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Several recent lleorirhds tur solvins nonhr.ar lrosranming triblsn\ wirh cq!aliiJ,.. ,
\lranra have Dade use ol an augrenred penrlly Lasransirn lun.lio., etrcre lemr nrvotving
squats .l thc constJain! iunclions xrc add.d t. ihe .rdinir! Li-qrxnriu li fin later, the
cotespondin8 penalty LrgFlsir ror Droblems Nith lncquality c.nsrfuhr\ is des.ribcd. ard ir\
r.lalion\hip wirh drc th.ory ol duilily is erimnred. ln rh. conver .dd. lhe noditicd dlal
probicn .onsnts .r na:iDiznrr a dif]erentilble ..n.rve lun.rion (indn.dlr de red) s!bleur
to no .onnraints ar ill It is sho$n rrrrr iny ndrnizins sequen.e lor drc dral c,n be rrde r!
\ield. in a r.nerll ear,, rn aiynptoti.dly minn.iznrg :cqucn.e lu Lhe prin $hi.h tytr.ltty
.onverres ir lers rs rlpidlr

L Introduciion

mirrimize /o (-r) o!er.r € ,Y,

srbject to /;(jr) < 0, i = 1, ..., m,

is to intrcduce penalties so es to.onvert it into a scquence oluncon-
strained (or lcss constrained) problems, for instance:

One

(P)

of the chief methods of solving a problcm ol the ioml

,.llnli/e /o/ \ | Ll)(J-t\\)z ot .c,f.
i=1

( 1.1)

* Supporied in tarl by Lne An F.rcc Ofir.e ol S.leniiiic Rescarch nnder sranr Af ?\fOSR.
72-2269.
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' 6(t) = xxlo. ri (l.l)

This might be regarded as 4 "p mal" approlch to gettirg rid of con-
stlaints. although cert in coulectiorls rvith dualily arc knowrl [3]. Thc
classical "durl" Lrfproach. based oD the KuhD Tucker theory of L -
gange multipliers. rcplaces (P) b,v a sequencc of problems of the form

minimize to(r) +

where the corresponding mulriplier vcctor-s Jj corlstitu!e a n1axinlizing
sequencc lor thc ordinary drul problcm (see problem (Do) in Section 2).

The first approlch suflers from well-known numerical instabilities
as /+ +€, The sccond approlch, on the other h.ind, while of impor-
tance in lhe decompositioD ol large-scale problems having separablc
functions l;, is limited intrinsicelly to the convex case, and it involves
dual constlaiDts which can sometihes be awkward to handler besides
the linear constmints )i > 0, the multipliers must be chosen so that the
miuimum in (1.3) exists. at least if the theoretical mini izatioll step is

not replaced by something more complicated. Thus the reduction to
unconstrained optimization is not really complete- Furthermore, there
is the difficulty that, unless /o is r,rJetl} conve,(, the.! sequence gener-

atcd by solving thc sequeDce ol problems (1.3) is not necessarily a

fiirinizing sequcnce lor thc primal problem.
ln the c{se of equalit-v constraints. it has been observed that some of

thcsc difliculties can bc obviatcd by a combined rpproach, lvhere one

solves a sequence of problenrs of the form

rni,)rr /e /, ' '-, t / '.. ': r D I ', (r o\e-.\ex.
i, ill

Oftcn a minirnizing scclrence for the primal can be gerereted in this
rvny without passiDg to ever l.rrger vaiucs of ,'. This idea js dLre indepen_
dcntl!, to Hestencs 19, I0l. and Powell I16l;seealso 18]-Thc Laeran-
gian expression in (1.,1) was nlso introduced sonc,vears ago by Arrow
and Solow u L bLrt i a diffcrent algorithnic context, wherc difl'eren-
tial equations were used to locate saddlc poiits. ID the lattcr approach.
in cffect, )! and thc multiplicrs are modified oontinuously, mthet than

t
i=l

r.i,/l(-\) over )r € X , (1.3)



altern.rtel-v. Related ideas oi Flctcher [4, 5]' stcmming from Powe11's

work. invoive substitutillg certain continuous lunctions of x lor the

multiplicrs ir (1.4). so thet the scquence is collesced into r single un-

con5trrined lroble replacing the constririncd prinal. Inierncdiate

mcthods- whcre t each stage only one step or cycle of rn algo thm lbr
unconshaiued problenls is applied to (1 4) belore the nultipliers arc

changcil in sorne \\a-v. hrvc been cxpLored cornputationlil1y by Miele

ard irssociates ll2. 13, l,l. 151. Theoretical qucstions about the latter

methods renrain largely unanswercd. howcver'
Powell a|d Fletchcr Dote rhc desirlrbilit,v of ertending their algo-

rithms to cover inequalily oon\lraints Thc-\' speak of doing this essen-

tially by first determining (somehorv) which constrxints ilre active and

then proceeding as il onc had equality constraints Arow and Solow

treated inequrlities by itttrodLrcing norrnegrtive slack vaiables to con_

vcrt then inio cquations. Thus. in their somewhat difierent context,

certllin lirlear inequrlity constleints are reprcscnted in thc choice of the

set,r-
Nouc of tllese autllors hils discussed the rolc that convexity might

pla,v, or the implications that this could havc for vxrious algorithms

The present paper is devoted mrinl,v to such questions. partly on the

gounds thnt a thorough understanding of thc convex case is fundamen-

ta1 for the trcatment ol incquality-conslreilled problems. Applications

to nonconvex probl€nls lvill be described elsewhere.

2. The penalty L:rgrangian

A nat ral generalization of (t.zl) to constraints/r(ri) < 0 might be to

ep JL. Ihi.ernr r'.r'',2 oy 0y,r'rr: Tr'$o rlo ildce.l p-e'cne 'on-
vexity, if present. I; efect, one would be using the ordinar-v Lagmngian

approrch to solve (Pl, but with the objective.l,(ri) rePhccd bv

i.\,) - rZa-,0U,t rr2. *\i.lr ha.LherdrL \- re'onIrc erollccsible
\olrrion\. incre \\or.d b- a deftnire dr-$bu,'< 1o!\e!er' t\e mudi i!d
objective function woulal generally have discontinuous secoDd derira-

tives at en optimal solution, even if thc flrnctions/i were highly differ-

entiable. This would lead to unnecessary compulational diftlculties'
Note also that the nonnegativity constraints on the dLlal vaiables It
wouid slill be present.

Wc adopt instead lhe follolving generalizatiorl of (2.1):
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(.2.2\

(2.3 )

Thus the expression fi(fil.'D2 + !ifi?),, i > O, corresponding to the
approach ol the preceding parrgraph, is altcred lo

(!i4tJft(,, i+ 2tiQD'1 ,,ll =

+1i4(') ]t f t(\)> ! il2r ,

t if d(x) < -.."-',/Zr.
(2.4)l,r,rr,'

i ,:p
rvith rio restriction placcd on the sign ofjri.

The fnnction Z. on -{X Rn will be ca11ed lhe petulry Lagrungtun
associated with problen (P) lnd the (positive) paraneter value r. Its
virtues. dcspitc its peculiar rppeererce, will be apparent below. Ll
particular, liniting olrrselves for present purposes to the convex case,

we sha11 dcmonstrate that an asymptotically ninirnizing sequence for
(P) with reasonable convergence properties can be generated by attack-
ing a sequenoe of subproblems (2.2) for arbitrary fixed /, without
necessadly moving rnore than a part of the way toward the solution of
each subproblem. The subproblems are likely to be trectable, ii the
sense that the gradient of ,,(-r, l) with respect to r" can be expressed
simply in terms of the gradients of the functions/., if, for example, X is
a region in Rr on which every /i is differentiable. Second derivatives are
likely to be better behaved in this case than in the altemative one
mertio'led -bore. -s $ill be seel. ir. Se.iion 5.

The penalty Lagrangian t. was introduccd by the author in [21],
where some of its properties were mentioned without proof. Recently,
Arrorv, Gould and Howe l2l have studied its seddle point propefiies in
the absence of convexity, but under the restriction thai ti> 0. This
restriction is not made here.

The formula for t, is not as mysterious as it might seem. It can be
derived by representing inequality constraints as equations in the man-
ner of Arrow and Solow [1]. Namely, if we regard (P) as the problem
of minimizing ,lo(x) subject to /,(-r) +;, = 0 for i= 1,..., m, where
(:r, z) € XX R?, thc corresponding problem (1.4) consists of minimiz-
ing
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(2.s)!,,1 \ rL(tt.t+z I .L ,U,r )'.,1
i= I i=1

ovcr (ri,:) € -trX Rl]. The minimization in: cin bc canied out explicit-
1,v- and thc rcsidual problem is then (:.2). This dcrivation. since it ap-
pears to do violcrcc to possiblc conrerity properties of the .onstrairt
flllrctions. hardly suggests the strong propcrtics which Z/ trtrns out to
havc for conl'cx progranmirg.

Ol colrrse. in problerns with lnixed inequality aDd equalit,v con
stroints, the eqLLations crn be erpresscr:l is pairs of iDcqualities. or terms
like those in l:1.4) can be included in (2.2J. This gener.rlizatioD is ele

mentalv. and so to kccp thc notalion simpler we do nol cilr-v it ortt
explicitly in lhe present rliscr.rssion.

3. Convexity properties rnd dualit,v

Hencefo h we assunre that ,r is a (nonempty) convex subset ol a

real jinear space E. and that rhe functions t | ,tr' R. i = 0. 1 , ..., m, are

conr,ex. We observe that

lim I'(x,-r,) = Zo(.r,1) forallx€-Y, -t€R-, (3.1)

where Zo is the ordinary Lagmngirn associated wilh (P):

1t,"-L't' ' il ' 0 r.1 -')
I,,(\,rJ=i i=l' l* I'/Otr-rtr rl l)

According to thc perturbationrl lheor-v of dualit!" (.f- I I9l ), Zu corre-
sponds to the enbedding of (P) in the class of problems where tbr each

u=(.ut,...,u-)e Rh the function, is perturbcd tol; uj.i=1....,nt.
The lollorving result shows that. lor / > 0, Z" too is r Lagrnngian in the
sense of the iheory, and thrt il a scs in the same way. except that/o is

simultancously perlurbed to /; + / ?r12.

Theatem 3.1- I.ot dnt t>0,ane has

l,(-r,f) = nrnl {I,(,r, r) + u'},: u e R'' i, r€,f, (3.3.)
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\lhere F, is the cotal)cx .fu ctiotl on X X Rn defincd by

I s.'
liixt.r Lu, i' rr,,J,tY). i= l.-''r' 

-
F(\,&)=\ i'r tJ4l

I ,- oth(rwisc.

Tlrcrefore L,(.x,l l is conte\ in x e X and conruvc itt )' e Y-

Ptuof. The fi$t assertion is simple to vrrify lll fact, it corrcsponds

to the obsenation at the cnd of Scction 2, with rrr=t-+l("!) 'fhc

sccond assertiorl then follows from general duality lheory, cf l l9l;
indeed, the partial conjugate of a convex function is olw ys a saddle

trnctioD [19. Thcorem 33.1].
The /&a1 of (P) conespondirg to t. is

(D-J nr\iln:le g-Lu) 4 in, I,rr')r .ver-11.1 €R'

meorem 3.2. For ewry r > O, the functio 4 is co cat'e and satisfies

Thus the .lual probtems (D,) dtl llave the same optitkal satutiol1s d d
supremutn ar lhe ordi a4 dual (Dol llorcoret lastumhtg 8l * --)19'
is ercry\hert Jilite attd contir 'outi.i diJ|er(,ltiable on Ra SpcJJ 'tlb '
if for a gi'ren y the itlliDw t defittitlg g,O') huPPens b be altained 4l s
poiitt x (nol necessatib unique), the

(3.s)

as,q')lay i= a L,6,r aJ' i
(3.6)

= l|(y i+2r!.G)) - ! ll lzr = maxl-v,i2t, f y'x))

Proof. Lel

p,(u\g in F,(u.x), t> o ' G'1)

Thus p, is the "perturbalion" funrtion corrcsponding lo th( cla$ of
perlurbaLions oi rP) gjving rise to L, arrd (D.). lt is a uonvcx funrlion.
siDcc 4 is convex. Indeed.

P, = Po+ rq, where 4(r)=1lzl2 (3.8)
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c.O') < Z.(-r, f ') < ,.(}, )) + (-r' f .). !Zf (r., ))

=c.0)+0' r)v"Z,(f,.-l,) (3.15)

lor all r'ERm. This savs that v.1,,(,r,1)€ AgrO). and rherefore
Y)z,(,r, t) = v3,0,) as ciaimed. ) '

Corallaty 3.3. The Jrnctian gr u lett it is identicall! -, sdtisfies

361

s,0,) + Lr' .l').rcfo) > c,Lf')

> c,O) + O' y) vg.Or) (1/zlr) i1'- r 2 
. (3. r 6)

I\ooJ Thc filst inequrlity is immediate from concavity. For the
second inequality, we note lrom (3.5 ) lhe existence. for any giveD 'i], of
e quadratic function ol the form

h(-r') = s{.2) (Mr) ..,'- z 2

satisf'hg &(r,) =.g,Lr. ), while ,(r') < C,0,') lor all r'. The tn o pr.operties
imply v ,(r,) = Ig,(_r). Bur since,4 is quadratic, we have

h(r')= h(]) +l!-',).rh(J) (tl1r) y',r2 .

Thus ,40 ') equals the expression on rhe dght side of (2.3).
Ir vierv ofTheorem 3.2. we shall in the rest of this paper refer simpl,v

ta dull aptimal saluti.)ns and the dual .)ptimal rialre, since these are
independent of ,'. Note that a dual optirnal solution is necessrrily a /?o,-
tEgdtire \ector, since go0.)= - iff* 0. (B,v convention, dual opti-
nlal solutions are not said to exist when the functions & are al1 iden
ticallv - ) The dual optilnal vahe is, of course. generally lcss then or
equal to the primal optinal vallre (i.e.. the infimum irr (P)). If they are
equal, we say (P) is ,o//11d1.

A Kuhn Tucket \ector for (P) relative to the Lagrangian a- is a vec-
tor t such that

-< inf Zr(jr, t) = int
x e-Y

This condition on i is known to

h (P). (3.17)

hold if and only ift is an optimal



SubstitLrting (3.3) into the definition ofg,, we therefore have

8,r, r- n p,tr' ") --p't rt
l; R,,

A basic fomlula lor thc conjLtgtte of a sLrm of
Theorem 16.41 yields

p:(. y) = @a+ 2ry)*GY)= @t. q*2r)( !^)

= m;1,{46{ z}+Ircr*(O-z)l2t)} (3 10)

and consequently. since 4+ = q,

(3.9)

corvcx functions [19.

?,U ,- r o\ g.t. , ir./r' r -, ).t
:=Rr'-

which is the salne as (3.5). In particular. g/

s0 + --, and hence the subgradiert set ag.(j,)
w € asfl,-'). that is,

, (3.1 1)

is finite everywhere il
is alwa],s nonempty. If

then for
bi/ strict

in other words.

(3.13 )
for al1-1,' € Rn .

s.lr')<c.0)+w (-|'-t) lori11]r'€ R'n, (3.12)

the point ; at $hich the nxximum in (3.5J is attaincd (uniqlre
concavity) we have also

snQ) (rl4r) )z Y' 2 <

< co(t) - (1i4l) z-Y2+\t'(!'-i)

(lilr) z l"l2 +wy'>(.1l4ri z ,1+iN!- (3.1,1)

for rl1-r' € R' .

inplyirg w = (z -r)/2r. Thus ag,O) consists of r singie veclor for each

]l and we may conclude, sirlce g. is concave, that this vcctor is the
gradienl u9, Thcorem 25.11 and depends continuously on i, 119,
Theorem 25.5I . Now sLrppose the inlinum defiDing g,O,) is attained at
a certain .r: Z/(-r, '}') = B.lt ). Sincc Z, is concave .rs well as diffcrcntiable
in lhe second argument. we hrle
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C rb)' ) < L r(J, y' \ < Lt (-r, -r) + 0' _r). trl,,(.r, ])
=c,O) + Cr' ).-J.yrLt(x,t)

for all L,'€ Rn. Thjs srvs th.r ! /. (r,r)e aC.0.), and
!'ya.(r,r') = vg,(1) as ciairneti. Y '

Carcltury 3.3. T/1e fLolction g,, unless it is itlentiLatty *
fat all )' and r'

sro,) + O'- !-).vc,1J-)> e,O')

> e,Lr) + 6.! r').r e,O) - (1i{r) lr' t' 2

(3.r5)

lherefore

, satirJies

l6l

(3.16)

PnaJ. The lirst ineqLrality is immediate fiom concavity. For the
second irequalitv, we notc from (3.5) the existence. for any given.1,. of
a qLradr.ltic function ol the form

h0'' )= caA ( 1 4t) )r' z 2

satisfytug /?0,) = g/(-'). wiile lLr')< g.0') lor all .f '. The two properrjes
imply v ,(r) = vg,O.). But sincc ft is qLradratic, we have

hO')=hjt)+(r' r) vh0-) (Il4t)tr' rt2 .

Ihus ft(t') equals the expression on thc righr side of (2.3).
In view ol Theorem 3.2. we shall in the rest of Uis paper refer sirnply

to dual optimul s(iutians and lhe duat .)ptimal ralu{,, siucc these ere
independent of /. Notc that a dual optimal solution is necessarily a roa-'.8rlt'i \.clor..i1.e8 r,)- -.l , 90.,8).or,e tior .d.. op
nt. Lolr trorr' : . roL s. icl .o -\i\l u cn I ,e '.rnction. g, rr- -ll ider-
iicallr" - ) The dual opiin]al value is. ol course. generally less than or
eqLral to the prinal optinal value (i.e., the infimum in (p)). If they are
cqual, wc say (P) is rol.nal

A Kuhn Tucket \ectar for (P) rclatlve to thc Lagrangian Z, is a vec-
tor t such that

-< infz,(r,t)=n1f
} e,Y

This condition on J, is known to

in (P). (3. t 7)

hold if ard only if t is an optimal



solutjon to (D.) and (P) is normal [19, p.3]? 318l lt follows that

this concept is likewise indcpendent of /. I'loreovcr, a pdr (j.,.i) rs a

saddle poirt for l-, il aud onl]' il r is a| optilnal solution to (P) and ]- is

a Kuhn Tucker \.ector [19.p.319]. Summarizirlg, wc therefore can

state:

Cora lfur! 3.1. I<etttir e l.) lhe Lagla giat $ L I t > 0, o trc hdt lhe same

Kuh Tuclc$ t)e(:tors und sacl(lle poitlts Thu\ (-,r) is 4 sdcldLe poi t oJ

L,ifuudanl),iJtllcott\il1.lt),Ku/111-Tutket.ottclitionsdtesati\fied.
ii) "r'-r 

> 0. li(-i) < 0, ir,/,(t) = 0 for i = 1. ..., n1:

(.1i) - minilnizes J tj + ti! 1!,1, ot'er X

Conditions lor normality rnd thc existence of Kuhrr-Trlcker !.ectors

rrc given for examplc in 16. 7, 11, 12. 18, 19, 201. Lr particular, nor-
lnalit!' holds if a Kuhn Tucker vector .xists, or if the following com-
pdcrness condition is satisfied (ir some locelly convex topology): .f is

closed, every /, is lower semicontinuous, ]jnd the sct

{jr€.filo(jr)< o, /,(x)< e...../,(r)< e1

is (we.lkly) compact for somc real a greatcr than the infimlLm in (P)

and some €> 0. A Kuhn Tucker vector exists if, say. there is a strictiy
feasible solurion to (P) (i.e-. the Slater condition is satisfied) and the

infinum in (P) is not -; this can be weakened when some ol the

constraints a,e lineill.
Corollary 3..1 enrphasizcs properties which Z, tbr / > 0 has in com-

ll1on wiih thc ordin.rry Lagrangian a0. Thc next reslllt. howeler. gives a

strong propcrty whose well-known abscnce fbr Zc has been a sedous

impedirnent to computational approachcs based on duality

Theorcm 3.5. Asstonc thtlt (P) is nornvL, a d that I is an atbilraty
duat aptimal salution. Let r> A. Theit t is an aptimal salLttiott ta (P)

if and .)ttlr- if , mitlimizcs L,l.x, r-) oet all x e X.

Ptoo.f. T:lrc hypothesis inplies that )- is a Kuhn Tucker vector- as

remxrked abore- Hence .! is an optimal solution to (P) il and only if
(t, -t) is a saddlc point of 2.. Certainly, the latter implies that t rnini
rnizes Z.(., I) over { so the "onl,v if" part of the th€orern is true. For
thc olher part. we observe from Theoren 3.2 that if -- nidmizcs
t.(', t) overX, rve havc vrZ,(r,.r)= vg,(t)=0 Thust- maximizes the
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(concavc) lunction Z.(.i, r:) over aU .r € R)4. fhis shor,ls that (i. t) is a
sacldle point of 1,,.. lrlrd conscquently. .t is alr optirnlr] solutior.

Thc reason wh! d1e characrcrizaljor ir'I-heorem 3.5 lails fot r=0
is tlut the set of poiits where r0( . r-) Llttajus its nrinilnuln Drily include
besides rhc optimal solutions to (P). vadous points \lhich are not.ven
leasible.

,{. Compulational reductiol to uncol)straincd oplirnizxliorr

Thcore rs -1.2 and 3.5 !jeld u du.rl nethod of computLilion ot opti-
mal soluliorls to (P). ivhieh rnav bc statcd xs ibllo$s in its ideal form.
.lsrjunrirg that (P) possesscs arr optintal solLLfion aDLl a l(uhn Tuckcr
vector (see above). Fi\iug r> 0. wr somchow dcternlille onc ol the
points L' rt $hich rhe continuousl), dillercntixblc co[cirve iurction g,
attlrins its lunxinlunr ovel Rt'r (uo cotrslra lts). Next, we dcterntjnc tny
point r nlinimiTiig thc convex iuncrion Z,(., _r') ovcrX. (This is a nica
ki0cl of llncon\lrajrled proble il, ibr exanrple. ,tr = R" rnd the llnc-
tions.tr arc diliercntiablc.) Il)eD ._ is in optjnal solution to (P), alld )-
is ! veclor of lnulfijllicrs satisfying. fugcther with f, the Kuhn-Tucker
conclilions.

The esseltial difficult!, ir this idcal scheme is the fact that- compu-
tationallv spenki[9. lhc maximiza!jon and nliii]nizatior cannot be
critied out exactly- But ilJ xnd.r are dctermi'red onlv dpproxinralely
as described. crn lve be sure thrt i is "nppro\inratelv" rr oprimal
solurioD to (P) l

Another compliorrion ariscs because rhc functiong, to be maximized
is uot expres\ecl ars "directly" as nright bc desirccl. While it is !lLLe lve
can calculate g.(.r) and lg.(J) lbr aDv r. by dcterminiru an.\ which
m;ninizes Z"[..t') ovc! X (cf. Thcoren 3.]), lhis is not a "cheap"
operatiorr. It prccludes the applicatiorl to I, of i]l1 algorithnr which
requires extremelymany cvaluations- for exanple, in ordcr to maximizc
g. illong a linc segllcnt. FrLrlhcrrnore, we arc ogain lAoed wilh oLrr

inabiiirf to detennire d minimiing f,.- (or ever lhc minimum value)
exactly.

Howcler. this situation is not so hopeless as mighi be lhought.
Suppose for a givcn .t' that we havc an f,.- = X and an o > 0 such that r.
minimizes Z,(., rr) over X to within a, that is.
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(,+.1)

proof of

(1.2)

(,+.3 )

('l '+)

,,(.!,.r) c,Lr) < a.

Then gcueralizing slightly the argument at the elld of the
llLe ' er 1.2. \.. ..e Lo . r'li e'r'rclrol

ft(r') = 1.(-r, r) + (r' -r) vrz(-r,.r')

g,(}')< a.(-\,1') < l(.1') forallr'€R'

c,.O) < z,l-r,-r) = r(l') < s,LL) + a .

(ln particular, r"r(i, ]) i5 a so-callcd d-subgradient ofg, at "r,-) Whrt
is needed is an allorithm to maximjzcgr which elTiciently uscs iltlorma'
tion of just this t,vpe, iaking ad\.antage of such theoretical properties as

follow from Theorems 3.1 and 3.2.
A cuttirg plane elgorithm could be used, lor irstance. but other

proccdures which take advantage of the "cu aturc" of the functiotls
Z,(r.,') which majorize gr are also possible. A procedure corresponding
to a genenlization of a nethod of Hestenes and Powell wilL be de_

scribed else$,here [21]. ln this papcr. we lbcrts attention not on ir

particular algorithn. but on lhe geneml way that a method based on
\r.h ln,o_nrar o , . be j.ed lo 'ol\. iP).

ts\ 1 'nJi mi:it g .eq,i, i d rhL drr pr-bler rD,l. !\e ha- m. r

.r \ rr\r d .eqr e r.c . . i R .r.rtnatg,1,'' . suDS,, \.eqJerie
{}& } in I will be called arymptotic.llly feasiDle lbr (P) if

lim supii(rt)] < 0, i=1,...,n. (4. s)

The infinum of the quantity 1im supr,* lf.(irr)l over all slrch

sequences is lhe asfmpt()tic aptimal rdll? in (P), and an asymptotically
feasible sequence {-yt } for which this infimurn is attained is an as}mp-
toticallt' mitittizing sequence 1br (P). As is well known, thc asynlptotic
optimal valuc in (P) equals the dual optimal value if the latter is not -,
or if there exist asyrnptoticall-\/ feasible sequences at all (e.g., [7, I 1, 191)

Thus. in prrticular, if (P) is normal and possesses feasible solutions, a

sequence {ir* i in -tr is ns,vnptoticall,v minimizing if and only if (4.5)
holds and

lim /o (.,rt) = optinal value h (P). (4.6)
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If. nlorc speciliceLlv. (P) satjsfics thc compactness condjtion lLrfficient
lor norlnalit-v, which was mcntioned followirE Corollary 3.4. it is ob-
f.ious that an asllnptoticall! minimizil]g sequence llrr must be relative-
1,v (welkly) .ompict, with all ol its (!ve.lk) cluster points ictutll] opti
mel solutiors to (P).

Thaorent 1.1. Suppose, lhe astmptu)ti( aptinwl yalue in (.P) is .liltita.
Lat lfkj be a hound?cl maximi:ing seEtenG Jor (Dt), r> O. an{l Jt)t
ea.h /., let xt e X satisJf

L,(.xk, rk ) i1tfL,(',lo)=2,(-t*, "o) c,.o,k)<"{. (4.7i

where ak tends t) A. Tlrc l.tk \ k an as.t,mptoticdlll Dtilimizitjg
sequente far lP).

The prool ol Theorem 4.1 involves the tbllowing estinates.

Lentrut 4.2. / vg,lrr)t2 < (supg.) g.(h).

.qoof, Irrom Corollary 3.3, we have

Lpg, rr._r.-g'.". g ,-r.\g,r. r, tl att
,FRf

=*,, '' , r",, t.\g.tt ) ,l ttr '.
aeR''

and the letter maxinum turns out to be /iVgf(rn)12 .

Lemtna 4.3- Conditiati (4.'7\ intplies

, gt,L,(.-rk,.vk ) vg,Ol) 2 ( ur .

-&-ool Using Corollary 3.3 and the convexity of rf(jrl,.), we heve
for every ]r, € Ra

z.{rr, l*) + in, -rr). v, L,(xk , yk)> L,(xk , w) > s,(\N)

> c,Ok)+(rN !-k).es,Ok) - (l14,)t,t' Jk 2 
,
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rnd hence

1., ! , S,,' .,-D. .,\S.. , \It.,, tt4rr,.:
,F R,,

= / v.',C.-&) \tL,(.tk,rk)2 . (.t.S)

Prool oJ Thearcut 1.1. Theorem 3.1 asserts that

/.'"r. ' nt, t.,t:..ttt ,-ttt - (4.o,r' ,€Ru '

where Fo is given by (3.:l) for /=0. For l=jf.t, thc mirinum js

attained at r unique point which we shall denote by l/n. We thus havc

z,(rn,])<.|o{r&,rrn) +Itk !+r)uk 2 forall.i,.R', (4.10)

where equallty holds when r' =.t,i. This implies

lt = v.. t.(-rn, l k) 
,

and therelore rrt + 0 by Lemnas 4.2

1inr 1,.(rr,l,i) = l;1g,9r 1

whijc the seqLrence llt] is bounded. we see that

lil-F0 
(jri, Ltl = tin i L,(xk,lk) ut.yk r)t,k 2..

= L[]r l )piimcl value. (21.13)

(zl.I 1)

and 4.3. Sincc by hypothesis

= slrpg, , (4.12)

In view of the definition ofFo ard the remarks prcceding the theorem,
lh , _1c 1. rh"r .' i.. n.r, noro .llrrit.t rt,,i g, ,ll-ence.

The nexi result sharpens a speciai casc ofTheorem 4.1.

Thearcm 1.1. Suppose thdt (P) hatdsttictb feuible satutian(Slater
catdition), atd that the optinal )alue in (P) is linite. Let t),kI ba any
nvximizing sequente .for (Dr), r> 0. ancl let xk ancl ar satisJi @.'7\,

0 14",1 .a i o.t h p,at,.,)lt. r,tininlz,/tg.J,tdth.tee .t
at,Lta t.c1. IaiDl ,ol.,t,^1 .t, \l).r,h'ttJi rt .tr -0na
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lrm Jn{x } = !m .rr,{r' } = l.r ,

k-, &--

361

(4.14)

\th /, u : t )tlt !tte al't;qal ht,?.and tlte a" .npt.,t' optin.al vrl 't
Dt lP). lllor,ovr, t e spq etlL( JKJ $ buunded, dld all tfits.lusler
pointt arc KL&n-Tucker re?fa$ for (P).

Ptoof. -flJ,c coDdition that (P) havc a strictly feasible solurion is
cquiv.tlent to thc condition tllat p,(r/) < +- for alla iu some ncighboF
hood of 0, where /f is the (conyex) pelturbation fLinction given by
(3.7). .the 

optimal ralue in (P) is p,(0). Thus our hypothesis implics pr
is a pruper con\.ex functioll which is finite in r ncighborhood of 0. It
then tbllo$s frcm the conjugacy relatiorl (3.9) that the levcl sets

L':LU)-ol .rertt co'nfrL!, .1J max ! p-(01 n9.Corolla.r la.l'l
Th:,rP; . norm-|. fu{ ir bo,.,rcd..1d evcr} .lLljrc foint oi {r' .

beins aD optimal solutior to (D"). is a Krhn-Tlrcker vector for (P). The
boundedness of {t,1. allor"s Lrs io conclucle from Theorem 4.I that {r/' j
is as,vmptotic!11), minifiizing, It renajns only to construct leasiblc solu
tions.rt to (P) s ch that thc lefr eqlrality of(4.i4) holds. Forthis$c
eDploy a standard devicc, cf. 13, p. l0? l. Let :r bc a strictli, fe.tsiblc
solution aDd defiDe

j/ ={l l,.Jr'+1,.i€X.

o=^. =,]ff:,, 
{Afir.\r))- r,(r)

Then for i = i, ..., m we have

li(-rt) < (1 ., ri) /i(r.r) + rr,ri(-t)

< (1-Xr)rU;(r.-i)) + lr"l(r)

= 0(J i(.x\) - 1\kt0v i(.1r)) -.4 (r)l < 0 ,

so that.xi is feasible. Furthermore, trt - 0. so that

dfi(,&))

)''



5. Second derivatives rnd rates of convergence

in tlis section it is supposed that,trc R', and that thc fLlrlctionsl;
are continlrorisly ix'ice differenti:Lb1e in e neighborhood ol a certain
point -t€ int-lf which is an optimel solution to (P) We denotc by

} = (r l. . ., t,n) a multiplicr vector satisi,ving with t the Kuhn Tucker
condirions. \[ic assume that -Y end ]' ilso srtisly the extlx conditions

which are well hnown to be suflicjcnt- if rvc were delling with the non-

convex cr5e. tbr an isolated local constrained ninimum at.t 13, p 30l :

(i) t;+ 0 1br i€-1, where 1is thc 5et oli dices tmchthatl;(t)=0
(ii) The vcctors vI(-{), i € 1, are lincarly indepcndent
(iii) ..I1(--. t-): > 0 fbr every nonzero ? € R" satisf,ving.: V,(l)=0

lorallI€Lwhere

a(:., r,) = v2/o(jr) + D ),, vzl;(-{l (s. 1)

168

lim sLtp l, trr t< hrr
t A--

This complete\ thc prool.

R T Roc]:.lellat

l( I ).r ) /o (jfk) + rrl; (-r)l

hrrinl l, r-r' t

(5.2)

(s.3)

(The inequalit,v ,..?(-r,l); > 0 holds at all events for all:r, t and:, due

to the convexity of the functions I.)
Thcse assumptions imply. of course, by convexity thlt - is thc

,rlqre optimal solution to {P). and thrt t (bcing the onlyK hn Tucker

vector, in view of (ii)) is the unique oplimal solution to lhe dual prob-

lems (D,). Our rim is to use the second derivative inlor ation to

analyze ihe speed of convergence to t end -t inherent in the scheme of
Theorem 4.1.

Thearem 5.1. U der the assumptiotts abore, there exist for afuitrary
t>A atrt P>A utnbett €>O and d>A such thal for aU, and x
\atisf!ing

sup g. g.(-],) { e ,

Z,(x,J) lnfr,(', ]) < d,
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the Jalbt|ing L)tupctties holcl.
(i) y .1, <0, l-r' -l <Pd'dj€int-Y:
(.ii) L/(x, ),) is ca tinuauslr twi(? di.lfereitiuhle \rith rclpe(t ta )i und

y, i Jact

z,(-r,r) = ir(-r) + D Lri4(-{) +/4ir.)rl (tl4t)Df , (s.4)
''I

\therc I it the in.ler set @ftaEratuli g lo the aclite @nstraints at, ds

(|il) the Hessia matix \:L,(x.),) is pasitbe delinite;
(.i\) thc ca vx Junctiotl L,(.,') dttains its minimum ater X at a

uniqLte point t(),) \those coarclitt.ltes are cantinuauslf diJJerentiable
finclio soJ ! sutisJyiug

, t)1.rr, '.'rls7'611 r' ;' ;7
at()\a):-,\, iiie t. '5.jr

(v) g"(-f) N n l.. conthuau t diffetentiable, dud tha Hessitm matrix
92 g,0.-i is ttagatitc deJinite and satisJies

]'|.erg,(l)}l = tl0)nl. rjz,(g(-r), J,) '

\rherc tlrc matrix AO) is defirccl b!

lA(r)i,,1 (ri2aDt\tf ,

(s.6)

Pool We obseNe lirst that (5.4) does llold in some neighborhood of
(i, t), because of the complementary slackness conditions. Passing to
a smaller ncighborhood if necessary to ensure differentiability, we thus
obtain the formules

,1(r,)rr, = D w,vf({lr )) . (s.7)

v,z,(l, '],) = vflr(.y) + D 0,,+ 2rl;(:.)) v/,ft), (5.S)
i.i

z, \: L,(1, !)z = z, H(x, !) z + 2t D Iz.9 f jtll2,
i=I

( s.9)

with.ry(n, }) as in (5.1). lt is clcar from (5.9) ard our assumption (iii)
at the beginning of this section that V:tr.(-y, -r) is positive deilnite when
(-!, _r,) = (t, t), hence by contiDLrity it is also positive delinite lor al1

(-r, _r) in some neighborhood of (-t, t) 1,ving within the neighborhood
aheady considered. The implicit function theorem therefbre allows us



whcrc (5-5) holcls. In particular. since {O) is cortinuous ir } and

t(') =-r, the metrix v;2,(t0).-r) is positive definite for-t sLrfficienti,v

near t. and hence th; convex lunction a,(', t) attains its minimum
over -lf uniquely at {(.},). Summarizitlg then, we heve sholvn the exis-

ience of a neighborhood ol (.1, ]-) on which properties (ii), (iii) and (iv)

ho1d. We can choosc this neighborhood to imply (i) and to be for lhe

tbrm LrX f. where U is a compact convex neighborhood of --.
Now since tr,( , ),) is e continuous function attailling its mininluln

vallre g,(t) uniquely at t, therc is an a > 0 stLch thei
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to solve the equation v,Z.(-1, .r) = 0 for :f in terms ofl. at lcast locally

around}'-. Denoting the solution by tLl). we have

Lrrrtu).r)=0. (5.10)

nin{z,(ri, t)i-! € bdr,v U; > s,O) + d ( s.1 1)

B-\' the continuity of Z. and g/. the same inequalily must hold if -t is
replaced by any l,€ trlo, wherc I/0 is a certain neighborhood oft in [/
The convcxity of l.(I,l) in -r thcn lmplics that

{,t: l,(r,r) < g.(}) + o} c U if -r € I/1] ( s.12)

We now obsene that, since g" is a continuous concavc function attain-

ing its mrximum Lrniquel,v at t. therc is an € > 0 such that (5 2) implies

-r€ I,; tl9, Theorem 27.21 . ThLrs $'e have found € and d such lhat (i).

(ii). (iii) and (iv) hold \rher1 -r ard I satisfy (5 2) and (5 3) To con-

clude the proof. it remains only to note that (r') follows lion (iii) and

iiv), using the relation

vg"(_r) = vrl,(tLr), ]) .

which is valid b,v Theorcm 3.2.

limrl=-t, 1im Ji =t

( s.13 )

Carallatt 5.2. Lln(let the a$utlptiot^ at the begintfury of lhis sec'

tbn, if seque ces lyk j , i.xk J t1]1(l ia;j ate genevted .$ itt Thcarcm 1.1

( 5. 14)
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MorcoveL therc exist positive cot$tanls a, b1, b2, c1 a d c2 stlth Mt
the folbwing esthnatestbld tbr all iltdices k suffrcientlt krye (with tO'\
as defined tu TheorcDt S.l):

dl,x^-€()l)12<d|

l.ryL-t t' lrlk' - 4brt'-l'1 .

where lvll = 2.-. t'i .and

, t .ur -., I < g"(;l g,g t r< . , ,o -.,

hoof. For 
^ny 

e> o and o> 0. we eventually have g,(r'r)> supg. - e

and 
',(,r:t, 

.t,& ) < inf a.(., ,'t) + e. The first assefiion is thclefore valid,
because of the albitrariness of 0 in Thcorem 5.L The cstimdtes arc ob-
vious from the differential irformation in the theorem.

Catullar!- 5.3. Suppase tu Corollary 5.2 that the numhers ak satist,
forsonteq)0.

a*<4[supg.-g.(]e)l lhalt suflicien tl], larye k. (5,18)

The tlvle is d constant s> 0 such that

l.ri --tl<rlre -yl fot atl sulli(icntly larsc k. (5.19)

Aoo/: Using the estimates in Corollary l, we have

dt-r& - €Crr)12 < qlc.(t) -c.0)l < c2q r-k -r12 (5.20)

(s.t5)

( 5.16)

(5, 1? )

and consequently

x& -.r { -rr - {(vr)l + l6,t) -r

l ltcrtll,t\h t btl]k ), .

R?r?4,,tr. Thcse results sho!v thrt whcn the scheme in Theoienl 4,1 is
applied to a "twicc difl'erentiable" problem (P), one can lypically ex-
pect ilt] to converge to a Kuhn-Tucker vector t and iri] to con-
yerge to an optimal solution:, rnoreover with thc corrvergencc of {"x&}

( s.: l)
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"rt least as rapid" rs the confergence ol {-rk }, provided only that the
numbers ar clecreasc fast enough- Thus, whatever algodthm one applies

to generate n naximizing seqrtence for the dLral proble (D,), one ca]l

hopc to gcnerate collespondingly good convergence toward a solution
of (P). Natur Lly, this docs not e\c1ude thc possibility thal. by generat-

ing {-r't} and {xl} by a special mcthod, elen sharper convergcnce

properties ol {.rl I might be guaranteed than would fo1low jLrst from ihc
properties ol it[].

We emphasize rgein that these resulls carry over in the obvious way
if (affinc) equality const rints arc explicitly introduced into the mode1.
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