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Abstract. In Lailrugc problcns of the calculus of variat;ons
wlcre thc Lagrugian t(r, t), not nccessariit diflerendlble, is
conve\ jointh i[ r and ;, optinal arcs can be chdacterized in
terms of a generrlized Hamiltonian difc.e.rial equation, r'here the
Ilinilt.,niln ]l(x,1) js concave in r ard convcx in t. In this paper,
the Ihmiltonian s\stenr is std.L;ed in d .eislborhood of a mnimar
saddle point ol ,i1. It is shown unde( d str;ct concarit\-conrcritv
as mption on -11 that lire point acts niuch lile a saddle point in
the sense of dill-erent;ai equ?tions. At dre srn,e lime, .esults arc
obtaired for tioblems in ilhich the Lagrange intes,dl is rn;nimjzed
orcr an infinltc irierr.l. Tliese lesults are motivated lit questions
in th{rreti.,l .:conomi{s

1. Introduction

Let L, l?n /. R' + ( .x, +c.l be conlex, loner semicontinuous,
and not identicalh it. An absolltclr continuous, ,4'-vaiued function x
.lcfincc{ orer a real intcrral /is sailto bc an.,?,'flal arr forthc Lagrangian
t if, for cycr]'boundcd subintcrvrl lr0 , ,J a /, thc int.gral

is not +.c and is minioized vith respect to
continuous, 7?,,-1.a1ued frnctions or.et [ro , i1]

(t)

the chss of all absolutely
having thc sarne values at

I z(\lr), ilr) /r

l lhis rcsearch {is srpportcd nl pdt b,! GrillNo. -\FOSR 7l-199.1.
: P.oaess.., l)ep3rtmcnt of Al3th.natics, L,ir.rslt-v of$'is!\inston, Seatle, trashi.:ton.
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,o and t1 as r. Such:rr.s have been studied by conlet;ty methods;n
Rcfs. l 3 in tcrms of thc gcneralized Ilamiltonian equation

( -1(r), jr(r)) e ra(a(r).1(r)) a.e.,

wherc ,4 is defined on R, x R,,bl,

(2)

,'1(t, r) - sup{/ ! 7.(r, !) ! € R'l (3)

Thc crtcndcd ru1-valucd Hamiltonian His concavc in r and convex in?,
by virtuc of thc convexity oft (Rcf. 4, p. 351). The set aH(x,2) consists
of the vcctor pairc (&,, i, € R,, .i R,, such rh,r

Hl.r,?') > H(t,p) . (.!' - t) "- for xil l'€ -R", (4)

Hd,p).:H(!,?)-(! t t forall t'-.R,. (5)

It has been shovn in Ref. l, p. 213, that, if x and ? arc .rbsoluteh
continuous, 1?, valued functions defined over an inte al / and satisfiing
(2), thcn r is an opt;mal arc for Z, and rroreoler I is an optimal arc for
thc dual Lagrangian .i14, rvhere

,11(p, r!) -slptr.,+p ' z(a. r, (a,.)ER"xR,l
: sup{r r-11(,,1) aER,l. (6)

Under stronger assumptio.s, it is knorqn that an optimal arc , must
satisf,v (2) for sonre 2 (Ref. 3, Corollary 1 to'l'leorenl l). Theorcrns
h.trc also been established concetning ile existence and regularity
propcrtics of solutions (x(4, tG)) to (2), A a generalized ordinarv
ditrcrendal cquatbn (Ref. 2). Thcsc rcsults allowZ and 1l to depend on r.

In thc present paper, \rhcre only thc autonomous case is considered,
the aim is t., anal.\'zc thc b.ha\,ior of the Hrmiltonian systcm (2) in the
neighborhood ot 

^ 
sarLlle ?oint of the concar,c convc:r Hrmiltonian ,41.

\\Je derote such a saddle point by (t,t)i thus, (.qt) is by defini.ion
a point of R,, x R" such that

(0,0) e,11(r,1). (7)

$e assumc rh,l H ]s strictry in a ncighborhood of
(,r, t). In other r,ords, thcre erht convex leighborhoods Lr of r and I/ of
2 such that 11, restricted to Li I r*, is {initc, strictly concavc in r, and
strictly convex in 7. 'fhis nnplies in particular that (r, t) is thc unique
sadcllc point of ,{.

Our chief resuit (1'heorem 1.1) is that, under the prcccclins
assumption, (r, A) acts for the solut;ons to (2) verl' nuch like a s.rddlc



point in thr sense ofth€ classical theory of ordinary diferential equations.
$ic shoN thxt this propcrty is closel,v rclatc.l to the problem of charac-
tcrizing thc arcs r sliicli, in a scnsc, optinize /, rvith respeci to infinite
rintervals (Thcor.n I.2).

'fhesc rcsults hr\c .pplicrtions to thc studv of {hether economic
systems beha\c Ltplina ) o\.t tnnc (Ref. 5), ancl thel nere stinulated
b1' discussions xnd corresp.,ndcncc \,;ith K. Shrll on that subject. 'l his
is not the pl.rce to erplain all rhe econonic ramifications, but a few
li.ords ma! serve to lndic,lte the nlotiration. In ccrtain models, a slate
of thc cconomv at a rllomellt in time is rcpresented by a lector
x : (rr,..., r,,), {here }i denotes .he amount of the th good rvhich is
present pcr worker. lhrough dilTerent allocrtic,ns of goods and labor
to the procluction (or disposal) ofgoods, the starc r crn be transfomed in
Iarious Nays orer tinre. Let ri denoie the rrtc of change of ri . ltrot
al1 pairs (r,4 arc realizable; (r, ?) must belons to a certain set
fC R, x R" dclimitccl by natural ard techrological constraints
(reflecthg also pliysical depreciation and populadon gro\i'th, Bhich
could cause the goods to bc sharcd among more lnd more \rcrkds).
On '/: one is gncn a rcal{.aluccl functjon t,J, rfiere Lr(r, z) is thc
ecrat utilitr of tt\e pai lr, r). For c\ampic, rr(r, r) could be based on thc
rrtc of consumption that can bc achic!.d ]rcr rorker nhen the econorny
is in the siaie n and is being iransfo ftd at thc rate r. 'l'r'pical assump-
tions arc that ? is a conve.{ set. and Li is r conca\.c function. '1'o conrect
tllis situetidr with our results, one need only dcfrnc
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,(r,.) - Ir(.-, r) if (x,lE7:
if (!, r, + 7.

Th. optimal arcs lor t are then rhe arcs .r satisfyins (x(4, i(r))-.7
ainost er-ery{here rhich ma\irize total utib.t) o|ct all bomded time
intcrvals. They thus reptesent a?tilnal ajectalrcr lor the economv. The
Hamiltonian becomes

Ii(r, p) Np1.,(r, r) +, . . r: 7(O1,

$ herc 7(r) is the s€t of \ ectoM such that (x, !) -. 7. r'he comporents
at ! : (h,..., ,,,) are inrerfreted as theoreticll prices for the goods in

$'e proceed to formulatc thc mathcDraticai results precisely. lt is
convenient t'or later purposcs to mahc a translation, so tbat the saddle
point appears ar $e origin. To d., this, \rc obscrle that the saddle point
conclition (7) car also be {ritten rs thc subsradi.nt con.lition

(o,l) 
" 

tt.(r. o); (s)



370 JOrl: \:oL. 12, IO, 4, 1973

or, in other Nords,

L(E - x,.) .-: L(i,o) ? a

(Ref. 4, Theorcm 37.5), whuc

for all (r. i, € X" )< R'

(finitc).

Let
I''(x,r):L(.r t,t)- /.(r,0) I r' (ll)

C1ear1y, /,0 is again conrcr, loter semicontinuous, and in addition

tn;nzo : r!(0, 0) - 0 (12)

r(i ol : ,c(r, t) (10)

(e)

(13)

(t 4)

'l'he o?tinal arcs fat L are si llt" the ta slates lry , of the opt; ral ,r.s for
lo. l'he Haniiltonian

H,(',r) *,r{l d zi(,,1) 'Eft"i
correspondins to Ia is cxpressed also bi'

Ha@,!) - H(r:x.F +?) H(.i,r).

Thus, 110 is a concre convcr function lhich is strictll concalc convcx
in a neishborhood of (0, 0) and satisfies

(0, 0) € aso(O, 0) and ,ry0(0, 0) : 0. (15)

The solutia s ta the giten llat.iltanian sJnen (2) are the tuantlates lry
(tt, p) o;f the sohtkns to

( l(r),.i(r) = 
,r({(4, p(r) a.c. (16)

In this 11,a,-v, our trsk is reduced to stud_ving thc bcha\ior of solutions
(,'(t), ?(t)) to (16) near (0, 0).

[,et ,(* dcnotc the set of all pairs (a, D) e R'' )\ R" such that there
js a solution (x(4,?(t)) to (t6) c,i.cr t0, ..]) (r and 2 absolutel,v
contiruous) satisliins

(,(0),r(0)) : k, ,) and ,rlT.((rir(4) : (0,0). (17)

Similarlt', let 1l denote the set ofrlt pairs Gr,,)=-R" xfi"suchtlat
there is a solution (x(r),1(r)) to (16) ovcr ( co, 0l satisi'ins

(r(0),p(0)) == k, r) a.d /i1((4,1t, : (0,0). (r8)

Theorem 1.1. 'lhe sets K- aDd r hrvc only (0,0) h colnmon.
furthennore, there erist oper rcigliborhoocls tt / I. 

^n(l 
U ).. f
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of (0, 0) (\rhich can be choscn arbitrarity snall) with the fotiowins
properties:

G) r . (Lr- x r-) is the graph of a homeonorphism of L-
onto t/, , and r . (L )< I/ ) is the graph of r homeoirorphism of
U onto V t

(b) for ecr (d, ,) in 
^'- ^ 

(r1 x r,), the solution to (16) o,er
[0, +co) satisfyins (,r(0),2(0) : k,r) is unique and remains in
d. n (LI; x r-); for erch (a, r) in _( 

^ 
(Li x I/ ), thc sotution torlb)o\,., /.01-,ti\';-gr\'0r.tr0,, n.r'i,,rniq., ",o re,.i;ns

in K .(ai ^ I- t.

,- ceometr;catv, lrhcolem t.l srys that, in a neighborhood of (0, 0),{- and ]( arc u-dimensional submanifolds of _4, x R,, rqhich intirseit
only,rt (0,0) but projcct homeomorphicatty onto neighborhoo.ls of the
origi- " /r u^..-rl-e mhnriig.,r.r) .aa^J\a.t, .h

Ilthorigh Theorem 1.1 has bcen formulated startins from a

.H:,, '"1,"1 rur.,in \ \i, \ "orre.oonJ. Lrgra"liin.
it is applicable in fact to an1-finire, strictly concave convcx function II
on an open, convcx set [.i x ,/ in R. x ft', which has a saddle .oinr
ftrith respect to U x ,/) at (JN-, i). hrdeed, such a function 1J can ahvays
be extendcd (possibly using farand o) to: concave convcr function
on.ll of R, R .\hi, 1,. tout,to,ed LR..4. !3zl;. Ihe F.r.nded H
rh, n ,.ill h.. \\.lt J. i :iodtF p,inr, j1,t H is rhe H. rtLonian "orre-spondirg to the lo{er scmicontinu Lagrangian Z defined
by

,(', ') : Np{' .p H(!, D I e R\ (te)

(Ref. 4, Theorem 33.3).

.. Of course, (18) n also implied by (3), and the same th;ns hotds
likewisc forzo and Ho , that is,

,o(,,.) : sup{, .l H|(t, p)i P E R\. (20)

This relationship enables us to give an r:xtremal ;nterprerrdon to thc
scts tr-. and K . Let

I ' "t ,)" Lnl\rr. rrl\/, ,r0) ,l. .)tt

s'here the infinum is over all absotutety continuous tunctions
': [0. .' I . R {ir Lhe si\er n ridl ', ,re !in,itdrty. l..r

/ (.) : i"r iJ" z,(,(r), r(') /, x(o) : 41. lt)



Thc integrals rnake sense because of (12). lt is ob'ious that/, and/ are
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ninl_ : f (0) :0 .-/ (0) - nrin/ (:3)

(0. r);..1/(I.0),

I(t + t,,*)'.. tI(F,o) +. u for all (r,z!)€n, x R,,

Theor€m 1.2. (i) Let (d,r).K , and let ((t),2(t)) be a

solution to (16) orer [0, .a) sAtisryins (]7). Thcn, /-(a) is finite,
r- elds the nidmutn ifl the .lciinitjon ,,f.i (a), and the subgradient
r(l:ttion -rctl(a) is ralid. If a€ai , dre neighborhood of 0 in
Thcorem l l, then in fact r is thc unique arc Nhich _riclds the minimum
in dre definition of / (a), and onc hss , = r/'(tz).

(ii) Let (a, r) ,. /{- , and let (r(4,10)) bc a solution to ( I 6) orer
(--..,01 satisfrnrs (18). Then, /-k4 is linit(, i" lieids thc minimum in
thc definition ofl (.,), and the subgradient rc.lation ,. al (a) is Talid.
If a s U , thc neighborhood of 0 in Theorem l.l, then in fact r is thc
unique arc $hich I'ields the niinirnum in thc dclinition ofl (a), and onc
has 1, : V-(a).

The siluation in 'lheorem 1.2 is actuall)' swnnetric Nith respect
to r and?. Relations (8) and (9) can Aiso be e\prcssed ag

(24)

,u(1,0) : /.(,, 0).

This folo$s from (6) and thc reciprocal relation

,(r, r) - surrla ' : ? t - tt( f, t1,) ,(p, a). R' x

Thc Lagrangian lunction -V0 dual to 1-0 , that is,

rlD@'a) : v(! - p...) .1.4(r-' 0) - r a,,

'l'hLrs, ,110 is conier, Iower semicontinuous, and satisiies

lnjn ;ljo - -l1o(0,0 -0.

(26)

R.f. (27)

r4(r, .lj) : suF{ir, ' l .-to(r,o) (r,'):n"xR,,l, (:8)

is also e:rpresseci by

(2e)

(30)
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Thc optinut arcs fo. ,11 are just translates bt t of thc optimal arcs for
:1.I0 . Let

3-12,1 intll, .l/,,(p{/,,ti(/))// tp(0) ,i, (ll)

!-(r) nrr;.10_l.l"(pv) ,pttrt pto) htt- (il)

'l'hc fuDctionsg- andg- are con1.ex, ancl ne htve

nin.e, -sr(0) - 0 -.s-(0) - min.s (33)

Theorem 1.3- (i) Let (d,r)E1i-, and let (x(t),?(r)) bc a
solution to (16) over [0, co) satisryins (17). 'fhcn, g (r) is finite,
, -fields the minimun in thc definition ofS (l)), and the subgrndicnt
rclatio -a € aj-(r) is talid. If , e l' , the neighborhood of 0 in
Theorem 1.1, then in fact 2 is dlc unictue arc rhich yielcls the rninimum
in the dcfinition ofg-(6), and onc has -a rg (r).

(i0 l-et (a, r) er-, and let (x(t),r(t)) bc a solution to (16) o|cr
(-r:,0l satis{fing (18). l'hen, r-(1,) is firite, p yields dre miniDrum in
the definition of g (6), and thc subgradicnt relation a e ig (6) is ralid.
If a e l'. , the ncighborhood of 0in lhcoremLl,theninfact,isthc
unique rrc qhich vields the minirnum 1n th. definition of .g (6), rnd one
bas a: rg (6).

We end this section l\'ith a countcrexamplc illustrating the need for
strict concal-it1'-con'exit;r in 1'heorem l.l. For r : (q, r'r) and

, : (2! , r,);n R', dcfine

II(!,?) - -\], ! t,h. (34)

T|us, 1{ is the concar.e-con'ex Il0miltonim corresponding to

I.(-t,s):0 if z'-r', and t.=--r',

Thc function 1,1 hrs a saddlc point at (0,0) and vanishes there; bencc,
lto - t1 (nt Lu : a). 'rhe set 1II"(i, p) : ?l/(tr-, ?) consists solely of
the \-cctor ( 2' , A , .{, , -.-r). 'l'he Hanriltonian s}stem is

Jr :rr, i,: r,,
i, - p", i"- ?,.

(16)

(37)



E'cry solution (r(t), 2(t)) ro (36) (37) has thc property that r(.) : const
and ?(r) - const, v, that (x(r),1(r)) cannot tend to\{ard, or asry from,
the saddle point (0, 0). Thereforc,

314

,o(r, c) > /t .t i)

Sinilady, frx ,11" at (0, 0).

JOTA: \',OL. r:, \O.4 r97l

_r.+==r_:(0,0)1,

for I (r, 
") 

sx" x R'. (39)

(38)

and the asscrtions of Theorem l.l fail.
Thcorem l.2 is pror.ed at the end of Section 2 using 'l heorcm i.l.

'l'he proof of'l'heorcDl ] I is given at thc end of Scction 4. Two other
theorcrrs in Section 4 treat thc crse 'nhcrc 1I, r, M arc 6nite everywhcre
and 11is slrjctl]' concavFconvex throughout.ll" x R". 'fhe propcrtics
in Thcorems 1 l and L2 then take on a globnl cha.actcr, and in particular
1< and K- are the graphs of homeomoryhisms from all of R" onto
itself (Theorem 4.2).

2. Local Behavior and Optimality

'Ihe duality be veen r'11 and.4, has alread.v been discuss€d in
Refs. 1 and 3, and dre facts apply equJtl' to luo .rnd r0 . Rather than
duplicating any of the d;scussion herc, I\'e simply appeal to svmmetry
and rcfcr without proof to parallel results for M and jzo . The Duclidean
norm on R" is dcnoted by

Propositio'l 2-l- There is an open ncighborhood of (0,0) in
R/. x Ri on $nich r0 is finite (and, hence, continuous). Furthetmore,
there is A continuous, increasing function 7: 10, +.o) -* 10, r.o) \'ith
7(0) : 0, such thrt

Proof. Since ,at. is strictly' concare convex arourd (0,0), thclc is
a convex neighborhood I'of 0 such thzt I1o(O,?) is strictlt converi in
p e I/. 'l'he functions.Lo(0, J and llu(0, , arc conjugatc to each other by
(13) and (20), and 0 is by (15) I! subsradicnt of 110(0,, at 0, so this
implies that Zo(0, J is differcntiable (and therefore finite) in a neigh-
bothood of 0 (Ref- 4, fheorcm 26.3). On the other hand, there is a

neighborhoo d L' of 0 on $ hich the concavc fu nction I1o( , 0) is flnitc and
strictly concare. The maaimum of I10( ,0) over n" is 0 and is attaincd



(uriqueh) at the origin, so it 1s possible to cons.ruct x continuousl
increasing function ;r: f0, r.o) Nith 7(0) : 0, such that
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/i(,,0) < 7( r ) for all r.R" . (40)

'l his inequalitv is equn'alen. to (39) by lirtue of (13), which;mpl;es that

Ho(r,0) .= ;nr./.(x, r). (41)

Frolrl (41) ancl thc finitcncss of Ai(.,0) near 0, re obscfle f rther that

domzo : f(a. ') -. x. t R t.a',, L) .,:. -".j {.12)

t (d) + r,(b) :. a b for all (a, r) € R" x R". (13)

J Q)+r (b)>4 b flr cll (d, i l Eft. 1? (11)

projccts orto a neighborhood of 0 undcr the lnapping (x, .) - r. Snre
domZn is conler,rnd xlso, as rvc hnle secn, contains a set of the form
{0} x It, Fhere lll is a neighbolhood of0, it follor.s by an elernentarl.
argutncnt that dom Lo is a neishborhood of (0, 0) (Ref. 4, 1'heorerr 6.8).
Thc conrcxity of /, implies that Z0 is continuous on the inrerior of
dom.. . 

\
Corollar\ 2.1. lr \:10, , ) . R i, "" "o olur.l1 ,onrl- .. I

.n.,on io .l,: h ,\, ir,-L-r. in 1211 i. ,nr '. ,1.. y I .0 . I
' . .\rdloeo,r,, or ,\, jnr':',rl.in ,22'. i ,. dnd , 12 

_J
Corollary 2.2. one hrs / (a) > 0 if a r 0 and the infinum

definins /-(d) is attained. Similarly, tot .f \a), s -(b), s (h).

Proposition 2.2. (i) Crne has

I

If (d,l)€ 
^- 

and({r),?(r))isasolutionto(16) r,vcr [0, +']) stisi'ins
(17), then equality holds 1n (43), r vields the minimLun in thc dcfinitior of
/,(d), and p ).ields the minimun in tre definition ols (r). Thc mnerse
implication is also i-a1id.

(;i) one has

Il (d, l,) -. r ard {r(i), 1(t)) ;s a solut;on to (16) orer ( .., 0l *tisiiins
(18), then equalit] holds in (44), r yields the mininrm in thc dellnition
of / (d), and ? vields thc minimum in tle definition of p ll,). the
conrerse implication is aiso \alid.
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Proof, (i) Let r and ? bc, absolutely contiDuous functions fiorrl
[0, - -) to R' w;th ir(o) : l? and l(0) : ]. \1'e hai€

/.0(r(r). rt) il0(l(r),r(r)) .:. i(r) ,(r) x(r) .it(4 (45)

bt'(28), so thxt

i z,(,(i), i(r) dr i rr,Q\r,io)dt:. r(7') f('t).-a.b. (46)

lf the lirnit of dre lelt sidc of (46) as 7 + +.c is not + a, borh J,:(7) and

l('1 ) n1ust tend to the origin, in I ic$ of Corollar,v 2.1, implying thrt

I i,' r,'. :,' ,,' I 't., r'.'.i", ,", tzl-

'l'herebre, (43) holds. If (r(r), p(4) stisfies (16) and (17), then equalirv
holds in (a5), this propcrtl bting equiralent actuxll].to (16) (Ref. 4,
Theorem 37.5), and herrcc cqualitr.hol.ls also in (46) and (47). SirG

Lr$(t),i(r)) dt :. f,(a) and ,r.4(l(r), ,(r)) dr :, ( (r) (aE)

t76

b1- delinition, it lollous lronL thc seneral inequalit\' (,+3) thxt equality
holds ir (48) and (43). ClonrcNclr,, if equalitv'' holds in (48) ard (43) for
functions r andT l'ith:r(0) : d rnd?(0) - lt, then, retracins thc rrslts
mcnt, ire see $at (;"(t), t(4) must satisfr (17), and equalitv must holtl in
(45). But, m we have jrNt noted, (45) $ith cqualitr is equila1enr to (16).
In parti.ular, therefore, we hare (a,r)E,(-. The froof of (ii) is

Corollary 2.1. | \o.Lt \ 
^ 

l'1 tr.Lt (U.Ur.

Proof. \Ve ha\.e both

I'

f (n) s,lb) o.h

f ld)+! (b):u L,

(.1e)

(50)

wherethc infrme deliningtle left sicles are atteinccl. A.1L1ing the equations,
\r'e sce lrorr1 Corollarv 2.2 that d : 0 and , - 0.

Proof of Theorem 1.2 Using Theorem l.l. 'lhe relation
ll 

= 
.il,(a) is implicd bv

J,laJ <.@).= 4 h, (51)
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inasniuch as (43) holcls (Ref. ,1, Theoren 23.5). Thus, the first sentcncc
in Theorem 1.2(i) is true b! Proposition 2.2(.1).If L.t aud tr/+ havc thc
properties in Theore1n l.t, therc is in fact a contimbus functi.in
t: a.r -> I,' such that

k(.a) e tJ,@) nr !11 , E Lir . (i2)

Ho\cler, it is kn.,!rn that, on an]' opcn sct, .i/ (a) is a singletor for alnost
c\.cry a, ancl thc elements of ;/-(d) dt the rcmaining points can be con-
structed by a lilliting process and con'cificNtior (Ref. ,1, p. 246). 'l hus,
the conrinuity ofA ir (52) implics that, for I de Li-, ,/ (a) cons;sts
simpl,v of A(a). 'l'hen,

hl.a) - rJ,l.a) for all a -' I-t, , (53)

since the unictue elemeii of al(d). \'hcn thcrc is onc, is the gradient
(Ref. 4, 'l'heorenr 25.1). 'fhis establishca thc asscrtion ol Theoren 1.2(i)
concernirg tfe repla.ement of i/ (z:) by r/ (d). The uniqueness of the
mjninrizing arc r is jnimcdiatc frorr ihe conlerse assertion in Proposi
tjon 2.2(i) aid the uniqucncss in Theoren 1.1(ii). 'r'he proof of (ii) is
parallel.

Proof of Theorem 1,3 Using Theorem l.i. This is autlo-
gous.

Iror tire reeds of Sectiim,+, nc st.te another result likeProposition 2.2
for ertrena of the Lagrrl,sirns Zo .rnd lL/. orer bounded interrals. \\rnh
{) -- '/ ---- r-,ld

r.r )] 'r..i44, i141ar 
'(0) - a,1(?) - d'l, (s1)

;''r 
) f'.rr,,{lt4,l0) ,r, rlrl b.!(r): tt\, (55)

nint:/;(0,0) :0:.sr(O,0) .- mjr{r. (5O

Proposition 2.3. One has

j'(a, a' ,t :,(.b, t,) ::' u' b' a ii r.r all (,, , ) Jn,l (, i I (jl)

!tlb. b")

r.h.rc thc iifi]n,r are oler a1l absol tcl] continu.,us R'-\.alued functions
.n 10, Il satisfyirg tle gilen endpo;It constraints.'lhe functn,ns /I
.nd sr .uc conver, positive ana,r-fron (0, 0) {Froposition 2.1), and

If (r(4, ?(4) is a solution to (16) ol.er [0, 7 ] satislying (x(D,1(0)) : (d, &)

and (r(I), ?(7)) : G,', ,'), then equality holds i! (57), .r Jields the



378 JOTA: l'OL. l:, \o. '1, 1973

m;nimum in the dcfinition .f f, (", "') and ? tields the minimum
definition g'(,, 1,'). lhc con\.ersc implicadon js also true,

Proof. This result is obtained by the sane argumenr as Proposi-
tion 2.2 (see Rcf. 1, Section 9).

3. Redqction o{ Local Context to Global Context

The asscrtions of'l'heorcm l.l, except for thc onc about the
interscction of ,(+ and K_ , l\'hich has alreadv been derifed as a corollary
to PropositioD 2.2, concern orli thc local behalior of ,aIo and the
seneralized diflcrential equation (16) nca (0, 0). 'l herefore, in rerifl.ing
Theorcm LI, \re can rcpJace 110 bv an! other conca\e conrc\ function
on R, /. R4 Nhich agrees nith H0 on a ncighborhood of (0,0). The
fo n'rirr; resu r allo rs ur in rhi. $.\'Lo ulcentrireour .ffon.o-anror.
spccial cnse, \1hcre the properties of./L and K_ in'l'hcor€m l.i take on
a global character.

Propositior 3.1. Lct C x , be a conrp..t, coD\.cr neighbor-
hood of (0, 0) in R' ^' -R" such drat llo is strictlv concave conrex
relatile to C x , and tlo is 6nite on a neigbborhood of C x D. Then,
therc is a frnite, stdcth: concare-conyc\ function 11r on P. ,.: R,, \rhich
agrecs Niih I{o on C X ,/). lloreo\:er, IJ1 can be constmcted so rhat the
cofIesponding con\.e:i Lagrangians

zr(r, s) ._ sup{? .?' f/,(r,?)i?eR,l, (sB)

l4(r, &) : $,!i., . .\. l 11j(x, f) ls€ i't (59)

ar( fin;te throughout l?, \ R".

Proof. Since llo is concavc .conler and 6nite on a neighborhood
of thc compact set C ,/. D, there is a l,ipschitz constant r such that

r1,(r',p') -,ryoG-,1)l {r(,'-ri+lr' }) (60)

(Ref. 4, lhcorem 35.1). Define

G,(!,1)-min{I1o(x,r')Td,,-I l, x.(:. (61)

'l'hcn, G, is a finite, concavc conre\ function on C /. It,,uhich agrces
$ith Ho on C \ r. In particular, Cr again sarisfres (60) on C ): D.
Non. defne

cr(a,l) : mrrlc,(.\',1), r r' r t. (62)
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The function G, is finite and concar.e conrer on R,, x -R.,. Iurthcrmorc,
it agrees with G, , and hcnft IJo , oi C x D. Finl]lly, set

f1,(,, r) - G,("-,1) G3(,t + 6"(r), (63)

$'here Ca is a finite, corvex function on 1?, Thich l'anishes on C, is
aliine only on line segments containcd in C, satislies

1i11, 
c,t)iia I _ +.., (64)

and Gr is x function {ith analogous propcrties $ith rcspect to ,. Ir is
easily.hecked fiat Hr then has the desircd properties, btt we musr provc
that a function G3 , as dcscr;bed, does eist.

Lct Co be the pol.tr of C, thai is,

co: {rERr r.r, < l,vrEcl, (65)

,tnd 1et (t./,) bc a dense sequcncc in Cr'. lhen, Co is another compact,
c.,nye! neighborhood of 0, and l'c hare

C:lr=R" r.1,,..:-: i,Vil (66)

(Ref. 4, p. 125). Deine

,r(r) - 0 ir I l,r.<1,
: (, tr^ l)' i{ r.1^:1 1. (6'7)

Then, i,, is conver and

0 :: ,ar(x) < (r + pr r ),,

P - nd{ I iir.: co}.: -d).

G(r) - I ,rG)r2i.

(68)

(6e)

(70)

The series converges for aii r by virtue of (68). Obliously, c. is nnitc,
convex; antl, sinc (66) holds, 63 

'anishes 
oniv on C. An_v line segment

aiong u c. U :. rff ,nu.r L. | :.Er.enr o s sr,ich e,1 .\ ,. :.

amnc. But there can be no such scgmenrs outside of C, duc to thc
definition of ,r and the facr rhat thc sequencc (:I,r.), being dcnse in a
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neighborhood of 0, sptns R,. fo

lt, \o- 4, 19tl

'\'erify (64), it sufrces by conleriity !o

im Gs()t,t -- -r, fo! all noizcro r c R,,

(Ref. 4, p. 6611). Firing:v -- 0, r.e choosclr such that.'r '-yr > 0.

(71)

Then,

(72).l-il]} ,()r)r,l - r'r;

and, frorn the n onnegaiir-it\' of all the tcrms in (70), \ie c.rn concludc (71)

4, Results of a Global Nature

,\s justificd by Proposition 3.1, ue assurne hcnc€forrh that go,
,u , and :Uo are finitc e,\'er!-\1tcre, and that 1l,r is stricth conca\.€,conr.eri
throughout 1?, x R,1. fhc conle\ funct;onsf ,/_,/,,g+,g ,d"arc
then finite €rer!1rhen too.

Proposition 4-1. Ler (rr(t),tr(r)) and (.r!(t), ?!(r)) be solutions
r^ /l6) o\e-:rn ,ntcr.,l /. Th,n. the,rn, ion

,(,) - (x,(r) r:(r) .(r,(t p,(Dl (73)

is nondecreasing on J. In lact, if /,(t0) : /,(t,), shcre 10 < t, then for
all r. [t0 , r,] dre has (x1(r), pi(r)) : (,\.r(r), lj(r)), r.d hcnco i(r) : 0.

proof, Since H0 is strictlv concavc conre-\, this is a special crse of
Rcf. 2, 'lheorem 4.

Corollary 4.1- Gil€n a 
= 

R" and a' . R,', ther( is at nxrst one
sorLrtion (x(r),?(t)) to (16) o\'cr an interval lro, rrl such drat LpJ : n
and x(tl) -- a'. Similarlt', for l, - Rl a'rd ,r r 1?r, therc is nt most onc
solution such thrt p(to) : b a]d p(t\) : I)'.

Corollary '1.2, Gi\cn a E R', thcre is at rnost c,ne vrlution
(.(0,t(t)) r,, (16) orcr [0, ]rc) satisf,iins

.\(0) - z, rim x(r) - 0. (74)

as rrell as at most onc solutio orer ( ,,01satisfring

r(0) - a, lio (4 :0. (75)
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Giren reR', there is at most one solution (.!t),?(i)) to (r6) ovcr
10, f co) satGfying

p(0) :., ,!rX 
p(') - o (76)

as well as:t nost onc solution over ( .o, 0l satisfying

f(0) - h, ,!qr(rl : o. (77)

Corollary 4.3. Iror each (a, &) -. L, , the solution to (16) satisfyins
(17) is unique. Likeir'ise, for each (a,lt)er , thc soli,tion to (16)
satisfins (t8) ;s unique.

Theorem 4.1. For 0 .< 7 .: +.c,, the functi.Jnt on Rr ! R,
is e\'eryr.hcre contintroush dillerentiable and strictl) convc\, and the
inllmum in its dcfinition is alBars attaired by a uniquc arc. Th. sanc
properties hotd for gr . Furthermore, one has the conjugncy rclations

,'.(6, , ) - m.{ {a' . b' d b frh,a')\. 178)

fi.,"') -Siit'.tt' a.b e,(b,b,)1. Qe)

aDd the grrclicnt rclation

( b,u):\fr(a,a) \fr l. a,a):\s^b,h'). (E0)

'l'he conditbns in (80) are satisied ill equalit.! hoids in (57).

Proof. Thc fact that (78)and (79) hold,at least ilitli szp in place of
,?dr, ard the ;nfinr iD (51) and (55) ue aliral.s attained, is a special case
of Ref. 3, Cl.,rollary 2 of Thtorcm l. \{c can replace tup hy ndr ln
(78) and (79) bec,trsc /1 and sr arc finitc crcrrNhcrc (Rcf. 4, pp.
217 218). h \'ie\l, of (7E) and (79), equelity in (57) is equivalcnt to
(. h, b') € i.fr(.a, a'), .s 1lel] asto \ a,d')e?st(L,u) (Ref.4, p.218).
Suppose no$. th.t (d,,?') and (r, r') saiisfy the lattcr relations, l]nd let.!
and2 be ary arcs for 1rhich the inlima in (54) and (55) are attaincd. The
conlcrse part of Proposition 2.3 asserts ll)at (r(r),l(l)) is r solution to
(r 6) ovcr [0,7] satisiling

(r(0).p(0)) : (a, r), (!(r),?lr\ - (.a,b'). (81)

IIo\.c!er, according to Corouary 4.l, thcre is no more than one sohltiorl
to (16) oler [0, 7 ] satnfying (82). Thercforc, r' ;s thc uuzflze arc yielding
the infimum in (5a), and ? is tl\e unique arc yirldh,t the infinrum in
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(55). \Vc rnay conclude fLrrther from Corollarl' 4.1 that (6, ,') ;s u iquely
dcterDrined b)-(.r, ,'). In other \!ords, gilen (zr, ,?'), there ;s at most onc
p^;r (r, r') such that tle cquiv.rlcnt rllations (-D, r'). rt(a, a') and
(-a, a')€ ?gr(b, b') hold. Dually, (a,z') is uniquelr- determined b!'
(r, r'). Of course, it is also tlue that the mr.rldfirnctions tft 

^nd 
i)gr 

^teelerl.rvhere nonempty-ralucd, since /r and g1 arc €ycr{\'here finite
(Ref. 4, p. 217). Therefore ir. and eg' rcduce to siDgle-valued rnappings
from l?" into itsclf, and thcse arc neccssarilv thc continuous gradieni
mappings r/, and rgl (Ref. 4, 't'hcorems 25.1 and 25.5), The continuous
dilTercnriabiliiy oft andgT implies, r'ia the conj gac] rclations (78) and
(79), ihat, aod I'r rrc strictly conlr\ (Ref.4, Theorem 26.3).'l'his
completes the proof of Theorem 4.I.

'fhe next result \rill en ablc us to e\tend fheorem 4, l to l hc fu nct;ons

J*,e.,f ,S by a li'iit process.

Proposition 4-2. l he follolling res lts hold:

)!!-n@,.) - f..(.)' I (."r

Jrp.sl4 a') - c,lb) c (h').

(82)

(83)

Proof. \\rc obsc .e at thr or.rtset that! since (12) holcls, the
functi(,ns t(r, 0) :nd ,{0, d') arc nonincr€Asing in r >- 0 and satisfy

f'(4 01 ::-: !-(a)' f (o' 4) >> I-la') (84)

\!e claim also that

;r'-f;/ a,0) ,i /-(a), ;qlt(o,.) .,,./ (a'I (85)

J'^, h@,0\ - .f .("), J:t:l. h\0, a ) : l-@').

'l o prore the lirst inequalirr- in (85), $e fi\ rn-v ! {'ith/-(a) 4i r <:
and construot an absolutel]' contirluors r over an inten'al 10, f]
that

\(0r - a. r(7, u. I Ln(r0r..i{i rr,1r . '. l8?r

lnasmuch as/ (a) < n, there ci(ists bl.dcfnition an absolutet,v conti-
.uons function r,ji [0, + r]) * R" such lhAt

(86)

ro(o) -- a, i-"...0(.ro(r, io(r)) rr .,: ". (lj8)
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According to Corollary 2.1, rJr) tends to 0 as I - +co Let i > 0
be arbitrary, and choose F such that

(8e)

The nonnegatile function r, being finite and convex on R'x n",
is continuous, and it !.tdshes at (0,0) isee Eq. (56)1. Therefore, r'e can
select € >0suchthat

0 < p.:: d - | 'r,1,"1r1, i,1r1)ar.

f^t.,, a1 1, if . <€ and I <€

'l here exists in turn a f0 > 0 such that

xo(t) .r: € if t-..-To.

By virtuc of (90) and (91), there is an absolut€ll' continuous
r.r: [0, ,\] - R" such that

'10) -'.(7,), r1(l) : 0'

Lct 
" 

: 
"o 

+ ,\, and deflnc

,(4 -= 
",(t)

- x,(r 7.)

Then, r is absolutely continuous on
rr(.\) : 0, and

(e0)

(el)

j'2,1',p1, i,1,ly,rr < a. (e2)

if 0<,<"0,
jf 7; <, < ?'. (93)

J0, ?1, (0) - ro(0) : a, 4r) :

J Lottttt.i't)'d' l" t"t'ol, '""t: t'

lo 1", ,'.. \,'/'rl, rd /l' /r o. /44)

Thus, (87) holds as desired. Thc vcdficarion of the second inequalitJ in
(8s)is parauel.

Our next step ;s to note thrt

fs\a,d) <Jr(a,o) +f lo,e') for dll r>0. (95)

Indeed, suppose that o >J.(a, 0) and "' > t(0, a'), and let

r,: i0, ?l + n" and r,: J0, 7l - ft.
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arcs such that

ri(o) - a, r,(?) -_ 0,

rz(0) -- 0, $,(r) - a"

J'r."1",p1, *,1,y1a, . *, (e6)

J'1.1.,,1ry, *,1,1; ar .< ;. (s7)

Sctting

lve obtain

.(0) : a

Consequentln

'(t):r,(r) if 0<i<r,
-.t:(r- ?) if ?</<2", (98)

{2It a, J, Iu( ,).i('r\Ji {o L. {99)

d . d' > f,r@, a'), (lo0)

and the validiry of (95) is apparetrt. From (95) ,nd (86), we dcduce thar

ri*s-up/(", a,) < f.\a) J_Q,).

We dcmonstrate now that

t y:i\f /r(a, d) > f+(a) r f_(a').

Let p l0andosatisfy

001)

(r02)

003)
];minf lr@,a) < s - 2p < --cc.

Chouse an ,rbitraq, l > 0. {gain, thcre is an € > 0 such rhat r90t ;s
talid. The inequalitv in I'ro.osition 2.1 impt;,.s thar. ;f f is 

"umiic,trylarge and *u: [0. ?] -- R,, satisfls

rr(Or -. d. laff) -- d. !,' t dut,,.i"t,,,at,_2,,. (rq)

then

I $ls)l --: € for somc S, 0 .. 
^5. 

< ?. (105)

Let ?' satisfy

(r06)
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Theorem 4.2. The funcdon/+ on 1l" is el,ery\rhere conrinuously
dificrentiable and strictly conicx, and the inimum in its definition is
ah.ays attained b)' a unique arc. Thc saDe properties hol.l forg-,/, g
Funhcrmore, one has the conjusacy relations

c,(r, - "..{ a.b I (a)1,

/+(a):m\{_4 , s (r,),

s (a) : max{a.l, / k)i,

/ (a) - m!r{a., s (})i,

and the gradicnt rclations

(115)

(1r 6)

(117)

(118)

(lle)

(120)

The conditions in (ll9) are satisfcd ifi equality holds in (43), l'hile
rl-^.i I l2nr arr.ari"h"d ill eo.:l:ry l-o J.:r, \44).

Proof. Sincc all the functions arc finite, ihe conjugacy relations
(78) and (79) are prescrved rvhen the lirnit is taken in Propos;tion 4.2,
at least if ,zzr is replaced btr s,/(see Ref.4, Thcorem 10.8, and Rcfs.6 7).
Thus,

3,(b) +c @')- stp la'.b,,a.b J_@ f \"')|, (r21)
\n n''

f,@ +l-@'): sw{a'.b' d . b - !:,(b) - s (b,)\. (r22)
lb,L')

Here, thc supremum is attained, becal,sc ofthe initeness ofthe functions
(Ret 4, pp. 217-218), and the erpressions (115) (118) follow
immediately.

\\ie demonstratc next that the inlimum (21) delining /-(d) is attaincd
b,v a uniqui arc r. The identity

t G\ \ttt.'n.o ' t ra '.. 0 f (123)

is easilv deduced from the dennitions of /- and /". The function
a +fa(a,a) +/,(a') is strictly conrex, since t is strictly con'er
(Thcoren 4.1), and it is cofinire (conjusate to a linite function), since/
is cofrnite by (116) (Ref.4, p. 116). Cofiniteness is a gro*th property,
and it;mplies that rhe infimum in (123) is attained. Thc atrainment is

b: Y.f.(a) - a: rs+(l)) + G,,)€r-,
b : YJ @) -. a : Y3_(r) e (,, i) c,( .
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coDtinuous) $-hich lnnishes at 0 and is positire aNa)-from 0 (Corolbry
2.2). l'hus, for cach e > 0, thc set

( 134)

is an open nci.ehborhood of 0; and, hv choosing € sufliciendy small, se
can make this neighborhood arbitratib MMll. Spccificall.v, se can
arrangc 6at (134) is contrined in r-i il L:', where Li'is the (open)
lnrerse image of t'under fi-. I)enoting (134) br" L and the imagc ot
(134)undcr /( by Iu- , l'e thcn havc an opcn neighborhood t-- : t'- of
(0, 0) as above, Nhich is contained in L' ri 1". To completc the proof
of fheorem L l, it sufrces ro sho\ that, :f (r{4, r(r)) is i solution t.J ( 16)
over f0, rir) rl ith

!€R. /_(a) .{r .l

(x(0),1(0)). r* n (r'_ x I -), ( r35)

ti)cn .r(/) . L for all I 
= [0, - 1). -{ccording to Proposition 2.2, .'] ields

drc minimum in the dcfinition ofl (x(0)), and it follorrs rnore generally
thrt

(r36)

Sincc 1,,, l:0, r.' see fron (136) that / (r(t)) is nonincrcAsing as a

function of t. llence, il x(0) belongs to a set of thc form (134), the s,rme
must bc true of x(t) for e\er\'t :> 0. Theorem Ll is no\! establishcd.
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