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The rses ol dualitx in linear trogramming are \!e11 knowr. tr'ox

instrnce. it is oft.n aill'arrtagcou3 to solve a problem by applying the
simplex method to its rlualr rather thar dhectly. Thcre anc also com-
prtatio al procedrucs lor spccial clasBes oI lroblems $.hich iorioke
duality jrith restect to snbrortinesJ or to obtain somc sort oi alecom-
psition. Some of tJrese rpplications can be €iaended to coDri€! Iro-
grammins, but in this case it is imlortant to c:ploit the many possi-
bilities otrereil bi curert lheor-r. Difrerent du:ls anal T,agrangians
rith coatraiting properties can be associaieal \dtl Ure srme primrl,
anal ure cloice ol one of iheso d€pendr rerX mtrch on the puryose
one has in mind. The same is tlue i]1 nonconver programming where,
llntil qdte recently, almost no rcal1y substartial duality tLeorems or
minimax tleorcms i!€re known a;b all.

ol1I purpose hcro is to r€vic\v some oi the ideas in this alirectiotr,
$pecially a duality scheme related to pennlty methorls wlrich has
important implicationr for both coNex and non conver Fobierns.
NucL reBearch has be€n devotecl in the last couple of yeals to this
form of dnality anrl coneBpondirg a.lgodthmB. ]rut maxy inter$ting
qreltiotls and pGsibilities remain. This is especially true rcganding

lroblems, sucl as in optimal control, Fhere there is essentially an
infinito number of constraints, or in geDeml where the dual sloments
range over ar ininitc-dimensional space. Such prolrlcms will not be
diBcusseal belo\v, but it is liopeal that our romarks may serve to sti-
mnlate fnrthcr thinlring in tle a.rea.

The primal ?rollem we co$ider is:

(P) minimizo lo(n) over a1l ,e-I such that ll(.1)<0,...,1.(o)<0'

(r) I dsuliati con*suiti in.luesto lsworo sono siati slo6ii n.1ld conlerenza
ienuia 1's alrilo 19t4.

(**) 1'bis \rork wes suplort€d nr pari ny the Air ! orce O€co of Soi€ntiffc R*€arch
Dd€r granr n. -{I AFosI.i ?2 226s.
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where -I is a strbset of a locallt conrex linea,r s]racs t, anal /i is a real,
Talued function given on -f fori-0r1,...,r,r. fhiB ]rrobtem can also
be elpresserl abstmctly as tltat of minimizing tho so,calted ,rscfttiat
oljectiTe functioD I orer all ,er, wler{r

(0.1) JU):[ l r jf ". is Icasib]a .

t + @ jf r is not feasible.

136

tr'or simplicitJ, we suppose that (P) has at least one leasible sotutioll!
aDal .re malie the Joilo''ving compsctness assumpiiolr: for erery cloice
ol tho real numbers d,, the ret
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By tle cor.rd, da,sr, 'we shall mearl tle case rrher€ f and a[ ths
fnnctio$ li are conrex. The comlactness assnmptioo i.i rhen fulitled
if -tr is cloBed, everT l, is loweFsemicontinuons, and rlr€re is a singte
ctroice of tle o,!!B Burh tha Ure set (0.:) is comta':t aDd

iB comlact i]l r. The latter is sr,tisffeal in pafiicnlar. of course, il ,I
i3 compact anal all Uro {unctions lr are lowei semicoDtinrlotrl.

Tlese assumptions imply, among other thhgs, that the inimum
in (P) ft ffnite ard attaiDealr or in symbots:

(0.3)

(0.:) {, €rlL(")< , i(r) <,a,,..., l-@ <a}

- -< mir (P)< + 6.

fuEx lotn)<%, j\lx) <",, ...,l, @) < a=\;: e.

l: n1ar {'-d,J on -r.

1. Ordina.y duality.

Tle ordinary Lagrangirn associated \rith

(0.4)

lll D : R", one can rcplace < by < in (0.a)). Tbis rar b€ estabtiBhed
by applying [3J lheorem2l to the leTe] sets ol the tu]1eciotr

(Pr ii rL€ frtrciior h
on TX?- defiD€d by

i1.l) ""r,,r:lr,(")-,ir,r,(")
il g': (J1. .... -v- )> 0 .

if 3r>0.
ffc
tI



So\'ine a nonlinoer progranming plo!]ed €tc. t!7

_ ODe has

I .op r.t'J J, /(r)J

aad hetrc€

min (P)- min supro(,, y) .

Ihis leaals one to inhoaluce, as a alual ol (P), tle lxoblem

. (.1J.) ma8.in irF g0 ovpr .Fn. sbFrF gtyt -i!,1 Lrl.t, !J).

Il the furctions lr a.ro atrne al.'d E: 8", I - .ai, so that (p) is
a linea.r programming prublem, then (Do) amourts to the fanfiar
(. fiaea.r )) dna,t. Itr the genem.l case (even withoutr convsrity), g'0 is
a concaTe lnnctior anal upper ssmieontinrous. Thns (D0) is ar:Llstlact
eonc€,ve pmgramming problem whose implicit leasible sci is

O-2) tx e n- so(s) > - 6l c ni .

ff (P) is strictly Jeasible, i.e. there exists

(1J) t€ I/ vith lr(5) < 0 lor i:1,.,.,rn, a
tlE dl the level sets ol the lorm

(Lt) {s e R-ls"(s)> p1, , fen,
re €omlu"et, anal one c:in tlolefore \Idte max (Do) ir pla^ce of sup (Dr)
fu tI€ itral olltimal value. Thi! lollows from ttre npper semicontinuty
cd rr anit tle fact that tle set (1.4) iB contained in

(1.5)

Cotryerity in lP) aloes aot really enter the pictue decjsiye.ly nnul one
€oln€a to the maill aluality theorem in this context:

'r'Eu.m 1: In, rhe aomee dase, mb (p) : sup (D,)-

f(t . IEoof oi this resDlt, Ichici alelends oI cro6€ also in oE
'-F68 ssssmptior, see F6, Tleorems u', 18J(r)1. {he sigd
--- .lI Ih€d€m I for computatioEal plocedues fi€s €s€nfirtr-e in
lb *rirg -dl hloyn lacji.

IE 
e Rilkti) + 5. lr n to > Pj.
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saddle po'int al Lr or,, XxR" ii GId o Iy ii z solvs (P) dnd, sol}es
(.D;. lnd,ecd, i,l t sohes (D;, then jor, to rdre lP) it is necessars ekd

la) the mihimum oj I'oe: tj ow dLr=I ir athicud, o,t i, and,

(b) l,(t)<0 loli:l,.... : l,|itl tqtditJ ior i ruck that t/t>o.

PEooF: Ihe ffflrt assertion is an efemmtar-r lart ia minimax theory
(d. la, rheoren2l). ff, sot'es (D.r. tlea t>o arld

(1.6) inl r0(,, t) : infl(ir). shere r.lr.t.<jrrr Jor all ,e-L

In riew of thh anal the definiiiotr of.r-. ({DditioF {a) and (b) arc equiv-
alent to I achicving its minimnm ai :. or ia otie rords, to t being a,

sohtion ol (P). Tle ttreorem is thelebl lEor€d-
Tleorcm 2 f nishes tle dltat t'r.*'n ai aldr'n ri (P) itr its pure

form: irst determine any t solritrg (D.,. 
"trd 

lhen aletermin€ ljhs ele-
metrtB t mnimizing ti(.,t) orer J. dl.ratdiEg the ones Fhich tnrD
out not 1jo Batisfy (b) of Theor€m l: ti6e 

'.: 
ar€ theD tho Bohtions

to (P). (Thus, il thcrc is r ?rni{u? t minimitng Z!'.. t) over -{, as is

a rrue Lr p,crirul"r rrbFtr /o is strictl-\ cotrrer- ir mo-ir .d,r!ls fto.oD-! str.brs and b. lba uniqup solorioo to P -l
The potentia,l ailvantages ol th]s lroeiiEe lie in the fict that the

orieinal problemj \Tith the const ahts t1..1<tr. a replaced by t\vo
optimization lroblem! in \yhich the ({rr.raiEi si-oatiotr may be much
casier to handle. Presrma.bly f is. if trot tle Etole --I}.r€ or aD orthant,
a, {ailll' elemertalT kind ol set, such a. a ball o! g"rera]izeal rectanglc.
The implicit fcasible set (1.2) in {D.) naf rl.it) }are a simpie erprcs-
sion. For example, il I is compaet it i-i jL.t .B:.

nyen if the eBsential objectire tundiotr gr. r-annot be reilnceal to
a more directh conftniert {ormula. tnel€ ate metlods r'}ich car be
useal 1,o solve (D0). These are largelr tla.eat on the atefinition oI ,0 as

tle pointwisc inffmum of a collectiotr of a*Ire iurr-tions of g, lest cteal

to ftl. The epieaaph

(1.r) G - {(At !t-A)u e R-, !. ,=-a. J.-,<sJs)}

is gi1_€n as the set ol loinh in .n.+1 satr$sirs a certain inffnite sJsteD
of lincar inequalitier :

(1.8) kQ:) + u,l,Q)) r...+e.1.(1)-y-,>0
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In particnlar, we mal regantl (D0) as thc problem of malimizing the
ratrc ol gpr oycr all riectors 1y,,...,a-'9.*') satisfying (18) and
(1.9) and try ir this coDtext to alll)' a cutting hyperplane methoil

Con-sider moreolrl]l the situa|ion rrhere, for a giYerr !/eI- and
€>0. Ire are able to detffmine an

Solring a non1ncar lrogramhg lroblem oto lt9

' 
1.1r' ) r mtuimizirlg Zo( , !i) over I to \rithin s 

'

o! itr oth€r words s:lthfying

,1.11) 4(,r, !J)<sJy) + e .

Iher ftom the fact Urat

sJ.v') <LJ.r, s')

f,e hare the inequ|lity

lor all 3/'e IJ- ,

'1,1:1 s,(3/')<te,ly) + !l + : (!',- a ) l,\,) for all 3/'en-

l-13r (l,r'). ..., l,"rr)) € a.r,1J).

Thi-: means by dcfnitior that the rcctor (i(r), .. ,1,,,(')) is a so-calleal

.-ttbsndi.nt ot go rr J Jr',$231:

rd

I vt a e-tubgradier,t oJ go dt a giwn ?oint y cdn be calalldtctl bA l'indir'g
.' r tatitiging (1.10). This is espccirlly intercsting in tiev of rec€nt
y{'rL ol BertsetaB aud Mittcr [7'] arld Lcmareclui [2?], [28] IroYiding
algpnthnas for marimizing a corcave fu ctior in terms of €-8ub-
gradientr. In thc ideal case of €:0, one aciualy calculatos' by min'
imjzil'g L"\.,g) orer X, &r element of the subg?atlient set Ag0(g)' aB

Fell as the ralue g0(3). IIforeaclg>0theminimnm ot Lol 
'g) 

o'rer X
i! attaineit at a rnique u:t(3) (as is truo for instance il /o is strioUv
r{orei aral I is comp:Lct), then {'0 is linite ancl differentia,ble leletive
io f- /,0d {/,(.,,,)...../-t€ry.)) i" -,rdrUJ lhc r.lsriea smdipDr aL 3,

td. FalLl.ljr). lL orbpr $ords, (D/ zmounrd Lo mr:inxjziDg 3 d;HFr-

eoiiable coacare Innction oTer Il.
Eos:erer. it is clear that the plocess o{ eyaluaiirg go anal its strb-

Et'di(lnrs (or gradient) a;t g by minimjzing r0( , g) oYer l: is comla-
_iBnf erpensire. One cannot hope for mrch lractncal sucress ritl
i .lEsi.hE f,hich, s,rt, requires in each iteration that go be mati-
!i!.;l orE some lhe segment.
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The great€st potontial fo! a dual algorit m bIrseal on this approaetr
is in situation vhere, because of stecial "itructurc, it is unusually easy
to crIry out the minimjzatioD st€p. The rase Fhich har reocived tho
most attention is the one $bere the dual allroach leaals to & .leco,?r.
position ol the original problem. (For a geDeral account, consult
lasdotr [26] and Geolhion [r5].) Suppose that

--

.F

f.:.r
nr

.r:

rd

1l

r!
1l

T

(1.16) t,,,r,.r,:{_':'

(r.14)

'wlere -Ir js a, subsct of a liDear sta(e t,. xj =,Ti aDrl l,i: Ir+Il. Thcn

(1.15)

rh€rc , €,I and

t"("r. y): : r0,1.r,. y) .

:,v,i'.("1,) if l/>0,
jf 3r<0.

Iinimizirg Io(x, y) in x =J is therefore *alEc€d to Birimizitrg Zb'(rJ, g)
in ,", E -I, Jor j: r. ... . -I. This redoctioD ran be rerJ: aalyantageous lol
l$ge-scale lrolleEs. anal elen Ior problems of modemt€ Bcale iI tle to,
problems can ttren be soh'eal bs special methodr (e.g. when multicom-
moality flow lroblems ale decomposed into single commoalitl problcms).

It is \vell troFr tlat tbe Dantzig-Nolle decoDrp$itioB methotl
conesponals to this approach in the case $here tbe functions l,J trIe
a,{llne aDil the sct6 -dj pollhealral. Tbe simpler mcthod i9 used to
mirimize eacl Lql', g) oL -l', ela.1l.'-. rDd this idormation is incor-
ponted. in eflcct, into a cutting'llane method for maxiDrizitrg go.

Eerc go is 
^ 

pol,lhcbal concare ttrnction. so the algoritlm terminate8
in pritrciple ir Anitell many iterations. I[o\re-er, computatioDal expe-
riencc hDs beetr disalpoitrtirg.

Prcbably this is allle maiulJ to the Die o, a ctrtting-hfpe4)l*ne
method. It is conceivatle. thercfo*. tbat tJ uriltg atrother methoal
to maximize t0 (oDa \Tlich does rot el}tail marimization slong lilto
segments), }et'ter conrergeEce can be obtained. The most iDteresting
rcsults i-n this aliroctioD }are beetr relort€d receDtlJ bJ Eeld, Ifolfo
anil Crowder [r 8]. These autho$ ]are had coositlerable computationa:l
srccesB 1fith highly decomlosable problems. tlsiDg for the Inaximiz{L'
tior of 90 a sligltly moalifietl velsion of ar algoritlm deteloped chiefly
by Slor [53] *nil Pol"ya.k [33]. [3+]. This js r€markable, becaBe tlle
algo thrD in questior, rehile hariDg tLe aai\-antage thnt one only



needs to calcuh,tc an airbitrarl BubgraalieDt at each loint' aloes noi
ha\'E a reprtation lor fast cortergence.

Ior another godthm whose rptlicalrfity to the dual problsm in
soici,il c,rscs deserred further thought, see Oettli [31]

,irme resdts ol interest lor lrorcorvcx lroglammirg mat bo fonndr
irr Errmple, in Everctt lr 0l l:!rr,:l Falk l1rl. nut applicatiom of ordinary
;_-'1]jr.r in tlis ar€a arc sererelx restricted lor intrinsic reasons' as

r\I'h]neit at the beginniry of Ure Dert sectioD. '{nourer alhcuBsiotl
ni r.ilinarx dl1l:llity from the poirt o{ ricw of compnta;bional alplica-
- .-. li. L,eFo rurni.b"J b! Cpobrion Il rl.

:. C€ne.al duality.

\o mRtter what Drocedrre is useal to maximize t0, there aro certain
inherent limitatioff in rDy dral methoal of solution of (P) baBed on ro
aud (DJ. Fi$t ol dll, there are tle dilliclllties oI determining a repre-
srriarion of Urc implicit feaiible set (1.:) nr (D0). Spctificaly, it ia
i:ra ha.d to ff{al a c terior for whether the inffmun of r0( ,3/)
.r.: J I friter ard vheUrer it is attained. -{ sccord difilculty is
.::,:. er€E il t miui@izes A(., t)r wherc , is a solutioa to (Do), it is
::: i:J€ that t is a solution to (I')r ur ess thcro iB onlJ one Bolution
e: Iieorcm 2). Finan"i, this form o{ duality is luuy meednglul
:ra :: ihe convex cfl,se, Fince it is onlX there thrt or€ car estatlish
::: :.,3:joD min (P) : Bup (llJ vitl llnl generality.

:n !E€ that urare is no rcal hope oI having mi]1 (P) : 3u! (D0) in
::: :: :.n4rei: case, except as a rare ( accident r, it iB hehful to examine

I l"'' i -.:r:rnd /r,".r' v. ; t..n'
[ + - otherwi.e.

::. -'.imDlll in (1.1). instead of inffmum, is rpprop|irte because of
:.: :-.I€ntal compactness assnmption. (We use the conrention
:-j: - :.:mir0l. The follolring result is kno$r.

::.:::! f,: Th. iunttitn ?d: n4+"u {- €i it lotr.r-t rticrt-

SolvinA d no irLear proglaD'ni.g prolletu etc. L1r
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(2.4) qx\u) > qolo) -'!t u lor alt uE n^ |

suth udots y be,ins than precis.llt the solutiaw ol (Di.

PRoor: Thc tust statenent is immccliate from tle al€ffnitions anal
our compactne"{s aasumptior. As for (r.4), Urtu is equiralent to

(e.5) rnin ("): ill l, o(r)+ t.,/)

: inf jnl {""(r,1t ) : t.r}
:iltrt.Lolt,r):sa(o.

m (P)> sup (Do)>so(r) ,

Marco&r, in ord.er lkaI the relalian mn lP): rl]ax lDoJ holil, it, is eces-
$atU ann sullic,t(nt that tk(rc elist a uctat .! u.irk

:

Since in gereral

(2.6)

equalion (2.5) iB equivalent to t being a solution to (lo) with mh (P):
-= llax (Do).

Note Urat (2.4) Dec€ssitates coqo(O):9010), where co 9i0 is tle
coNex hull of q0 (the greatest conve: lnnction majodzed bX ?0).
l'he slecjll signilicaDrc of the correx case ol (P) is fourd in the lact
tlait one thcn h^s coq0 =?0J or ir othcl 1'ords. go is ronvax. AsirLo
ftom one or two rery special exam!]es: ro oUrer Irractical criterioa
is knoFn wlricL imtlies co r0(0): ./.(il).

Ilowererr all Urese limitaitions concern onlJ ( ordinary duality r. tI
t0 rnd (D0) ane replaced by a dill€rert ]-agtargian turctior I and dual
problem (D), still associatuA Tith (P), it maX be lossibte to have
nin(P):]nax(D) is important nonconvea cases. ETcn lol conve{
prollems, one mlly achiere prolelties morc adrantageous lor dual
methodB oI solution.

A gencral scheme for genera;biDg clnalitJ ir (P) br means oJ tle
theory of conjugate functionsJ .!s \ye lare expounded in [39] and [16],
mal be based on spcrifying any fnnctior

(2.?)

Buch t]lat ll(irJ ?,)

(jr.E)

-I': ,Ix?'+Ii u {+ @}

is los.er semicontinuous i (n, u), con\.er fu z, and

F(r,0)=l(r) .



Soh'ing a &direar proSramming lroblom etc, l4t

rcce3' iEele I is tle casertiat obiectiye furctiotr (0.1) in (P)). Ttre vecto$
tr .llv corresponcl to pe urbations oI thc original pmblem (for t + 0,
se hare tle lclturbeal e$scDtial oljectire functioD.]?( ,?r) oD -I).
TheJ neeal not hoye ar$hing to do wiUr the veotors 1/ aboyer anil
h particular it is not trecessary tlnt -lI: 'l..\ssociotral $ith r is Ure l,agrangian iunctior

and (1.9) ''r-rx.hr-Iu{--}
o deffEeal by

(r.10) L(c,l|):t^t g l0. u)+ s. l.

TLis is alFaJs upper'semicontinuoui anal conI.eI in y, a,rld it is also
conrer in r in the casc $here f ii conrex anal -F is jointly conrex

lloreover. one trrls

(r.11) F(a. rJ : Fnp {L(r, y) - ! .a} ,

p)- anil henco ir Particulnn

the (J.19)
;,ilz(r, e)== i(f) Ior all re-r.

fr'r TlLrrs, I.,-,11, I to rb" .'u,lrior $irh ordi!: ry dualirJ, we hsrp
srrle
rion miD (") : min j",Ll z(", vl .

' ff Tho Drot,lem

ave (Il) maximizc t orer Iir, Nbere g(!): iniL@,U))
,ai

lua1
is tlcrciorc ta eD rs tlc dual c'f (P) correslonaling to -a anil -L. Note

the that (l)) consist of m$jDrizing an rpler s€micootinuous coDca:ve {unc-
461, tion, anal one alFatrs has

min (P)> suI (T)) .

llost ol the resolts rtateil lor ordiDarJ dudity calry over to this
seneml dualitF. Thns:

rnd

Ttlo]iE1I l'j In thc aonwn cafl lchere X is lillita-dimensianel, &nil,
Il.r,1t) h joi'rtly colt'e$ iL (E,u), o'r, ft.ar min(P):snp(D).
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PnooF: See [46, fheorcms 1?' RDd 18/ (d)].

s&ttdla poi'nt al L on Xxn fi atd, olxt! i.l F $olus \P) d,l1d i sol}t:s (D).
In.leeA,,iJ y sahes lD),Ihen lot r. ra soltc \P) it is necessarlt a\d sullicicnt

(^) the nininum ol L(x:, !/) ol,ct qItr rcI ta tlchicred ,1t i, dnd

{b) lJt)<0 ior i:1,...,tr, l(Et<L\1,t).

P8oor: lllhe alguDr€rt is tLe same is for Thcorenl !.
.^.du:!l mcthod of solutioD of (P) can bo (terelope.l {rom Theorem :/

just as fiom fheorem 9. The lLopo is that, by the right conBtrtction
oL and (D), cotrditior (b) Igill become slpernuo[sj anal t]e mini-
mizatioD of L(., y) and m,lximizatioE of t will be casi{ to eicBlrte.

Wo Dote tbat gadients, sub$adients 0rlrl €-subgradicDts o{ g crn
be calculated in ?nncille muc.h as beJorc:

TEloBExt 4: trel xi mfur'inLize LI.,?JJ a1)er X ta xrilhin e, and, tet
ueRY be a eubgrailient oi L@,.) o,l y. I'hc,L ue?,g(g). (The s1!b06-
diehts are talftn in th( tense appmptiatu lor concaLa lunctia s.)

PBooF: BI aleffDitioq \ee ha.ro for all 3/'€Rr

12.74) s(ltt)<U!:, ytJ<L(x, !J) -r (!'-y) u<(sl!j)-a)+(y'-y) u.

This soya that a€ a,!'(3/).
In the ca8os oI importancs, Z fu prosrmebly a conyenieDt lunotion

vhoso strbgradients Ifith respect to y aro easily aletermineil, tr'or
instanco, if ttre graatient of Z with rcspect to I alists, it is the uique
subgradieDt. But of corrse, to implement the cnlcnlation ol 6-8ub-
gradieEh in Theorem il, it is also trecc$qry to hare a,Iractical cntedon
lor whether s giTen r atoes minimize r( , t) oyer -I to rtithiD €. [Ipi'
ca]]y, such a critcrion is obtriined by specilying for each (r. y)eXX n-
vit}l.L(?,y) ffDit€ a set S(n, y) and a function l( :r.g) otr S(t' y)
such that

12.7a'l L(1r, g) <Llr, !J) implies xreS{r.y) 
^nd 

t\t{t x,s)<trl1r,g).

Then

(2.16)

:

C€

Suppose Z andl S are such tbat the r-:,1u0

(e.1i) k\!N, y): inr{Il\bi tx, y) ue sl!N, s)}
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is Lno\rn ilirectly, mil tle difercncc L(x,y) kle,lJ) aplroachss o as

1 comes closer dnd closer miDimizing r(., y). I[c then har€ a Dractical
c terion of the form:

l.1S) r minimizcs 
'(., 

y) to rFithiD e 'l L\x, lJl -k(,x. !) < e .

Ifor example, if L(x, !) i8 difierentiablo ancl corlv€a iL xr € X c R",
re ciin take (gcneralizing aD approacl] of Befis€kas [6]):

rr.19) 6'(',, y) :{ en"l &,-,1<r} whcro 0<p<:oo,
(r.:0) Iktii c, !): L(x, V) + QN !).V,Llx,s)+d.u-lJ!,n !t

tior1
rid-

I tct
gra'

Certainly (2.16) i$ valid for d:0, but thero llre also cases of strong
conrrexity where & positive Talue of d oan be r1sed, As lor p, it is
enougl that B> diam-I.

\r'h€r€0<,.<-€.

q(a): inl"r(r, {r) ,

tlat
s(y): iD-l 

"i#*Ir(a, 
uJ + s.uj

:,iE;l{e(&) + s &}.

i, I Tke le1retr set {!t e ll glg) > P\ is conpact lot elrerg

0 e int co {!, € Bxlp({)< +@}.

thcralove ]trlat (D) can bc utitten in placa ol s.op lt)).)

(r.r1)

lsing the Jact

e.!3)

,. - ". I tf,Ltt.yt'lad if r-lr.,.Jr'<:d{.u'r' )-^tt't) -[ 
nr.rp.y,1- dF- it .1,Lrr.y1.>:aB.

if either p < + @ or a> 0, this turdshes a simplo implemertation of
(:.18) in termd of the amilsble magnituds lv,r(o, g) . Nots that the
boundedD€ss of -l(, Draking possible ,<+ @, is hardly any r€stric-
tion iD lractical terms, since -X can alvays be replaceal by its inter-
section Ifith some larg€ ball or cnbe.

Other rciults releyant to general ilual methoal8 of soltrtioD may be
derivetl in tems of tle function

Foa

lue
rb-
ion
Ii-
Rn
v)

TrrEoREr
)=R il
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PRoorr tr'ronx (2.jlr) we have -g(g):.t*l-!J), rhcre p* is the
cojugatc of 9 (in tbe conrer sen$e). On other hmd, (2.94) i]n])lied
0 € irlt dom eo Iantlhence0 €ia ilom (**, rhere 9** is the biconjugate
of I and (domr alenotc8 t:he efleotiae domain. SiDcc E* and f** aro
corlvex fulrc1,ionB oonjugate to eac]r otler, the conditjon 0 €int dom fl*"
implies tLat the lcrel sets {ytc"@)<"} arc comlact (see[16, Ttreo-
Iem-L0l). and this is tl€ dlestueal plo?erty.

1l€ condition Tleolem 6 cir,[ be ri€wccl aB ,I generfl]izatio of
Btrict feasibiutf.

TrrxoR! 6: Ihe iu .tion E sat,8lies

(2.25)

12.26)

Il F(x, u) is camez in Q), u), the'r E is cowtt. I lhis comcs coBe ."rith

X linite'dirnensianal, or in the cav oJ X cam?act, it is also ltua thd,t g
is lonr scmicoltlirlltous a al ltovhev 6.

IrL genetul. i't order tkatr the relatim mi^\P): m XIDJ hol\ it i8
neaersary and sullicient tl'at there aaht a wclar y |t:ilL

qla)>rl0)-t'u lot aU e nY.

f
f

i

min(P): q{0) (dnitc),

sop (D) : e+ (0) .

swh urton y rcn beilrg prccisellJ tke sollltio t oi \D) .

PBoo!: The8e lacts are statecl, for errmpleJ ill tle geDcral thoory
of 1.16l, orcett for the lower semicontinuiiy arsertioDs. For ,Y comltct,
the lo$er-semicontinuitJ is obriow flom the lort€r-.\emicortiDuitl oI I'.
\laer -f is coNex aDdIis flnitc-dimensjolralJ tlre equnlity iD Theor€o:l/
gives us E*a(0)-q(0). ]]ut aI tlo hJpotheses reDuin satjsffcd if I iB

hsnslated in tle fl argDnrentj rvhicir coresponds to translating 9 60

that a aliflerent loint becomeB tL€ origin. thcrefo]e t**(a):q(t )for
overy ?, €.nir, and ilr particuls f is lo]rer-semicoDtinuo s.

In * moment, a casc Nill be dcscribcd \rh€re (J.:i) can gene$liy
be satistcd ereD r.itlout conreaitX, although this is not true Inth Eo

in Dlace ol E. Thsre may also be oth€r caset' not Jct tljscoYered,ondl
this is a tantalizing prospect Ifi comprt^tion alplicatioDs of duality
iD loDconver progtanlming,

Gener$I duality call also be u$ed in mrrnx instances to coDstluct
duat problems clplicit enougL io be taclJeal bJ drrect meurodls ol solu'
tion. For cxam?ler it Tas sho$n bX Dufin and Pcte$otr [0] tlat lor
certaiD conrex lroblem$ in e:lo[cntial pmglasming (ihc odginal
( gcometric programnring D) one clrn substitute a tlu[I lroblcm alifrerent



i the
Lpiies

lgatc

lheo-

ri:r iDir \rhich ralmodtr amounts to maximizi[g an eq)iicitr dif-
:ir.:ri;ble concav€ fmclion sulject to oll]f linear constiaints. This
;:: el€nded bI leterson at]d Ecker 132] to some other special prob-
-:=s. -\ broadtheory ofsrcll c$cs of lincarly coDAtraln€d duals (Iornor-
i:r:ris constraineai primals) has been furuisled by nockalelltr [,11].
,::n-her rersatile scheme, n_lere the lrimal and clurl are thearly con-
!-r:red brt the prssage betreer the t$'o is almoat as easy as in li €Nr
:: rlrmming has bee[ lreseDte.l iD 138].

So fnrJ there has bocr rclatively little attemlt to te;ke adra t.ge
.: snch explicit alual problems eomputotionally. Besid€s tle straight
:r.iird npplications, ther€ ml:Iy be possibiliti$ ol dualizing cL ectioD'
:::,Iing schemes in ranjoN algorithms, and so {ofitr.

.1. 4.u€Eeftea Lagrangians,

I\.e t[]r no\y to r pirticular choice of the LagraDgian function lnd
dual lroblem for (P) \rhich illustrates rnther dramaticalll Fhrt chanscs
car be acliered in the prolertieB of the dual method of solutio . l'liis
Lagrangirn, originnllX ]rroposcd by Rorlalcll [10] ir 19711, s'as 11$t
studieal in detail bI luys in his theais lslJ although nr imlortart saddle-
point lro]r€fty $rs rlciirc,:l eanlier bj. ,qrroi', Goulcl aild IIoIvel1L.
I \ related {rnrtion waB anirerl a:i independ€ntly by Wi€rzbicki [5a]).
IanX recent papcrs larc rlealt rsitL it As iDalicrterl belo1f, e,r]recially

in conrl€ction $'ith Ure generalization to inequality-coNtrained prcl).
iems ol thc mothod of multipliers (see the nolt section). Of courfler
rlthough ire lare not nentioned it earlier, equality constrii ts tre
also corercd in iihc obvious \riy by the theor-v described hcre.

letting / denote r poii Te pxram€ter, s.e set

Sollnrg a nodnrear proe1Mntrnrg lrollem €ti.

13.1) r tr. ,) - ?"(r. ,r) - , , -r

uitk

it it

Iact,
oI Ir.

:?iB

!) lor

rmlly

raItY

solu-
r,t for
iginai

(3..t)

(.J.3)

$'here Io js dtill the lmction (2.:) and nl js the Xucljdean norm oI
1t En. (: nx l€re). ll'rivially, lr, is lorfer'scmicontinuous in (rJ n)J
conr€x in ?rJ and ilr Ure ronrex ca"qe ol (P) it i3 cor e! in (zr 1l).

Tho correspording 1,!$|r giltr ,., obtaincd from F, bJ formula
(J.10), js elsily ralculatcd to bc

L,\r, tJ): l"\i) -, >0,(!tt, ! tlr)) ,

a.tL.lutl [!l"J' 
t] J'r itt\t lt :t

' t !J, )t !t.l2t .
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Thus 
', 

is lL li;rrtr, furction on:Yxlin. From the S€reral theorl' we

Inow that .I"(r, g) iB concave in ]/ E ?'' aDd iu the conve{ cese ol (P)

also corve! iD o€ { (sincc in this cr.lse I(r, xL) is contet tu (r' ?r))

\orF r0er /. (/,yr i. r160 drB-'.nritblF e\' ) \sl,-r- vilb rp.pP.r

;L{i{..r' ".1', ., mrrfi,'J . J r,

TLis .. o b' .on'rac'pd \yi b lhF "ilu"lr4tr ror t.1,, Jl, su'.1 i' r o

cren ffnite erexvwhcxc on ,Ixi'', much less dil-erentiable lf thc
Ju ctions I' nnc all difrerentiablc on -I (whcre -lf cn'), then t'(in' v)
is 

^lso 
ilill€rentieble with respect to r oD .I, anil

(3.5) v,r,(l, 3/) : Vl,(r) + : d,(y', lJr)) vl,(r) ,

13.6r d.U,. /,, )) D,'s :/. 2./ 'J .01 y."t,'ol. ,' 1,

Eigher'order ditrcrentiability of ,, iB also iuberitcd tuom Ure l,'a, except
alorg tle hypersulfaces giYen by the cquations y' +:rl'(r): {)

The ilua,l problem conespoDdiDg to I', and ," is by deffDitio

(D.) ma'imize g, over E-' \rhere s.(E)- i'tn L,@' !t).

The special properties ol this dunl foilon' maiflly from (2.23)' whicL
here tr,ke8 the form

(3.7) u,(u): ntr IE,\u)+ u ltj: ,t:( s) ,

(3.8) q"\u) -t[t/',(!, u): qt@) + t u'.

We obserie llrst an immerliate consequencc ol Theorens 3 aillcl 6,

tust sta ed in [.12].

T]IEoaEn I : 7n ordq tha,t, tke rel&tion, mil (P) = n\a\ (D") i,ol.i, i,
is necassary atul, sulli(icnt tkal tkere et:itl a wctor t lNith

(3.9) Elu)>E.\r)-r'u-t u'1 lot etL ueR^ 
'

such b4tot:: t being then ptecisely the soluriont al (D,).
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(P)
r)).
pect

'l:?oJ]arf; Itt the canwr cas.. y ral,1,es l1),) il and, onQt il y solreg
't . Ia't: lx.1J) is a sdddte paint ol I, il awt onlg iJ @,9) iE a, sandle-

j .. .i L_

?: rr: In tlis case ?0 is conyex, aDd hence (3.9) i$ equivalent

,: :ie nonconrex raseJ t erc is considenble hopc thrt (3.9) c::rn

:- j-::!ned bI some t lor r sufrciently lilge. Suppose, Jor exaDlle,
::: r. halteDs to le cortinuouslT tn-ice diAerentiablc h a reigh,
::r::.n of ":0; a situation where tliis is tme \r'ill be desffibccL in
: -:1ent. The llessirD matriccs ol tr, ancL 90 are rehted by

thc
t, v)

l'q,(&): V"fo(r) + /I ,

:.ad herce F:{t"( ) is lositirc-deffrite ix some cor\iex rcighborhood ,l,r
ol x: 0 Jor r sullidently large. Butthcn q" iB ronvex on r\'ald hence
satisfies

3.111 E,lu)> tt,l0) + u.Ys,Q)

ro,n ,,.1r,r,, tor J r. \"cept

hich

In oUrer \Yodts.

:l.rl) Eo(rr>f0(0) t.u-tu,iot all z.l- $here t:-Vft(0).
Ii ft is boun(led belo}'g1obally by some quadmiic Iunction (as is
tertdnlX true for instanc€ il l0 is bound€d belo{ or -xr sirce t}ien ?0
:s boudcd below by a constaDt fmction)r it is eas"r to "q€e Urait (3.12)
cen be transformcd into (3.9) b"r takiDg r still largcr, i{ recessary.
h this erentJ therefore, lve have mh(Pl:max(D,).

For E0 to bc tnice aliffere[tia]rle near 0r it is enough in lihe ffnite-
,limensional case that (P) have a udquc solutior t rt $'hich the rrro?rg
tnnr aj the 3L@11d.-order sullic,ient candttions Jor a local consliraineal
minimum are satisfi€d: and Urat if be a Bulicientlt sn]all Deig]lbor-
hoorl of t. Sulrlose the furetions lr are thdce alifler€ntiable nean t.
The conditioN in questior asscrt tle existence of a, Tector t€n-
satilfyhg tle rrsual ffrst'order ]{ulm-Trck€r conalitions and also tlre
folox'ing, rrhere 1c {1,.... ,l} consists of t]}e inilic$ such ttrat l:(tl- 0:

(d) t,>0 for all iel, antL thc rectors Vl,(t) {or iel ar.e lin-
€arlt independent;

(r) the llessian E:V,lo@) + 2y,9,1,(|x) satisfes,.83>0 for

€relr nonzero vector z rrith ,.Vi(t):0 for all r:e_I.

i0,

4it



Un.lcr these cortlitions, it is lossilrl€ usirg the itn!1icit function
theorem to deal[cc the elisNeDce of rlitrerantia]r1e funrtjons r(r) .rnd

n\ ,) or t1 1L a reiglborhood of 0 in ll-' siur z(0): r ard /10)-- i.
srch that ;.(r) an.l /(r) s!,lisfy the coneslondtug condjtiols for l' ?l,,

i:7,...,nt. It follows uren that f"(r):10(dz)) il ,, is su11lcier1tl"li

rLern to 0. ard if I is a rleighborhoorl of - sulticientb small Urat Ure

local BohtioD rlr) to the nel'tlllhciL proLlem (\!-iur l, replaced bI
l,-o:) is actuall). the global solutiorl. :thc thrice-difiexentilbilit]' oI
|hc ftnctions l, im].rlie8 urat t(r) is ti'ice ditrorertiabie. and hence

that ?r(d is t$-ice dillerentiflblc int, |ls desjFd.
This jdel:l. ir:rs ef,ploiieai by lluysls|. although more in a contcrt

of ( local , dualitl. like the e|lrticr resrlt of '{Jrow, Goul{r xnd HoIYe Ul
(1i-hich dici not actuall) rcquf€ urat t,>0lox rll i€I). These au-

tlors imposed the rcstrictio tlitt l/:;'0. llorc recerLtll: Bcrtsclas [i]
ttscd the stroDg form of ure sufrcient conditiorrts in obtaining the
dtllLlit) in a globrl {o!m tligl y suited to Ure anallsis of coniugence
uoperties of :rlgolithms.

liockalellar [+1] hl:|s estubli.qhcd a 'sLo]par criterio1l ol th. alrore
sort lor t]Ie cdstcnce of .! t satis{,ling (3.9). rot eDtailing tle tvice-
dilterentialrilitJ of t0 rear ,:0 Recnll urc lrtal lotn ol ttu secand-

otttcr sdfu):iclLt canditun\ lo't a Iacal cohstain.d mi inun in lP) at .
15, l.30lr there exists , satisfting t|e lirst order }iulm Tuckcr con-

ilitioni such that

R. Tr.'rrell Roctaf.lldr

(3.15) . Hz> 0 lor eterX Dolzero ?€Zr

where g is the gessian above, and Z is lihc sct of :r1l ? 
= 

n" such that

(3.11)

(3.15)

z vl"(r):0
r,'vl,(.)< o

for all t€I wiury, > 0,
lor all ;EI \fith l/,:0.

Only contimous tn'ice .lifl€rentitbilitl ot the function i is asBumed.

Lct us say tlft (P) sdti,rffcs tlrc Wantutic rlta\'|h cantlitian' il |ot
some r>0 the frnctior

,,(r, 0) : l,1r) + r j rna:' {0. /.{.')}

i! bounrled bclolv on -L {Thia 1'e!v lnild corilitioir *'ill bc itl1lmi ated

in lllheorem 10).

Lnique sotulian i rutvunr'lt ttt ura* lntn oi th. 5.to tl'ottt'lt sf ilici,tnt
canilitians. atun fl,a.t tht: qrLaalratic .Jroxth condiliol lnltls

?n', nrin (P): mrx (1t,) lor atl r tuljici.cnl\ larY.
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i.1i ) lur (no)<sur (D") 'l mnr (P)

' :. Tlrii rlilcrs lron L1!. Theorem 6l onh i th':!ii there is no

-:r: :: : I b.ing ( glob!]I-r rniqre ir the strong scDser. TlIe lrtter
:-i -::. _::: i! made supeduou"r bJ Ure bhdret compactres'i asrump'

r r .i: llt]rcr.
-::i- rllultr sho\t the applicllbility of dutl m€thodn of "qolution

i . ::ierl or (D"). erex in the noncoNcx cdse. h lact Ure prcb-

.::. -'- Irre imtortDt "ipecial charncteristics Ura;b crlr bc rsed to
r r::,lF in algorithms. llhe ccrtral lroporties ane Urc folloring

, aroriEn 9: Tat dnu 7>0 antl r >'tt ottl: htr's

-,1 
s"lt/):r nt'rI {ft(:) 'p 3/Lril(r' t)}.

. .t. .,..... t .n*. th:.ruttltt.o1"q.ry':or.

ProoF: Sc€ ll9l,1111.

t'.4.t trt: d, llltLdnn ol l!,t). atul it i.,' nand'cNdsirg as d lutlctio oi r.
Ihltr e}ists a lm,rerClhgt.ral|<a< q' trut p:t);11thP' cahr)er

':1:. ot il s is catLpad), sl/"th lhat 9" it' Jrnitu a atl ol n^ il r. lA' + @J,
'i;lt s, is i.danticdll,y 6 il tE(.o, a). The Uta.lr,ltic gtolrtk conditian
: :dtislitrl il dfu.l onl! il p < - -. Iir 1k,! h:l, er case. lkc i nctions g.

'.iit.t!lt: utlifarrnl! an aLl. bo ntled sel\ 10 the coltNta t l'unction t|-t!J) -
- min (lr) dN / + 6, and in pa.rticulIr

thit ProoF: Sccll+]. Oru comprctDess aBslmltior gu::lr:rrtccs that
:ic asyuptotic ottimtl 1.:rlnc in (P), vhich ir the limit of sul {D,)
ilcor.lirg to thc citcrl tbeorenj i8 the same es min(P). Poirt\r'ise
. D\-€rgcnce ol the functions tl implies r iform convergence on bouudeal
:.ii. sirlceUresc functions are li ite araL cormvelox t> 4 (seell:19, S10l).

CoRorr,lry: Il , Nrlrcs lD:") drr.4 m:!! (1, : ]llh (P), th.n t ltl9o

:.'.." it.) iat .tus t>i.
Thc Dcrt result shorid be compared $ith Theorems , anil 2'.

TFEoRxr 2': ylrylase 7.:t) is tllck tkat lnir(P):su!(l;1. ?ldl
L t) i' d sa,Llt e-:Ilairt ol T'; o1L xtlt'' ';i atln anty ii t: sabes IPJ and y
t.lt.t \D;). In(ket\. ii t sahlJ lD;) tt tt t-'., tllen lor 1: to satLe t,P) it
:.. ti.t.'\drtj and sullicie r L/:!t:N ninini"t L,(',t) otct I.

Thc ffrst t.rlt of uris thcorem is a sleci:[ case of Theorcm:I l]re
!.:,i!rl ]rrrt cxn lre stated lllr1(h mo1e broadl"v ir ll]rms of Ir. gencrrl
r,il mrl,hod ol sol.iirs (P):



TEEoB.EI 11: IeI O)7-, be a no lecte&si,Lg seQue ce i R!, Lt
@)h be a bo ndcil sequetLc( in Il- such that lJr mur;ni.$ t 1o

u'i,kitu L, ahd lat, rr Lrinilniae L,,1., lh o X ta )ithilL sj,1 uhtru
lim!N:0. Srl??o8c citker |lLt limri-'6, or that lim Lx- (J and
Iiml!>t, r.hrre t is E ah thdl miD(P): sup (D,r). Ihen thc seqtencc
(r*)Lr 1:f r.ZatirelV compdct, antl, o,U oi its cLt$let pointi nre sollttions
to lP).

PRoo!: Under .ither set of assuml)tioDs rr€ h|lle

152 R. fvrrell Ro.Laf.Llar

(3.13) ii,rg,-(yr): ,rin (P)

TEnoBEv 1:l: L.t t> !. tthde a is the wtmbet dcltctibed in Ihe-
oretn 7l:t. Ihtn lot ercr! colipact sel yan^ anrl oery aeR, the set

(3.1e) {re -I39 e I ]ritl Z,(o,s)<d}

by ti}tue ol Theorem 11. Then[+4, Thaorem 3] is alllicable aDd
asscds that the soqueDcc (rr);-r is asvmttoticaly mioimizing lor (P).
This implies by our compactDess asiumptior thilj the sequence is
relativelX .ompact, onal its chrster poirts alc acturlly solutio[i to (ts).

The starrlarrl quarhatic exliclior l€nalty neUrod [13] {or solving (P)
conesloDals to Urs case o{ Theorcm 11 \iLare y*=(}. Thus the the-
orem genelalizea tbis method in alloNiDg (y})i:, to be an"r l)otlnaleal
sequence, This erha fleiihility makes pos"ible a g?cit improvernent
ln convcrgeDce r:!s las be€n proved in D.r'ticutar by Rerisokes [3], lal
iD connection witll thc ( mrltiplicr metbod r de..cribed in thc u€rt
sectiou.

On tho other haud. Tleo.em 11 also descdbes cases \rhere rl rcmains
boundcd and the succeds ol tLo method is achicved eDtircly through
thc clroice o{ tho multiplier lectors yr. TLid is iateresting, because
the jtcll knolrn nuerical alifrculties associatcd r ith haling rr>-
are thereb! aroided.

TLe Eert rasults hale a bedring oD hos ono might crecute the
maximiza:tion oI ,, or minlmizltior of r,( J 3/).

'is compact. Eence in pafiicula\ lor euerlt g . R- tha inlimun ol L,\. , g)
airer X is attained.

Il in additian \P) tu srric y leasible, Ihek lor eNerg P e R tha Leu!tr stt

(3.20) {ven^lcJs)>P}

is conpaat. Eence in particular, the supftfium ol g, orcr R^ is andi,kcA.
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,. L.l ::rn.i I-et a lie betT€en I axd p, and let r=-E- be arbitrarJ.
o- lo

o dktr ,- 6.:s;(r)=itit lqr?) + t.trj,
.tu.tl,ce

: - h\s) -!t.w: o,i) lt, <q.t.u) + \1 -r)ltrx: (t,lul

::-- .r:: il=f,. It lollors that urc sei

I : {lu, !) e tt^tl1tr,t,Qt + lt <d}

- r 'i.lrainerl in iilc honnd.d sai

)r lPl.
,,..',. '.."'.! 'h . l !..!, ,, i.u ',-7'r d\.

I 9]: ::i T is .:!lso closed, because f, is tor€r-semicontinuous by (8.3) ard
rS lP) Ii.orem 3. Therelore ? is compact. tiolr condider the set

lld"l )..i) s:{(,r,?l,s)E-;rxil-xtlEaet.uJ+txt"+u<d1,,

':t'. . .- migp Lnd.r,h- prujc.ron t..'rt. -,'.y.,o.o!,r.neo in /.ntrr . rJ. bd.i..omtJ.rnF.. :rs,.nt,ri,n ,.."ris .td, Ior,r"h ,/ _ F.cnd
. 1 :? the sei

;;A l,E-rlfo(rJ t,)<do]

: comp?rct, ard it impli€F lurtlrer that.10 is lower-semicontin{ous.
Iierclore A is closedr and all ol its sections

sr",,, = {rl(r.rl, 3/)e.s}

Ihe- -e comlact. This, coDbined lviUr the firct that

(1r. J) .(,,.., = 0] c 
" 

(comprct) ,

;iio]rs us to concluale tlat B is comlact. The image of A under
r. ?r. ?)+r is then likex.isc compact. But thh image is the set (3.19)

',!l) in riew of lolmula (2.10) Ior"', and -f".
The seconal ass€rtion is obtained ftom Theolem 5 anal ttre relation

tl set
3.:6) {?, el?.iE,(,,)<:- €}:

:|u.R-ttuex $'ith l,(r)<dir i:r,..., j.
ncA. Thi! com])lste the ploof of Theorsm 12.



The compactness oi the level seirs ol ,,(..3,) in -I has lreriousll
been obsffI'c.l by Bertsekas 16l tu the ffnite-dime]lsional, roDve\ case.
This ?ropertl is raluable, of course, ia computirg € sub$aalierts of g',

ir1 tIIe tattem o{ llheorcm 1. If the miDimrm ol ,,(../) orer -I is
:r,ttained at rJ then the rector V,I,(ir,3/) giver b,' (1J.1) bclongs to
6g,ly). U g, is .r,otrall.r dilfc1eDtialrle rt y, as is true h the convex
accoraling to Theorem 1.1 belov, ther Y"L,tt,y):\9,(.y).

The argumentB lroling thc compactress in Theorem 19 can be
tluncd into usef[I cstimates, Irhich re nor sta e.

TEEoREM 13. Il r>i>|.\ rhek lat aLl teI, yen^ and lje It-,

(3.:7) y-t'2(r-r)Y!L\;t.y)'<
<u ,'-111 -r)lL,lx. s) - si(t))

Oh the alhet t6nd, il n sa,tisite' tht *ttict leasibilitti canditiolt \1.3)t then

lar eNarlt lteR- and r>t:r ar,c luls

t54 Ii.'r'tFll lo k'rollor

(3.28) s"@)<r,t,\ !)<lii) + r:li(Jj"-: y, . 1,(r) .

ProoF: It is quicklx establishcd tha,t the minimum ir the fornlula

(jJ 2lt L,ltr, ,!t) :1nt {FaQ, lt | ,lu ' I u't

(3.30) s;(i,t) -,ly -r).1r + lt r)i.<r.

js a tninerl at 1L:\,L,(t,u) (see (3.4)). If a h such that ,"(ir, y)<d'
theD by the arsumert ol Theorem 1:2 Te hxre

at least ii 7>p. T:lkiDg the limit as t>p \re see urat (3.3{}) holds
also for t-=p. It holds trifi&lly for t<!. si]lce then g;(t):-€.
Herco (3.30) is validfor i:r]l t,0<i<r. Re$riting this ilcquality' we

13.s1) )y-tt' t, 4(t-r)\s-!/).t+ 1(,-t)!t:
< ! -t " -, lt -r){d- sla)) t

from \ehich (3,!i) follo"'s by taknig t: t,(1,/). The $rsi inequality
in (3.r8) holds ty the deffnitior of 9,. vhile the secoril follo.iis fiom
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SohiDA a nonlibce proeEm'nine !.oblem etc. t5t

::i itr,rt that the cxDressioo ,. is (3.2) &ud (3.3) sttisli€s

r .lr 0,(ri,. li(t)): ]niD (yr,, +v\'ut;rlli)\
< min {y,?,i +rd,,|-|/i)>a,>L@)l
< /lt(t) ! - min{s!&,1- !rli)>lt,>l,li)}
=-t i,(.fr)t) - y.',lli) .

r'opol,rARyi Il t> s>l) a,nitr lr n; inizes L,\.. "J) oner \ to llithin E,

l..i.ll (r-s) V,r,(ir. 1/ "<r,(l/)-r,(3/) -- € < mi (P)-gl(y)-l o.

PRoo!: ll'e \a.fa L,(.x:t g)<!,QJ) - s b-r- hlpothesis. Izke t:!
rtrd ;:3 ir (3.2?).

In thc corvcx ca6e, :rt lcast, testn for 1Thethcl -fr(., y) miaimizes
I.r . J) over X to }.it:]rin € can be sct u! ri alescrib.d following Th€-

'r=m 1(cI. al$o Bertsckas [0]). It turas out that iD tLis val ouc csn

':,.:!ually calculs:te the gadient of I, to sithilr anX deslrccl approxi-

TErorin 14. ln the contrei a^c t|ilk t>l), g,is cantinuoustrg dil-
'.rntidblc tkroltghaut 1t"', a A i l&ctthe gftdient ruqpi1tg hlts the Lip'

i.il) 9 s.\!t') *\ s,0t)1< y'-g l2r.

lrnhenhore, ak( kaq lat aItr lt .utd t
i.3i) s,ly'l>s,l!) -' \!'- s)Ys,\U) -r',U'-a " .

;' r ninimiz* .f,,(, !J) oter I ta witkin a, tken

'!t)l .

rula

nds

)),

t.td) V,r,(r, s)-F ,{g) '?<ts, .

itr

PBooF: -{}l these pmpexties are consequences oI Theorem 9; cI. [42].
The Litschitz proterty in TLcorem 1!l $'as fiI8t noted crplicitly

ai lhrtinct 1291.

:. The methorl of Euftipliers.

Tie resdts oI the lrecedirg Bectio are Dot limite(l to aoy or€
:::ime lor maimizing g. iu tle dual problem, asiile ftom the stipula-
:r:: rhat it sloulal be eflicient \r'ith respect to tLo trumbcr of 8t€Is
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There g, oI one of its snbgraati€4ts mnst be ev:Lluat6al. Iloweyer, an
interesting method is suggested by certain ol t}Ie estimates.

In the convef, case, lor hstance, s.e can ]]roc€eal aB tolto.wr for
a4y ixed r> 0: giys]r the Tector !r,let ltal be chose.n to maximize
tle €xpreBBion

cld + @'-sivs,(d-rls' lrl
in 3/; thns

(4.1) y4\: lh +2rVg,lg) .

Thcn ftom (3.35) we hays

14.2) c,@,i>s,1tu + @4, u;.vsld -rly*,-!,|
: sls; +rlvcl!;1 .

It has been alsmonstlated in[43] t]at the seqtrence (?r)i, conre"rses
to a solorion oI t D-r (s,nd teD.e ol {Dot by tbe .orollary to tbeorem ?),
proyialeal a, aohtior exists. This rema,iff tlue if the rule (4.1) js rc-
llaced by

(4.3) su!: yb + 2rV,I.(tt,lD ,

as Bugg€sted by (3.36), wlere $I midmiz€s tr(-, y!) oyer .x to rithin €1,
provideA tlat

)Ve< + -.

ga1: lx+ 2stV'L',(a' !t*)

(4.4)

Moreoyer, Theorcm 11 is then apptca,bl€, a,nd h€r1ce clust€l poirts
ot ("r.lf, cxist a,ntl arc solul,ioos to (P).

Ma,rthet [29] tras showrl that (4.4) is sup€rfluons il ip) is strictty
fea{ible; tIeD oDe oDly n€eals €i+0. Befise}:aB l7l has pointed out
that coDyergercs is obtfied in a init€ nDmber of steps if (P) i.s lin€a,r
arxl €r:0. Bott of these a,Ethols }aye also consiilq€d rellacing the
step rize 2r in (a.3) by a difereat va,ltre. In geaera,l, one cr,n stuaty
the Inle

(4.5)

Thtu allroacl to solving (P, h ca]J.ed. the tnullipuet rnethad. It \ras
o gina[y ?"oposed lol eqaa,Iity-consheiDsd Foblems by E€stsn€s F9]
a,nd Porseu [37], a,nal somowha,t later ]y Eaarhofi and Buys [1?], aI
hdependently.
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-:::. hrs beer a $ea1i amouDt of researcli o this method recently
: ::: :t.onre! cllscJ brt \ve ranrot go irto ure details herc, The

=::. rriabh resuits are due to BdtBekas, Iartll in collnboratior $"ith
:r: .i . rl. til,16l, frl,1131, t:11. tl;1. n'hcsc r€sultB b$ides streDgth-
::::- ::1 elt€ndiDg the tlleoretic:rl ftalne\tork, idcluale elcellert Ureo
:: 1i : : .onrergence which sho w that 1'e$ions of thc mnltiplier method
r , -. boundccl arc much srperior to tLe tsulrl
: -ii:.:. penaltJ methotL. LroDvergerlce lropertios in t]lc ronlinerr
r-. -i,iir) constrrired rase hnve llso bcer studied recentb bI lirpt

.-i!1. See also ljtrxs [8] arrd Polxakl3;1, [i]61.
l.: rre reseaidr ]Youlal be \.rluable esta0illl"r h conn€ctioD rith hort

: .r.!trd the multiplier method ellectivell to problem'r intohing
:::r:tlr' manl conBtnirts. Interesting eforts havc bcen mide in
:rj ,iirectioD by Janh []01, [:1]. l?21, Jariinet [i]91. Rupp [+?], [18],
. . " . duJ \\'i rzbi' Li i!d ErrLu i:.r.

I:trigniDg questions rre tlso rlisc.l bI nen' resdts oI llangasa-
:i :lnl. Thcsc conccrtl a Lrgrrngian rrhitl Ir13 mar)' of lbe ailYaD-
:-i-:. of ,/ and better difierertiability tropclti$, brt doea Dot qdte
:- rio the .huliiy frlxnoFork rrrescnted here.

FjnaIlI, \!e would like to bring t.' i,ttcntioD rD important xespect
: -iicl1 ,, is rrl.., thnn I0, ancl Urait ir IYLen (P) is alecomposalrle
: :1e scnse de"qcribed. in sectior 2. It h not true in that case Urat

-..\1i?,ing 
L,lr. U) nr r is aqliralent to -ll separa e problcms in the

-;]_-:.bles rJ. X'orh should be done on ho\Y to combine the idea
:i:rnd t, conlpatibly vith those oI rlecompodition, so as to forge a
r:; tool for thc solutioD of large'lcale 1]roblams.

)-ote added in ptaol. In the tNo years since this pa,per was FrittcD
l1;rch, l9i4): th€re haw beer a nmber ol nelr tloYclopmeDts. and
.:.aal important enrlier {ortributions ir the Russian literatue (by
:::r!r and TnEryariov) hrvc come to mJ atxention. Iror more on
::r. see Ii. T. Rocr-qrELI,-{R, Augln.nt.d, L&7mngian| and applin-
; .'..\ ai lhe prcxitnaL paint algarithm in cower ptogranminh M^th. ol
. :--rations neserrch, I (1916).

Trlto lervenuto il 4 aprite 197,1,

lozze licerziat€ il lO maMo r!'i6.

'icUy

l tle
tudy

[1e]
, all
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