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Tne iolLowing absbract model, co\rers rErdt stocbastic optinization probLer,E .e-
,l--i!€ a sequence gf dec isions. In each of N stages, an elerEnt xk j.5 chosen f'o:., a

sr.ce \{. Jltinately a cost f(Ert.,.r EN, xr,...r\,) nust be paid, where the eleiiei:ir
a.., oeionging to spaces ! k, r€prcsent exterior factor'6 beyold the control of tlc dc-
J-s:c!i iiailer, Tile cost may be rd , as a t€ptEsentation of the tbct that celtain cc,n-

-::ta!j.ons oi E . (Er,...,t\) and x = (x,r...,5) are irrpossible or fcrbidden. Ii r"s

:,ssrnned that ody ({r,...,tt) is lsrwn rriith cer{ainty ab the tirc rltlen xk n1st be

cr',osen. tr1e oni-y other lnf,oniBtlon arail,able a.bout tlF exteric8 factorE is lhat the

cccurrences ol i ar€ gove!'ned by a lsDxn prcbabjl,ity distributicn. the prob.Len is to
ieieridne "decision ru]esf such ttEt the olerEi-I epected cost is rliriJrdzed.

?o rElce r'lcrE prEcise, let us suppos€ that each 3k iE a Hausdorff topologicaf
space, anl o is a !€gul8 BotEl prbability l|Eaar.E! on 3. r...x 3N. the support 01'o
will be deroled by f. A furciion I

:!+xtx...x\

1s :.olErti.cipative if it i.s ot the form

it)

i2)

x(E) = (xr(Er), xe(Er,E2),..., tl(Er,.,,,q,r)).

Xre -oroblen nay be fonrulated as that of rnirlilnizSrg the ArrctiorBL

F(x) = J= f(€, x(E)) o (d€)

over s(x:ie class ol lDnarticipati,ve flrgtions x.
Ci cor,s"se, lhe integ:?:- (2) nay not be weLl. defined, unless l\rlther corc:i:io.u:

:r€ iilosed. 3ut lhese can be of a very ger€taL uatllE. Assune that the spaces :{k a3-'

::.:olc;:cai, ard 'Jrat f is Borel r€asuable, If x(E) is rpasur€b1e i-n E' then the

::t-:i:.]€ E - (;, x({)) is tsorEJ. rrcaswable, ard herce l(E, x({)) is uEasu:€bie r-n 5.

-:-e :o-:o;{irg convention is then adopted : it either lhe positive or negative pari .i
:..e :1x]et:oi q * 1(q, x({)) is sr"&riable, the ir$egl'al F(x) is assigned igs cl-assica'

,r - " ?::--e: r. :a-t by ::ant tu-'-fi!gl.-72-2269.
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!l-.luc (|ossillly .lo or -- ), ldi-Ie othenuise F(x) is taken to bc +- .

obserlE lhat r.uder tl-lis convencion ti]e ineqE-lity F(x) < +- i.mplies

(l)

llhe:e the set

(t) D(1./: tx I t(Erx) < +€j

x(6) € D(€) for ah]os! every t € 5,

:s t.le jrjDucit feasible !gg!9! of the decision space Xr x...t \. thqs i,1 ninjmj.zijrg
: over a class of neasls'ab:-e furrction-s one is, in effectr tLinfidzjlg subjecl to the
cor,straint ( l).

fnis note is corEerned wittr two l\&danental q-lestions that arise in justj fyirg
ara a:Eiyzirg the nDdel. tr'jrst, to what extent js (l) essentlauy equival-ent to the
slr'orger constPaj-w

(r) x(E) eD(€) for every t €3 ,

li-icli in sone contexls appeals mor€ natt!:€1" ? In other wolds, hrrat cordj.tj.ons arE r,ee-
*ec, io 1nsr.tre that a. neasurabLe, nolranlicipative function x sabisfyiJ€ (l) ca.n be con-
veried io one satislvj-r€ (5) by alteration on a set of nEasure zere ? Secoi1dty, llten
is it true tha! the inlirrun jn the preblem can be apprcached by turctions x whj.ch a]3e

actu1i..l,y conljnrous ? Ile inolrartj.cj.pati.ve" pt'operty renlers these questions quite
diliicuit for N > :-, ard rp one has plevigusly pro\rjded any answers.

our purpose js to descrjbe sonE results jn this direebign in the case whepe

ard certa.in conrexity, senicontiruity a,.d s\.&olabiLity cord.itioE arE satisfied by the
cost 1l]nction

. ="ptr*p l,-l

..osD o.f lne Froofs will appear elsewhere [I].
f,1e context is del-jniled by the fguqi'j.rle basic assr.upti.ons.

i;l) !}re support ! of the prcbabiLity lIEaswE o. j.s corpact.
i;2) For each I e.z , f(E,x) is conlex a.l]d ]ower.senLicontinuous as a Ilncti.on oi

..i.

i-'-l) aoi'each; e3 , ihe sei D(E) has a nolEmpty iJrre.ior.
'.-.-) A1e iii:"t:tui?tion E + cn D(E) is continuous llqll ! Lo Rn (i.e. 1or€rse;r:cor,ti-
:.^o:: ii'|l closed grapn).

(6)
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,.-ri) :or each x € Rn, f(E,x) i6 neasrrebLe a.s a fu]gtion ol E G :.
,-.:) .ierEl€r U <,: j.s open ( refat ive 1e 3), VcFln is open, aJlc f is finire or., .,
o:ie i:as

/u i r{e,*) I o(ag) . r- tor each x cv.

let X<,Rn be a closed convex set, arri lbr i = 0,1,...,n 1et fi be a rra; .,a-

:ued ( fi.nlbe) nnEti.on on ! x Rn swh tbat f,(E-x) is convex ln )r- L€tswh that fi(8, x) is convex ll1 x. I€t

0, i: 1,. ,,,m,
f(6,x) =

:ren -a satisfies (A2), ad r,,e have

D(€) . tx <x I fi(€,x) < o, i " r,,.,rm)

Suppose that X has a rpnsnpty ht€rior anl fi(Erx) i8 contj.ruoua in i for i = L, . , ,
If ior each E € g the set

{x eX I fi(6,x) < O, i. l,...,ni

is nonenpty, ii foLl-ows by rqrtj.ne convexity argucnts that (Al) a,-d (AA) hotc It
turthelrple fo(E,x) js a swrlable fwEtion of E e: for each x 6X, :]en (A6) md
(A7) arE ob\rio[s],y satisfLed as weIl..

:;)lvA. Assrrptions (A2), (Al) eeg (A5) jEu_l4l,arbicutar that I i Dorel m€ isrr.:
-n:-e o:-, : x R', so that F(x) is weudefirEd in te above sense wf )n ',/el" x(e ) is ne -

;r. arle in 6,

lhese ass\.unptions jnply that f is a nomE] ec[.ll,€x irtegtEn]:n the ser jc oi
iZ,;ennra a]. Gr blre ottEr haii, every such integrard is BoreL IIEas r.:Ie D, S reoi.e:.

A i\rction x : 3 r Rn wiLl be cal-led essenbiauy noranticipa it€ ia it cij. . e

iiace :-nto a ireasurable rDnanticjpative fu.Eti.m by allering its !a_u s on a se, ol
ieas.{.re zero. ,-et [- Oenote the set of aIL such fllllctiona whj.ch al! e6sentje -:,
couraed. ii we Like, we can j.d,entilV Q._ witn a cec,tain cl-oled Unea_-, subspace o: ., -

t ta@,re.ici. str€.ce ,iI 
" 

= { (!,0 ; R") consistirg of al,l. esscnL-ia-Lly boLr,.L:ed lLinJi i .-..

x : i - Rn, i^ faft, fl- j.E then cloBed rFt ordy with reapect to the nonn iopo-oJ,
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-.- ..si L:re r.r-.r,i r,opol,oEl/ !.duced on 9[ Uy *,e raUural pa Lrir4 w!.tfi

-t:=Jl(:,r;nn),
lhe follo&d€ pr€lii].l.rary l|esuLg ls derhrd L,l lfl nom *e theoiy 6: eo:irc)i

:r';es:?a: ::Jrct1ol1dl,6,

ui.ier as€llrirllong (Al,)-(A5), F lB Loopve)r l\r$tloral. tqn di to n..r{r-l
''-:c.. tg f6''r€r'-selrieontllqous, @r a],t *p
:.e iveal{ roi61otrv lrduced 6n 8I gv di. F\rthemFe, F E.lkpm) cq lruc€ €e

w" * ti I 3 c , or,lrh r(6) +. Bc,D(€) a.e.)

(..rer9_ts is tiqi{dlbeu of nn), E!4-g!&-ggt ttl {s t}r€ rprEegtlkoel lrr6rl )F ef
t*"ll I F(x) < {-t .

COROIJJIRY,

Sqo'6o€€ !ir@c ls a csfo6,ot s€t XeRn guoh ti4! D({) c,X ftE alt g ts. &en

"re 
ini-iiis! o! F(x) .g&Lgtl r e '1. tu attaft€d

Erc dorol,16ry, hhfuh plEvldrrs 6n !4$gS! .!ECS ito! l€lutlefe to thr Eto-
cr:asii.e o-E isLzeilcn tloFl€n, 16 obtalJ1€d llrar OD ltsc! iha,r th. s€t ol luieii€{rs
x e di satlsrylJg ,6(€) G X eJ"m€rEb €t/€sT!r*€:€ ls eenpaar in Etic Ncak topo:.ogr ir.ou-
cec cy {*rr. rh6 hltrorhegis 1s setlEtlsd, of 6oiJ!s€, lR thc oes€ af Exa?€le 1 lr. tirc
se! X intrd'uodd €h€dB 3 Fouiaed.

Ai ai]' €t€1.if,6, r€t€ fha€ l! ds! th€ byFsthasiE ol ths eo:€:.lafl' *nr€ ic no
ioss oi gandell€y ln tit6 baelo ptrobl€n {rcn t& liji!,ilsaiidn ls le3-rlrbed €o r Eh,
arrtj.cipabi.v€ f.$e€i{ri6 x w1]1eh ale ecoentlelly bouttdr 6'. ln 6thci }Bnts} }&eR the
.ortcci6--, G idernrlflei riEh lhat of lilnlnir!€ f over !., This foffi.Jlarion a!&d h6

ihe bes! sutr&di fdr *t€tn1€ efr,sng rlBulEsr at le63n ih t(ffr6 6l cofflex Ena$rr is
a:d duality,

the qies€j€fi€ t€j,6ed €gplldr sgr€ern the tt*1m6sE ev€r,lhh*6 egpegi€l of ihiE
ioia]-iaitiori of, thc F"eblei, a€ 'c€11 ec th.- relsblcflEtr+ Oebreen nlrlnie € ov"r {-
ald ili,ajriirirg over" 4l g, th€ gL&€peo€ of {- oerelsclrg ef Ehe qlbtan&ug h6lan.eiai-
palivd f'.vreti6ftr. Or rej.n r€duln iE rhe foltsdlnB (aee [f] l.

a-:ci;v-

sLocEe 14,@,+!joi--!€ (41).(A6) lhar lhlilea r8e 6 & "3@4nn rl__lea:-r'.-,e-o'lr. 
-tbea€&rv x etl; gi?b, !'(x) < re -ean be,eanQuti"-., _;alreearion on 3 .eb bi

:.-€.ue ad,irt, ilo_3s€a€€al!*€r -[tgst}.uemied,



-,-----ii:rlr x(;) e,er;(;) :br- ever)' 6 e:.
--.' :'--,. --rre Un ql. * I ,J, bhen c[/ A ?, t a u."

'-nl {;(x) , "Q\-,: 
j.ri {Frx) | ,e\g'

Ib deiine r,ihat is neait by ',lania1y', we need sqne notation. For any sei
i <, ! a"'ro at-dex k, 1< k < l!, lel

,. 's,:7) ;,:(ir,...,€rr) =[(ik+l,...,9N) I (qr,,,.,8k, 4111,,,,,qN)6 s],

,j) sk = {(;.,...,€r) j /,i(r!,...,tk) I oi .

,;e say that ine iFasure c G fani.nanr' if it satisfies I

,:./ ]le ruIt irllnc! i.on Ai ls Loi,er-senicontinuous relaLile ge -k, anc

(i:) ltrnenever s is a 3orc1 subset of 5 wlth o(S) : o(3) sLich that Sk is a<:
-!-e- ;e:, i:1en ..:(;.,,..,{n) is dense in ,U(€r,,..,.,4k) for alnost everl (6,,..,i^)
:j-. j" .w1:h :€spect to rte 'projection' of o on :^).

It is not ha.rd to Ehow, for irlstance, thal o is fani:ra4r if

it) s(dq) = p(qr,...,8N) nr(dEr) ... nr(dE*);

': -.e:e nL is a (nonnegatlve reguiar Borel ) nEasur€ on !k lor k = 1,...,N-, a]]d the den-
s:ry :tu,ction p is positive on the support of the prcduet rneasure tlr x.,.x rN. (T-l]s
:olici,rs :Yon Frbij.lils theoran a,'td the fact lhat in this case the nulti.funct lons ,,i
3re cor':stant-!€-1ued ) .

lven ihe ii.rsi conc.lusion in bhe theorEm can jhit, without the presence ol
:j:e iwo pr@erties in the definiti. his can be dsnonstrated by eoun-

i,=:.pte 2.

this is a two-stage e)€rple where !, = 3. = o .* ott = plt = a. Iet the ia-
;e:wa. ]O,i] be eleressed es the union of two disj ojnt subsets A ard A! of pos:..uive

:.:sr.:re, such r.at A is de.se e-rld Ar is closed, end 1ei

: = (A x [0,2]) \, (A' x [0,1]) .

-+:-..e :::e -;-\'-i :,,easule o on R ry

s(S) = nres (S n T) / nes T ,



.-.-':e '\resrr denotes i€besgue neasure. Ttlen o is a prcbability neasur€ whoac 6ulpor/L

3 : c.q. T = lo,r'1' l-o.z"l

jj- .i a,oes not satjsly property (ii) jn the definition (take S . T),
eveil though o is abso:-ubel-y contjnuor5 wilh respect to a pn duct measutt. Defjre f
on:xR bv

( x if 0<x <x -t. I l - 2- r 'z'
r \9. ,s ,x.,x-) : <t 2 L 2 

l* oEhervise -

so that
2

D(6.,8-) = ct D(E,E )={(x,x)€R l0<x <x -6}.
- 2_ I 2

;: ilay be verified that asslBpticdts (AL)-(A6) a-!e satisfied ard

nintF(x) 1 x e{-l = F(;) < 2,
.^':rere 

( {z,o) tt q,. a a' ,
i(E) = (i(i,), i.{e,,e,)) - {

I /. ^\ J- .( (1,0) if E, a A'

3rt if the strcrger conCition (5) i.E jnposed, the njnjmun is insiead F(;) : 2, .^,here

itql = ri (6 ) , ? (E ,€ )) : (2.0).
ll 2L2

ihus the constrajnt condj.tions (l) a,rd (5) a.t"e not rleqrivalentn jjl this case, alrl ir
pa.rticul-ar the fjrst assertion of the thea!€n is lb.l.se for x = ;.

;rano.ie J,

-d€ain &e consj.d.er a two-sta€e case w1th !, = 3. = R 
".r-rd 

Rnt " Rt' . R, but
;iis ijne it is onl,y prcpe.-ty (i) of the definitj"on which is teckine,
am stj-lf the fi-rst asserti-on of thegral1 is fa1se. !1e probability neasure ia

o(s) =+nes (s0r) ,

r. ([0,! " lo,l),',{[-r,o] - L-1,01) .

^L ..ave : : T , so A: js nor lower-sefldcontinuous at E : O. :e!
I



,)i ,x )

-3:;!;lor"s (Arr-(AOJ a.le

i: : C a^o -2-jL <x <1,

i' I . a \ < 2rl
2- - I - 2

othen'i,se.

sat isiied, a]-id

rrin {F(x) 1 *e{-i = F(i) = o

I

L

itr" iie f.u1ct i-on

xlc.J : (X l.s L

€ >0,

(-t/2,0) if E\ < o.

x (g ,g )) f

I

(t/2,a) lr
(o,o) if

;:. :.ac! ;(a) + i 3 <D(6) almost everx,,t€r€. But it is easy !o see ther€ does not

ex:s! ax,y no!€.nticipaiive funclion x whatsoever which satisfies x(6) eD(E) for a]i

lre proof of the iirst assertion ol the theor€n makes use of convexity ]Ilai.d-y

j.rsi as a matter of convenience in lenrs of the formulation. Fo!,ever, for the rest oi
the theorern, conceftrj-ng appr"oxiiation of the infinln'0 vj.a contj.rJous recourse f\mctioiE
x, convexity seerrc to be essential. 9ie basic tool is a theor€m of E, i'ECliAnL f4.jl on

:i-,e existence ol coni lnuous selections, ard coNexity is a-heady ar jnpoftart ity'io-

i.esis ix thjs rcsuli, as is rreLl urderstood.

Cl course, the proof is not efiected by neans ol a sirgle continuous se.lec-

'"io:l, cui cy a certajn sequence of \ selectlons, each lYqn a mu-ltif\.rnction depeldani

oi tj:e grecedjjrg selections. ftis js the gl€at cq.dptication caused by the rbqui.erer.'"

oi no.aii icipat ivlty. ,lr1e nL[i j-fulrt ions nnrst be co!]structed in sueh a way ihat
:.1cr-r.!cf ts iheorem is applicalIe at each sbep, and here convexity seerns to play a cru-

c:al- aoic over arx. ovel agair_I.

:he arginnent estalIishi€ the fiist palt of the theoreri is sjnjlarly ccnpli-
cated, cut a sequerce of neaslu?,ble, rather thal1 coniirrLtous, selections is involvec.

these resu]bs a.re noi i\ated especjally by applicatiolrs io t)c.np]e I' A i.eory'

oj :-a;:a.r3e xnul"lipliers ald duality for ihis case, basd heavily on them, is ou'"l]-!ieC

1r. l'tl . 1},]'e rnu1i1plr.ers a--e certain rEasures, not r€cessaxily absolutely contr"ii\rous

r':-:. :especi io the u.'xferly]Jrg probabjljty neasu.r€ o. Ihis theoly provides a-r al,ten-

.eiave io the appmach ol a. tills and the author in [6], wfere the nultipliers :n ge-

ie.a: can ta-ke ihe foIn1 of elqnents of the dual of a:r,Z- space.



- a-

_-2 !r fltt rr,Atrrr r

"Contlnuo''1s selections, I'r,
Ann. of Nbth. fr (1956),36ti82.

:tj R,T. FocisrE-r"A,R,
!'integftl-E drich arE convex flncbionaLsrr,
Paci:ic .'. t1Etb. 2\ (1969), 525-539.

!/.j .1. ar rrwr:Ar:rr-lrd\,

"lbasu?ble deperdance of con\,€x sets a.rd functions on pateriteters'r,
J, rbrh, Arafysis Appt. 28 (1969), 4-25,

_11 n.T. F0CI(A!EII,.4.R,

"lagrange nu-ttipliers for an N-Etage rcdeL j.n sboehasbic prog:ann1ng",
Couoo,ue d r !"-ralyse Convexe (St-pierre-de-Chartreuse, Lg7il ),
J.P. Ai,tsIN (editor), Frir€eFvertag, to appea.r.

_t. R.T. RCC: F:-;AR arri R.u.B. l\E TS,

'rcontinuous versus rneasurable recourEe in N-stage stochastic p!!gl?n-
ndlrg" ,

J. Yath. Ar]alysis Appt., to appea!.

lO] l.:. ncci<aru,r.m aid R.J.B. uETs,

'rs'uochastic convex progratllrij€ : basic dLra]ity'r and "Stochastic
convex prcg!'au&irg : ertended dualj.ty a,-d sij-rgutax multipl,iers'r,
Pacific J. lbth., to appeax.


