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,\r oFiini2rtiof rodel is s dlcd in $hjclL r .onrc{ intciioml, girlts
exp€ded cost $,bied io .onrcr con*rdn$. G ninlmized ove. . .lass ol
meiNiablc ,e.ou.se lunfi.rs desc.ibi.s d..isions th.t depcrd nomrti_
.ipiiirclt on r seqlcncc of ohser\ i.iofs of rrndon \i.iablcs Condnio.s .rc
es!.blished u^der {hich dre innmrm ofthe co$ ld.rionnl is n.t altdred ilthe
recou$e lur.dons lre re$Li.td t. !e continuous

1I\rRoDocrloN

Let ,Ei bc a Hausdorfi ro;ological sprce for [ - 1,, N, arld ]et . be a

(reguLar Bo.cl) probxbility mcasure on 5' : x E Nith $PPort derotcd

l,r; (that is, t js the snullcst closed sulrs€r of5r ). ). gNofmeasurel)
'e considcr an abstract scctucntiAL otliDrization troblem with N stagcs,

where in the ltir stage an clcment .f R'", cailed a recoursc, is seleded 'Ihe
meanre o gilci the probabilit\ distriblti.n of all Possible outcones

{: (1,,..., {J, rlac {,, is t1,e eiemeni obseNed in stagc n

Not oDl,r_ a.e decisions niade in a scqucntial nDnner, but il is essenti to

our nodcl tlrt the recou rse seiected in stase I can onll dcpcnd on theobserva'

riols ma.le ut to thrt tlnc. Thus$c spccilicdLt hnit our attentionto recourse

"_:; 'R"IR"'). IR'x

'({) 
: (\({')',.(9., {r' , '"(E , . , €"))' (1 1)

Fho! rL(41 ,..., fr) E R4. Such a frLnction is said tr) be nana"titifati{e Thc

* suFp.rred ln r3ri ba the Ai. Forcc Ouice of sciertin. Rcscarch under Grr't
-\F-AFOSR-?2-2269.

i Swr.fred in lxd b,a rhc NS!' under G nt GP-31551.
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o\ect of ihc opti ization probJcm is to nrnrimize a functi(,n.] of thc forln

F(x) - I t(f, r(!.))/d : 1i{/(1, ,G))t (1.2)

orcr a clrss of nonaoricitatile recoursc functions. Constrai.ts are reprcscrted
br' .lloiri s/nr be €xtcndcd reil-lulucd (cf. l9j),

'l'his rrtl,er abstract nqlcl is Lhe trototrle ot a Iarge ciuss of stochistic
optimizatim troblcms ol thc ad.ptirc trpc. The onlr sjsniiicant clNs \rhicli
js not incl,rded is the one \rhos€ drnmics xre de{ribed bt a @ntinu,)utr
p.ocess alrd jnrolrc colrtinuous feedbdclt. A rlo antjcifative functioD ol thc
trlc (l.l) car nat rllll bc ries€d ns tlc fcedbnck contral of a stoch.lsric
dJnamical s)stcm 11itb a fi.itc rlumber of obseryrtnrns and decisioDs (cor-
reclions). llore spcci6cal\, tl; model inch cs \adous classes of iF.cnro(
pdrlcms [5], stochastjc d)narnic frosramming problens (wiih po$ibh an
uncou.toble Dumber ofstltet ll, 121, stochastc progranfrnrg problenis 12, 41,

and discrctc stocl,astic contr.i nroblcns Fl.
For each ol these ttpcs ofproblcms rhe question of charactcrizinq thc class

of adm;$siblc ind ottimal recou!\c functions has been studicd eitensivel!.
Thls sns clonc in ordcr to obhin various resr,lts of more (tr lcss theorcticrl
intcr.st, as $cl1 as to derclop usei\tl rropertjes \rhich hxle dircci beadng .,n
d€rising enicicat medodr of solurion. 'fhe firsl rcsults $e knoN of appor in
pzpere anrllzing certain clas*s of in\cntort .Ind cconomic problenN [j].
whcrc recou$e ftrDctiors lrc tnown ds./..i;,,' /?r. Ir is also undcr the D!m.
.f dccisicrn r,rles that these funclio s 6rst enlered thc literlltue dcvotel !
stochasric prosrammiDg. CnarDes, Coopcr and SvDonds [2] \.crc the f:i:
to be concerned $ith dreir properties, in particuhr fo. stochastic prosr!'r::
{irh chance constrairts. ii,. a rc\.i€\v of thc rcsulls f,r stochnstic !rogr:ur..
s€e lll rfd the refdcnccs mertioned there. Rccourse lu.ctions are lino$n s
r,,or.r'er in (stochastic) d]naniic prograo'rins ll, l2l. Of course, si'cn t:..
rcry specilic models studied in tlat conte\t (t'sualh rhe scts 5. are fitrirc r:.:
thc proccss is Uarkorian). it has bcen lossiirlc to obtain thorough cha cr(::'
,atiors, il not rhe erplicit forni.

The fc'sitire resuhs whi.h de a1^ihble in thc lit.raitrc rclr on rhe spc.,i.
r'ature o{ rhe Fohlcm being analrzcd. .\ bactground ro rh€ rcsulrs obrri:.:
here. wc cite biieflr $hnr has rlrcndr been sho\rn for linerr stochatsic f: -

srans ilith -l - t, i.c., for the crsc where i - 5r rtrd /(4, r) is . nMp ir',!:
E x -4', to ( -, + €l {hic1, is mcasurlbLr lvhh rcsp€ct Lo sa n)r .ll r Lr::-

poirhcdral conre\ in r for,ll a. Kall 16l gale ! ii,nstructire pu)f of th. i.i.:
that x({1 could be chosen ,ea&ra6ll' to apfroxin'atc the innNnn ot i(.'.
for each E, so as to irinimi,e the t\rnctional (1.2). \\-itir sorne fu,thcr rcsftir-
tions on thc form ol/and inregfubilirv {ith respeot to {, 1t w.rs sli,,w. thii ih.
recoursc lunctions could be restict(.d to dre cl.ss -7':{5, o) tli(l!d,t aliccri.:
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./(9, {)l r1d ,,i -?,, for cdci r € I'.

ll\ thc cdnr'',r/h' of a multiiunction ar -9 + R)', rre rnean ol couFe tlut

6(.) - (€, x) rEr-({)i (1.3)
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the iln.runl. Sfeciolizing / eren i,rther, it was sho$o in 031 thrt if thc

trcrbtcdr hrs a finitc ;lfinNh. thcn in fact rhe rrinirDum is a(nined b,r a
.,,rrr,,/,rr piecc\Lisc hre.r rccoursr function.

-{ i nersu rahle fu nctnD i\ | 5 - .li', will be callcd .,r tnialh no antiilariN.
;f it cd bc nadc into a mc$urable nona,rticiFatil'e r-mcti(,n bY alterhg its
lalucs on r sct of mc$lrc zcro-

Let -11. denorr' the space of all mexsurabic, cssentiall! no,ranticiprtive
fnncdons ,\: ; - R' Nhich are esscntiallr bourdcd, md let -,t-; detrore thc
substace ot, 1,; consisiing of rhc ci)ntinuols noranticiparire tunotions. Our
chieiaim in thispapcr is !o gi\e conditions on./ensrrrng drat dre functionll'
ij \eltdefrned on,il; .nd has the sa re inimun orcr.4 tlat ithas over-ttr.
1\'e do not trert possitrl. rclition ships boiNeen .r; andnro,egeflcral spaccs

o{ 1easu.lble tuDctions, ard indccd for.\'> 1 rhese arc ndt as clementari
as one lnight supnose, bccduse thc direct *!!s of'\runcating" a recoursc
lulrction tend to disrupt either felsibilit! or thc nonanticifarirc propeltv.

Thc arguments se linish about the reladoDship bct\aeen.la" a .,r?.
.lepend on D. llichiel's theorelr l7l on selectine a continuo s function fron a

lotter-scn)icontinuo$. coatp.r-ralued rultifunctnxr. Crotr!€lit! h rhercfore
iindamcntal, and we usc it accordinglrt(, sinplifv othcr assumptioDs as \rell.
Oxr basic lssunrtioDs are thc lolLoNins

(:l) The srfport 5 of " is conpact,

(A,2) For erch f =.3, fic runction/(€, ):R',-'{-,J, liclismnvex
zod ldrer-scnicontinuous.

(-{3) Fo! each € e.3, tlie convc\ set ,(g) ,- lr E Rtr f(€, r) < -:c}
lDS a nonemptr intcrior.

(-v) The multilutrctn g+ d r(d) is continuous fron g to R',
(-{5) ror each r 

= l?", fte funcrion €sl(€, -q ; masurablc.

(-\6) 1l aIC,tii opcn Gelnrire ro E), r'C R', is opc., rnd /is 6nitc
thr,tglDut a' .i l, then

.1,

iscksed,andf is /oa./-tunic. inua s, i,e., ]lte sNt I{ E ,S 1'(O^r.i+ rr}
is oper (fclitne to 5) fd! elcn open sct l:C l?,. \r'e shall denote br'' ]?.
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i.r E . (sesurl x(f, l€e:i.
lhere is the euclidean norm in nr';an ogolsll r}. Let

the space of all ess€ntiall). bounded, measurable fuoctions 1:g.*R'I
equipped *ith the usual s€ntinorm

TrEoRrir l. Lida a$'.,,r'tb'a (.{l){i.6), the f nttional 1: i (1.2) ;t
tp -def"ed fta g' to (-.r, -o.1, ik th. sen'e that lot each 'E.V' tt?
fu ction e-lG,(A\ it neanralte ard nujori,es at teon one n nabte

futction (tlp 
'nea 

htg of rhe i\tegrcl then bcifts unanbi{uounr a t.at nu, bet
.t -o.). In /act F is cangetr and loadaenianti o,ls, at onl:t /elathe to

i-1. , but also tulatite to the uab to8 log! induted d' Y. ndet the tutu.al
p.tititg unh ,91. The set

,}-={.!ER"llr1<U.

lr:{x€ 9. 11.>o s({) I €BCr(€),a.e.}

int{r E g. F(N) < +cr\t : /t' + ti,

(r.1)

(1.5)

(1.6)

(1.7)

a,I oi 1/' th. fuutiuul I i! cont;nuous.

Since in ihe rvtal topologl i6d1rc€d on g'" b]-yl evcn closcd bounded:cr
is @mpact, Theo.cm I inmed;tely Iields a r€sult on thc eriistcnc€ of optinal

coRoLL,rRv. I/ (Al) {Aq hau a lt the un;oh ol the seld D(*), t €:, d
btuliad in Rr, th lt atlait" i]d,'rbtinu 01.6 -4'".

Theorefl 1 establish$ the settjng, but for our main result I furrher
restriction on the nature oi the probalr;litv measure d aDd its suppon : is
ne€dcd. For anr SCg and index I, I < A < l:, let

Sr : projcction of -S in 5! x ... x 'gr, (t..r)

l/,"(1' , ,., f") : {(5^ r, ., d.r') ({, , ., {r , d" 
' 
,, , {.) c s}. (r.e)

\e shrll say that d is larrrdry it th€ rbllo\r'ing two conditions rrc satisficd.

(a) If S is a mcaumble subset of E s-nh d(;!S) == 0, aad if Sr ;s

cl,1rs(C, ,..., &) :,1*e(€,,..., €r) for rlnost ev!'i] (&,...,6^) € sri
(1.r0)



,(/0 : p(!1 ,..., gN),1{da1) . . -"(zE")' (r Ll)

lthde ake ilLfunun is atto;1lcd iJ and
''/l' 

^ 
..1- - z, , thei 1/' 

^ 
-1ts + z

inf{.(r) xE"rl} .- irqi?(4 r =Jr"l. (1.14)

intlF(\l rE tt-1, fiIF(1) \e-a'.1,, (1.15)

asumiDs the existcnce of an r ,. -i? rnd rn e > 0 uch that r(g) ' €R C ,(€)
for evert g€E. l\'ithout the conihuir] x$unptiotr (A4), eqrality car also

lail in (1.15), crcn in tle case of N:1.

\(<) E cl r({) f^r d-r q. s (1. r2)

THEoRn\t 2. S ppase in adnirih to (.,\I) (A6) that o 
^ 

laninary. Then

!a.h xe.,1'- u;th F\i).- to. 1g.e! al an exeryultoe 4ith so e ftkd;an
in )".j. Thu! nt pdnicular,

inqIGJ rEr:l hf{F(r) r€,1;}, (1. r 3)

840

(b) The nultifunction ,1ls is lover semicontiruous relxtile 10 e"
(The meanre on 5 :: x /r-,, in (1.10) is of coursc tne '!(ojection" of

It is xn elemerury corsequence of thc theor! ol product mcasu.es (essen-

tiall)-, Fubini's Tlieorern) thxr d is l!!,irarl il. lor examtle,

{herc dlc .lclsitt lunction p is (mcasuable a.d) positile oo thc product of
the slppo,ts of the (resdir Borcl) rneasures ', on the spaces Ar. ('l'his

lroduct is $en the set E, so that c.clr multilunction 1,,5 is actualll consranc
1'alLrcd.) ln pdrticular, d is laminary if the raDdom vrriables gr arc indc-
pcndart. H.rve!e(, the definition also covers mrious cases wherc thc con-

ditional djstribution 
"f 

({'*, ,..., EJ, sire. the lalue of (Er,..., gr), is $cll-
dcfined but has its support dcfcndent on (q,...,1J. Note that, t.ivjalli,
a is also lamillrl if E is an a,bifiarJ finite set.

\fe shall denote br., tlje rt ol all measurablc lirDctions r:.'--R"
such that .- is (trull, rot just essentiaLll) nonanric4ratirc ard bounded and

.thet i. IJ lutihqnLate

\Virhout tlc a\sunption tliat o iS lafui.arj, the fi6i conclusion of Tleoren
2 niar not bc la]id, lnd strict incq!.litr- at, holdin (1.13). Ourproofshoirs
lo$cvcr that one lvould srill hr. /f' r\..lr.d + t 

^nd
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(ouNr!Rn$Nr?1"r 1. In this eyarnple all the assumprions are sdiisficd
e\cept condition (a) of ihe dcfnition of "laminary", but

-co < min{F(x) | ' e.r:) < dnv.1r) I * e-r?} < +€. (1.16)

LctN :2,5r == Rr - E,, Rhr : R1- R,,. Definc the probabiliry nelrsurc

' as follo$s. Let the irtcnar 10, lj bo qpressed as thc union ot tFo disjoint
subsets .4 and B of positirc me."qure }ith ..1 dense and B closed, and set

o(s) : m€s(s 
^ 4im€s ? for all Bor€l scl8 s,

$hcre ?-(J.[0,2]rutB/[O, l],.Thcn,g- cl 1-[O. ll lO,2].
Obs! e that d ;s absolutely continuous *ith rcspcct to 1 product me.surc
(If,besgue 

'nosurc), 
but condition (a) ia the dcdnitior of "l.rninarr'" fails

for .S : r. Define/ on E x R! bv

ir 0<t, .Y!-fs.
J'1r.!r.{1I!r I,co orhen sc,

n(dt , {,) - cl /)({, , 1i) : {(:rt , 'J e R! 0 < }, < 
"1 - 6:}.

Consider no\. the tunction x€ -r: d€fined b]-

. . " . ,. ,/:.0) ,i f, e,.i,

"\'r 
. 5rr, ,\t, 0) if fr E rJ.

F(,') : lam€sr - mcsDlimes 7 : 2 - (rnsEimes r).

If r is any frnctjon in ,t: 
"ithF(s) 

< -.c, then

(x'(€J, a(€' , f')) € r(f, , €t for almost ar (6r , €t,

;nplying 0 ( q(fj - dr for almosi aI ({r, f!) € r Hcnce, rl(fJ > 2 for
alnost aI Cl € -4, Fhil€ r'l(€J > I for alnost aU f, e B. This shows that the
fqnction i actuall!-gives the ninimum of-r'olcr -rl.i

niin{F(r) d=-(.1:2-(mesB/mes")<2. (1,17)

Consider no$', on thc other hmd, the tunction iE,.{e de0aedby

F(0 '= (11(6')' ,'(c' , 1:) = (2' 0),



fo, ehich one h.s tri'ialh F(t) : 2 If r is ant fuctlon in 't?r, dren

0 < r,({J g" fo( lll (gL , g) E.E, so trat i1(9,) :ii 2 for all g, 
-= I0, 1l

'flerfore i gi'cs tle minimrm olF orcLti;:

n',,lFtr) \F-,J-l:2. (r. r 8)

minll'(a) xE"4l :F(t) :0. 0.1e)

842

in parrjculrr, ir is iml).ssible, bt rnodifthg tlic lu.ction ion a set of meaNrc

zcrc, t.i .btain a iunctjod in..t; . ln olher words, the constraint

0 .,,({, , 1,) < l]({J tz tu alnox exery lt,, oe E
js in this e:amplc distincdl less rcstrictise than thc constaint

0 ,: r:(11 , 4') < r1({1) 1' nn aD:r (11 ' {i) E s,

CouNrrRi:xl^rlLr 2. in t|is case !11 th. assumptions are satisfrcd crcept
corditioD (b) .f the definition ol "hnnriry", but derin (1 13) is false. Let
N :2, 31 = RL : 5', R.1 Rr Rt. Lct

d(s) == I mes(.s . 7) for all Borel scts s,

? : (to, 1l x 10, it) u ( 1, 0l x [-], ol).

Ttlen E - T. Dcfine/.n 5 : R' b)

,0 <- 0 :rl : j, \'
(,.5-...'-l 0 ' "- 0 arC '2

I a orrcrq \i.

For the frnction tE,'; dclincd b)

t.:0 l 0.

. ,\-.."-, 0.0 i . 0.r. .o. I f, .,

we have t(9+iBcr({) xlnost crerlwhere, and hence in Particular

Hoirc'c., if i is rny iitnction ln,r!i rre hare r(0, l)Er(0, 1), inipllins
rr(0).,: l,wHleatthcs Detine{0, l)=r(0, l), imthing 

',(0) < 1.

These conditions oD r,(0) lre incoFpatibie, so "t; must in fact be cmltr;

inflF(,) r€-ltf : - .o. (1.20)
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lloLNrrRri{AMpr-r 3. This is rn etcmcrtary e'amplc from thc theorr, ot
conrinuous selcctions, sho$'ing that eqlrlit).can fait io (1.15) if (A1) is
oinitr€d, evc. if rll tlie orher assumlrioDs lre sarisncd and,\ - t. Let
E -R!, Rr:ftr.

d(,s) .- ] ms("s. I r,ll) n! alt Boretsets "s,

so t|at -E - I 1, 11. Define

,,r,,,,:fl
t-n

if gj > 0 lnd ,L € ll, 21,

o e,:0 ard rL€l 2,21,
if g1 .:: 0 .nd r, € I 2, ll,

Consider rhe functn)n r. -1?, defined b\.

,(f) .=,,(E ):
:. 0,

-0,.: 0.

J.({)+lBCr(1) for all t €'a,

ninir'(4 re;.?] _F(,) : 0.

But theie does .ot cxist any a =.& rithn.(r) .< +co, so that

(r.2t)

,nnrlF(r) ,-.4i:+"r. \1.22)

2. B.rcr.cRotrl'D Rrsulrs

Here Ne state and proi'c sonie facts, partly ofiiterest in thcmselves, $hicli
{ill be reeded in estrblisling Thcorems I and :.

3it'1,
0ilc,
3ile,

fi.7,a/*. Ar e\tension of Theorern 2 to rcco rse functions $ith values in
a Ilanachspace, ratherthan l?',,1louldle desirablc, for erarnple, in cornectior
ryitli models in ottihal control, {here the component aJ.,,...,1,) coutd
re!rcsent r function oftinc to be choser over atr irterval lrr , rr+J in iesporsc
.'-oLe'. ,,., 1. 1.'r|.rr'o, r o.-'t r.rol. .,-.-

rals lro, r11,..., lri 1 , til. Lrnfortunat€ll, the proofs belorv m,ke cssentirl
xsc of finiie-d;nensn,nalitl' nr m,nv serq
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PRorosrlioN I Il1, p. lSEl Let E L. dn utbitru\'coflpa't IIa(daiJ

i)a.e. Ler f t Z', R" t e d n%tliiuncti,t such that fat l)dtlL t thc lt f(t) 
^;nte\ tith ii\t flt) = t lhdl r h lo et seni&ntoula iI a"I] an4 iJ thc \'t

i({, r) r E inr l-(!)} n oP,,.

ProrcslrroN 2. Let S' he an d ntury &tut)acr HatsdotlJ spau t'tt
l: E' + R be a br:tr vniontinuou' ,n itifuncli'| s th that .fat ea'h t th! ttt
f\t) ;! .afuex tnh ht I'(t) - t. Then ,n a . -' 0 Mfrc;enrlr snatt the

/.; {- 1'. R i a €R C f(g), . ..: li€l (1 1)

t^ the sanu, l)tuferti.t. Il I is dctual4 cont;auau\, so is f'-

P'.,y' clca ,!.f'(g) is conre!. l.et

f+1{):iacR" a+.BCinif(f), 'r <lt} (ll)

lor erch a, we can nnd rER" and 6 r:0 such tlat rEI-'(!) Then, in

!iew of thc ].,{er scn,icontiruitl of I and l,ernma I' tlere is n ne;ghlorhood

Ll : r. of (!, r) suct thar a' . /',,'(!') for all f' € Li an.1a E r' 'I'hus rhe scts

G.-(€,a) aEf,1{)i

alc otcn h -!' . -R", ard tl,ejr lrojcciions on g (also oPcn, ,rnd ircrc,si'g
a € .10) N'd 5'. sincc .t'is conrlact. onc oft|e tioi€ciions must be 'rl1ol
5'. Ir other iirds. for some € ,--'0 iuficicnth snali, $c hr{e l-.'(a) = z
tur ali ! - 8 . lur / ,'(a) int J-'(1) it' -ri{1) + ,, Thercfore, 1br '
uscienrh smell, rhc set i(1, 1) ' -' nri f'(f)l is fie opcn set C. nnplring

ri! Proposition I rhai /"is Lo{cNemicontinuous-
If -r is contnruous, tire graPh set G(f) n closed. :lhsr G(r') js obfuuslr

cbsed as lnll $ that I'aLso is corlinuous

PRorosrlroi- 3 (0ntinuous Selecrions) Let 3' he an drhittdn 
'o 

tld't
tldusttolJ Vace. d t t.t f: 3' - R" be a la.urnt' iont;nuaut' 'o 

t'!'ra|'!ed
natt;fuictiin suctL that ltr t'1i]] - . t./ dtt { E E' Let E be a 

'tos'd 
sut)Jet 

'J
Z , arrl lct y: i . R't Ir. a nniluofu' t'u dnn s.h tlnt rl.t) e;\L f(!) f.n all

I e E . Then 7 can ht ettenntl b d.aftnnous fun.rhfl on at! ol !' suth thot, li'

u({) l eBcf(() Jot dtt t=E" (:3)

Poo. -'.-l
is a conract sobset of1(,4, a) rsi.tI(1)i lftrrd,rer the l.ttcr sei is oPcn b!
Protositiln L Therc dl,es e\irt, lhcrefore, ar € > 0 such $ot

; r-:tt r' 'or'la;
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Thus, atpl]ing Propositnrn 2, lve obrain the eistence ol € such th.r Ia is a
lower-scmicortinuous, .onemptv-coDier-val!1cd nultifiulcrion such that
1'({). f*({) 1;r g €5. Ttic muttiittnction a:, ct fa(o rhcn has these sarnc
trope,ties and is compact vrlued. flictrael,s rhe.rem on conrinuols
selections l7l lssurcs rhe existence ot a coDl;\uous eliensiiD of I s.risfi.ins
7({) = 

cl J-,.({) for all I. Since

d f*(f) c I.(f) for au a,

this 7 hxs thc rropert\- (2.3) that Fe $anted.

PRoposrrroN 1 (Sunnib jt) propertl.). r_er D: t+.1D({, dnd ttefhe
the n ifaxct:int D, d! i" (2.1), i.e.,

,1fl :C=R',+€8.cir(a),, :: 1i.1.

I.rdo 6ltnet:;ans lA\J 'A6),lor bitruitt lhdu . > O, therc i! a su ondhte
fu .tion .: E > Rr s .h thdt

l(6, r) < "(€) $h.kM x 
= 

D.(t). (.2.4)

P|D,J: The h$orhesis ofProlosition 2 is fulfiIedwittr f = tcontirluous.'l' . ., 1r. -"r1.. ,1,,t..,'ti .,. io,, .or ,,. .,.rnd.olr,."
$ I D <' . i. r. r.,.. L. - :oe tr ..r,.

\\..,. Jl ,.:6,,b-toot/ o {,e,,ri.-
to !- and a sumnablc iunctio. ar: aI- R1 rch rtut

J({, a) ..: .1,(g) whcnever r: r'({) x.d g€ Li (l.il

sinc. Sis comract, ii can be covercd bl a finitc co[€ctjon ofsuch opcn sets ai
sitl, isso.iate.l furctions trr, so rhe conclusiorl of the propositioo nill bc

Ob ousLr,

,.G;) c nn r({) - inr r(a) for everr g € r. (2.6)

ID light ofrhis inclujion, rliere clist poinrs q -. irt r({) such that tlre tohroteP: colzL , .., d,,] ras inr P) ar(a) 19, Theor. 20.11. Thc continuitl of t:
oJpi 1,r.oolo.d / .t { .c,, ,,,

int P L10 lor ali g e a'o - Or the other tand, rtrere e\ist bt.proposition I
open ncighborhoodi Lir ofg xrd I:, ofa,, t 1,...,,?,n,chth.t

r., c int r(a) inr r(1) for aI g E ai . 1.2.1)
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Ler L - a;n r--,.. n L:,,,. If €e L-, $e halc rloce imtllins bt.
thc conre.\itr .)f./(9, ), that (2.5) holds for

,,(1) - ,=llar,,/(1, a,).

Ildeovc,, /(!,,?r) is sumDablc in 1. ai b-r (16) md (2.7), since a, 
= 
Ii.

Hence, .r. is summablc jn f = L !s dcsired.

PRoposlrro^* 5. IJ o it laninaty $rith ..nfact 
'uptt)tt), 

that so * the

"prcjertior" o* oJ o ot 2t\ '. x<1.'r 1<i<\ t/,r (tesulat B6el)
'lrabdbilitJ nEa te ot 

^ 
nefned lt)

4r) == d(s). {tEte s: [r :r ti.+r x . . x +] ^ 
.a. (2.8)

P/orl, The surport of or is thc (co1npact) proicction Fr of5. If I js arrr
(Borcl) 

'neasurablc 
ser h E ;i . . x :.t , then ? is the projcclion Sr of thc

nea$uuble ser S defin(d in (2,8), llorco\er, for I :-: 1 < i, the sct

-4,'(e, ,....1' : (€. , ,..., eJ . ('t, ,..., d1 , L.*' ,..., LJ € ?i

is the projection on 5,.r x . . x g,i of fic set

.ls(r,....e, =i({ ,....{,l ({,.....r,.f ,.....f,) sj.

T.ltins ? : Sr 0rencc ^S - ,!). \e sce tlut dr, lus prorcrlt' (b) ol the dcnii-
tion oi "lminin,' beciNc tlre loFr semicontinuitl' of a multifunction is
triri lJ prcserv€d irhelr tlic multifunction is compose.l $irh x continuous
function (h this car a projeclior ddpphs). llorc senerallr, if I is any
mca3urablc set in:r\dth o"'(7 i5;) . 0, thcn the ser S h (2.8) tas (-Si S) - 0,

and ?' - SI ftr I : I "': /i. Si cc " is lalr1inafl', $c kno$ thereforc thxr

c1,1,s(E1,..., f,) - .1,1€r,..., el fo' alnosr c!er) (q ,..., g,) -- ?.

?rojccting rlc sets onn, gr r )< , ): ;r,, \rc obtain dre relation

cl11.r(.1....,6,) 1i19,,...,1) for al'lost.rcr,' (Er,..., {,)€ ?Y.

'l'hus oi alio has properF (a) of thc deinitidn of "laninarr."

Prioposrrlo\ 6. Aswle that i i ldrtilLatr, d l let S' ha any neauraLtle

'ub 
t ol E lueh that o(3: S l - 0. The there erilts a u6urobt. sulNet S oJ S'

srch ld ae,S) - o a d fat ee4 k,0 tt; k ..,\', nE ie.tion Sr ol S t'
3, ,. t S, is nIdtnable add tatIfl.i

crris(€,,.,aJ-.l,,:(ar,.,{i) lu eu! (e1 , ,€,,)=sN (2.9)
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P/ool: ne shail d€rnonstratc dte assenioD in the sligh y stro.gcr ibrcr
$'fierc S is lctuallr siiama colnpact (hc u ion of a countable family of com"
prct sets). 't'hir 6serti{,n is hle fli'ialh if r\- -. 1. siDct the rcsdrrit}-of o
implies drc cristence for cler\' int€ger,r > 0 of a comllct ser ,(,,, C S iith

o(r-) :. o(s) - (lr't4

Let us supfosc no" that N::. i aDd m*e the induction hrpothcsis that drc
assertion is truc for lll crses of -\ - l compooerts. ReglrdiDg ;r r. ).+
as the product of thc N- I s!{ccs (!-r / 'gr),E,...,1., Ne deduce the

existence of a sigmd-compacr S in S' sucl thxt tlc desircd propcrties hold
for eycr] A rvjth I .... n -,:: -\.'l'he lrcjectnD $ oIS orgtis then ncAsurable,

becausc the proiecln)n of ! sigmn-@mp.rct set is sigmr-comprct. Since o

is lanilrar], $c ha1'e

\--sTrcEsTocgsTlc

cl ..1i.'(6,) - .'1r5(€i) for llmost e\er\' tr,-.'j'. (2 10,

i(0 € J({) for ah alt etcry t = 
E, (2.11)

tuhaeL,! 'R";n 'nltift 
.tionat 

^e 
gtath is cb^ed and r.ho!.alrer 7(.1)

arp. dllconrai ?dunhin s.nt..fftl ball. Asulne that n i laninar.v. Thor tlttre ir a
,tot@ttitirotixe,nteasural)bftucliani:Z.R'tahieha!rcetat'nortRetJ'ahe,e

.i{g) € J(€) tot r.e, 
'- 

t e.. (r. rl)

P/oo/. Lct.S' bc the subse! ol: for *hich tho reiatior h (l.l l) l,oids, and

let .s- he a subsct of S'nnh tnc lropcrties guarant(cd br Proposition 6.

ln particular, then. S is dcrse in 5 ,rd

.r=(;) ,E /({) lbr every { F J. (2.r3)

It follo{c fronl our issunplions on ,l that r'(f) - " 
for all a € J-.

Defire rJLr 5) - R|r ! :] n"r recursilelJ bI l, -- -.1 and

I..9....... \. iE.thr ..... I.i..i. \j..4Jrrr sirl, (!, ..... rr | , rr) l1(r, ...., t. , . a )|.

TLercfore, thc cqulitL in (1.10) fiolds for all fr = 
Z, $lc.e ? is soflrc signa-

compact subsct of "11 \Lirh d{.tr i ?') =- 0. Rcplacins .S l)y its (aisna-compact)
jntersection lrith T'< Er'/ >,.g\, wc obtdin a rrcq' .S such thar rnc
dcsired propertics hold fo! I ,: t. ..ii.

PRo?osrrror'7. Let i: t - R he m etttntia ),nona tiipath", Eastabk
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(.1r,..., ri_r , 3,.') € .jr (d1,,..., 1i_, , drl tor atl i e t.

tr, ,..., x" 1 ,,(rl=rr(f, ,..., a, , , f!)

cli€. i (rr,..., 4 1, fr) =.srl

- t{" . (1,,..., 6--,, {r.) es'i rof e\'q (51,..., {*-1) _..sr I

848

lve clainr tlu! for ever] L:

(i) ,rr. is a m!ftjfunction \1hose graph ser is closed ard \r.hose vahes
ffe ali contained in sone fired ball; and

(iD (ir(fr,..., r-r(f1 ,..., {J) e,1.({, ,..., 6,) for elcrr (6,...,fr)€sr.
'l'hese properties hold, as wc hare !ecn, for /. - N. \rc supposc next that
ther hold for a givcn i ard pror'€ rhat the! tbcn hold also for,t - 1.

'l'he boundedress propert!-in (i) oblbusll ca ics over to /! I. For the
clmednes propeo, let

(1,',..., di-, . .,',..., "i-,)1", (2.r5)

be r gcneralized scquencc in the graph ol Ji I converging to m ctcmenr

(t ,..., d,_, ,;t ,...,..._,). (2.16)

Ler dr be such rhat (€1 ,..., d, , , d.) €.:-?,. Ttrc mltitnnction

(t _- !r_J - td* {€,.-.,E._,,aJesri (t.17)

is lowe! senicoDtinuous on !r, b] Proposirion 5 (1he lamim!] propenv (b)
of o*). Hence there €$t clcments fti conv€rBing ro ar such thar

({r,..., €1,1, trrelr {oraui=1. (2.1s)

Since the clcnents (2.15) lie nr the graph ,,{ zlrr r, 6e!e e]1sr elernents rJ

Possing tu a (gencLalired) subsequcnce jfncccsvr\, wc con supposc (frcnl rbc
boudcdness propert) of:rr) thar xrr con1.crges to a ccr.tain 51 . T[en,

(2.re)

Q.m)

bt (2.I9) ard the closcd.ess of t|c graplr of -lr- . \\,. lu\'e rhus shown rhat
for c'er!. €r s-irrt (4, ..., Er. r , fi) = 

s-. thc,t is an clcmctrt i, such thar (2.20)
ho1ds. Tlis nreans that the elemcnt (2.16) belongs to tle sraph oflr-r, aDd
the closedDcss of this sraph is therebr csrrbtiGhcd.

for property (ii) of jr-', nc make rlsc of the fact thar

(:.21)



8:19 Nsrrcr srocH,\srrc

This is true snlce S i{as chosen to hare rl,c tropert;es iD proposirion 6,
ir.d hence satisfies, irL parricuiir,

"r({",..., €") (f,,..., {r r, {",..., 6N)E sl

- (E" ,..., fx) (1, ,..., a. , , s" ,. ., {") E si (2.22)

n r ckn ((.1 
',..' 

gr 1)€ si 1.

Let ({r ,..., €r 1) E sr r, an.l lct gN be sucti rhxr (f1 ,..., gtr 1 , €L) G Er. To
estrl,lish (ji) for ?:li , j $e warr to sholv tle cisterce of,r ch thar

(",(,J...., '. ,(1, ,..., f,. r), 1,) E rli(€, ,..., t, 1 , {r). (2.23)

In riew of (2.21), n is possible to choose a gereratizcd sequencc of the form
{(9, ,. ., 6, , , gr.)i.r in sr conreLgj.s to ({1 ,..., €L L g,). Frcn propertr. (ii)

G,(€,), .., .^ 1(€1 ,..., s. J, x.(9, ,..., f, , , {,') E r"(€, ,..., e. 1 , €J. (2.24)

The bou.dcdne$ piopcrtl.ol /r in (i) xtl.^s us to sufposej rlssj.s to !
'rLFa., ^i

i-.1to sohe r-,. Then (2.23) holds br ttre ct.,sedDc$ pr.pcrtr of,:li ni (i).
'lhc ptu,f th.t (i) end (ii) hoLd 1or alt A is rherebl finished. Obserlc thar

theso profe,{cs inpl\

(2.25)

snlce Sr (bcing tlie frojccrion oltirc ser S of fult neasure in E) is de.se inEr.
'fhe closcdncss of the graph of:lr atso iopiirs thar for elclr comtact set A-'
in n"r )< ! 1?,r d,e sct

{(€, ,..., aJ.;. li(!,, , {r) ^ 
K - 7t

is cirrcd, herce ncasunble. .I'hus ]Jr ;s a measufuhlc Dlultilunclion in thc
sense of Castaine (scc 18, r. 5l).

\\rc are now readl fbr rhe lonstrucrion ,)fthc tinction tin rhe troposirion,
rvnich wiil be ellectcd conto.cnt b{ .on\Dncor, stlrting Firh A = 1. Ttris
co.structiorl is based on the fundanenral selcction ttreorcm 1br measu.abte

ultilunctions (dre to Rolhlin .nd others, scc 18, Uor,llar l.tl). Zbery
onorpt^-.hen-tahatt neawdbt. n ttiJnhdnn thh tutu.! (fa/ cxav.lk)

i, d eu.lideak $au has a ta',lable yle.tirl.
For,4 : 1, \re coNid€r rhe mulrifunction Jr':51 -R\ defincd br

.,,,1eJ-)ji8r ;l !l:ii; \2.21)
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Since Sl is a measurablc set and rt is a nFasunblc fumdon, :lf is like lr
nensurable, as $ell ns oncmptl-closcd-valued. Hencc by the selection
tfieorcm, thcre exists a measurablc function it satislLiry

ii(4) e.jr'(fl) for all l, €.:-r.

In othcr t{ords (usine propert} (ji) ofr'1),

ir(fr) c,ir(g,) for all €r e st,

i(€r) : .rr(i) fol an €1e ^s1.

Assume norv inductivclf that $e have constructed ii,..., -r_r on -c1,..., fl'r
$ith

(.'i(4J,..., r..,({' ...., Cr,')) . .,1*-,(d, ,..., €,. J

(;(f,),..., ;"-,(d, ,..., 1,-.)

for au (€1,..-, gr-1) e 5L-1,
(2.213)

- (.i,(f, ),..., .._,(€, ...,, f"_,)) for au (6r ,..., €r. j) s.sr 1.

Dcline

J*(t, ,..., t*) : {"i I (:i(e,),..., i{ 1(fr ,..., fr_!), r,) c r' 1' ,,.., Er)}. (2.30)

Fron (2.28) and tbc d€finhion (2.14) ofr'i-1 , ire knoly that

z^.G,,.,., €,) + c for dl (fl ,..., {J € '4, (2.3t)

Nhile (2,29) and plopertr (ii) of,Jr impiv

r-,(€, ,..., 6.) E /,(1' ,..., tJ for all (41 ,..,, s1) c.sr. (2.32)

It is cl€ar from lroperr,-t (i) of /t rnut /L is closed-vah,ed. \\ie clajm fijrther
that 4 is measurabl€. To sc'e rhis, co.sider the mukitundion ?E dcdned
on g-r by

7i(6, --, €*) - t(" -.,, "") I r, :.ir(€,,..., 1,) for r .= 1,..., a - . u.

This is neasur.ble, l)e@use thc t-undions ir are m€asurabl€ and for er-en
conpact seiXC.R"!' . x.R,,l onc hl]s

{(€, *, d.)e s' ?,-(g',..., (!) n 1( + :ri
: {({,--, e.)."^ (i(Er),,., ir.ddi,-, fr J)€x'1,

s'hcrc K'is the (cLosed) projection ofK on na r'.. l: ftq-1. Sinc€ ri and
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/r aft both clo-.cd-vahrcd and esur.ble. $o js rhe ;ntcrsccrion mulri

?, 
^ 

:ri: (i -... t,J -> 7r((r -.., tr) ^ 
r,(€, ".- €,)

Gee 18, C..ollnfr l.3l). For lnr closed sct C ;, j?,,,, Nc lurc

t(E,,...,e;. "-, J.(1, ,..., 6.). .r - ul 
i:.::y: {(f,,..., fJ € 5* I t(?;. /") (f,,..., E.)t lr r;\c) -,},

$hcre Pr is drc prcjccrio. from R'\ >' . . < R.: orto R"". SiDce 4 n:1,. is
n)ca !!blc and Ptr((r) is closed, the second set in (2.33) is ,ncasdable; thus
:tr is a rneasunble n)uirifunctio. ar cla;ncd.

Dcfrne thc multifunction ,J,,': ;r - R'; b!

.. \{.r(€,.....fr)l ii ({,....f., 5J.r Lrr "s' - 1rr,....". i_ .€,....61 :- '.
Thcn:li is lgain closed-r.lued and mcrsuhble, ind fLom (1.31) ind (2.32)

-J qfq € J .... .", 'rill'', . F : --. (2.lil

Tlc selecdon theorem is thereforc rpplicrblc ro 1,, drd therc e\ists a

neasurublc functioD i,.: gr -' R,t $tlsfling

ir(Er ,.... 6r) = 
r/.'(€1 ,.,.' €, fordu(9r,...,9")FrL.

This relation nlcins, acc(trding to rre definitions (2.3a) and (2.30) of,lL
and J" , that

(rr(4J,..., ii(gL ,..., n )) . r/.({l ,..., dr ) lbr all (€, ...,, 1.) F Er, (2.16)

(i,(€,),..., i,(€, .,.., €^.)) : (..1(€J,.... .;(€! ,..., €r)) rbr all (61 ...., 1L) =:-r.
(2.37)

'I'hus $c h,le c$endcd tlc relations (2.18), (2.29) f'om i - I ro A.

Tlie constmction procccds urtil Fc rerch i . -\ (5\-- E .SN - .S,

.1" : J). lt that point. thc conclusnn of Proposnn)n 7 is fulfilled.

3. Dll)r:crro\ or r'HE llarx RLiLr.Ts

PlutafIhcaretu1. Thore ainilrs argume.t consists of purtirg togethcr
some too\\n facts noln thc theon of conre\ inrcgial tunctionals. -\ssu p-
tions ('\l), (-\3) and (.q.t ;ntl] bJ !0, Lctnn! 2l thrr l;s . no nal corr$



integ,and, thrt is, h rdLlition to (A2) tllde is a seqrcrce of l}]caut'able
furctn,N .r,: ; , R,, dr thar l(f. ai(d)) is melsuiable in f for cach j,
aAd the sct r(t).lic.) J. 1,:,...j is densc iD r({) tbr e3ch {. \\irh
(Al), (-{4) and (-A5), Fc theo havc tiolr 0l, l'1,e.1.5l tbatl contains at

l€ast o.c continuous rilnction i.., and for $erl such s the fu.ction
d './(9, (sl) is sr,rmnabLc o'er E. Lci r dcrote a particular coniinuous
function x, ard for e\.rt suclr r den ote a prrticular continnus firrction jn y'/i 

-

]'hen thcre is aD . :' 0 such dlat f(f,.{g - .-r) is summablc in f for each

J E .B. 'fhe hrlrnhcsis ol ll1, Tlel,r. 2l is satislied accordingly; this 1ields
dte concLusioD that i' is a scll-defincd, loirer-semicoutinuous, con!'er
functnrndl in d\e scnse dcsd;b€d. (Thc \eak lower-scmicotrtin ;tt follo*s
because.F Ls (br U l. Theor. 1l) tlle conlustLe of a conlcx fdncrional on,nr.)

\re s ll musr lcrili (l-7). \\i harc llread! nored tlEt /'+ -1. lt is
eridcnt rhat ,' is oter and

inr{se-r9.,r(x) < -t .j C/r'.

T'hus to cornplcte thc pRDf it suficcs ro slo\' !ha! -l(r) < +co for elcrt,
r F 7r-. But this tlct is a co.ollar\ of I'roposition .1.

Prcol ( Tlwen l. Thc lrst p2rt of tlle thtoren is immcdirre fron
Proposition 7 applicd to J(O - ci ,(t) ' r-(g). Fd rle resr, $e obscnc
:t ihc riutset t|dt since ",1.. //'+ i1, one has
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in{rh) r €,rii : i.fll'6) | t = -+'-. ^ 
/t'1.

.(i) "< a(,t) I 2t, (3.:)

and rhis $ill plo\ie the thcorem.
Cl.ose ( >- 0 sNall elroush dut the ploterti€s in I'roporitnDs 2 and 4 hold

for -l-.-D, rod in ddhn,n .r(€)-.act.(o ini aLnost cre+ e€e
Alier;rg ,f on . s€t of mean,re zero ;f neccasatr, \yc ca srppose thrt dctualh

(3.1)

Inddd, ifr is ant clencnt of-1: sucrr dral F(x) < - t, rnd il t e J'. 
^ 

I/',
thcn i-or 0 .< I ( l, Nc hdre (1 - ))x + ,\- nr.,r; . ,/'b,r (1.?) and

4(l .\) s :).f)<(l - I)F(r) r )r(.r).

'fhus, considcring $hat hcppcN as ) .10, ne s€c tldt for crer! ( )' 0 thcre is
alr s' 

= -|; n 7/' $id, i'(r') < F(r) c, and rhir esrablishes (3.1).

Nor tix anr x e.,1',. .l /' and 3 :' 0. \fe shalL demonsrratc the eristence

of :i =.rir such tha.

a14 - €a c /)'(4 for cvcr! 1€ r-. (3])
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Tlris follo!* froln tnc colrtinuitl of,. by appl)-ing Prcp6ilion 7 to thc

l(d) - {i-,E nN } -i. €B c ),(O} rLx t e E.

For the sumrable functioo r(€) in Proposition 4 and the iunction/(€, x1$)
(which is silnmnble i. { bt Theorcm l), thcrc erists 1 :, 0 such that whe!-
elcr S C,e is a (3orel) 

'ncasurablc 
set \rith mcasure d(,5) -:: 

'r, 
one has

(3.4)

.q.ccording to Lrrsin's Theorcn, there exists fol the measunblc fuction r

"on4',c' 
* ='C= Lch rl,.r i is c r',uou! eblitc o:= and o c .<'.

J(6) E int r-,(d) nr cverv 1e.i

br (3.3), bccaus€ ,' is coDli.uo s.

Suppo* \ao car construct i € -1,. sarisfling

i <O r'..,4 rncr .1,1t*,"tOla.'' o.

r(i) - .L.f(e, 
i(€)) ,7" + f"rrr. "tol 

a"

(3.t

i(t) €r.({) foi all € eE, Nith

This will,\'ield, via Protosition 4,

,(1): i(€) rd 1€5. (3.6)

Ft'i.). l/t!,..{1)).lo I .(dr1"

<-ii(r)+3+i,
as dcsired in (3.2)- Thc rest of our proof is deroted to rhis construction,
$hich amounrs to a complicated apflicrtnn ofllichael\ thcorem on continu-
ous s€leclions in the form ofProtosition 3. Thc l.tter lesult cor d he nrvoked

direcd) to get the e\istcnce of a continuoos function .t satisf"ing (-1.6), but
this x nisht fail ro be nonanticipatirc. This is whcrc the conplications arise:

their iescilution requircs a nllLltistaqc approach bascd oD letnnis srated bcloR.

There is no ioss of scneraiitr if Nc suppose each of tl)e spacos 3' is co'n-
pact. (Rcplace ;-1 b-' thc projecln,n of E on E-;.) Dcfrne thc multiJunction
f\,: E-l x / -3, + R" bI

il 1.:,^ .,. tr'(d)I r'(r: r(t .)a (3.7)
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l"r:gr \ " xa,,-'Rirx- )' Rir

rccursive\ for & - { 1,..., 1, b}

j"L'(f' 
'. , {. 1)

.- {(ri ,. , rr-J I V€i € a-,,,:ar -' R'rr' (3.8)

(\ ,. , \ , , 
"*) = 

I.(6. ,..., 4^-' , 'tJ}.

LEN1trL\ l. Tlere eris^ a naslahlN, natakti.iratiLe fu,t.tiolt

i::, x .x!i,-n'--
atuid;,tg @ith F onE, *ch that ld k:1,.,.,N ne hat

(,ir(4J,..., i(dr ,.. , sr) : GB c ryf, .. ., 4J lot a l4,..., . (3.e)

lH$e B derate, the closed u,it euet lean ba oj the atuot;ate dirnas;@.)

P/orl. Definc ir: EL x x + + R'r bv

,.tt, r , . rr(fr . .. fJ rf {i' .{") 
. ::' {r.r0r,0 iJ (t,,..., f3) i 5r.

The function d- given by

i(o : (3,(€,),..., ir,(€,,..., (.))

is then mcasumble and nonanticipariv€ on .S1 ; y €", and

-i({) : -!(6) forall{e!. (3.11)

This impl;6 by (3.3) of cou.rse that

.i(O + .B c /r.(1) for ercry f e E. (3.12)

On the oth€r baid, siacc ,!(O C 0-r.),B br definition, (3 3) implics also

that rr(Oi < (lL) - . for lll f =; But r(O is for each t a l'edor of ihe

(ii({J,,-, i.tr(6l ,. ,, 1r, 0"-, 0),

for some a. Thus ls(Ol < (lc) - € for al a or cquivalendl',

(61-dB (l 4A r.r€!er-i :-,x :-.... /j 13)

of cource, (3.12) nod (3.13) a$crt tlat (3.9) holdr as dcsired for A :.\'.
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int.*-r(Er,..., g*-r) + z fot^ttt.

\\ic now $snme inducrivcll th.tt (:.9) holds fo] ! giren tr and vcrify that jt
then holds for t - l. I{ for giren (ar,..., f} J we hare

(r1 ,..., xL_') e (ii(fr),..., ir_,(f, ,..., f. J) . .r,
thcn for ail €* = 

3L ,

(r1,..., ir , , t(dL,..., sr) - (r,(dJ,..., s,'({, , .., {r ,), ti(4l,..., dJ) {l €.

'I'hen from the induction htpothcsis,

G,,- ,',.-. ,:i,({,,..., {J) E-f(6,.,1; for arr tr,
so that (rr ,..., rF,) E lj-j(1i ,..., f/, J br definition. Therefore,

(-.(a),..., 
"-" ,(J, ,..., i_J) + .R c r-^ 1(€.,..., {'. 

'),
and (3.9) is tl,us verificd for n - 1.

LErjMT 2. '1 hc nnh;funct;an! I\ arc an lo eraetui.o,ttiLuous afld con,act"

Pre, The asscrtion is e dcrt iion fornuh (3.?);n thc case of A-I,
bccause ,. js kno$'$ td hale ticsc propclties on ,9, dd D{1) C (lk) B br
dcfinition. Again \c proc(cd bJ inductn,., assuming the acscrtion is 

'alid 
for

a given,t and ac.ifyiDg thnt it thcn holds also for tr - 1. Lct

ri-(4,,..., t*) =. {G, -.., rr-J I l.\i, (q,,,., +,,'i) = 
r.(€,,..., f*)i,

so ttrat 
(3 14)

1'i (€r,,,., fFJ -_ 
^ {ri ,(4,,,.., €^ 1, €,) jf, €3.i. (3.1s)

It is elemcntal\ that 1l-1 iDhcrits from l-a the prope.tj of be;og a lowcr-
scmicontinuous, compact-conlcs-valued multifunction.'l'hereftrc ]-r,1 is
also cohpnct-convcx-valued bv (3.15).

To establish thc lower scmicontinuitj of l"rr r , *c nE[e usc ofPloposition I
and lhe facr (Lemma l) that

Suptosc thrt

(3.16)

(3.17)(r1,..,' -r J e int.r-1(rr,..., fr J.

It will sumce b-r Proi,osition I to demonstrate tile cxistenc€ of i > 0 md a

neighborhood U of (gr ,..., €! r) such that

(.t1 ,..., x.-,) + )B c .4 (8, ,..., {.-J foL all (dr ,..., 1F,) € Li. (1 18)
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(.q ,..., xi 1) € jnt l-i ,(a ' .., a" ' 
, {,) ror all {r' E 5i (3 ]e)

b-r (3.1:) and (3.17). Sincc Ir 1 iS1orer seDicontinuous, there erist for each

€,. s" 
""igLL'"4-"a. 

u"f(a',.,a. ') and L' of tl and tr:0 suchthat

(q,.,q r) IIBc l-;'({', ",!'', gJ

for lll (gr ,..., 4 ,) E Li .nd g;- E L:'.
(3.20)

Usins the c.nlplciness o19", *'e can deduce from this the cxisterce 01l > t)

and . neighborhood L'of (4 , , 1. J such that

(r! ,..., rL 1) )8. fi ,(c, ',..' E. , , f")

for rll (!r ,..., fr J. Li and !r € -'i
(3.21)

But rhcn (3.15) Iields tne desi.ed corclusion (3 18)

L IM.! 3- ,et I < I < l. S,pp.je rG hau 
'anntx'tetl

(.i,(g'), . 
' 
.i,(€' , , t.),

delend;ry .ont;nuausty ., !, aene;ns aith lii " ' Ili ' , ttJ, on g, and

sdrisJr;nr

(,ij(9,), .tr(t1, , gi, E int f,.(gr , .' gt) iuant (3 22)

Deft.

n ,r
(l.rr)

: iar,,1 (i1(6),. ,ir(tr, ,€r),u r) E |i+1(41, ,{t,gr'1)l'

fhd f Hn a L)teAen;c. tinua ! nutti|ad;' uith 
'anpdct-eon"e" 

uI e\

inrip,({l,..., f; 1)

: {,',- (.i,( , , .i'14 , , {r), rN-,). irt l'r-r({1 , , ta 1)i (3 21)

.. t Jot alt t.

,r-,({1...., g;. 1)EintIr,'i!,,..., 1',) foa teE. (32s)
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Proof Sine f1-, is cornpacr-conrer-ralurd (Ldnma 2), lL-l is cl€dl_v
conpact-convcr-r'alrrcd. Also, (-1.22) i plies bl defiritior (3.8) that, for

'i,fr' i /€ f. i inr, ,..... . , :r. |.
(\ ... . ,, . J ,) a,. ,({, ,. .. fr. f.. ,)j. 

(r'j('r

where intf. ({,,,.., {-, f.*,) ::, b} Lcmm! l. It follows tho from
convcntr that (1.24) holds. fhe ft)$ar-semicontinuit\ of l-k+r (LeFma 2) in
characterjzaiion of Profo$ition I impiies yia (3.2a) .ncl die continuily of
(q(1J,..., i,({,,..., €J) that the s€t

{(9,,...,E,., ,.,_J rL., e ilrr fi-,(st1,..., 4r-1)l

is opcn, and herce.fl 1 is loqer-scnicontinuous. Fnra[!, since nx € e€ r'c

(ir(f1)'.,.' i(i, 
',.,' €L)' ri ,(a, '.,,. €.-J)

: (il(O. 
' 
t.(g' ".., a*), r. 

'(d' 
, ..' {'-J) -'int i-"-'(g' 

' 
. 
' t"-)

bt,)ur hypolhes;s with i.is in Lennni l, it aho n)llows frcm (1.24) drat (3.25)

(:oinqletian ol the tu)af ol ?,role'n 2 Our tasl is to construct ic"r;
sarisflins (3 6) Tlris can be eficctcd br constuctilg continuols component

(3.:7)

(3.28)

r*(f, ,..., 1") : i'-(!, ,..., {.) for arl (fr ,..., €.) =j'r , (3.2e)

where lr is the (compact) projcctioD of€ on !-1 :i .i tr.
Stardng $ith L - l, Nc recall that the Iunction ii is contiDuotN on:'' and

l,rE r,r " )i E-,- 'R't

.i({) - (i,(d,),..., iN(d1 ,..., €\)

i(f) e l-.Jg for all s. E !, x . ,1 .g* ,

rl(fJ: rnr r 
'Gr) 

rorrlltr::' (3.30)

lLenma l). Ilorco!€1, ar is e l,,wcr-semicontnruous, convcr laLue.L mulri-
tunction (Le'ma 2) ha\.ing int lr(€J = :: fo. cye,t' {r €:r (Len,ma l).
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1\'e can therefore a!fl,! Propositiotl 3 and gel a cootimous etlension tr

rrt6,) 1: int Ir( forallf,e4. (3.31)

Procccdjns now by inductnD, let !s suftose iI,.,:ir have been

consructerl rvith the propcrties in Lemna 3. l)efinirlg l"L-L as in r,enma 3,

Ne hcre ! lower-semico,rtinuous nultifunction \rith propertics (3.24) md
(3.15). Protosition 3 cal asd;r be applied, and we thereby obtain a continuous

5 . E'.. ire

r,-,(g, ,..., €" ,) E int -|i ,({1,..., €L 1) forallE. (1.12)

3ut rhen,

(t(9J,..., i"-,(1, ,..., 1^ ,)) c int I. 1(1, ,..., {&,) for a1l f (3.33)

E5IJ

b\ (1.14), so the construction can be cdrried one stagc frfther usi.g the same

argumcnt. -{t the last stage, \rc have (i1,..., .N) : t satisfving (3.28) and

(3.29) as rcqu;ed.
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