .
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Skipping tomporarily tho verification of (3.20), re observc tha,t this
formula gives ihe exutence of ro rr-ith (j,0,i0) € ridonr, and ('0,r0)e
ridomrl. Since (a,s)eK,(L,), we then have by (3.5) that

(3.21) lxo+).A,ro+ls) e aonL, forall,1:0,

while, since (s,z) e K,lLr),

13.22) ('o+,k,,0+r3) € domrl for all ,1:0 .

But (3.21) e,nd (3.22) im!1y by vay o{ (3.19) that

(ro+ \y,ta+).2) e dorJ'Lo {or a,il 2:0,
or in other Yords by (3.3), (!,2) E K,(LJ| t\us 10 satisfies (3.r-).

Returairy noly to the omitted prool ol (3.r0), we represent domro
through (3.rs) a,s tho set /(dnr), lvh€rc

C = {tp,,t,r',x) I (r,r) e domI,, (r',?,) e domrr} ,

D : {(r,r,r"1)) | r',:t} ,

Eere C is convex, , is affine, and I is a Iinoar transformation. The
destued relatior (3.20) is equivalent to the formlla

ri(,4(c.r)) : A{(Tjc) n D) ,

which is valid by 12, Corolla4' 6.5.r and Theorem 6.61 iJ (ric)nr+o,
i.e. i{ the right side of (3.20) is nonempty. }ut

dorldL, - t@,r) I cedoml, and redomI,,,'),

and hence 12, Theorem 6.81:

ridomt,: {(,r,r) | r€ddom/, and / eridoml,r}.
Similarly,

ridomrl : I(r,?,) I / € ddom4 rmd ?, e ridom-r'lr] .

Since dom-Fr:Ra:dom?,, thcse lorml as indicate that the right side

of (3.90) is nonemptjr, as necded.
The final goel is to establish that 10 again possesses pro?erty (3 6).

By the F)'mmetry dislla]'ed in the lirsi part ol the proof, thft amounts
to show g ihat C0 (or equivatently 110*, beceuse of (3.1?)) possess (3 7).

We kno$'that Itrr a,nd E"t are regular convex biJunct'ions and thus
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posFess (3.7). Morcovor, (3,7) haB been showr to be prcseNed under
inf-multipiication. Therelore As*llrt possesses (3.?), \l'e tlso know froe
the rlgumeDt tor FrF, thet the prcduct o{ tlvo rcgular coIlrox bifunc-
tions is its own bipolar; ir larticular

\Htt E])" = E"Hrt
It loilors Irom (3.15) that

Eoa - E"1IIr, ,

and Jrenco IIot does have property (3.?). T:he prool ol Tlleorem 4 i6 now
{inished.

Our m&in lheoftm lor oa6 pars,Ereter semigmups may now be pro-

T]IEoREM 6. Let ? be o, regtl,a,r comea bilunctialL lrom 
^^ 

to An, Then
EFt') is d reguldt cotL|et Ulunarim lot all z> 0, and' one has

(3,23) EF,o4 - E6]\n for a,ll t>0,
L.here G is shetu W \2.131.

PeooF. Ffust s€ sholf th&t dom-E"<'r- qo for all z>0. I-€t S be 3

limplex in R" such thot

(3.94) lyl 5l impues geg,

and let ao,ct,. . .,a" be tJrc Tertices oI B. Since l is rcgxla.r conYex, pmp.
erty (3.7) holds, and hence thcre 6xist yectors tri suah that

(3.25) lar,nll e KtlLl Ior,'-0,1',..,''.
Tho vectors a. are aflinely i.ndepondent, 60 ve hare

(3.26) q: Qaa+q for ri=0,1,...,n

for a rmiquely determined linear transformation Q: R'+ R' and vecto!
q € R". If I satiEfies lgl=r, ihere is a b&rycentric representa,tion

9:2i-oXtat. where d:0, X-o.L=r '
and correspondingly one has

@,Qy+q) = 2i-otrlnt,a)

by (3.26), The ocnyexjty of f,(r) in (3.26) thcn yields

(v'Q!t +q\ e K'IL) '
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The lattcr relation therefore holds for a]l 3/lfith yL=I, But ?lr(r) is

a,ctuaik a cone containing tho origin. Eence in faat' (1'a,l(Q!J +dJ e Kr(L)
\eh€never gr = I and ,11 0, or to say the same ihing a,nother Ivay,

(3.2?) (y,Qa+ly q) e K,\L) for all ,eR".
'Wc no1f select any ,o Euch that ,o € ridomFo. This is possible because

dom-F: R"' by Theorem 4, and benco dom-Fr+ O lor all n e R". lve hs,ve

bI [2. Theorem 6.8] that

ridom, = {(r,?) | ,' e fidom,tr, t,eridomlc},

so our choice of z,o ensures

(3.28) (0,r0) € rido , .

Recalling (3.6), ve see lrom (3.er-) and (3.e8) that

(3.29) (',0r+ xjq+?Jeridom, for s,ll t€Ri.
Ior c,Tciy .r € Ri, the equation

(s.s0) i(t) = Qr\t)+lr{t).1+1t0, r(0) : .l,

has a unique solufion , ovcr t0, + e) such that j'(t) tu actually continu
ous. Then
(3.31) (il(,),i(,)) € ddomt fo" all ,

by (3.20), and sinco', is finite anil continnouB r€htive to ddom,
12, Theoren 10.11, it follo\1's ihat ,(,(i), t(t)) is finite and continuous as

a lunction of ,. Hence

(s.s:) ('.Itxa(r)) 5 \"a 
L(r(t),i(t))d.t a 1o lor all z>0,

implying a e dom-Er.(') lor a[ 7>0 Thus domtr.G):Rn lor sll 
"> 

0.

Thcorem 3 row gives us (3.23). But the semc argument can be applied
to G in place of 1, sincc, by Theorcm 4, 4 h regultr convex and (3 9)

holds. Therefore dom-Acd:R" lor s,ll z>0, and

(3.33) E;n1 : EEtt) for all 7>0.

The relations (3.93) s,nd (3.33), along vith donr;'): R"-domrcc),
impbr of couxse that ihe gra?h funciions of .g/') and -4cld ale lower
semiconti rous convex functions r'Lich novher€ iake or thc ra,lue -@,
and 

"'hicL 
are not identically + -

Our nert sbep is to dcmoNhate thot property (3 7) holds for the graph

(3.31) L,ld,b) : \E l'G)a)(l)) .
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FLx any z> 0 end ., e R,. Let b=c(r), where, as above, c is the unique
solution to (3.30). Then

(3.3s) (a. r) 4 dodr,

by (8,32), and (3.31) holds. Let a'€ R"i we musb alemonstra,te the e!b-
t€nce oI 6' e R* such tlat (a,',b') e K,lL,), at\d for this it suffices bX char-
a,cteriz&tion (3.4) to displly an elem€nt 6' such thot

(3.36) (d,bl + ).\a' ,b') e domL, lor a.ll r>0.
Let 9(r), 0=t< +e, b€ the uniqu€ solution to the dilferentifll equation

(3.37) i(t) - Qylu+l!(t)'q, slo) -.'' ,

so ths,t by (3.2?) w€ haYe

(3.38) (ult),r(t)J e Ii,(Lt tor all , > 0 .

Note tbat i(,) is continuous in r. X'rom (3.3s) &nd (3.31) s'e obttin (in
view of lrorredy (3.4) oI r,(Z)) that

(3.39) @\t)+2y(t),i(.t')+ii(t)l e dom, Ior &ll ,>0, 2:0.
Using Dgsi]l tb€ fact tlra.t, is finitc anil continuous on xiclomz, we see

ihat (3.39) implies

\; L@lt) + ).vlt),i(t) + ) (,)).tr < +& fora]l.,'>0,

and conscquently

(3..10) L1@lo)+):!j\0),x\z)+)s(,)) < +& IoraI ;>0.
But thh says thai (3.36) is fuuilled {ot b':!(7J.

The last ste! is to prove that 4 possesses ?ropertjr (3.5). As sbown
at ihe beginning of the proof of Theor€m 4, this is equire.lent to shoving
that the fnnction

(3.4r) M,ld,cl:,pd,b{a.a+b.d-L,(a,b)},

which is the graph function oI the biJunction tha,t collesponds to tfn in
the Bsme ma,Dner thai C conesponals to l in {2.13), has propedy (3.7).
Ilowerer, sincs (3.23) holds, it is also truo tlat
(3.42) (Ect')c)(d) - s1tpt",b:){b d,-a c- I,(d'b)} - ln.G'-c)

Dcfine the biJunction IJ by

(3.43) (Hp)(la): (ep)(-u),
so that
(3.44) (E |G)d)lc) = @dd\c)(d).
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Since G is rcgular con\'ex by Theorem 4, Eo is 11, and honce by oul ple-
ceding argument the graph Iunction of ,a(') saiis{i€s property (3.7). Il1
view of (3.a2) and (3.aa), n-e may conclude a,s desircd that -0f, has prcp-
erty (3.7).
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