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i 1967, although 1% 4id not ap~

pear in prink untll the repinning of 1970. Since tthat btime,
many papsre have bheen published on convexity and its role in

nroblens of opvimization., In the accompenying bivliography.

Tigod

I have tried to 1ilst with scme daegree of completeness the

new papers vhat deal directly wi,? conjugate convex functlons,

ehab g

seneredients, dual convex progrann, perturbabicns of conss

1 8%
trained optimizstion problems, Lagrange mulbiplier %$‘minim&x
theory, convex §§a,$&se§@ snd closely relabsd Yoples. Alse
eited ars several older papeves, moestly in the Hussian liter-
ature, wolch p%ﬁvinumiv escaped my attentlon. 1 have indie
cated soms of the vesearch now being done iv applyiag conju~
gate conver funchtlons and duality in such areas as approxi-
mation, economics, sheiistical desision, and optinmal conbrel,
tut here the coverage iz Ter from exhsustive. Ufo atbtempt

has bsen nade to cover what has been bappening in éther ime

2

porbant and aetive areas of convex enalysis, Jor exsmple the

Saveral now expository works ars available: the boek of

(1861, treating in finite~dimedsional spaces

¢ sets, conjugate cone




vex functions and @a&ﬁaﬁ progrumss the article of Ioffe and
Tikhomirov [75], ezplaining varieﬁs facets of the infinite-
dimensional theory of cmngugaté convex functions; two mono-
graphs of CGolshteln €5&,5533 developing a dvality theory for
infinite-di ﬁénslenal convex programs which is based on clasg-
i4el aniniwax theoremsa, rather thean @&ajugatﬁ convex functionsg
sodl the lecture notes of Rubinshtein [163), likewise dedicated.
to applications of convexity to optimigzation, and likewise
without discussion of conjugscy.

A veper of Klee [84] ﬁurvéyg the sharpest facts that are
known about the separation of convex sets. Some other papers
dealing essentially with @ep&?&ﬁi@n properties ave: KXlee and
Olech [84], Maury [106], Rubinshtein [159,162]1 and Witzgall [190].

Further results on the contimuity of men?&x funcibions have
been obbuived by dsplund snd Rockefellar [21, Castaeing [15],
Kruskal [20] and Lescarret [96]. The paper of Asplund and
Rockafellar elso trests differsntiebility properties in relation-
ghip to contipuity and the convergence of minimizing sequences,
an well as the Isgendre transformation in infinite~dimensional
spaces. The almost-everywhere differentiability of finite con-
vexr functions em RS has been generalized in a aertaim gense by
Aspiund [2] to Banach spaces (see Trojanski (I72] im comnection

)

th 4splund’s hypotheses}. Reshetniak {1311, using the theory

Bl
€Y

of ﬁia@*iuatxansg has obbtained new vesulits on twice-differentis-

bility on E®. For work om the special gradient mappings called
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Le.g. projecstions on conveyx sebsl. see Aris [1).
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Castaing [16], Kruskel [90], lescarret [95, 97], Moresu [110,
1131 and Zarantonello fl@%ﬁﬁ“ | |

Tha connection between subdifferential mappinzgs and the
theory of nonlinsar wonotone operators and veriationsl ineg-
gualities is éiacusseﬂﬁat length in an expository article of
Rﬁgkéfeliar [137]; see also [139, 140, 182], Applications to
parcial differential cpsrators have been explained by Brezis
£11]. Much effort has been devoted t@_abt&iniﬁg formulas for
@@nstruetimg %ﬁe subgradients and directional derivetives of
convex functions in various situations; see Brgndsted [12],
Dabovitskii end Miliutin [30,31], Golshtein [52,55], Hogan [&8],
Ioffe [71], Ioffe and Levin [93], Ioffe and Tikhomirov [75),
Tevin [99,101,102], Moresu [112], Psheniehnyi [127], Reckafal-
lar [151] and Valadier [176,177]. ‘

Convex functionals defined by integrals have alsc been
atudlied extensively, due %o thelr fﬁ&q&ant cceurrence in in-
finite-dimensional -optimtzation probleme, including many prob-
l@ﬁ§4af & probabllistic naturs. A versatile theory is nowiavail-
gble., Scme of the central remmlits are descridbed in a recent .
@ar@&y paper of Rockafellsr {150]. For more results and details,
alse on the closaly related subject of the measurability of con~
vex set-valued mappings, consuly Castaing §1&$15%1651?}, Castaling
snd Valadier [18], Goodman snd Hoffman~Jorgensen [57], Hukubarsa
{70], loffe (92}, Olech [120], Rockafeller [138,1289,151]1, Vala-
dier [175,177,198,179,180], and Van Cutsem [181]. The recent

paner of Veladier (180] is recoummsnded sz a referepce for the

¥ B s P 5 b g L & R oD & o Lo g o « o 45
< ePeapy T PN A UPELE G W S SO R S S 5 T 0F N % 2 LRPe £ o
LY FemiATE LD LI DLNTRe-LRRenalOniL 8 NECEHE,

&



Integral functionals ﬁ&ve been used in’defining contine
uous anslogues of the aper&tiéns of sddition and infimal
convolution of convex functions; éee Ioffe and Tikhomiroew [74,
75l and Valadier Zl?&}i Other research on infimal convolu-
tion has been carriedAéut by Maury [106] and Morean [111].

The duality theory for oconvex progra@s presented in this

hca& has been generalized to infinite~dimensional spaces by

Joly and Laurent [79] and Rockafellar [136] (see also [146]).
Farther duality results for convex programming problems may be
found in the work of Astaf'ev {A3§ Auslender [5], Brans and
Claezen [9], Breckner and Kolumbén {10], Geoffrion [48], Golsh-
tein [50,51,55,.54,55], Kaplan end Rubinghtein [81i], Karamzrdian
{811, Moream [113], Neustadt [119]. Pshenichnyi [127,128],
Roffin [129,130], Ritter {132], Rockafellar [148], Rubinshtein
[158,161,162,156%], Stoer and Witzgall [166], Walkup and Weis
{183}, Whinston [187] and Yamesski [192]. PFor linear programs
in infinite-~dimensional spaces see, besides many of the papers
Just cited, Kallinae and Williaws (80], Erabs [86,87], and for &
perticularly interesting class of exsmples Grinold [62] (and
the references given there). Special cases such asv“geometrie“_
- {exponential) programs have been itreated by Duffim [33], Hamala
L6531, Peverson [121], Peterson and Ecker {122,123] and Rocka=-
fellar {1431, PFiacco and MeCormick [39] furnish dusl interpret-
ations of penalty ﬁ%ﬁh@ég of computation, while Everets [36],
Falk [37]1, and Gould [59] have discusged the ordinary dual pro=

gram in the nonconvex case, Moreauw [111] and Weias [184] have
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Minimax problems dual to each cher have beern studied by
febedev and Tynjenski (947, Ve iné@m (109], Rockafellar (1351,
and Tynjanskii {174]. The dissertation of Mclinden also deve-

: for the first %im& a duality thﬁ@r? of @%&r&ti@ﬁﬁ such ag

addition, extremal c@mvnlgtiang and f@rming inages undem linear

case of gsaddle functisns. The theory

of conjugate equiv&lanﬁg classes of closed szddls functions
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has heen extended to infinite-dimensional spsces by Rockafellar
[146), and the subdifferential mappings associated with such
functions have been analyzsed by Gossez [58] s:d Rockafellar [141].
dpplications to Humiltonian dypsmical systems may be seen in
papera of Daures [25] end Hockafeller [185,i57].

The continuous behevior of the optimael vilue and optimal
solutions in sn extremum problem with respsct %o various (nop-
ConTex) perturbations has been investigated by Dentzig, Folkman
snd Shapiro [24], Evens and Gould [35], Gol'sitein and, Movsho-
vich [86] {zee also [54,85]), and Krabs [88], and in a more gen-
arel way, in terms of topologiss for spaces whose elements ars
copvex sebte or functioms; by Joly [78] and Moseo [114,1151.
Heasurabllity of the dependence of the optims’ wvalue and opti-
mel golutlons on parameters, &s is a concern ¢gpecially in stoch-

aatic problems, follows Lr@m results on usaszvrable set-valued

pe

iappings cited above (e.g. [138) and [181]). The marginal value

=

theorem of Willisms [188], describing the dirsctional deriva~
tives of the opbimal value in s linear progrsoming problem with

respact to "smonth” perturbations, has been roperelized by Gol-
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grdinary convex yregr&m&iﬁg problems, but alse to a large class
af other problemes whose solutions can be represented in terms
of seddle peoints. For additional nonclassical results on onee
sided directional derivatives in optimization problems, ses
Damekin [231, Demyanevﬁﬁzé,a?Ig Hogan [68], Pshenichnyi [1261,
Sotskov [164,165], and Tgvetanov [173]. Such results are inti-
@mﬁﬁiy related to tﬁe atudy of necessary c¢onditions for am ex-
tremum in nonconvex problems, in particular the thecrems on La-
grange multipliers that have been developed for application teo
optimal control., There is a hugerliteratare on this subject,
which cannot be reviewed here, but the following papers, be-
s&dgs those slrsady cited in @amaeaﬁicn with one-sided directional
derivatives and the theory of subgradients.of convex functions,
inelude most of the strongest known resulis éf a general nature
snd provide further references: Canon, Cullum and Polakx [13],
Dubovitskii and Miliutin [30,31], Gankrelidze [&4], Gamkrelidze
and Eharatishvili [45], Gould and Tolle [60], Guignard [61],
Halkin [631, Halkin and Neustadt [64], Hestenes [67]1, Mangase~
rian [105], Negahisa end Sekewa [116], Neustedt [2117,118,119],
Pehenichnyi [12%,128], Ritter [133], and Vareiya [182]. For
second-erder conditions in R®, see for example Fiacco [38] and
MeCormick [108].

Direct applications of the theory of conjugate convex fung~-
tionsg te optiwal control and the calculus of variations, in-
gluding the derivation @f necessary and sufficient conditions

p o

for a minimum in problems of “convex" type, have beau pursued
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closely related work of Makarov and Rubinov {104] and Rubinov
Elﬁﬁﬁ;,éativaﬁgd by mé%hematical sconomics, variational pro-
‘blems involving "convex preﬁeﬁﬁaaﬁ ﬁave been studied.

The general theory of convex pracesses»has itself been

studied by Robinson (134] and Rubinov [154,156,157]. For

some further applications of duality theory to mathematical
econonics, see Eﬁliﬁgki and Bavmol [6], Gale [43] énd Williams
1881,

%

Bew spplications @f convex analysis to approximation theory
have been the subject of much research; we cite in particulax
Duffin snd Karlovitz [34], Garkavi [46], Gol'shtein [52,55],
Iofle snd Tikhomirov {75], Joly &nd Laurent [79], Leaurent and
Phem-Dinh-Tuan {91], Levin [100], and Pshenichnyi [128].

Levin's paper emphasizes consequences of Helly's theorem on
intersections of convex sets, and it deals with additional
topics besides approximation.

In g%&ti&ti@g?:strﬁking use @f;th@ thaory of conjugate convex
functions hes been medes by Bamdorff-Nielsen [7]. The papers of
Dister [29] and Zrafts [89] poiat to areas in which many mors
gpplications are possible. A duality theorem in stochastic pro-
grouming has been developed by Wets [185]. For dual probleums
ﬂ@ﬁﬁéased with the Neymenn-Pearsen lsmme, consult Francis and
Wright [&81l. |

Some examples of dwal CONVEX Prograns in science and engine-
eering have h@@ﬂ‘ﬁ@ﬁ@?i@@& by Inffin 5323@ Yamaseki [192] has
indicated examples in potentisl thé@fﬁa Interesting examples in

the theory of amalybtic functions mey be found in EKhavinson [83]
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The role of cﬁmvexity in the cemputa*ion of solutions to
optimization problems h&s been discussed recently by Wolfe fi91l,
'am@ng others. Related camputatloﬁal'material may bde found in
worlks such as &uslender Is5l, Céa {19], Gherrault and Loridan [20],
Cruceanu [21], Daniel €223, Demyanov and Rubinov [27,28], Fiacco .
and McCoermick [391, _Folkman and Shapiro [40], Geoffrion [47],
Tasdon [92], and Polak [124]. For recent work on optimization
problams in networks, see Frank and Frisch (421, Hu [69] and
Iri [77].

R, T. Rockafellar
Seattle, Washington
- Janpuary, 1972
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