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The usual penalty nethod6 ior solvlns nonltnea! proSramlng prob-
lehs are subject to n hellca] 1nstab1lltles, because the derlvatlves
ol the Denalty fdncttons lncrease ,lthout bound nea! the soLution as
conputatlon lroceeds. h recent years, the ldea has arlsen that such
lnstab1l1tles mlght be circunvented by a. aplloach lnvotvlng a
Lag.anglan fDnctlon contahing addltlonal, penatty-I1ke terns. tlosr
of the wolk In tils d1lectlon has been for probtehs xlth equality con-
stralnts. Here some ner results ot the author fo. the ineoualitx case
are descrtbed, along ulth reterences to the current ilterarure. The

lroots ol these lesults wlll alpea! elsewhere.

Equallty Const.atnts
Let fo,fL,..,,fn be real-valued functlons on a subset,X of a

tlnear topologieal space, a.d conslder the lrobten
(1) nlnlmlze fo(x) over tx€xlf1(x)-0 for 1=1,...,m].
The au!:hented LaAranslan for ihls lrobten, as ilrst introduced in t95B
by Arro{ and Sotow t2l, 1s

(2) L(x,r,r).1.t*) * iii trrl(x)2 + ylrl(r)1,

where ! > 0 Is a Denalty paraneter and y
fact, thls 1s Just the ordlnary Lagranglan
problem tn {hlch the obJectlve functlon f
to + r-1_ r ..'.-"n-. /lt\

The motlvatlon behind the 1ntloductlon
that they hay lead to a representatlon ot a
terns ol a local unconstralned mtnlnuft, If
solutlon to (I) wlth collespondlng t-asranse
nlshed by classlcal theoly, the tunction

Lo{x,i) = forx) + .l_ t111(")

*Thls Nork ras sulported ln part by the Alr lorce Offlce of Sctentttlc
Research under grant AF-AFoSR-72-2269.

= (vl,..,yn). nm. In
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ls replaced by
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of the quadratlc terns 1s
local optlnal solution In
i ls a ]ocal optlmal
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has a siattonaly loint at ; {hlch ls a 1oca1 nlnlhun relatlve to the
mnlfold oi feaslble soltulons, Hovever, thls statlonary polnt need
not be a locaL hlninun ln the unconstralned sense, and L nay elen
-av. ne8arlv6 s6.o.d dF-jvo 1/cs ar ; 'n cerLa.ln t.i-p.-iors no!.a-
to the feaslble nan1io1d. The hole 1s that by adding the terss
rft(1)_. rhe lar1er oo.slollIry.. ba.orr'6rFd! ar 1-rsL 'or r
rqree enoreh. i Is -o- o'ft'crlt Lo oq 11'- Is iru- j- ; sa-i.-
iies second-o!der sufflcient condltlons lor oFtlmaliiy (ci. all).

rhe ausmented Laelanelan slves rlse to a baslc qlq!! 9_! elS!:
rltbns havlng the lollowlns fo.n:

(:)

Typlcal exterlor penalty methods cofesnond to the case khere
yk+1 = yk = o ana rk+l = o"k (o = some factor > 1). rn 1968,
Hestenes l10l and Powell [19] lndelendently drew attentlon to loien-
tiaL advaniaees of the case

(rr) 
"k+1 

= yk+zrkv"r,1*k,yk,rk),

[cru". 1yk. 'k 
y. 'i'r.r,"1". t ," eet xk. tr,en-

Ito e"t 1"ktr ..r'+r, .

r, (r,yk,tk ) (part1a1t1, ?) 1n

by some rule, noarry (yk,rk)

lhe same type of algorlthm uas subsequently lroposed aLso by Haa.hoft
and Buys l9l and lnrestlsated by Buys 1n his thesls tlrl. some dls-
cusslon nay also be found ln the book ol luenberger [r3]. Recently
Bertselas L3l has obtained definltive results ln the case where an
€-bound on the gradtent 1s used as the stopglns crtterion for tbe
ninlhizatton at each stage. these results confirn that the conver-
eence ls essentlally supe.ltnear ,nu. .k * -. Varlous nunerlcal
etpellnents lnvolvlng nodlflcations oi the Hestenes-Powe11 algorlthn
si111 1n ihe pattern oi (3) have been carrled out by Miele and h1s
associates l15lj t16lr tt7l, t18li see also !r1!athl and riarendra [26].
Sone inflntte-dinenslonal aDlllcations have bee! conEtdered by nup!
t24l. t251.

An alsorithn oi lletche! [6] (Fee also t7l, [8]) nay, ln one iorn,
be considered also as a I'contlnuousl ve.ston of (3) ln {h1ch cerratn
iun.tions of x are.ubsriruted to! y and r in L(x,r,r); one
ihen has a sinele function to be nlnlmlzed. The origlnat wolk ot
4rroN and solou [2] also concerned, 1n eraecr, a,,continuous,,verslo.
oi (l) in qi,lch x and y value6 qere nodlfled sinulraneousty 1n
locatlng a saddle polnt of t.

&esqelllr Ssl:!r!.i.!!!l
For the inequallty-con6trained problem,
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(P) rdlninlze fo{x) ove' {x € Xl f1(x): o, 1= 1,...,n},
1t 1s not h!:ledlately apparent {hat fom tbe auqhenred Lagranglan
should .ave, but the natulal general,lzation turns out to be

L(x r y,r ) = fo(x) + t r( r, (x),y,

(x)'+ yifr(x)
2 /"" 1f f1(x ) l -y1l2r.

(5)

(6 )

lf r. (x) > -y. /2r,

^,rr,rr,".,rr. {-;t
In deallne Hlti (5), the i1u1t1pl1ers yi a?e not constrained to be
nonnoeatlve, 1n contrast tlth ths ordl.ary Ku!D-!ucke!' thecry. Th15

Lagranqlan as lntroduced by tie author 1n 197c [20] and studled 1n a
serles oi papers [2r], 1221, i-?31, the natn !esults of {hlc. {111 be
tnalcated beIow. It has also been treated by Buys t3l and Arrorj
coul.d anc iiose i1l. nelated ap!.oacies io tbe inequaltty-constralned
problen sa7 be found in papers ol'rlerzblckl t271, t281, t291, Fletche.
l?1, Kort and Be!tsekas l1Irr, !11I 1121, and l.1ansaEarlan l1!1.

To reLate the auEftenteC Lagran8lan to penaLty ap9loaehesj 1t
should be noted that by taklng y = 0 one obtalns t:e stanCard
"quadrstlc" penalty functlon. Obse.ve also thai the c1s5slca1 LaE-
granglan io! Froblems wlth lnequal es can be vieHed as a 11n1!!ng

['^t"r ' i Y'cr(x) ir Y>o'
Q) llr l(x,J,r) = r,-(r,y) - / t! "

r+o \-- Lt y t a,

The lo1loe1ns pyopertles of 15)-(6) can be verliled 1211, l23l:
L{x,y,r) 1s alrays concave 1n (yrr), and lt ls conilnuousty dlfaer-
eiilable (once) in x 1f every lt 1s dliferentiable. lurtner:nole,
lt 1s convex 1n i lf (X and) every fr 1s convexi the latier is
reaerred io as lhe gglel case. HlAher-olCer dlfierentlabillty 1s
not lnherlted by L from ihe functlons fl along ihe "transltton
su.faces" correspondlnr io fornuta (6). Ho{ever, as r1I1 be seen aron
TneoreE q beLow, most of the lnteresi ln connectlcn wlth alsoflthns
and thelr convergence centers cn the local prolertles of L ln a

neltshbornool of a po'nt (i,:;,F) su.h ihaL i Is a IocaI oo'-inat solu-
tlon to (P)t i !s a colrespondlng nu1t1pl1e. vector 1n the c1aE51ca1

sense o. (,.n and T-c.er, and ; > O. Il Ehe nuLl'o11ers J, sattsry
the conplenentary slackneEs eondlilons, as usualLy has to be assuned
t. a close analysls of converge.ce, 1t Is clea! that none of the
"transltlon srrfaces" rl!l Dass thr.oueh (i,!,i), and hence L w111

be two o! thlee.thes ContlnuouslJ dlfleienllable ln sohe nelFrborhocd
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of (;,t,i), 1f every ft has thls order oi dlfferentlabilltr.
(Certain related Lasranslans .ecebtly progosed by nansasaiian i14l
lnherlt hlghe!-orde! dlfferentlablllty everyrirere, but thel are not
concave in (y j. ). )

Tne class or alsorithms (3) descrlbed above lor the e{ruallty case
nay also be str.rdted 1n ihe lneo-uallty case, h partlcular, rure (lr)
glves an lmnediate eenerallzatlon oi the Hesteaes-Powe11 algorlrhn-
He have shoHn ln t22l that 1n lhe flnite-dlnenslonal convex case, thls
al8orlthn always converees q1obatl,! 1f, say, an optlnal soLutlo. i
exl- s arore d' n a {uhr-rL./-- v-c or t. 'ln:s 's ru- -v-n I i1.
nlnlhizatlon in obtalnlng .k 1" orry aplroxrnaie 1n a certain sense.
The nuLtlpLler vectors !k converge ro sone lartlcular Xuhn-Tucker
vector t, even thouCh the probLen nay lossess nore than one such
vector. lor convex and non.onvex problens, resultrs on 1oca1 lates of
convergence ln the equallty case are appllcable 1i rhe nuttlll1ers ar
the locatly optlnal solution 1n questlon satlstv conplenenrarv slack-
ness condltlons.

Dual Problen.
The naln theoretical prolertles ol the augmenred LaAranslan,

fundanental to all alplicattons, can be descrlbed 1n terms of a certaln
dual p.oblen coriespondtnA to the global saddle polnt problen for t.
To shorten the plesentation here, re hencetorth nake the stn!1Iiytng
assumlt1on that X 1s conpact and the functlons ft are contlnuous,
It oust be enphaslzed that th16 assumptlon 1s not requlred, and that
the nore seneral settlns ls ln rac! the one treared 1n t21lJ [22], t23l
It should also be clear that ou. tocus on lnequallty consrralnts
lnvolves no real restrlctlon. Mixtures ol eouations and 1n--.u.r1ties
can be handled in nuch the sane way.

The dlal problen erhlcb we assoclate vlth (P) 1n terns ot tne
augnented lagrangian L 1s

(D) haxlmrze e(y,r) over arr

s(y,r ) - h1n L{x,y,!)
y e Rn ana r > o, khere

(flnlte).

Note that constralnt y > 0 1s !9q piesent ln thts probten, Nor {loes
tn- .o-d'rlon r, O reore -nr: -!'- cons!rain-, sin-e, 1 Js e-s1 /
seen, e(y,r) 1s nondecreaslng as a tuncrlon of . for every y.
lhus the dual probten 1s one of unconstralned naxlntzatton. Fulther,
8{y,.) ls concave 1n (y,r), and 1n the convex.case lt 1s contlnu-
ously dlilerentiable, regardless of the d1:lerent1ab11lty ot l, 1211,



!HEoREI1 112-?l.nln (P) = sup
denotes an arbitrarv seouence

(D) - gt yk,"k ), rr,".. (/k..kJ,-
oounaec ana-rl=* - ^'

optinal s01!t 1on: to (!).

Tbeo.en l asseits

1im mintf (r) + rI

More Aenerally, it su8gests a larger ctass of penalty-1Ike mettods 1n
whlci stll1 

"k 
- -, Uut yk Is allowed to 1,ary. Fernaps! t.rough a

Sood ruie for clooslng yk, such a merhod coulit ytetd improved
conve.gence and the.eby reduce sane ol ihe nune.ical Insrab111ties
as6oclated Rlth navlnE rk , -. Theorem z even hotds out the att.ac-
tlve posslbllity ol alAorirhms in phlcn both yk ana rk renatn
bounded. fbe lundanentat questlon bere 16 vhether a bounded naxlni_
zlne sequence (yk,rk) 

"rr"t" at ar1 for (D). rn other words, under
that clrcunsta.ce5 can lt be sald that tte duat nrobten has an oDtlnat
solutlon (t,;)?

It 1s elefrentary froo Theorem t and the deflnltlon of the duaL
..rd sr-r'-!-r- conol(ton for ,,.r -o o- an op-tndL

solution ro (D) and t to be a {slobarty) optihai solutlon to (r) 1s
tlat (i,i,i) be a (srobat) saddle polnt oi L. The forlowlns
theo!.ns on saddle !o1nts th-arefore show that our questlon about the
exlstence oi bounded naxinlzlnA 6equences (yk,rk) has an affi.matlve
an.Rer lor "nost I probtens,

yk

rl yk=0,
!ehalty functlons

(8 ) nln(?) =

THronEl.1 3 L 211

o-t l, 1| 4rq 9-4ltr
Laefanslai L 1n

the lan111a. fact 1n the theor!' oi

t haxz{0..,(x)lt.
i:l

1:
1:
(7)

(i,t) !3!9,
!!-!! e!

THEolEr'l 4 [2]1. Suplose rhat i € lor x .
o,rrFr.nr,.o F o" . ass 2 tu i.

(a) Ll (i,t,i) 19 q erorar sadcre !g!al
sat 1siIes the second-orde. necessarJ co.di_l&!q
optlnatit"v ln (t), and i 1s globaily optimal,

sl
t5,

L, !.!el (x,v)
!.?51 for rocal



(b) rr
t5,p.3ol !9!
optlnal, th6
suiflclentlY

rart (b) ol Theoren 4 stenethens a loca1 resuli oa ArroH, Gould

and Ho,e [1] involvlns assuhltions of.onFl€nenl:arv slackness and the
superfluous const.aint y : o. A cor.esp.nding 1oca1 result has also
been furnlshed by l.lantasarlan [1q] ior nis dlaierent fanllv ot
!aerangians. It is sLovrn 1n [2--t] that the exlstence oi a dual optinal
soluilon (t,;) delend. preclseLy cn whethe. (r) has a second-orcer

stab1llty pioqerty vith resleci tc the orClnaiy class of Ferturbat:ons.
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(;,t) satlslies the second-orde! suificlent
o9r:ha11ty 1! (P) 4!q i ts unlquely s1oba11v

.i 1]:a"-",:1jlgrn: l9.l.r ;(i,t
ler€!-
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