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*l:i.s b*eils w*s wvi-'**+*ri" ;in L$,$?3 *,ltb.*argh :tt cl*.S n*t ap*

-p*&*s ** p:r*;ns lxn*$.l *he **6:inxr*.n6 sf, 3S?S. Si.lr** *hm't; times

ffi,'j.ffii pe$)strs h we been F$hkfslxsd. #n **nvexii;;i r*ird *Ss r.s3"* Ejc

3:F*b:rs,lss *f *g:**.min&,$i.fl$* .f::, *bs es*sffipenyi{t€$ bib}1*grapbg*

X ksvs Bsfe$ "bc? }'i.s* wi"*h rr*ffis d.egree of conple*eness tbe

xr*B*r $)sFes* *het '9sa3 d*.see'Fly wi*}r *r:n*J::.6'e*e sonvs)fr Sune*$"*nen

m*.h*rex*,ei1en{;s u Su,*} ss&vsx p**#seer,t r p*rh"ar'*n$i.*m,e s.ff &*n#6

.*;:afu:s& -*p**ru "m*1*i*m pr#blsffis s &egxuarnge mr3*1p19*rm n minS"msx

&he*ryr s#s,'v*K psocs#sss$ esr* *L*eelp re}"a**d **p5"es.* A3ee

e$&e€ sre s*vex.g"} c)&S.ss $!eps*s s "r*.*:e*},y l':r f;ir* Falssi.exa }"**ep*

msmre 3 arh,:{*}+. pr*s*m,rm}p eecep**. wp at*en*J"elm. T heve ind,s".*

*ca*ed s{sm* *f *he ff*ffissffBh nuss b**$,mg $*ne 1n ngigrISE$S **:*$u*

gn** **Exrr&ifl Sume,Sfnne sr*d. *.t*e,}.$"ep :Lm maale &tr*&r* e* apprcwA*"

mst$.*:cr e. #mfts,*-ceu s:n*s.**st*"*43 dr**$"mf*nt rumS q3ptj.ms} eontrc*3s

b'u* k*x* *hra **s6ffiffi8 s.s fmr fr+xa ex"hmu.x$*v*o i{o a$Sempft

kge h*s*" :*s*s ** #o*!r*s* ts::m* hae bee:r hmppeni,am f-n o*hes iffi*

3"**::9*n* s."r:*. sesi"rr* &T1o*{# E:f *{,i&v#s *ne}-ym$,a p for ex*r:p3"'t* f;he

4h**x"p *r,t *xtreme p*tr*fue".

*isLrer'a1 $*w ssxl*m$"**;x.y wsr:-*kso &w* &,?&.*3abie E **c* b*c'k gxf

5ii;{36:.s' ;s:**i i*i**xge3.]- ilA#$J * *"r:e*.t5-qg *se fi.xr*te*"*im*ds$"*na3 sE}s*gffi

i'-:.ili :':l;.:1is.rri.,rj! t,..1' .ii::r;;:ix,x" *.x*qp.a.i.l'Lisl*' f,*1::T*:r ee'firge *on$Wge*fl-* *e3t*'l
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"ire-L funo$1#ns sfid *alrv.e:{ prCIgrrlns6 *he artic,le *f loffe ps:di

ffLkh*roir*v f?51 s sxple*n:f.$g vax'ioue faeets ef th* J-sf$.ntte*

**menei*na}- theoxy of c*n$ugate convex funetione; tw* mono-

graphs *f t?*fsh&€sin .[5en55], d.evelop*"ng a dual*.ty theoxry for
*rrfi.rui*e-di,mens5.auaI eonvex psogrsme whlEb la based. on el-ass*

:i"*:*"k irs$"m*mp"x theererora, ratber thes eanjugete qsnve$ ftanetfoa*g

*tss,r.t s;be Le*-trnre ms*oe of &ahlnehtstn tt65l s }*icewfse dedl"Eate#

'** mpp)"i*e*i"*nm of sonvex**y to optimiaatS"en, and likewiEa

'e*,*Bh*u* fi*g*tlee5"*n of *etn$uge*y,

,*. pm.pex of Klqe t8r$'l surveys tbe ebarpent faete that sre

&m'os*n absut the seperatLon sf c#mr*x sets* $am,e ether pepsrs

de,el*ng aasexa't*-*13.[p slth eep*xat:[*n propertiee s,Fe t K]ee and

#}eeb [Sfs], sauaXr []S&1 , $h*bi:nsbteim, f gpgr3,68J enc Htta6a]] [LSs].
F\*.rther remalte sa the eent*.nu*8p +f &€&v K frm.et*"ane bs.ve

been *bta:Lned" b,y amplr:nd as& R*rekafellar []l r caxte$xrg tetr3 ?

Kmxeka3 fgsl an& &*wearse* t96l " 'sb* BsFer of aup3emd. e*€

.&**kafe}*3.s* al"so treate di.ff*ren**ab*3:*ty properttes *c!. s'elet*esp

r*&-*p t* **st*ntE*"*g snd tlc *e&vsrges,s* ef msni.mlstng seqnsrlCIssn

ap weSS as tb,sg f-*gr*xn*re tranefelrmat*os fn S^s"fl.xli*e*d"$,melesf,ons3

r#p&s&s* ff.he alxsm**eqesp"srhere d{ffesemt*ebJ"3*"By of f,*aJ"te csn*
*ssx Srx*,e*$.onm *m ke ham b*ei? Sssersl{ne$ tsl m oer*ai-e eense hrgr

AmpSr:.nd. fRl to Smeaoh sxissss {see ffr*jan*ki &?Ai *m soranes*icn

w-"'bh Aml:}:'ixnd"tm ?Xrps"$hese;*)* Rssb.ritx:,$.nk []533g usi.ng th@ the*ryr

CIf *lstrS.tnatione r hae o".r*minsd n*w resr.:.lts *n twfee*d,$-fferen*tm*

bil*ty o.Tt H$" Fer w*:rk *n the r*per*ta3- gred5.en* mapp5.mg6* cls}Ss&

'u'p::+.;sgstrs,'*t*ilgtr {e.g* pr*$e**tgxce #.'s? *{:rny4sx ss*s}, *r.** otsse {.},3e
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ilSee*tailrg [gS] r Ksus]ca:- !'pO.l I &eecarue"J:; tg5, 9?1 , tuloreau lltCIo

]"ali aa* ffe.sac{toneSLo [f9]J "

Khs s*:rnestlos he*weeu mrbd.i"ffereati.al neppinss and tbe

thes,rp *f msn1lnss-r wCInotone epera*ors and verLatl"oseS. *,ss*

gralfties *E S"J"eeuesE$'at length Ln an expoe$.**ry &r*iale of,

&ockefe3"las tfptrig ses aLso iftg, &4.ss L&eJ. Appl"les*Lons to

nse*141 *$"ffsrsnt$"e1 operators havs been espleS-lred. by Fre*te

flaLl. F&.reh effort hes been devoted. to obtetnlng famnlaa for
s*netmc*img *be mrbgrad.l,ents anfi d*reetLonsl derl"va*ivee of
*oslvex fu,nstl-ons *:s ve.rfewe. situstLonsa se* Bcdgd.s*ed f 1#3 r

&xbws"tetrJ.$ an& 3{i"Ltufiin [5$153"] u soffehte$.n [F?'FS] * ffogan [sS] s

S*fS* [?t] o 1offe are& &cvLn tyll u I*ffe and Si.kirsn*rsv [?F],
Sew*n i-99!&03.?L(leJ, ffioroau [1ffi3,'Pahen$,ehnyl f ].4?l r ,Rcckafel*

Les tl5ll mnd, Va.lsdl"er tr3"?6, X??J

#qlnvex frraatLorsals deffned. bg S.ntegrale hnve alEo been

sftrd"*e* sxhene$"v€3pr due te tbe$"r freqwent oegurse&,se *n *.a*

S$x*"S*e*d,i:rnet*a*.onsl.op$$"mfaatl,sfi. pncblemen tnclud.lng es-ay pe.ob*

heaw *S' s, prebab$.3&st$e satrara, A veyeatLle theory ie nsw,avs,t3"*

sblm'" S*ms mf the eentre]" resg[te are Seser*bsd *n q recea$

smxry@ff pep&r of &oeka^fe3"3"as il1p3* S'sF ssss pamrl*s and &e€a*}ss

a3se sa *he elsee&p salstes zub$*n* sf, the m*azurabflgbs of cCIce*

vss eet*va1ree$ mesrp*sffia, cCInm*,&fi #aeta*ng [le'u3.5r3.6u]?J, Sa.sta*ar6

esld Vs,ls&$er f fsj r Sogdnan as*. I{*ffmexpoierffisr}see tpZ:, I{u}nx}mne

f,?s3, 3mff,o [?e] o s&meh t]eo3 u Beekefo]3e,r {e5sn3&9u3"FiJ s €&}&*

dser [WFrh??*X?.8uW$u3.S$iu arxd 'Van f,r*tmem t]-S3,i. s.be reeem$

pe,pex *11 Se3"a&*er f,lffiS3 &s reee*wm*nd.e* 88 ffi. re"ferrep*e for *he

....,',r;tT: j.i':f.:,'::ti:;r:":,jii"?i:i3.:i""hy rc,*i. l{,''h-e* $:e:q-nf;Lr"j.***'*4.5."mem.si*n{t,T" sj}&ss!*"



4

3nt*g;na} firnet*.onaEs have been used $.n deftn3ng cont&.xn*

?rsus an*3.*prea sf tbe operet$o&E sf. add.i"tlon and. i-nflmel

csnvoSl:tlon of conve:c funetlons6 ss6 loffe and Slkhomlros f?4c

?51 end Va3"ed*er f }?Si., Othar ress&rch on lnf luel Eontr6ll:"*

*$os hae been earrted out by Fthrerp [306] and l'lsreau [1]U '
fh.e duallty theoqy f,or oonve:c progsaus presented fus tbLs

b**k has beee g6e*?e,liaed to LJnflnl,te-d.*.nenE*ona} epacee Sr

#*fuv sred" tr*aurent [?93 snd. &oEkafe]]ar []"$61 {eee also [146]].
Fsmther dua3*"Sy re$ul"te for *pnv€:c Brssramming problems nay bo

fous& ln She work of Aetef t eor [&3 r &us]ead,es I pJ u Brans and

#3"eesen [9] r Sreck'ter and Kolumbdsr t[O] , GeoffrJ"on f ,]Sl r Gofsh'-

te5*r (5$ r Fl r F5 r 54u FF3, R'aplan snd &ab$^neh&eL"ru [8]1, Karam*.rd{en

iSU, ffloreau []153u Seu,utad.t t1193u Psh*a3.ehngi. feaT*1383t

Roff*n trc9rL30l r &{tter i}t?l o &ockafeLLsr f fqel , &rb*nshto$.n

[]5eol"6l,r]64?1651 , Stoer and Wttngal} [166] , lde.trhap e&d. He*s

e 3"SSS u trfbinstea [:.eZ] and' Yamaeaks tl9?l " F*r ttrneer ppogrgme

Se *"nf $*gits-d"isensl,onel speess ss€ 1 besi.&se e&"n$r sf the $eperg

$uet .*i,fted, KeLli"n€ snd W$"&3*ama [8S] n Krabe t86r8?l r and, for *,

partleularlry $:nterest{'}S e3ass of oxm,np}os &ri.nol€ [6e] (anA

'bhe sefereneeo giveru the*e). Specfel ssses eueh ee *geomatrLss

{exg:on*ntta3"} prsffirffse hsve beesr *reetes W &}fffe t}51 r }Iamala

t653 * Feterson tr3"e1; u Pe*orsen and" ffickor [3gApj'P3J and, Rocka-

feL3.e.r fl14$3" $'*"meso e$d ${e#ormtek tr391 frcsm$"sb &uel" fnterpret*
a$*ons of pena}"kg methe&e *f compu*m*$one whl3a ffiryers** [3S] n

llre3k f pyl * end. Seu}"d. [pg: ksve t1fesxl'$sss& *]ee. r:m;1$.mary rsl*s]. X]v"s*

ffire"ffi $:a *les Rse*ss,sew s€a&s* ffiere&rx. fl$"fi a**" lfe*me []#e: havw

:3+*f:l:?"e"*ai **n:*faig*,trr {*G{':.:r} sp,*n*en*g,g ""f. 
u:* x}{jr.:{rq}s&yex .f*u-s1*..'*i,'*ffi$j*



ffi-*ixnmx prohlens dual ta easb ether bave beel:,. stud.ied hy

Se'nr:r$ev an$ Spnganekt t$i+"i * I{*F,*nd.en [1$9J r Sq]ekefe]lsr t]5$l t
eilit [gnjnnskit it?4] * T]re d.l^seertat*.on of l"!c"',,inden aLso deve*

3.eigrar fsr *hs fi.rmt *luie a &u.s3"*.ty the*s$ sf *};esatiotl'g sar*h as

ert#"*;s**nre *:rt*eme.]. *ernve*1i;**"*nu ead f,*rm*ng imagos usder 3*-nsar

ti:r'*::,sfsxma*foneo i.n *he i?&s{s of sedd"Se &rnet*,si}rrasr Ehe theory

tr$ 'xee$u6ate eryn*"velelr*e, $J"agses *f c3"osed, sr*,.*i"*3e firna*Loss

Srmm 'been es**:cd.ed &* "Ls:$"*nJ"*e*SLmeme*onal. spe"r:es Sr RoekafeLlar

f,S.4S) * amd. *he suM*.Sfer*xl*isl map.'pLrugs &e$o*:l;m*e* wftb euch

fiam*SL*ne hav* been enaly-x** ilp G*esea gFSl *::.d Rackafe3},ar [1S}"l.

&pp3*"e,ntl"anm ts Snm$l*onieu: fa3r"nnmt*e} *yetenm xamy be n*sn fn

Pepers of Sarlros tgsl emd H**kafe3Ler [S,45s15r,J.

tlse eon*fumecue behevlor e* *he mptfmaX. vtr"['{:{e x,mf, opt$-ma&

sr*kmti"ens 3:s aln eJetrssu,m pr*bl*m wt*h renpo*t; **p v*,E*sus {&q}E}"*

e$seqrsx) pae*unbations lese beem LnEest*.gat*d b;: Hen*E*Sa Fslharu

mmr$" Shm.p$rm fP43 o Hvmme alE& G:mrk& tr353 * Go}ts:**a*s and,, movshe*

w$.et* tSSl {se* aleo [5e*55]]r en# Kr*b* [SSS* eeid *n a ulss.e &ss"*

mpah .wsffs $m terms *,f *r*polog$.eg for s$leess &s}:spe aS"ament* &,rs

sft&l?6x eets sr frrmot*sxas* by -3e3p g?S3 nmd 3,{*.*s* fil.4e1153"

Hee,suar*b$3*fip **' *he d*pes,*em,e* of *he *ptime": s*.lue and. op*1*

am,k s*Lutf"*xEe tx* pereme*srs r &s i.s e *o&,sern **g:e*.*atrl"f ln stosh*

es*i-* px*b3"emss *'*33"ows frr*m eem,e3*s ,ss B*Rs,;:r':ebl-* eet-valued

nrepp*nffie e5"ted absve (*"ffi* trI3$l ffed. []SLl]. ffh** marginal va]ue

*h.e*rem sf tdi3.I$asms fl$Sl * des,er*bAmg *hs S-{.r*letisnat d.erJ"ss*

*iv*s *f *h.* *p*5"m43. vsSt:a $"n a J,i.nssp ppsffir,sil:lm*xag pr*blem w$;'bb

re, pe*t t* rssm*q]'uhtu pe*tssbst$.*:-r,*u h,ns t*e*n g;-,nr*"re15-*ry& by {,i*1*

*!.h*clri"r: i^5r':in 1;1:; 't;r.., &. :it:il.i:.;: hr:n'*slr*:: r*',.gx.i- " *,pp.l '.r-.r;:iL.il.p rsr:* *,*l*y t*r

f-
l
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*sdfnarp ss.&tr€x. prcgramm{ng probleus t but aL.so te a large e}ass

**f *'*her px"oble:cs whose eeSuti.one ee.n be repressnted in *eme

**S r*a&dle po$x*o, S'or adsitLonal noneLessieal resul,ts s& ss.s*

m*d.ed di.rsettonsL seri.vatlves ln op*tnLsatf,on probS.ense s@s

$msskfn tap: o Denyanov [?6 r*?], Fogan fiffi] o Fsbenlchqyt t128J o

I3,**mkmv []64i]651 * and $svefen,ov [fyp]" Snrcb results are l":rt$.-

;nm*n3y retra*ed to the etucly of neeeesexp eoud"itLona for sm sx@

*ps:nram i.n nsnesnvsx pr*h3"em* r in partleu"]"er tbe thesrees o& f.,&-

gipsmse mr3,t*p3"l"ers tket have been d.oveloped fmr applicatLon to

*p**nal- confiro,&* Bhers *s a huge liLtermtnnre on *h5.e mrbiect*

srbi-$h cssnot be revtewed. h,ere, hr* *he fcS"Sowing papers, be*

s*dea thCIsm aS.roadp elte& *n conneelbi.on wi.th o&s*si.ded dlreetssee.L

*ersvati.ves an$ the theorp of mubgredl.ente,.of sorlveJr f{raet*ons*

*n*3ud.e moet ef the etnongost how semrtrSe of a g;enera3 natuss

emd. provid.e ftar€ller referenc€es Gancn3 0u}lum nnd Polak []]1,
&eb*v5"tski"S and 8l*3"Sufftn ISSgSU, Gemkre]**1se [e4] u $ankreltdue

emd. Hharatl"sh:rl"3i {+p: r &m"r}d" and, So3"Ie [6*] s &r3.gnard, [61] r

ffia1ki"n f6p: e Ha3kin rusd 3{areetedt [6t]1 , Heatenes t6f:, ]lan6aua*

r*s:a [n05] o Sagahlsa and Sekgwe [3L6] * l{eueta*t t}f7ril.8nf19] e

Fsshen*ebsly* [335rlAEJ $ R*tfes t}gf: , alad" Ve.raf;va [rce3. For

*q#**r.a$.*srden een&S-*l,ons *s #* sas for example Fleseo tlsl end

ffi*#mrm{e}c f }CIEl.

S*rest ap$3.$.cet*o:re pf *hw th*nry af eon$ugete ssmvex .fisns*

**"*cas tm op"h$"ma3. controS emd fthe sa*sieSus sf vas'*ations? g&*

,*hler.3*,.xg the ttsr*ve$*om of m,stsesse,tr$r es* sr:,ffLei.ent ean&$"**oac

Sq*r a re.txatmrxm $"xe gxroblem* mf un##av#Kto *S,p*u ks.,"** heen pursue*

v.:ti,:;e:*rt]-f 'bf Hi.t*n"s.r il,$J r Hei,ns m.m*" S$,t*** il**l ', 3*f.fm [-ffr"] a

i-*ff* ei;:+ ?rkh.,*:i::|.:r*v i.?*+r?5i, Fi*r.:k;rgi*,*.i.l.er I i+:;nii:j.;,:,{."1r}5;::i-]Li]r:$-}.a

T.,*ir4jr,,,t: i"i.ii;.-l.ti*i,."f:;,:::j, i:i1x:i tl,:l,;,,,ri*{iiiy f'1.':*r:i1lJ,1.i_i;!i. _...; i"i{ji':J
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Hakerov snd fubi,nov tl"O4l erid &rblaov

tefpl , motsva'beei by na*hsne.tl"eal eecnoml.ce, ve,r*atfonal Fro*
bl.sras tnrrolvi"ns *eonv&;r praseesssn bave been stl.rd,l.e&*

*tre general theory of, *snvex prscessee haa ttself beea

m*ra€l-ed by Roblnoon [b54] asfl &rbf.sov [154r]56015?l, For

s*ms fiap*bsr appllcatloss oi ,'dual$"ty theory to nathenattoal

eeomen**s u s€s seL*msk$" ap& Saumotr [6J s Se[e [g:] ssd W[Ill.eee

IrssJ.'

3$ew appl,leafiisns of se&wex anslyels to epprox*m,st!.o* th,eexy

h"ave heem the mh$oet of mreb reas&reh$ we cLte *a p*rt*cu3es

Su.ff,*s end Kepl"cv*ta f S4l u GarkavJ. f46l o GoXo sbtsia [FP, F.$] o

Xof,fs and B$khtpmSr*v t?51 n #o3gr *nd I.aurent t?91 o $aurens aed

Fham*sl"ah*[\xan tgL] , &ev$:n t]Osl c e&* Feh,en{cbstrg [ffi&] o

rmsitn$s pap€r enphsni.ses esxrasqn*ncas of Hellyie tbeor*e sn

sntersects*ns af convox eEte u and 1* d.eela w$.th addLsfons3

tcp$.*e b'esJ"deE nBprox*mat$,es,n

&n s*atle**ee 3 ""sts'$&@ ueo of 
. 
the thooxry of, *ongugate Gsng6&

funcb*Se$F hms bsexe m.sde. bF Sexsfros"sf*ffi1"e&.s6a [?3 " the papars of
$$.ster [49] enxt Krafft fS*} patns &e s:*ess !s whtq]b ffisnsr Bot&p

*.pplfam**ens es6 psffiw*h$e" A dne&tty Shaoram Ln stschn,etlc pro-
gramm*.ng ke.m,s '*esa &evnlepe& bp Wets trJ"S$l n Fes dual pnobS.ems

*mnm.estmd wsth &h,e [Se3rm*:*xn*Fe&ssce }.emma, ooneult Franc$p an ,

Hr*ght [ 4il.
S*me exnmp3es oS dwrl3 soffivex 4lfffrane -in p*i.ense an& emgin*

eer$ng he,*rs kesm d.eserl.bed by ]}l's.{srss f5elu Y*m*saki []gaj bss

$^nql"feate€ ercm.mp}.e* :,n pot*"e"bte-3" *heetry'. Im,fteresti^m"g exampSes ift
ti:* {;he*xTr *S aea3ytie frsn*t$"ezrm m*"pr be "found im K}inv$,xs*E:, ilgf}
I ir,*. i.flH I f:.* I q
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fbe r*Le of convef.ff l"n the eonputation of' solutl"sns ts

*ptimlu*'bi.on probS"ene heiir been diEsuese& recantty by lJolfe [191],

ruRs11g o*h,ers. Related eomputatioeal uatarial uay be found ln

worke snreb as Ar.rslsnde:r [5] r G6a Ctgl , Girerrau]t and toride$ [eCI] $

ertreeanu t8ll, Daa,l,e3. t2el, Damgranov alrd hrblnov [A?rA8J, Sfaeco

and Se0srnick [59] , FoJ.kbaa and. Shaplro [eS] x Geoffrlon [a?] I

I,6.sd.sn tgel , and. Polek t1241. For reeest work on dptJ.ml,aation

Bnobleme tn net"wcrksl eao Frank an$. Frlech t4Al r ;frr t69l ead

I.ri [?7] "

Ro {[. Hoekaf e].lar
$esttSe r l{ashi-ngton
Jaatrax? r 19??
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'i;l* Arisu "Ccrrd5.*ton suffl,sente de 86r$"vab1i"lt$ de 1'nppl*s&t*,.#a
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