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Probieds .re siudicd in phich an inteskt of rhe rom.l;' L(kft),i(lre e, dt
is ninlmized over a class of arcs t: io, +-.) - /r". lr is assuned rhat a is a
conver funaion or /l', : 

^i 
afd that lne discounr rate p n positive. OD-

lmality condltio.s are*pressedin rc.ms of a pertLrbed Hamiltonian diferential
syiled irvoilnrs a Hamiltodian function I/(4. a) Fhich is corcavc in i and con-
vex in .7. blt rot ncccssarily dilerentiable. Co.dirions are giveD en dns rhat.
fo. p sdllcienlly small, thc s':len las a stationary polnr. in r neishborhood
ol which onc has chsical saddlc ponrt ' bel.\ ior. ]'lt opriflal arcs ot iniercsr
then concspond to lne solutions ol ihc slsten whi.h tend to lhe suriola.y
pojdi as r- a. These resulls are noiiErcd by que\tio.s in rieoretical
econoniics and extcnd previous \yord of the aurhor lor tle caser - O. The case
p .: 0 is also covered nr Dal'l.

1. INrRCrDUcTto\

Let a: R" x n. - ( or, +qrl be convex, lower, scniconrinuous, and
not idenlically +.c, and ler p > 0. For each . E n',, lcr

dG) : inr lf"r(t(/), /;|n e r dt ke) = )\. (t.l)

wherc the iDinun1 is ovcr the class of a1l a/.rr (taken here ro mean dr.!o/rle-
bt co|ti tuus inlttions\ k.[o.L.r)+ Rn such that .'!tk(r) rcmahs
bornded as r _ -r.. The iniegral in (1.1) lras.t classical \,alue, possibly
inlinite, unless neithcr the posirile nor the negative palt of rhe inregrand
L(k(t), k(t)) e !r (a rneasurable funclion of r) is surnnablc over 10, +4;
in the latter casc, $.e consider the inlegr.rl to have the value +3r by
conventior. Thc corlexity ofl, il1lplics tlle conve ry ofd as an extended-
real-!alued function or n'.

Our inreresl lics in the exisrence and characrerization of rhe arcs k, if
ary, foi which the inimulrr in (1.1) is attained. An impoltanr aid i rhjs

r SrpForted in part by c.art AFOSR-72-2269 ar rhe Unncsitr of Washnret.n.
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regard is the study ofa gene.alized Hamiltonian subdifferential ,.equation"

( e i,(t). k(D € au@(t), e"t,,t(t))

which after the change of variables,

(.1.2)

(1.,

can be rewritten in the autonomous form

ei,+ p(|Q), k(n € a$(k(r, q(t)) (1.1)

The Hamiltonian 7l is defined here by the conjugncy formuta

q(!)- {twU),

H(k. .t) : \up' - q- tt,k.r),ER"). { 1.5)

!,',"' 
ttr(,), kti)D " 

* a 0.e)

J,',,' 
,,^,,. ,]',, - Pqi\i e "t .tt (1.10)

is mirimized with respect to tle class of all arcs over lro , t1l having tte
same endpoints as q at / : ro and 1: rr. The function,4lh defined by

Mrq. r) ..up{t s z.q- lrk. _-) (,:)-R. Rl
-.Jo/, \ Htk.qt A-R. {lllr

By virtue of the assumptions on a, fl(t, q) is concave in ,(, convex in q,
and the inverse formula

L(k,,):splz.q H(k,q)lqeR^l (l.6)

is valid (cf. [3]). The set bH(k,q) consists of rhe subsadients of E at
(I, 4), i.e., the pairs (/. z) € Ri r ?i such rhat

Ir&,q')>H(k,q\ I kt' q).2 for au 4,€nr, (.r.j)

H(k', q) < H(.k, q) + (k' - k) . r for all .t,-. R". (1.8)

Established theory (ct t3l) tel1s us that if [(r) and q(/) satisfy ihe
(perlurbed) Hamilronian systen (1.4) over a real intervat l. then for
every bounded subinterval Jio, d of -r. th€ integral

is minimized rvith respect to the class of all arcs over lro , d having rhe
same endpoints as k at t: to and r:4. At the same time, there is a
dual propetyi for a certain functior,4l, the jntegral
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and one has, reciprocally,

r(,t..-) - suplr r+-- q M(q,s)(1,s)eR" xR"l. (1.12)

lndeed, in the lcrminology of [3] the Lasrangians

0.13)

(1.14)

(ptt,o) E ?Itl.k, . 0.15)

1:(.. r. P:q .t,

J-,(t, k,,) : L(k, z) e d.

I1(t. r,, t) : M(e"It+,, e1u) e e

are dual to e&h other, whence the result J3. p.2131.
Henceforth, let (k, 4) denote a pair in X" x i', such that

(1.16)

so that the siationary point of ttre Hanilionian system appears at the
o"igo arJ Lhe 6r;re.re,, otcerla,n iDresral. i, nore rpp?-en-. sl.ecificc:t],

(We shall conment in Seclion 6 oD the existence of such a pair (,4, 4).)
Relatior (1.15) means rhat (8,4) \s a itatianary po?rr of tte sysren (i.4). in
tle sense that the constant functions ,k(r) - [ and 4(/) =4 satis4' rhe
slstem over -/ ( r. di). In a p.evious paper [2], we invesrigatcd for
the case p 0 the behavjor ofthe system rear such a stationary point,
particularly the enisrence of solutions (fr(,), 4(r)) rendins to (r:.4) as
/+ +.. ot as I + :.. Thir was shown ro be ctosety related 1(] question
of optimality for the min;nization problens in (1.l), as well as tbr a class
of dual problems involvjng ry. The analysis was carried ort under the
assumption that H \ras sr.ictb, in a neighborhood of
(8, .

The puryose ofthe present paper is ro ertend some ofthe resulrs ro rhe
case of suillciently small p :. 0. making use of a strengrhened srrict
concavib" conlexit], assunptior on rY. Econonlic motivation may be
found jn the interesting papcr ofcase and Shell [] l. rvhich conrains cerrain
related results based on a solnewhat difi'erenr sct oftechnical assumptiors.

It will be convenient to make a translation ofvariables.

let

tt,riHJx,p): H(E + x,4 + d - H(8, pxq.

Tnen .?o is a concave{onvex function \rhjcb, according to (1.15), satisfics

(0, 0) € a4,(0, 0). 0.r D
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or h otler words, the minimax saddle point condition

fio(& 0) < ao(o,0) <fl(0,p) for al1 :'ER',pER". (1.19)

r1"(0, 0) : 0

The (pefurbed) Hamiltonian system

( i() + pp(tJ,;(\\ E ?H|GG\ p(t))

0.20)

0.21)

(t.21)

(1.25)

(1.26)

x x"]. (r.27)

is clearly equivalent to .he previous systen (1.4) under (1.16).

Let us also define

h(x, z): L(k + x, z) - L(k,o) 4 e px), (1.22\

MrO,u) : M(.4 + p, p4 + ") M(4, -pq\ - k'u. (1.23)

These fomulas yield (by the theory of coniusate convex functions,
cf. [3]) the relations

so(r,p): supJ,' I LoQ, z) zeRj\,
r,(x,J: supl: z Ht6, r\ rER\r,

Mr(p,u): srpl.x u+z p I'16,,) (.r,;)ERixR'l
- supjr '' + 110(:., p) -r E R'l

ro(:., z) - sup{:r '1l + : p - Mr(p, u) (p. u). R

inasmuch as (1.3) implies

L(8,0): HG,A\ -. MG, pA) + pE F. 0.28)

Observe that

ro(ir, z) > zo(0,0) :0 for al1 (x,:)€rR"xni, 0.29)

M,(p,u) > M"(0.0\: a for all (p,,)€R" x R'. 0.30)

Let us say that a finile function ll on a convex set C C Rn is d-comex,
where o €,R, jf for all r: e n', ,x' e R' and I 

= [0, i], it is true tlat

.l((1 .\) I + )-y') < (1 ,i) r(ir) + .lr(jr) td(1 ))l r. jr' f,
(1.31)

where I I denotes the Euclidean norm. Obviously, this is ordinary
aoDvexity if a : 0 and a form of strict convexity (rtlong convexity) if
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d > 0. One can verify that ll is d-mnven if and only if tle function ,(r:)

-+d r '1 
is conven. Thus, if C is open and ll is twice difierentiable, a-

convexity is equivalent to the cotrditiotr that

x Q@1)>.a r, for all xEc,r€n",

$iere 0(:r) is the matrix of second partial derivatives of, at r- Another
easily dedved characterization, for C open, is tlat i is !-convex if and
only iflor each r € C, there exists / e R, such that

At aI events, if l, is ],corvex on C (not necessarily open) and _L e a/?(jr),
then (1.32) hotds.

We shall say,4 is r,.rr.dre it h place of (l.31), we have

r,(1 ,\) -r - r :: (1 .\) r(, - M(a') I l (1 ,\) -r jr' ,.

0.33)

CuRvArur! AssuMprroN. Wc suppase thraughout this poper that, fot
.ettain talucs d.:'0 and F >A. nrc Hatniltonian H i loca ! d-ta carc-
p-conDex ne the ltotianary, poi'lt lk, , ar in other nard!, that thete
exists a cov,ex neiqhbothoa.l U /. V of(0.0) in R, t R'such thdt Ht,(x, pJ
is ( fi ite and) tcan1te i x e U fot each p e r a d P-canEx in p e t/
fot eath xE U. Morcot'et, the dis.ount rote p > 0 it snall enotqh sa that

h(x')>h(x)+(x' 9._L-ir -r' r forJl .r EC. (i.32)

0.34)

Let,(+ denoie ihe set ofall pairs (a, r) e 
". 

x R', such rhat the H4mil-
toDian system (1.21) has a solution (-y(r),?(t)) over {0, -.o) satisfying

(r(0), ?(0)) - (a, b),

e "i{t).p(r)'0 as r - 1.!.
(1.35)

(r.36)

The fust of our main results is the lollowing.

TrJE )t.En I . Therc is dn open neishbothood U+ x t;+ aJ (,0, 0) (arbi-
hailf sna , itith U-C U a d l/,C r) such that K,^ (U+ x V+J is the

craph of a homeonaryhkn af Ut onta I.-, an.l for each (a, b) e K+ 
^(U+ /. v-) the solution to the .'!.'ten (1.2t) arer lo, +.r) satisfuins (1.3s)

an l (1.36) is unique, rcnan1s it1 K1. 
^ 

(U+ x r+) a d co eryes ta (o.0\
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To give an interpretation lo rhe set -(+ , we iniroduce rhe furcrions

/;(a) : inr ll- 
' zD(r{4, ;p11" " a' -<ot : ,j, (r.37)

f .." tto'D"t.i't pp"tt, rr a'0, br. ,t.Jr,

where each inlimun is taken o\cr the class of a// arcs (absoiutely con-
tinuous R,'-valued functiont dcfined on I0, -..,) ar.l satislJjrg the
endpoiut condition in question. Nore thar the integrats nre $el-defined
(possibly +.c), due to rhe lower semicontinuity and nonnegari\iry of rhe
funcrions lo and r/0. ln facr. (1.29) and (1.30) inpty that rhe funcrions I
ar,1 s ouR c noonepdri\( and \. ri.h "l 0 O".o, f.e.,ne+ frn.rio;.
are all convex; this follolls immedjarelt, from ihe converity of to and .L/o .

For a : r tr. the mininization problem in (1.3?) is equjlalent to the
onc defining re value d(.) .Lt rhe beginDins of our introducrion, as witl
be demonstrated in the ncxt secrion (Proposition 2). Thjs equivalencc
couid fail if one were ro drop from the definirion of d(c) the rcstuicrior to
arcs,{-such thatl] d,((/) remains bounded as / ,. 7r: see Example2 in
Scction 6.

Trn,oRrM 2. l-er L,-dnd r t.be neighbofiooL ofA wiit the rapeiics itj
Theorcnl. I'he f is Jinite a]1d contrtu.)usl differelltiabte o U ,s, it

Jinne ahrl ca ti ua su .li.ffercntidbte on r ,a"tfot(a.b)eU \ r .one

.f.(!1) + s+(.b) ;: a.b,

(a. b) e K -.f,(.a) + s+(b) - -a b

(1.39.)

\ 'o: .a \s, ,/1. rl i0'

Md?otut, if (it\rA\ is the saltuia]t ta lk a iho]tiak s),nen (1.21)
aLer 10, +.r,) otespndins ta (a, b). K, 

^ 
(U+ t v ) as in Theorcn t.

then the atc r u iqueu futn^h$ thc ni,inun h tte definitiatl (1.3j) of
',nt. " 

lt;1. tL" o: p...ior, l t,' r .,. .,t1, tri.:4Dt,t ..t * nnt,ti, t r,.Jit
of c*(.b).

Compl€mentary results are obtainabie for beh4vior over tle interval( -. 01. These are ol lcss interesr for economic appticaijons. but rhev
do sbed lu'ller ligLr or rie qL"ri . ri,e nxrr.e ot rhe Hani,roril'r d,n"-
rrical ,).er lbe) car ".obe,1 c-,'e.ed equi,lte '\ unJerI re\er.at
oftime, as rcsults over I0, +r) lat a negatbe discaunt rute p.



Let r denote the set of alL pairs (l7, ,) e n" x ni such that the system
(1.21) has a solution (i(/),p(r)) over ( or,0l satisfyins (1.35), and

e r(/) .r(r) ' 0 as I -! ... (r.4r)

Define

inr )l - 
r"'t'r'.rr.,, ., ,',r' ";. ,r4')

c'b' 'nt , v trl,.rit' at,,t,c tlt p.Ot ,;. {l.4Jr

The functions/, and g are nonnegativcj convex. and they vanish at 0.

THEoRET\' 1'. Therc t an open tleighbothaad U t y of (A,q (arbi.
truribsma.vitllU CUadJ/ a t/) ytch lldt K 

^(U tr)isthe
snph of a honeanotphitn of Lt o to r , and far each (a,b)eK-^
(U /. r-) fic sohdian ta the srsten (1.21) oM ( c.,q satisf:tiins t1.35)
and (1.41) ts uni(tue, renlains in K 

^ 
(U- x r-) an.l can,eryes ta (0.0) as

t + 6. Morcotet.

n:,^n':1(0,0)i. (1.41)

THE0REN{ 2'. Let U dtld I/ be neishbofiaods ofj ytith the propefties
in Thearem l'. Then f, is trnite anrl cantinuouslj dillerekt iable on U . s _
k fnite and ca tinuauslr di|ferentiable o y , and lar (d, b) e U t v_,

.f (!) 1"8 (.b) >' a' b,

(a, b') e K, + l' (a) + s O) = a. b

0.45)

: b \/ ldr a \g tbj '1 
161

Moteorct, if(x(tr, p(t)) i the solutio to the Hamittanian slsten (1.21) orcr
(-6.41 carrcspondins to (a, b) e K_ 

^ 
(.U- \ t/-) as in Thearen l', then

the $c x unitueD furnishes the mininum in the defnitian 0 A4 of f (a),
Ehile the arc p uniquelr futnishes the nininun in the dfinition (1.43) af
s (b).

Theorems 1 and 1'say that the behavior of the s_vstem (1.21) near rhe
rcst point (0, 0) resembles that of a classical saddlepoint in rhe theory of
diFerential equations. At least locally, ](- and1(- are ,-dimensionat mani-
folds inters€cting only at (0, 0). and comprised, rcspectively, ofthe rrajec-
tories that tend to (0,0) as r + +., and as I + co.
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Theorcm 2will be derived fromTbeorem I in Section2, while Theorem I
itself will be established at the eDd of Scction ,1. The proofs of Thcorem 1'

and 2'arc parallel, but in certain respccts simpler; they will be treated in
Section 5, Various examples and a resuli about the cxistencc of points
([, t) satisfying the stationary poin! condilion (1.15) $i11 be treated in
Section 6. ln Scction 3, $e develop some facts \rhich enable us, i!
Seciion 4, to deduce the local results from more special theorcms based otr

r g/dbal assumption of r-conca!ity p'convexity.

2. Local BEHA\1oR A:{D Or'fl\raun'

We strrt by estRblishing sorne botrnds !hat, as a b)-product, nake clear
the equivolerce of the original class of r,iriational problems dcfinhg the
lalues d(c) and tle notationally more conveticnt class of "translatcd"
problcms deiining rhe values^k .

lR(rposrrro\ L The totitd Jinttiofi Lo i\ linite an a eighbothoa.l af
10,O), an.l lhev exi rlal nutnbu yo:.0 and y' sr.h that

Zl-!,, ir.pJ x - ---p,- I-rL for all (x..)eR"\R'. (2.1)

Sh ilatl!, lrc cotvx futl io utt is ftlite on a)teishbo lood of(0,0), and
thae cxist real nunrl)et\ 1,r ::. O aud t,r \u(h that

,vt(p,s - pp)->\l p ),- s prl \ fota (p.\)ER.<R". 12.2\

Prool According to our curraturc as\umption, the convex functioD
H,{0. J ;s frnite and strictl} con\€x in a neigiborhood of, : 0. It folbws
fron this aDd the mininax property (1.i9) that the slrpremun in fornrrLla
(1.25) is uniquelr auained arl - 0. But }L0, ) is conjugare to Zu(0. )by
(1.21), so this jmplies 0 is the unictue subgrrdient of rl0. ) ai j-0
[5. TheoreE 23.5]. Hencc, 1-a(0. ) is finite on a neighborhood of 0 (since

olher$ise tbe subgradient set \rould ha\e to bc nnbounded or empty

[5, Theorem ?3.1]). Thrs, lhe convex set

R. TIRRELL ROCKAFELLAR

dom ,0 : 1(.r, ?) € R" )< R' 1 Lr(.r, z) ..- - !.j (2.3)

coniains (0, :) for all: sufrcieDlly near 0. Or thc other hand, the irnage of
don Ii under the projectjon (x, z)+-r conlisrs of all jr such that tle
convcx iunction d(r,.) is noi idenrically -r:, or $hAt is equivalent in
view ofthe conjugacy relation (1.24), such that the con're\ function g0(\ .)

nowhere takcs the value -... This image tlerefore contains lhe neigh-
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borhood U in our curvature assumption, sitrce a convex function cannot
take on the value -.., anywhere ifit is finite on some nonempty open set
[5, Theoren 7.2]. Thus 0lies in the interior ofthe ]-projecrion ofdom Zo ,
whiie 0 is also in the interior ofthe z-cross-secrion of d on Zo corresponding
ro .r - 0. Thesc properties imply that (0,0) is an interior poinr ofdon r.
5. Tteoren -.r1. o'in orher \o-J. rhrr /,, i. nnire oo.r ne:gobortood oi

(0,0). Of course, l-o is then continuous near (0,0) by convexiiv. Thus
there exist ,,0 > 0 and h such that

LaG, z) <\ if jr <,0 and I : i .--: h .

Appl],ing this to for]nula (1.26) (for Mo in temrs ofI0), we obrajn

MJp, u) >-- s|pl.x.p + z.u \.xi.:!r, ? -<%]
:lo P +rr u -rr,

Bhich is the desired ;nequaiity (2.2).
By a parillel ar$rment. rhe concave furction 1/"(.0) is finite and\r:c.l).Jr\r,eo-.r,ei"hoorlo.Jof. 0..u.h t-j,t.t,,. ne,rp,c

n,ulrl in formula (1.26) (for ,V0 jn terns of -i/J is auained uniquely for
.x:0. Snrce ihis fomula enprcsses the conve{ functioD ,t (0. i as Lhe
conjugale of fl( .0). $e are able ro conctude,jusi as above. rhar 0 js the
lrniqxe subgradient of,U0(0_ J rt 0, and trcnce, rhat Mo(0, .) is ltnire on a
neighborhood of 0. The convei set

dom ,r'10 : I(r, ,) Mtr(ti, ) < + iJ (2.4)

therefore contains (0- u) lor all , sLrfficienrly ncar 0. Tlc l-projcction of
donl ,r1,j also conrains the neighborhood r ofO in our crrvaturc assump-
tion, because of(l.26). We deducc from this Lirat (0, 0) i\ an inrcior poinr
of don1 ,t,/o and consequently a point in a neigtrborhood of \rhich ,l10 is
finite and continuous. Let the numbers p > 0, A, ,--, 0, and ft be such
that

ilr(t,u)<p\ il p ...panatui1*,.

We then have frorn (1.27) that

l'lr.. :) > supl-y . , J I . r tLr, ! .:p. u <t!,1
:t! x +tL, zi_rtr.

Using lle fact tlat

tl> z-px -p r,
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we get

L"(.x, z) > (t pp) x +p'lz-px) n.
Tle desired iDeqJatir) (2.1J rherelore loldr for

po: m]fn{p pp', p'),

provided/,'is taken small enough so that thtu value is positiv€.
The next proposition is tle one specifically establishing the asserted

equivalenc€ between tte minnrization problems definins d(.) jn (1.1)
(where e "i/r(r) is bounded) andn(r) in (1.37) for x: k -'k,a:c E.

(In the problen for 

^(d), 

it is not stipulalcd in advance that € djr(1) be
bounded, but this turns out to be a conscqucnce of the finiteDess of the
integral.)

PRo?osrrroN 2. (a) If the dr. :r : t0, l- co) -' R" ir such that Lr@(t),
t(t\ e ,1 k sllmtnable i t oxet 10, +':.), the

Lim e -(D : 0, (.2.s)

a dfot k(r) - E + x(t), 
'te 

hal)e L(k(t\, k(n e-6 sunnabte in t, t+,irh

l'- tr*tl. it,n " 
, a,

: f" t,(*t,), *(,)\ " 
, a, @G, lp) x(!)) .4. e.6)

ot1 the othet hand, if L(k(),i:(t)) e- is najoized b! a sunnabte function
of t ooer 10, + 6). and aho

limrup eirk(r) .4 > -co, Q.7\

then L|QQ\ i(.t)) e "t is indeed sumnabte al)et 10, +d,). (j) If the atc
p: [0. 6) . R" i. su(h that vot prt. i tt pgr)r c r' t$unmable in t
arct 10. q. thP l

rinl e-,?0) - 0, (2.8)

and fot .t(t):4 + p(.t), h,e harc M(q(t\, q(t\ - pq(t)\ e tx/kmabte in t,

l" Mlotrt. 4tr1 P,lttlJ\ e "t dl

l" v"rtrtt.611 Dt!ne-'.11 lHtE.qtpl k.qtq,. t2.'rt
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O the oth ha d, Lf M(!(t),4(t) - r(t(t)) e-t ii najoti,el b! a sutnmable

function of t ot er 10. + r.), ant atsa

(2.10)

x(.t) c ,t dt -': i -.
(2. r 1)

linrupe'iz/(r) k r-r. ..,

tI Mt(.plt),ilt) pN(t)) e ,IL stnn xtble aEr I0, +rr.
Praof. If Lo(xlt),;(.t, e ,. js summable, then by viriuc of inequalily

(1.1) inProposition l. we have

| ..'., 
", 

o a,,d I iv.,

Setiins .(t) - c ,1jf0). so thal

i1/) . li() pr(r)le ,i.

$e sec lrom (1.11) thar

.i 
'' .{,) a, .,, -- ...1 I ill\ ,h - -: t

Thc finiteness ol lhc second integral shows that r(r) rends to d limit a!
1 r + vi. while rhc finireness of ihe 6rsr inleg.al shows rhat ttre linit is 0.
Th s {2.5) is lrue. Since

L(L(t).k(t)) e ', : .,(-1('), ilr)) 
". tr(E, e ,t + \di./t) e-r xli) 4 

/ '.'

b) (i.22) and (1.28), we rlren have (2.6) and rhc summabitiry ot L(fr(r).
/c(t)) e ,1. Conversely, if rhe laller expression js nrajorized b]' a sunnubie
lxnction of /. rhen so is (./idr) € ':.r(r) .t by (2.12). sjnce Z0 .r:0. This
implies tlat e '-\0) 4 tends 1(] a cetain lin t orher than ra as r - ...
The li il c4nnot be co by Ssunpliorl (2.7), and, thc.efore. ir is finilc.
lr orher $o,J,. ,d r/ ). ,,ii..;rl',,,nnrbt<.rt,.Ir.J,\'a{i.r2,
ro the conclu\jon rhai t(/.(r). i(r)) e !i also rnajorizes a snnmabte funcdon .
.tleritLr.r,r.l ,' 2rri,hrle /, r,. r Jel-.ed.raro. re1ci,i,.' r;;;e.
But then by (2.12), Io(r--(r). -i(r)). 'i must likewise be surnnrble.

The proof olpart (b) ofProposirion 2 is much the same.

CoRorLAiy. 4(k a):f (.a) IH\R,'lpl a.d.
A fundamcntdl fact abont "truncated" variationaL problens over the

finire inierval t0. rl will no\\, bc stdted- Mxch of our analysjs of the
problems over I0. -) is dependenr on Limit argumcnts concernins $hat
happens to this case as 7+ ,.
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PRoposrrroN 3. For atbit rct r arcs x, 10, 4 - R:,' and p I IO. T1 - R
with 0 ..- T < l.'a., one has

l) Iot(t'i.^r)\c " Jt I, u"(p('\.iLt optn/..dt

,:., " 
f:r(r) dr) _r(0) . r(0). (2. 1 3)

.Funhen1orc, equaliry holds in C.13) if an.l antr if x antt p satisft the
Hanihonia slsten (1.21) at)et to, Tl.

"rddl 
Formula (l.26) t€lls us thar

(2.14)

(2.15)

( u, z) e 2Ha6, d. (2. r 6)

Lr6,.) + Mr(P,u):> x u!z.p,

with equality ifand only if

lu, E'.Lok, z),

or equivalentiy (cf 15. Theoren 37.51)

Thereforc,

.,(dr. -i(r)i € + M,(p(t),iO pp()) e ,r

> e 'tlx(.t) iQ) l i(r).p(r) p:r(r) p(r)l
: Ql.r) e ex(t, . p(t),

vith equality ifand ody if(l.21) holds. The result is rh€n inmediaie.

<\rRoLL^Rl'. For atbitary a/.s n: [0. +.a) + Ri and p : 10, +.8) +R
suth that e tx(t) - p(t) + 0 a! t - +.a, ane has

I L"(.'rt). ;('\\ c ' dt I Vo' ru t. ptt ) p^t )) c I dl

._:: i'(0) r(0), (2.17)

fith equalit.t: if @d onlt if x a d p satish the Eamihonian slsten (.1.21)
oDet 10, +.r). In particukt,

K+.l.(s, b) f+(a) + s+(r) + a.6 <0). (2.18)

Prcaf of Theoten 2 usins Theorcnt. Fjx any (a, r) € ('r.. L€r:rand
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? denote the coresponding unique solution to tle system (1.21) over

I0, +..) satisfying (in line wiill Theoren 1)

(jr(O), p(0)) : (a, ,), (2.1e)

(-.r(r), p(r)) - (0, 0) as r - +co. (2.20)

Then equality holds in (2.17) by ihe corollary immediately above, so tlat

+co > I Z"(\(r), i(/)1. .r,,

- -a t, - | r/0r,.r,,. 1r,'- pptr,ic ?r. '2.:i)

lfj'' : I0, .-.o) is .rny other arc with jr'(O) : d', say, and

.a I L L.' L'1, ; t.t )) " t"

lim ., "i_{,(r) 
./(/) : 0

by (2.20) and property (2.5) of Proposition 2. Therefore, asain by the
corollary to Proposition l,

I Iu(.( (r). i'0)) e n d/

a t'. I va(4,t.it'\- pt\,r.'d. Q)2)

Focusing attention on the case where a/ - dj we see from (2.21) and (2.22)
ihai

I t o1"Q 1. ),t,)1 e l. J \?). \l :Jl

Similar reasoning eslablishes that

1,, uot r('t. Pr,t Po(t\\, (tt ' I ("\ rl :4r

and in consequence. by way of (.2.21),

f:(a): a b s+(b\ (2.25)
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We conclude further from (2.22) and the corollary to Proposition 3 that
ifr' were any arc rlith j'(0) ?' and

I Z"r"(r). .i (D) . .h - -a b E-(h\.

thcn (x'./) lrould have to satisly the Hamiltonian s)slen over [0, - o,]J.

$hich by rhe uniqueness asserrion in Theorc l \iould neccssitate.r'(r) -
r(t)- In parricular, takirg 4' - 4. \!e obse e that the arc -\ uniquell giyes

the minimum in thc definilion oll(r): in fact. the relalion

f,(a');) -u b -s-(b) (2.26)

holds, wilh equalitl uniqueu- when a : d. Analogously, thc arc I uni-
quelJ giYes the minirnum in rhc d€finilion ofg-(6). and one has

s.(b') >.'-a b -f (a)

for all 6'€R". Cornbining (2.:51 and (2.26). \e ger lhe subgradicnt
relation

f+(.a') :t f+(a) - ta' - o) ' b for .rll a' E n", 12 2t)

or symbolicall), -r -c.l(d). I'ly fie sarne token. \!c have

s-lb') > c (b) (b' - b) o for all ,'. R", (2.18)

or in other $ords -a . ts (b). This csr,lblishes alL of Theorcn -l except
for the di tre tjability assertion. For the htter. let d denote rhe homeo-
morphisn \\hose graph is,K 

^(L' x I" ): thus. (o.0(d)) =r, for all
d E U . Then d(d) € al(a). nnd since , is continuolrs. we must acluall-v'.

hale -r(l?) == \l (a/) 15, Theorens 25.1, 25.5, and 25,61. Thus, I is
continuousll dillerentiable on U-: sirnilarly, s is continuously dilltren-
tiable on I . This completes the proof.

ln the trert t$o scctions, Theorem I itself w'll be provcd. but for this
purpose a further consequence ofProposiiio 3 $ill erent!ally be required.
\\re state it now for coDlenience. For 0 < f ": 7-. let

tt.a,o)-'{\l /rr\f,). \ir))c- d, t\rtt = t.,trt-,,t r2.2u'

Flrb.b t : tlt,l Molplu. iOt- p^tD t-tt,tt lp(ot - h. ptl t " h'.''" 
L:.:or

where again the inlirnd are over all arcs (absolutel] conlinuous R'Lv8lued
futrctions on [0. I]) satisfying the given ternrinal consiraints. It is elidenr
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from (1.29) and (1.30) that the functionst and sr on Ri x Ri xre conlex,
nonnegative, and vanish at (0,0).

PRolostloN 4. One hal

fi(,t,a')+sr(b,b')>e,ra"b' a b fot att (a,a')a !t(b, b'j. (2.31\

If (1t), ?(t)) satisfes the Hanihania, JLrr.,, (1.21) o1'et lo,T1 vitl1
(-d0). p(0) - (a,,) and 6(.r). r(.r)) - (a', b'), then equatit)' haldr ii1

C.31). a rields the ni imun in 1e Afnition of fr(.a, a'), ond p rield' the
nininun in the defrnitia af g.t(.b, b'). The conDetse ilnplicotion L" aha ttue.

P "of r\i, i- ob\ ou, lror lropo.rr o1 ..

3, RrDUcTroN rRoM THE LocAL To rE GLorAr, CASE

The next resulrs lvili be used ultimalelr ro show that. for the prlpose of
proling Theoren 1, our basic curvature assumption can just as \yell be
casi in a global forn. Certain facts .Lbout uniqueness of solulions ro the
Haniltonixn sj-stcn .t.e also inplied bv these results.

?Rol,ostroN 5. f (r (r). p,(t)) antl ( y"k). t,(t)) arc salutians ta the
Ita,,.;t,a.:.)n,..," . .:'"., o, .,,--/1. 

",,,,t 
" i-.qua::tI

(didt) e-"t(!1(.!) jr,(1)) (r,(r) ?,(r)) > 0 (3.1)

nt.t .a t- ,. ,,r . t;. ' ; t. ,. t,.t rlJ \4. t,,,trt '/
'' . .. p. 1 .t rrd o' .. , a .. al ,r t\|n o+ :a, i ' :. ,t, n.;srD"a1.)d
U ,. I. in the.urudrloe asytmptia .

orer poftians of .I vhete (x\(t), pt(t)) + (x.(t), p"(t)) a d both tf the
.rolutions lie in Lt .t: r, o e attualb hd!

(.dldt)e,t(\(.1) -r,(D) (p,(/) /,(r))
> d0 e d(ir,t) ,r(r)) (/,(/) ru(r)) a.e., (3.2)

d! : 2 lnin{a, pJ _-, 0.

(didr)(x,(t) - x,(t)) . Ql.t), pdt))

>d1l ar(r) - jr,(/) + p.(.t) p,(t) l,

(1.,

(3.1)



R, TYRRTLL ROC(AFELLAR

o, - (.4,p , da(e:p+p)>0.
Prool We have by defilirion of aflo thAt

rr"Cr'(t), pdD) > I/"(\(0. p(r)) -, &(l) . (p.(t) Zr(1)),

(3.5)

(3.6)

l1 (!,('),p,(D) .!. HtG,Q),plkD + (. 
^(.n,1 

pe,O (U) - xlAD. 

.j)
HrJil. p,GD > Ih6,(0, /,10) iJr).(p(t) p,(t), (i.8)

H,tt.(t.p-'t11 .IIlL.L, p-rr\\ t i.trt- pp'tr't\.,'tt irtnt.| 2 
F.s)

Thesc inequalities icld

(;,0) - j',(r)),(p,(r) rtr) (r(r) - -r,(r)) ti,A) i"(t))

-p(:\'r(/) - rdl)) (/,,(r) r:{/)) > 0 a.e. (3.10)

Muliiplying the laltcr by e-,r, we ger (3.1). If Cr(t),p,(r)), ssyr lies
in U x I/, where .ryo is in parljcular strictly concare{onvex. '"vc have
stricl inequality in (3.6) unless pr(r) : /,:(/), as *cll as strict inequality in
(3.7) unless rr(t) : .r1(4. Ir this context, thereforc, strict inequality holds
in (3.10), and hence, in (3.1), unlcss (4(r),2(,)) -= (,,(t), p"(t)).

Ove. subintervals rhere both solutions 1ie ifl U i{ l/, we can improve rhe
arglment by adding the lerrn ,18 /',(r) plri'1 to the dglt sides of (3.6)
atrd (3.8), whilc sobtracting 1d I .ir(,) -rl(t) " frorn the right sides of
(3.7) and (3.9). In this way, (3.10) is strengthencd to

(;r(r) -_ iJt) (pdr) - ?"(r) -! (-\i() -. ^-r(r)) 
. G,(i) - i"$))

- p(\(t) - xdt)) . (/,,(r) - ?dr)) > d | \(r.) - r(0i,

=plp,(t)-t"(t)' a.c.
(3. r l)

Using thc fact that

'tu\'+ 1: !>:.2,u'u 
,

oIIrO xrG): - p p,(l - p"O)"

> oo (,r(r) -.r,(i).(p(r) +p,(D) . (3.l.r)

When (3.12) is juxlaposed with (3.11) and both sides are multiplied by
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.-r. $e obtain (3.2). ln €stablishing (3.4), tle first thins to record is that
(l.l l) aLso implies

(.rilr(-r,(, -r:(t) (ri0) r,:(r))

::: { rr0l -r:(1): p(r,l, r,t)) (/r,tl - r,(,))

:-:: tr -r10) r':0) : p .r,(1) r,(/) rJt) . t"()
- B r.(t) r"(.1) "

The proof ol (3.1) can be completed by sho$ing that for all reai nunbers
.l ,::, 0 and p :.: 0, one |as

I 1',() t,"(.t)' (3.r3)

d,U p.\F + pr.' >: o1(,\ + p):. (3.11)

This inequality is lrivial of cou.se ;1,\ - 0 : rr. so we can suppose tharj\ rr ::. 0 and re$rite (3.1:l) as

.o'1 pA(1 . 0) B(.1 0)J':-. 01 , {1.r5)

\,herc r/ -= nr(i - ll). The \alidity ol (].15) for all B 
= I0. 1l is seen bt'

calculating the ninitrlun1 ralue of the left side of (3.15) as a quadratic
(conver) function ol B e ( -, +.o) and showins that it in fact equals dl,
which is po\nive b] assumption (1.34).

CoRoLLARy l. u (.xft), ptj)) and l.x,(t), p,(.1)) arc ralutiatT ro the
H.nilto,tt. ,t t. tr\tt th ..\pt, , ;rr

i. ttu\1...r,,.i ] ,,j J. ;, rr t t... 1 i-, t.,..at o-. ,.n! Da r:_,.. oJ t
.\,c, . lt).p(t')/ t..(t\.r.tl\r-d,tt 1.r.. o' otth, 5o1.' ii),i I t.

0... ,o,,:a, ..1 J ..t,.,,. t\ r,r /.,r,)) r..tu).1(l)) a.,1 bo|l. uf,t
salutions liei U.< r,o eh(1se ^lj(.t) nondecrcdsi s herc0(.t):.A,a./
e^tqlt) orulecrca'ins hh.|e d(r) .: 0.

P, orl The iunction d js absolutety continuous, so it is nordec.€asing
over inteNals where 9(l) >0 almosr ererywhere, and it js strictly in-
creasing o\er iDterla1s vhere d(l) r:- 0 alnost every$here. The jLrstifica-
ijon of the linrl assertion of the corollary js seen by re\lriting (3.2) as

1r(r): ! 'r(rL(r) - :r!(r)) . (p1(t) p,(.t)j (r.16)

d(r) d,, tt(r) t'o a..-.



the|e is o e su.h that (x(t ), p(t)) t enains bou ttetlan(l inU x rast++,',
then it is the migue solLnian to the slnem a,"er 10, -.&) hairy either
:(a):0ott(0):b.

Pnaf. Lct (x'(t), p'(t)) also sarislr (3.i8) with either jr10): ll or
p'(0) - ,. Thc corolLary to Proposirion 3 gives us

I t i' '. ." " .,, I ,ro''.',' r''.. aD,)te J

(jr(0). p(0)) : (.r. r1 E t' x r.
tim e 'r0) .r(t) : 0,

: --r'(0) r'(0) < r?r,

and. hence, by Proposiiion 2, \\,e ]rave

lim e dr'(r) : 
)t1,).1. 

t: "tp'(.t):0.

B\ \in.r. ^ rhehorrdedneso,\,/,.r, .r).rbee\pre..ion

R, I\RRILL ROCKAFFLLAR

a(t): e d(x'(t) xlt], ' 0,'Q) , p(t))

fipr(/):0-P(0).

Multiplying both sides ofthis by c a,, one Iinds that

(dlttt) e-%ta1) a:. 0 where B0) ,-.0.

(.tidt) eq10(t) ;:.0 where t(r) -< 0.

C.RoLLARY 2. If amo g the solutio s ta the Halnitto ian s,"stot1(1.21)
ouer 10. +.r\ :at isfrins

therefore saiisfies

(3.r 7)

(l.r 8)

(3.l9)

(3.20)

(3.21)

(.3.22)

This in1plies via Corollary 1 that ,r'(1): -r(/) and p'(1) - /,(r) for a1l
1e [0, =d]).

Corollary 2 is the basis for the uniqueness assertion in Theorem 1. The
rcst of Theoren i relales only to the 1ocal bebavior of,?o and the cor-
responding Haniltonian system near (0,0). In the proof, therefore, there
is no harm in replacing }10 by any more convenient function thar agrees
$ith jt on a neighborhood ofi0,0). The proposition below will allow lLs in
this rna.ner to derive Theore l by way ofresults that are morc globel in
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PRoposIrIoN 6. Let C t D be ant, compact ca cx neiehb hoo(1 af
(0, 0) contained i t he neishbarhaod U t I/ in the unatwe assutllption on
Ih. Then thete exists a Junctio Hl an Rn t R" agreeing hith Eo o11

C ,< D, such that H16, ?) is ercryyherc fnite, d-cancarc ik x, an.l F-

MateaoeL Hrcan be nnsttu4edi .tuch a nannet lvt the corre.\ponding
c1n\ex Lasta gians

Lr(x, z): s.uplp ,-H16,d peRl,
M1(p, "), snpl.u x+ Er(r,p) j'En"],

ate rtnik thtoughour R, >< Rr.

Proof. Let

(3.23)

(.3.24)

Then .?0 is concave convex on U x r. The coDstruciion given ln 12. 
proof

of Proposilion 3.ll fumishes & finite, concave convex tunction E1 on

Ht(x,p): ErG,t1) - lr Ijl: , r ip p :. (3.26)

Then tr(r. t) is everywhere finite, d-concave in r, p-convex in r,, and
Hr(x.p): Ho6,p)lot (r,p) in C x ,. Moreover

.ll+ ,ry,(r, )p)ii .- I -.
,t]g n (,1r, z)/r : a,

EnG,d: Ha6, d + }tr x ' +13 )p '. (3.25)

(3.27)

(3.28)

so rhat the funcrions Zr and Mr in (3.23) and (j.24) must be finite every_
$here [5, Corol]ary 13.3.11.

4, GLoBAT REsuLTs

In view ofProposition 6, rhere is no loss of generaiity if in rhe rest of
the development ofrhe proof ofTheorem I we invoke the foilowing.

GLoBAL CuRvAruRx AssuMprloN. The finctiotj Ho is aoualb f ile
a d d-concate-p<anxex thtoushout Rr..< R., i.e., the eattiet cwnture
assuhlption is talid vith U x r'- R' x R". Futthetmote. the functio s
Li a cl Maarclnite thraushout R'" / R

A crucial corNequence ofthis a$unprion is the following property.
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PRolosrrroN 7. Undet the globa[ curuatwe assumptian, if (x(t), p(t)\
satisJties the Eathlltania systeh (1.21) oxet 10, +,tr, the eithet

lilr e-r.Y(t).p(t) - +co, (4.D

,!1m. 
(x0),4)) - (0, 0). (4.2)

ftool We firsl spply Corollary I ofProposition 5 to Cr,(t),pro) =
(jro, t(t)) dnd (x(t),t.(1)) - (0,0) to see that the function

0(t) - t,'x(t) . ?k)

is nondccreasing, and in fact e-"td(l) is nondccreasing on subiote als
where d(r) > 0. Thus (4.1) holds unless d(t) .i 0 for all I > 0. Supposc
now that the latter is true, so tlat also

.x(r) ./,G) < 0 for all t > 0. (4.3)

From Proposition 5 we have at the samc time

@i.t) x(t). p(t) > oLI: r(t)l l- lp(t)ll" > o, (r(t),p(t)) ! (4,4)

H€nce, for all f:: 0,

"'l (.((t).t\tr'dt, r(r) /'(l') .\(0) p(0) -.y(0) d0). {45)

This yields

| 1() & | 6, Nbere {(r) = (l{r). r(,)) '. (4.6\

Since the concave--convex funclion llo is everywhere 6nite, ils subdifferen"
tial mullifunction ,lld is bounded oD bounded sets [6, Lenrna 4], so

that in pafiicular there is a numb€r I such ihat the elements of the set
aHo(a, ,) are bounded h norm by l when l(d, ,) < l. Tlrcn, since (r(r),
/(r)) satisfres thc system (1.21), we hnve

l(,r(t),d,)) <)+p whenever (x(t), p(r)) \1. (4.1)

For i(,) as in (4.6), this means that

l(r) .i 2(i + p) rvhenevcr ((,) < 1. (4.8)
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We proceed no$ to show ihat (4.6) and 41.8) nrply

lim i0) - 0. (,1.9)

9l

a propcrly cqui!rlcnt. of co rsc, to ihe deslred concluslon (1.2). Fix any
< 

= 
(0, 1) and l€t

s : i/= t0, +,) ((r).:: +].
Thc set S is closed by the continuiiy ol i(r). so its complement nr 10, ..,)
is thc union of a sequence of intervaLs. Tle finiteness of the inteSral in
(4.6) ensures that rhe intervais amons these haling length .i2(,\ p) or
greaier arc all contained h I0, Tl for so're I sufrciently 1arge. Then for
every 1 li 7. rhere exists ro ES such that / to < €iao + p). But (1.8)
il]lplles

i(1) .: i(r!) - l(I + pI t r,,

Thur i(r) ,::-- € jl / -- 0. Sirrce €

if /r 
= 

S and 2(,\ I t tn ... ,2
(,1. r0)

can be taken arbitrarily sl]lall. (4.9) is

\\re neit sLilc r .cml! lor thc lunclionj t xniL gr in (2.29) .1nd (2.10)
thar does noL nakc fulicst usc ol Lhc global curlaturc alstrmptioD. al-
rhough the lailer wjll crLcl via Proporilion i whcn wc xrguc lxtcr by
t.rking the linit as 1 - :..

THEoRtir:]. Lirrrr ,,? global o dture as.tut ptian. the lu cti."lJ; fot
0 .-: 7.< +.., i! 

"..,--1! 
htt? o tn o sb, di/krcntidble a l tti.tl! .a Le\

o]tR /. R',a,lthe,lit u i,titt ltllnition is d!\ta),s attatEd bt n unique
arc. Th. sdme rtopenies hallfor sr . Futtht nore. o e ltas the co jusor"

s.(1,. r') .= n,ax.te '.a' l,'

i;(a. a') - da\ t 'rd' b'

dnd nft stddic t rcldtia

u b J;(d, a')'. /r-( b, c 'rb'),
(4.1D

a L s.(1. b')i: gi( a, e "\1),
('1. r r)

( b.e db) \ftld a) =-( a,c,'a) \g,lb,b'). (4.1j)

The .anLlitioti: in (1.13) drc sati\hed if a|d onb if

fla, d') sr(b. b') - t rl a' b' a b. i1.l1)
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Z,rrt Relationr (.{.1l) and (4.12) in 'tirp ' fom, and the existeDcc of
mininizing arcs, follow froln 14. Corollary 2 ofTheorefl il and the globaL

finitencss ofthe functionr ao and rtlo . This finiteness also implies from the
delinitions (2.29) and (2-30) that/' and a'arc fidte every\lhere, and hencc

that "sup" can be strengthencd to "max" in passing to tbe conjugate
funclions ff and f'* [5, pp.217-218]. In vicw of (4.11) and (4.12), wc
have the subdifferenlial relation

( b, e-a b') e ifr(a, a') +- ( a,e"1a').tslb.b'), (4.1s)

rhese condilions being equivalent to (4.14), Suppose now for i : 1.2 thar
(li; , ar') and (rr . ,;) are such that these conditions hold, and let r;(r) and
pJr) be couespondiDg arcs oyer [0. I] furnishing the minjma in the
definitioo of t(di, ar') and gr(0,, r,'). Then. according to lhc conlerse
part ofProposilion 4, (i(l), //r)) satislier the syslem (1.21) wnh

(xl0),p,(0) : (a,, ,,) and (x,(r), p,(r)): (at', b,'). (4.16\

Invoking Corollary I of hoposirion 5. we see that the function d in (3.16)

saftfies d(r) > d(0), unless (x(/).pr(r)) - (i(r). p,(r)) for all / € [0, r].
But

0(0\: (at a).(b' - b), 0lr)- e 'r\o'' a,') (b1' - b1'\.' (1.t1)

Therefore, the equation (a, , a1') : (a1, a1) inplics (r1 , rr') : (r,, b!'),
and conversely. Thjs shows th4! the subdifferential multifuncdons at and
:g/ nre actuall-\r one-to-on€ fuDctions, so thatt and gr must be differen-
tiable and srrictly convex [5, Corollary 26.3.1]. The argument also shows
the uniqueness of the minirnizing arcs over [0. 4, and the proof of
Theorem 3 is, therefore, complclc,

The firsr conscquence of Tlcorem 3 which \re derivc concems the
existence ofminimizing arcs in thc defitririons oflhe functions/ ardg+.

PRoioslrlo^- 8. Undet fie global curcatue assumptrcn, the conuex

fu ctial f+ is eter'\|1erc fnite on R", a dfoteacha=Rtt, iereisaukique
aiY)ter 10, - .r) lmishins the mi imum in the deftlit ion off,(a).

?rool Since -Lo is frnite and has the properties (1.29), it is eYident that

1,"

(4. r 8)

Hence, 

^ 
is finite. Now lix any a e I". The definitions ofJl; andt yield

the ideDtity

l(a\- inf tt,'r.a\-t "lh| lorall r-0. t4.19)

0 <^(a) <.r.(d, 0) < .f o for all 7 : 0.
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We know from Theorem 3 tl1ar /I is finite, strictly convex, and cofinire
(i.e., has a everywhere-finite conjugate functionr*). In parricular, this
inplies that, as a function of 

"',r(a, a') is strictly convex and satisfics the
growih condition

Jti],.V ., . | 
^a') 

h@, a')lli: +co whenevcr a" -- 0 e.2o)

[s, Corol]a4 1:.3.11. The conrexity ofl: eisures, of course, rhar the
din'e.cnce quotient V,@' " ia') I (a')li,\ is ahvays londecreasins in
),,o ir f.l otr. .h1r "or ei.\ / 0. rhe lulcr o,

hr@'): fl(.a, a) + e rf-kt')

is everyivhere finite on ??", srrictly convex and satisfies

]..li,lh,(!' -. ^a') 
ht(.a')ll^: +.' rvhenever a" +0. (.1.22j

Thercfore, /7, attains ils miuimum over i" at a unique poinr 15, Theorcm
27.21. Let us denote this point by -t(D, defining atso }(0) : a. We rhcn
have the identiy

f+(a): l a, !.r)) + e 'rf (x(r)) for all I > 0. (4.23\

Note that this identity would also have to be satisficd by any arc giving
the midmutn in the definirion ofl(a), so fic turcrion _r : f0. -d)) + n,
that we have constructed is the unique candidale for such an arc. To verify
that jr is absolutely continuous, we temporarily fix 7 and ler.L denore tte
unique arc over I0, 4 giving the ninimum in rhe defnirion of t(d, i(Z))
rcl. Theoren 3,. fnr rl J . t0. r/, i. J rrLe . rar

fr(s, x(.D) : fs(.a, !"(s)) -- ? "% (r(s), i(Z)l @.24)

^(I(,t) 
<t ()(s), ir(4) + € (4.25)

combinins (4.24) and (4.25) with (4.23). we obiain

(!.26\

(1.27)

holds. q,ith the minimunr atrained unjquely ar rhe point:r(S). Therefore
,4.2u, inDlie. r(tl )!Sl. This i. I'ue ior a tS r0. fJ.5c Lhe dr.j ^ dnit

(4.2t)

i(a) >_t"(d, r(s)) .t- e"" (r(s)).

On the other hand. the fonnula

Lh) : rr.,in lf s(.a, a) + {6f ,(aJ\
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I coincide over [0, ?]. Thus x is absolulely continuous, and for every
7>0wehave

//a.ttl\- | 2,,/x{,r.iO)), .',./r. (4.28j

Plugging the lauer into (4.23), ile get

J+@) > | I-tr61t). t(!)) e-'dt for all r . 0,

and, thereforc,

f_h\ | / 
"(r(,). 

(r)) c tu. (4.29)

Thus x must give ihe rninimum in the definition ofl (d) and is the unique

The argument establishjng the assertions of koposition 8 about g+ is
entirely parallel.

PRoposrrlo^- 9. Under thc global curntute atsunvtlon, ve harc

L@) : tin lnin Ila, a')1, (4.30)

I //l - li,ll tni'1 : t(b.l, l. q4.311

Ptoof. Let

,l,r@) : Ix'jn fr@, a'). (4.32)
o'.Rl

(The "min", in place of "iDf", is appropriate bccause of ihe growlh
property ofl; displayed in (4,20).) The identity

ft(a, a) : fif lfsk, c) + e'"sh-sk, a')jt for 0 -< s '< I (4.33)

shovs tbat

fla, a')';r int lskt, c) : \l s(.a), (4,34)

and it h lrue, thcrefore, that

{,(a) > *"(a) for 0<s<r<+a. (1.3s)

At the san€ timc we have

f ,tu) <'l'/a) fora r>0 (4.3O



SADDLE POINTS OF HATIILTONIAN SYSTEMS 95

by (,1.2i) and rhe nonnesativity ol/+. Hence, the lirnit

,!,@ 4 )t+-,|'t) Q.31)

exists itnd satisfies

0 <.!i j(O <f..G).: +o.. (4.38)

we musi show that also ,l'-!t') >. J,@. Thc convexiiy of, implies that
of rhe functions /r and, hence. that ol lr+. The next step consists of
derronstrating that y'r,, like^, sathfies

/-(a) : nin lfr@, a') + e ,r,l'+(a)it for al1 I .-.- 0. (4.3e)

Ce.tainly the delinitions imply

,r.-s(a) : inr Ifla, a') L c 'rl,,(d)' (1.10)

for all 7',-:0. S :-' 0. ln particular, then, wc havc

'l't sk) <fr(.a, a') + e "r,lt'(.a') for all d'E,R''. (4.1i)

and pasli.g to the limit as S ' or, $e get

++(.a) < frta. a') + e n,l'*(a') for all a' E n". (1.1r)

On the other hand, IcL us fix any dEX" and 7-t-0, and considcr the

kJd):tr!,a) + e "rlistu') (4.13)

Sincc lr" is finite and conrex, whilet n strictLy conlex with d1e gro\yth
propcrty (1.20), we have kr stricLly convex wilh

It follows that kr artains its minimum over,R,' at a uniquc poinr ar' . Then

'l', *(") - f1".,") Ie"r',Jds). (4.45)

Observe that lhis .elxtion eDtails

frtu, as) ,: ,!t-"(a) ,.... 
'lt+(a),

as' eB -la' e R fr(s,a)...1t Q)\. (4.46)



96 R. TYRRELL ROCK AFELT-AR

The set , is bouoded, by virtue of the growth propcrty (4.20) [5, Theorems
8.4 and 27.1(01, so that (4.46) implies the cxistencc of a clusler point of
ar'as,S+ +co. Since the lunctions y'/s arc convex snd converge point-
wise to ry'+ on n{, they actually converge uniformly on all bounded setg

[5, Theorem 10.8]. Therefore, in passing to the limit as S*-co jn
(4.45), we have

(4.47)

where a' is any cluster point of a,' as r - +cc. Thus, eqDality does hold
itr (4.42) for some a', and (4.39) is corrcct,

We next apply to (4.39) the same argument we applied in the proof of
Proposilion 8 to the parallel formula forl+, This yjelds tlre existence lor
each a € Rn of an arc , orer [0, -r .,:,) satisfying x(0) - 4

,!*(a): .fiG, x(D) + e",lL,(47'\\,

/t(a. "(rr: I t o\x\t). iUre-, d!,

for a l>0.Butthen

{ .(a): .fr@, a'\ .r e-'t,l',@'),

p.tar > I ro(.r(r). x(/))e-' dt > J+(a). (4.50)

This completes the proof of Proposition 9, the argument for g+ being
p4rallel.

PRoposrnoN 10. Let F- and 6+ be the Iunctio s defned like I+ and s+
in o3n and (1.38), but with th. infuna taken o h, oDet arcs which are
bounded otet 10, + o.), The

(4.48)

(4.49)

(4.51)

(4.s2)

]n ft(a, a) : F*(a) lor att a' e RI,

]n sr(b, b') - c*(h) far a b' € R.

P'ool The propertics (1.29\ of 

^ 
i'dply thatlr(a,0) is noninqeasing

as a function of ? > 0, and/r(d, 0) > F+(a). (Any arc x over [0, 4 with
x(0):4 aDd r(f):o can be coDtinued over [0, -co) by defining
x(l): 0 for ail I > 7.) Th!s, thc function

]'+(a) 4. ;in h@,o) > F+(a)

is well defined. For I >,S > 0, we have

fr+s@,o) <f,(a, a') + eaTs@',o),

Ir@, a') <fr-s@,o) + e-cir s'i(o, a).

(4.53)

(4.54)

(4.55)
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Taking the limit in these inequalities as 7+ .F.c for fixed S and a'. re
obtain. respectively,

(4.56)

(4.51)

(4.58)

FJa) << )ipl,;nr 1,1a, d1,

rnn srpt(d, a') <.,(4),

rry.fr@. d) : F-Ia)-

We finlsh rhe proofof(1.51) by showins that i+(d) < F+(a). Fir a € X,
and € > 0, and let i be a bounded arc oler I0. +..) such that.x(0) : d

(4.59)

Then for all 7 -: 0. it is true that

t 'd\ ' | /0r,\,r,. \t ne " ,]t .tto..,tt r). r.J.o0r

According to (.1.58), the functn ns d -t(a, a') convergc as r+ +o. ro
the constant function a' 'F,(a), and since the functions are convex, the
convergcnce rnust be rniforn or .rlL bounded sers [5, Theorem 10.8], in
particular on the set I-r(7) 0 ::: 7 -< l-ii Therefore.

f' r.1"1r1, ;1ry1 " 
,t dt -.. F+(a) - ..

Jjgr(d, ,(r)) : Fr(a),

s+(,) - nax { a. r J,k)\ - f,*( t),

/l(a).:maxI a, sr(r)l: g+*(-d).

Futthemate, one ha.t

(a, h) e K, +. f.(a) + c,(.h) + a. b : a

(4.61)

and (,1.60) thus inplies F-(d) r . :." F (d). Since < > 0 was arbirrary, we
are able to conclude F-(a) >r (ll) as aimed.

The argurnert for g and G- is p4mllel.
Our mxin "slobal" result can now be treared.

T}JEoIlrj\I 4. Uldet the global .urLdtlie asrumptian, the fuilctian! f,
anl g, are euerywhere ca tinuauslr di|ferentiable and sttictu can\?x .)n
R1t. an./ thq, 

'athfj 
thc cotliusaq rclations

(4.62)

(4.63)

+b--Yf,(!)+a: \s,@). (4.64)
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Fot each (a.b)e K,, rcre I a uniq|e solution (xQ), t(t)) to the Hanil-
to!1ia t\'ttet ll.21) atet l0 | ,!.) s.nisfrin| (1 .35) and (l.36), a ditte ds

to (D.0) as t . -.t. h Iacl, x is the nique atcrtmithing the,ninin min
the delinition af.f+h\, r,hile p is the unique arc.furnilhhe the ti itnunt in
x le|nlition ol s (b).

Prcof. Def.[ing,y'r as in (4,32), we halc from Theorem 3 the.clation

flb, o) - 'llar, l-a h - lAq. a)1,

*. max {.-a .b - ,1,,(a)\ = ,t,r"( b).
(4.6s)

As T+:t!. the conve)i firnctions ,r. converge point{ise to /. bv
Proposilion 9, while the convex functions , +gi(b.0) converge poinlwise
to 6. by Proposidon 10. Thus 

'y'r 
and the conjugate ry',' conrcrge io

finite limir funclions as 7 - - r.'. inplying thst these limit fuDctions Dust
be conjugaie !o each other (cf.[6;7;5, Theorem 10.8]). Thercfore,
C-O): f+-(-bl. so that (again by virtue of the finiteness of rhe two
functions)

c-(b) - nlaxl-a b-f (a).)

l,(r): rnaxl a b C+(.h)').

and. reciprucally.

(4.66)

(4.61J

The next fiing to nore is rhar G- salisfies the ideftit]

G*(b) : inf ls,(b, b') e 'rc-(t)')'j lor all I;" 0. (4.68)

This is evident lrom the definition of (; in Proposition 10. The sene
argument used in connection $ith Formula (.1.19) in the proofofProposi-
tion 8 shons for each , E R" the existence ol a uniquc arc z over 10. - co)

$atisfying p(0) : , and

G.(bl : s/.b. p(Tt) - e"r(; t(r\r\) fo' all r:-0, (4.69)

s{r. fl r)) | l/0(/{t). i(r) pp(t)) c 't ,h lor all J 1 0. r.1.70)

Now lix .tny d € R" and lct -r be lhe unique arc oler [0, + :) eiving the
mi.imum in the dcfinition ofli(.r). a5 exists byProposition 8. Then

f'(.d\ - ft(a, x(r)) L e'tf-(.:(.t)) lbr &11 I>0, (4.71)

!tta.\|ti- | Lot \t t t. xi ,t c- ' dt iordll f :..0. ,4.-2r
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Let, be such thit the maximum i (4.67) is altaincd, and let Z be a cor
respondins arc ovcr [0, --.o) with /,(0):, sarisfyin-q (4.69) and (,1.70).

We then have from (4.69) and (4.71) that

0: f,(a) G,(b) t.a b

: fr@,,(r)) " sr(.b, p(.r)) e '111+(..(.r)J ": G+(t(r))l + a' b

- fla, x(r)) + e /.b. !t.r)) e "rx(.r) p(r)+a'b

and, conscquentlt', by virtue of the conjugacy relaiions (a.66) and (a.11),

.frk, xQ)\ + sr(b,p(.r)) e'rx(r) p(.r)+a'b:0 for all r>0,
(1.',71\

^(ir(O) 
c,O(4) + a{.r) ?(r) - a fo. all z >- 0. (4.7j)

Substituring (1.i0) aDd (4.72) into (1.74) and applying Proposition 3. one
sees thar ({r).dr)) is a solution ro the Haniltorian systen (l.2ll.
Moreover, (4.74) inplies h conjunction with (,1.69) and (4.71) thar

lim sup e "r-r(7') 
.z(I) : lim sup l/"(a, jr(l) sr(b, p(DJ - a .bl

'e nl x(n) + G,( p(r)) x(rJ p(:t)], (4.73)

(4.76)
<.l.(a) + G,(b) a b.::.;cn.

and. hence, via?roposition 7. that

lie- (r(r, r(r)) .- (0, 0). (4.77)

K*':(!1,bJ f,la) s,(b) .a b:oj
: I.k, b),fJ.a) + slb) + a b < 01 (1.78)

The minimizins arc .r is ihus bounded over 10. +.o), and rherefore

f (!) - F,1a). This has been verilied for an arbitrary d E R,. so actually

A parallel argumeDi shows that likervise g+ - Gr . Thus, the formulas
derived above ior /l aud G are actually valid forll and s- i bot.h (4.62)
and f4.63) are \alid. and for each (a. ,) in the set

: IQ. b) be.ttu)l:Ik,b) ae ts,(b)ir,

there enists a solution to the systen (1.21) over t0, -io) wirh (-r(0),

r(0)) : (/l, ,). satisfying (1.77) and (by (4.75))

(r(4,r(r)) E rf for ail r::0. (1.79)
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But this irnplies ,(-' C K+ , whercas on rhe other hand, rhc inclusion
]l+ C n:+' follo\rs from the corollary to proposirion 3. Therefore.
,(+' ,q, and for each (!7.,)€r+, there is a solution io rhe sysren
(l.21) over t0, +or) wnh (:r(0), d0) - (d, r) which remains in ,(+ llnd
lends to (0. 0) as t + + o.i. Corollary 2 of Proposition 5 tells us rhis nusr
be the unique solution 1() (1.21) satisryins

1jmlr 'jro) .1(r) : 0.

and having eidrer );(0) = a or t(0) : ,. Hence. for each a E _R", there is
no n1ore than one , E ni $irh (a, ,) € ,{+ , and for each b e R" there js no
nore than one d E R,, \rith (a, ,) € n:- . Since n: : ,( ,, rhjs says thar the
subgradient selr a/;(d) and e.q+(,) never conrain rrore rhan one elelnent.
It follows that' nnd g+ are continuousty differenriable 15, Theorems 23..1,
25.1, and 25.51 and in e\r of rheil conjulacy rctationship. also si.ictLv
converi [5, Theorem 26.3].

CoRoLL^Ry. Urder the glahal cutL:ature a-|lnrytio , one hds f:. = f+

ProafofThearcnl. ,\s already has been noled. there is no toss of
generaliry if the giobal curlature assuniprion is jnvoked in the proof ot
Theoren l. (The uDiquencss asserrion js covered by Coroltary 2 of
Proposition 3.) Thus, \le can place ourseh,es in the context ofTheoren 4.
-c.o-J np ,o $l;cl A i,.reg-".1 old r-oreoro-p1i.. tron R u,.J
R" (rarnely the rnapping Vl-, whose hverse is yg-). The rask is io
show th{t, given rny neighborhood U : r of (0. 0) jn R" x -R,i, Lhere
exisis an open neighborhood ar+ x /+of(0.0)suchtharr-.(U.: r-)
is ine graph of x homeomorphism fron L,- onto r+, and for each
la,b)eK ^lU, x f-), rhe solurion to rhe system (1.21) starring at
(d, b) and tendirg to (0j 0) sials entirely wirhin ,(- n (r'. x i/+). Since
X+ is already the graph ol a global honeomorphism, the loca1 honeo-
morphism propertv will ccdainly be satisfied if U- and r are taken ro

t) : ]a th \rith (a, b). K, 
^ W],

f - 1b -a with (a, l) € (r. n rrl1,

where ,/ js some open neighborhood of (0,0); onc then has

n:+. (t'+ : r) : K_ ^ w.

Thus the proof is reduced ro showing that every neighborhood

(1.80)

(4.81)

Ux. l,of
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(0,0) conrains an open neighborhood lil of (0,0) such ihat, for each

ld, bJ e K- ^ rr. ihe solution to the systc (1.21) starting at (d, r) rnd
tendin-s to (0,0) stays entireiy within .k+ . Itl. Acixallr', such a soluiion
(jf(l),?(/)) renajrs in,(. by dennilion and, hence. by Theorem,l, it
satisfies

l-(-(4) I (r(t)) , -.(t) i,(r) - 0 for all t -:0. (4.82)

Moreover, r(t) .t(l) is nondecreasing in /; this follows from?roposition 5

in the case of (r,(r),,,,(r): (-dr), r(/) and (jl:e(r).r,(/)) = (0. 0). Hence,
the erpressionll(-(r)) - s-(r(r)) is nonincreasin-s. This indicates that the
desired properties can be obtrincd by takins ttlto be of the forn

provided this set n indeed, for € :- 0 sufrciently smail, an open neigh-
borhood of (0.0) coniained in $haterer neighborhood U: r has been
specified. But the lar&r properties foilow frorn ihe tnct that./,, Nnd s+ are
finite. srlictly convex iunctions (hence. coDti.uous) satisfyiDg-by dcfini-

w : l(a, b) l-td) s (b) ..- <L (1.83)

and .c (,).::'s,(0) - 0 (4.84).f(d):.f(o):o
(cL 15, Theoren 2t.21).

5. RESLTLTS roR THr I\rr,RvAr | -.o,01

Nlost ofthe resulis lor [0, + 7-) c.tn elsily bc dcriv.d h a para]]el lorn1
forl a,0l bur *ith some impollrnl simplilicalions. In buildingup to
rhe proofs ol Theorems l' aid 2'. $e bcgin with facls corespondlng to
those in Proposition 2.

PRo?osITIoN 2'. The itiequalhie\

(5.1)

in1pU, t?spectbe!),. th0t

lim ? "t:.(r):0 ald

.: ; ,'

,ltE.'r0l:0, (5.2)



102 R. TYRRTLL RoCKATTLLAR

Pnof. The argument is based on }roposition I and foliows exactly
the same lines as rhe first part of the proof ofProposition 2.

(- .., 01 h'hi.h satis|ies (5.3).

CoRo!LARY 2. or?e ras

f (a) - s,(b) > a b Iot aI (a, b) e R" /. R",

CoRoLLARY. If (5.l) holds, then

, l1!l e x(.t) p(.t): o. (5.3)

PRoposrrroN 3'. Fot .t < T <0, one alvats has

I r0(.v4. iV) ' ,t ./' | .\t,( rlt). i(t\ - p\k)) e 't dt

>.r(0)./0) -e"<r) pG). (5.4)

Furtherhtorc, lqualiry hakis hue if atd a b if 60), p(t)) satisfe! rhe

Honihohian $ttent (1.21) oM lT,0).

Prorl Sade argnrnent as for?roposiiion 3.

CoRolLARy L Fot aftittaD arcs x and p ouer (-r,01, one has

i L,fr\n..i.r/)? h- ! .tt '7v,.p'rt- ppft1tr 'dr

>.,(o) p(ol (5.t

vith equalir: if and only if (x(t'), p(t\\ is a sohiioh to srttem (1.21\ otiet

h fact, X- co^ins prcciseb of the pant (.a, b) belongin& ta the set an the

ight in (5.1) such thot the infnv in the detrnitions of f (a\ and 8-(b) arc
boll attdined by arcs x aal p, respectit:elr:, such pain of atcs giLe tlle
lol ions (x(t), p(t\) to the sj'netn (1.21) desctibed in the def ition of K- ,
and they alvats sotisfy (5.2) and nnsequenrlt

K-c 1(a, b) f-kt\ 's-(b\:a bl.

fin: (x(r),r(r)) : (0, o).

(s.6)

(5.7)

(5.8)

Note the absence in Corollary 1 of any nssumptioD on e "'-!(/) ?(t),
which is justified by ttre corollary to Proposition 2'. This has produced thc
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general inequality (5.6). We were able to derive thc similar iiequality for
/* and .q only under the s/rldl curvature assunplion.

Prca.t af Theaten 2' Usins Theorcm 1' . This is obvious in view of
Corollary 2 above, except for the asscrtions about V and Vg . The
relalions (5.6) and (5.7) do imply that

K . !,(a, b) b. .,f (a)j. (5.e)

and, hence, the honreonorphisn @ in Theorern 1' fron L' onto t' whose

-cnph is,( ^(t' : r )satisfies

ButJ_ js a conve:i funcrion which is finire on a,' . Therefore, tl(d) reduces
almost erery$here on a/ lo the lradient tl(ll) [5, Theorem 25.5].
\,Iorco!er, at the remaining points d e Li- . i/-(d) can be constructed as

the conlex hull of the limiting aalues of gudieDts il(d') existing at
poinls lr' near d t5. Theoren 25.61. The existence of a homeomoryhisn
@ satisryin-s (5.10) therelore implies thrt al(a) reduces everywhere on U
to a singlc clement. a.d this must then bc thc gradieni Yl(a). Th s (5.10)

O(a) e .f (a) for 311 a = .,'
(5.10)

Oh\ : \f (ar for all d € a,' . (5.11)

and in padicxlar I is continuoxsly ditrefentiable on Lr- . This, with a
similar argunenr for g . jusrilles the second and third equivalences in
(r.46).

The nexr result corresponds ro Proposirion 7 and Corollary 2 of Pro-
position 5.

PRolosrfloN 11. Let (x(t),p(t)) bc a sohnion ta the ststen (1.21) orct
t a.Al\itht,,'H.4rn ta.b\ thc'1 .i.hcr

lim e '.r0) l,0) - .. (5.r 2)

,l
e

at o"e has i5.3). and hence (a, b) e K,. If (s.3) hottfu and (..tk), pk)) rctnains
in U x t, (the neishbothoo.l of (a;q i" the basic c"tMtue a\sunptian) fot
a te( 6,0), then an! sohnion (x'(.t), p'(tj) to (1.21) likewise with

?mpett (5.3\ and hal)ins eith?i x'(o) : t at p'(o) - b, nust sdtidl

6'(t),p'(t\): (x(.t), p(t)) fot att te( ..,01. (s.13)
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P/ool From Proposilion 3'J we have

c,t.\lT)-r\t) .\(0, ,'r0) - I Zo(.\(r).iO))e.d/

- i' tr,,p,rr.;,,, pp(re. d, ,5.14r

for all I < 0. Il rhe limit of the right side of (5.1 1) is no! -6. rhen (5.3)
holds by the corollary to Proposition 2', and indeed the stronger relatioEs
(5.2) are valid. If (:r(0. r'1t)) also has these properties and has either
1'(0) : 

" 
or/,'(0) : ,, the function

0(r): d ,r(r'(r) - r(1)).(p'(t) p(t\)

lin ,(r) : 0 - d(0).

AssrLming rhat (x(r),p(l)) e U x ,/ for al1 , (- ...01. we nust havc (5,13)
b€cause of Corcllary I ofProposition 5.

PRoposrrro\ 8'. Undet the global &rnt re a$umptio l the co r:ex

Itndian f- is e,^!ry1rherc fnik' an R. an.l for each a E Rh, thete is a,hique
arc t oM (-a..01 furnishine the nininunt in the d.flition of f-(a).
Sinila4. s, is f;nite ererltherc on R. at'd fot each b e Rl, there it a
uni1 e arc p orer ( -a:,0) futnishing the ninnnu l in the deftlitian af
8-(r).

P/rol Closely parallel to Proposition 8. No new version ofTheorem 3

need be stated for ahc intervals [T , 0]- since for T < 0, one has

i1l ll r,,x,,r.. '/',- :Jt \'1.-a,,'0t o,

(5.r5)

(s.r6)

(5.r 7)

(5, r8)

- .'rl-rG'. aJ.

it :l , .Uo( p(t\. it! t - pth\t c '' . p(Tt b'. r(0\ hi

_ e_ts fl),, b).

\!t next derive facts corresponding to Propositions 9 and 10.

PRoposlnoN 12, Ukdet the global cuftaturc assunlptiok, o e hat

tir e "rf rtu', a) - I tu) tf a':0,
- co if a' +0. (5.19)

Jln.P'1r ^b',bt 
Ftbt it u:o),

if b' + 0, (s.20)
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and co sequentlr also

(s.21)

(s.22)

e.f-,(0,a)>f (a) for all r<0, (5.23)

rn tr.:,in e.if r@" a)l - f_(a),

lim tmin €-rs r(.t',,)l - s (b).

P/rol Note first fron (5.11) that

where ihe lefi side is nonincreasing as I- .o and, hence, approaches
a limit. To show that the linit is/-(d), select an arbitrary . > 0 and any
arc -r oler ( .., 0l such thar i(0) : d and

| / orj.t). irr)/' I. rtai ..

no. arr r 
"um.l"otflow, 

one will have

Let ; denote ihe arc corr€sponding to the minimum in the definition of
i(0, x(7 r 1)) (as exists by Theoren 3), and define the arc jr' over 17, 0l
by

l',r,r'r,1,,lott,'t dt < f (a) r.. (5.25)

-r'(t):,i0 7) for r<r<r+1,
: jr(r) for Z+1</<0.

Then, by (5.17),

e erfr(o. at .lt Lotx t!t. \rtt\t e d ,tr

J i 0.(I).iflI)r" " dt lr .Lo'^(tritt e''tdt

cdtrc.flt tr' 'f" i"r,rrr.irr,'c-.ar 6.21)

On tte oiher haDd, sitrce, is convex with 0 :r(0, 0) : rnin, , it is tru€
(forI<0)that

0 < e "%(0, ;'(7 + 1)) <r(0, e-,i(I + 1)). (5.28)

But (5.24) implies viaProposiiion 2'that

(5.24)

(s.26)

"Iq?"x(r+l):0.
(5.29)
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rliq e-,'r(o, r(7 + r) - 0,

because t is continuous (Theoren 3). From this and inequalilies (5.25)
and (5,27). it is clear that one will hsve

e n.f-,(o, a) < f (a) L .

(5.30)

(5.3D

for all T sumcicDtly lo\l. The first iimit assertion rn (5.19) is ficreby
cstablishcd. The second part of (5.19) follo\rs from the fact that

,\\1..f rh' . ,t) : 1+@') > o ;r a' + 0, (s.32)

\rhich h \?lid becausc ofProposirion I0 and the coroltary to Theorem 4;
sincc.f,. is nonnegalivc and strictly convex by Theorcm 4- it caulot vanish
except at the origin. The implication from (5.19) to (5.21) can be yerilied

using lhe convcxity of the exprcssion e ,'Lr(d', a) as d firnction of a' for

The proofs ot (5.20) and {5.22) are analogous.

THroRr\{ ,+'. Ltn.let the elobal o[tutr!11 atsunetion, th! rtncturts f
a\d g, ate etct)there contnuouslr diffekntiable ai1.l strictl) coru:e\ o R,
t d thc.\' sdtitft the catljugdo rclatia s

g (r) - max ta b . .f (g)t: I \b).

./(.t - nax{4, - c (6)i -= g *14).

Futthlntnre. one has

(a,b)FK --.f-(a) - s (.b) - a b

-j, : r/-(a) +. a : ls-(b).

(5.3i)

(5.i4)

(s.35)

Itot (dch (a.b)? K . tte ii a unilue ralutian |ol.tJ, t()) to rh? Hamil-
toniah s)stent (1.21) ot.t ( rr. 0l .ral/sr'ius (r(0). p(0)\ - (a,b) an.l (5.3t.
an.littend\to(0,O)att--t:.I fact, \ is the unique arc fir'nkhnry e
tniri luht iti tha definition af f-ktJ, rhile p t the u ique arc funishills the
ninimun in the def"ition ofg-\b).

Ptuof. Let

for f <0. rs.36)
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Then d" is a finite convex func.ion. Using the conjugacy relations in
Theorem 3. we calculate that

4r*@::rI,axla.b 4,ta)t

:ernaxkna b a.0 f,(a,,a)j (5.37)

: e ts 
^o, 

b).

By Proposition 12, tlrerefore. the funcrions d, coDverge pointwise to
f- ds T -, r:, while their conjugates d"+ converge poinrwise to A
Sincel and.r,_ are llnite e!erywhere eropo,tjtion 8'), rlis jmpjies thar/l
|1nds ar€ co.jugate 1lr cich orher (cf. 16.71), i.e., Formulas (5.33) and
(5.14) are correct. {The tuiieness jusrines wrjtins ,inlax.' place of
"ilrf" [i. Theorems 23.:l and 23.5].) Proposiljon 8'and Corouary Z ot
Proposirion 3'give us now the lacts stated aftcr (5.35), as rvcl as the flrst
equivalence in (5.35). Stucc I r.d I are conjugate to each orher, we

.f (a)., s (b): a.b..:.betf (d)+Lr.iF (b) (s.38)

[5. Theo.cm ]1.51. ancl. hence,

K : !,(a, b) b e tLQ)1j - |tu. b) a e ic (b)1. (5.39)

The uniqueners properties il] Proposirion ll assert that,( js the graph
of a one-ro one mapping, and it therelore follo$s that J: and .q dre
continuourly differentiable and strictly conver 15, Corollary 26.t.11. The
Droof ofThcorem:f is thercby finished.

Proof ofTheote ll'. First \ye prove (1.4,1). lt is clcar th.tt

(0 0)=r,n(_.

since the Hamilronian sysren (1.21) is srtisfied b,v ({(r).dr)) - (0,0).
Snppose that also G?.,) E tr .,( . Then there is a solution (-r(r),p(r)) to
the Hamiitonian syslcm over ( :., t-..i) srtisf}ins (-r(0),1(0): (d,6)

0 : linr d(/) = lim dO. \lhere ,(/): e'i-r(r) p(r). (5.a0)

Applyjis Corollary 1 of Proposition 5 ro (r,(r), p,(1)) = (](r). r(r)) and
lr.,rr f ,,), r0 ^, \e I rd .r'rl lL ,-pli(. !(.l.prlr) (n.0) lor rt
r=( ..,, +.o) In padicular. (a.,) - (0.0). Therefore (j.41) is correct.
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The assertion in Theorem 1 ' aboui uniqueness of solu iions is covered by
Proposition 11. The rest of the proof is just like rhar of Theorem t. We
invok€ the global curvarure assumption and apply Theorem 4. The sets
U aDd Z are defned hv

U -la ab

v :lb 
=a

with (r,r) e r- ^ 
/l,

ith (a,,) €.( 
^ 

tl,
(5.41)

(5.12)

(5.43)tY : !,(a, b)t f-(a) + s (b) < <j

for € sufrciently small. For each (a,b)eK 
^ )/, rhe corresponding

solution (jr(t), p(r)) to tle system (1.21) over (-. co,0l, as in the definition
of-( , remains in -K and, hence, sarisfies (b_\, Theoren 4)

f (."(.t)) + la (pQ\ : x(t\.p(t\ for -.o < I :0 15.44)

But the right side of (5.44) is nondecreasing as a furciion of r by
Proposiiion 5, and, hence, the left sjde is also nondecreasjng. This shows
tha! (jr(r),?(,)) renanrs in tzfor all r € ( .o, 01. The deraiLs of rhe proof
can rhus be efected as in the case of Theorem t.

6. Sor$ CoM?LE\,IENTARY REsuLTs

We present norv two counterexanples, as wetl as a rheorem on tle
exist€nce ol a stationary point ([,4) in certain cases wher€ the discount
rate p is sufiiciently small. For other existence results of somewhat diferent
inport, see lll.

EXAM".E L This wiil demonstrate rhat strict concavity{onvexity of
ffo near (0, 0) is not €nough to guarantee "saddle point behavior,, of the
dynamical systern for a given p > 0, and that somerhingtike rhe inequaliry
in the basic curvature assumption is necessary. Let'] : I and

H(x, p): tx,+!p,+ 'p for all (',r)€Rxx. (6.1)

Then /1is strictly concave in jr and srricrly convex in p, wirh .?(0. 0) : 0
and vHr0. 0r . r0.0'. ThLl ,&-. g) - r0.0r .ari,te, Lbe resFpoiDL cordi_
tion (1.15), and we have ,ryo:,ry. The perturbed Hamitroniatr system
(1.21) reduces to

t;]
: [1 ,1,11;1,

(.6.2)
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a direrential equation whose bchavior around (0,0) is easily analyzed.
one finds that there js "saddle point behavior" il 0 < p < 2, but if
p > 2, tten lr// solurions to (6.2) (other than (r(r),/,(1)) = (0, 0)) diverge
from (0,0) as I - +...

EXAM?D 2. The purpose of lhis example is to show that lhe problem
in the definition (l.l ) ol d(.), if deprived oi the boundedness restriction
oD e -:f(r), nay f.ril to be reducible to the problen h ihc deliniliotr (1.37)
ofJl(a) as in Proposilion 2 and its corollary. Taking n == 1, \\'e defire

L(k,.) : t(k) + t(.) + 4(' pk) for ([. :) € n x R, (6.3)

Note thai l is a diFerentiable conveli furction on the rc,ri linc whosc
conjugate is

(6..r)

(6.5)

Fron the dennitioD (1.5), wc hrve

H(k,.t) : t(k) + t+(q - 1) + 1pk. (6.6)

Thus, the rest point condirion (l.15) is satislied by (k. E) (0, a). and,rlis
.-concave-p-conver near (t,4) for d: p: 1. rhe basic curvature
condition is therefore fulfilled, assuming 0 < p .: 2r1':.

We ciain that d(c) is firite for all . e,R, while the function 6 obtained
by dropping the bouDdedness restricrion in the infimun denning d(c) has

in fact ,i(.) : ' for .tll r E i; ihus, the boundedness restrjction plals
an esseutial role. To see thi\, considerfirst an arbitrary arc k ovcr 10, or)
,ih {O . ..d . ' , r bou-"ed. lrt'4',r.t'lr. i,ri.j..eJ o' a

summable function oler 10. : or). Proposition 2(a) implies tha! ao(t(/),
i(r)) e i js surnnable over t0, ..) (here r(t) - jr(,) becruse E : 0), and
furtbermore e dl(l)-0 as l- co.In consequence,

l'" uuit.i,al",a,

- l" t,trOlt .t t/;6i e " dt + c l' @i,t,) " "t a) a,
Ja

:. 4k(0): 4.. (6.7)

,*(r\ ! r" il / :-: 1.

if /i r, l.



On the oth€r hand, the fnitencss ofa ensures that d(c) < -:.o. Thcrefore

d is indeed fiDite. Obser!€ at the same time that , (z) < I z I and, hence,

r(I. .] i t : pt . pA 4.: p\)

tl p,.(_,. --- pt -J(i .p&,. {oar

For the arc k(t): -e,"t (which does kot ha.Ve e-'lk1) bounded over
[0, ]..)), we obtain frorn (6.9) that

e: L pez,t )pdtt)er.ttl,' n.r,14, P1,Y " " ,tt < i to-c)
-i!

=- Ir _ 2pt 
J.,

(6.8)

(6.10)

ifp :- 1. In lhis case,

--: 6(k(o) - 6( 1),

and since { is a conved function lith d(c).:: dG) < +:., it follows
that d(r) - --. for all . c X [5, Theoren 7.2].

Thus if l < p < 21i!, \rc have d(.) + 6(.) for all ., elen tho gh the
basic curvature assumption h fulflled.

We cdclude no$,!$ith our iheoremon the exjstence ofstationary poinis
for sufrciently small values ofthe discouut rate p,

TsEoREr 5. S4't ore that (Fo,4J latisfes the statio ary point condi-
tion (t.1t for p=O and that H is a-corcarc-F-can:ex in sane neish-
borhood a.f \ko,4). Then for etch p > 0 ,uticientb, snall, therc exist., a
u,lique pah (k,,4) satishing the stationaD point condirioh fot that t ahe

ll0 R, TYRRILL RoCK^FELLAR

This demonstrates that

4k)> 4c> -.. for all c€R-

lq r[. , t.r- r0, or. (6.I D

P,?ot Wc know that l{ is globally conca\,€-{on!ex (since it is related
to the convex function l, by (1.5)). and our hypothesk entails the finiteness
of H ncar (0, 0). Therefore, il is continuous near (0, 0) [5. Th€oren 35.1].
Irt C x D be a compacr convex neighborhood of (t0, to) such that. or
C x D, 1l(tr, 4) is finite and continuous, a-concave in k and B-convex in 4.
In particular, for each 4' € R" and p > 0 the funciion

(k , q) - H(k, q) - pkq' (6.r)



be ttre conrinuous mapping which assi$s to each (k' q')ec ).. D tl\e
saddlepoint (k",4) ofthe function (6.12) relative io C x ,. Then @, has

at lenst one fixed point. Such fixed points are the pails ([, 4) € C x ,

H(8,4) pk 4 pk q.-..H(8,4) pE 4 fora r€C, (6.14)

H(8, q) pE.4'--> H(i, - pE q for ail 4€r. (6.15)

Of course. the ierm pk . t can be dropped from boih sides of (6.15). The
theory of the minimun of a convex function infoms us that (6.15) holds
ifand onlv ifthere is a vector ', sucl tiat

O,:Cr..D-CxD (6.13)

m q<n A lo. all qer, (6.r 6)

H(k,q) l-m q>Il(k,d-m i for all 4ER" (6.17)

(cr t5, Theoren27.4l). Likewise, (6.14) holds ifand only if there exists a

@4 +no D e aH(8,4).

(6.18)

(6.1e)

(6.20)

SADDLE potNTs oF It \IiLToNIAN sysrEMs 1ll

is strictlJ concave{onvex on C x , and has aunique saddle pointrelative
to C x D (in the ininimax sense), which, as is €asy to see from the con-
tinuity of 11 and delinitior of "saddle point," must depend continuously

k .n :< k.n fora r€C,

tt(l,4) pk A t n H(k,A) -pA 4-1 n for"l

Observe that (6.17) and (6.19) can be combined into

lf t : 0 and n : 0. as must be true by (6.16) and (6.17) if ([,4) is an
interior point of C x ,, then (6.20) reduces to the stationary point
condition (1.15).

We have seen that for each p lhere is at least one set ofvectors [,4, n,t
wlth (k.4) e C x , such tiat (6.16) (6.19) are satisfied. To investisate
this further. consider also another set of vectors /r', 4', /r', t' satisfying
these conditlons for r possibly ditrerent yalue p'. Since,ry is d-concav€
B conver on C x ,, (6.17) inplies

H(8, s) + n . c > E(t,4) 1- n .a t trp n-U" for al1 4€c, (6.21)
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while (6.19) irnplies

H(k, - k' (pA + n)

<E(8, -k (p4+n) - ldik--'[' rot ^tl keD. (6.22)

Therefore,

H(k,A) - E(ft'd >in G,4'r++ple' 4r, 6.23)

H(8, 4) - H(k', > (E - R'). G4 + n) + +a t E' - E t', (6.24\

and duall).

H(k',q),E(E,A)>n'.(zj' + +plA -i, ,, (6.25)

H(E',4) - H(8,4')>(E'- F) . (p'q' ,., n') -i- +d lE - [,1,. (6.26)

Adding the last four inequalitics and using the fact rhat by (6.16) and
(6.18),

n-(4 -q1>0. lk-i) 't o,

ir1' (4' - 4) > o, (E'-EJ.ii'>0,

we obtain

0 >(k - k')(pl- p'A') + dl'" - E' + plq' - q t, (6.27)

or equivalcntly,

to' itk E1 E r t' -[ s : p{[' i).(i'-a) . p 4'. 4p.
(6.28)

Defining

y: max{l(/. k'\.tl'ltk e C,k' e C, q' e D\, (6.29)

we can coDvert (6.28) iDto the bound

y p'-p >" E, - k " 
, p i k' - E ) . n, - 4 +p)4,-d"

>otI:E -E'+tq'-41,, (6.30)

ot: (44 _ Pa)14(" + B + d: (6.31)

the proof of the sccond inequality in (6,30) is given at rhe end of thc proof
ofProposition 5. kt s suppos€ that pe < 4qB, so tbat 01 > 0. Thcn two



conclusions are apparent from (6.30). First, if p' : p, then a' - E and
A' : 4.In other words. (k,q)js u iqueb dere"l]trnned by conditjons (6.16)
ro.lo'.\ecoDd.rdkrrgp orrdra.4' {l:0.4u'.$e\eerl-ird(p.0.
the point ([,4 must lend to (Eo,4J. Hence, for p sumciently small,
(I, 4) nust be an interior point of C x ,. so that ,i == 0 : t as already
explaincd, and the stationary point condition (l.Ii) is acrually satisfled.
Thesc two conclusions immediatcly yield the assertions in the theorem.
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