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R. TYRRELL ROCKAFELLAR

NEW APPLICATIONS OF DUALITY IN NONLINEAR
PRC G RA I',1I'1IN G

riI'-i . 1,. r'F.n.ruur,n r ul.ri, iz:.r.u n,,iul, r .,r,. r1.,,riri....Ilp:r rU,l .i'r'l n r I,rugt. r ,Fr''nu n\ntr ,,, icj. \1," \ ': \! Lrec]r.Lr'':. o i.. . ,l , ,"r, ,,,- ,,l aur.' u , rblt, ,. . t,," 6||11, ,a.
O11r'ailll ]rere is x.t to rc\icli ir det:lil \rhl,i is ale:rLr ltno{D. l)nt io.pF, l: ra,, . Arr .r,..l,n..t. toi I.c rtr,o\ I . .Il,i,.l
Iitst to s:rr a lcs NorCs irhort thc geterrl role oI drl]ill nr nonljl]elir.

llurljl\'ii \^huLle fuxd:rnrcni!]i\'' es a cone€llurl icol for under
standing oltilniznti{r11 !rotrlcrrs eI1(l u rcrerirg thcir de€}er lro}ctfies.In tLjs 1rl\' it is oIleD Lebful itr derjsirg ard irteilrt'tirg alsorilhnrs,
ur r, ,L:.|. i j r :r|,-L,. ,, I od..olr-. l:r\ fi,,n ""i.t. e i,r,,t,t,r..
are clcr'jreal. For eranrlle, clarxcterizatioxs ol thc glolallr otljnalsolu-

"ol 
.rud .hl"'r r. ,..$,.\'i\n., ollr\.
.l co]lrnron rn{l alirect rsc ol dLrrlit). in co Uttilion is tLe r€th(c

rr' u : -..-L f ,ul., ,r .u1.1,r,,1 l,' l.\.,il thlpior irr ,,r,nir,p;
|1L,i) t1 minirnrx Ixollem) 1\'hich js cisicl lo solre. S(m(1inrc,s ihe lre-srrce(,l a dLLal l)r{)|lcln rD:rli€s it p.ssil)Je to blarkel, tle |rkr(,irn nr:r\i
nlrLnl .'r x)i mrnr rlhre lietn'ecx u!!{rr and lower bcurfs \r|ich irnpove
ir the corrse of conrluiation Ird pro\_iale A rtiteri r lo] lc),ririnatior]-
l)l1ilit\ theorl- rlso )ereals the rerxirg oI the rleci:rl \ihr.s of LAE]rrqe

,,1 u "r :u..1 i:'\': : 1 ., . \ _i, h 1,cr .. ., 1,. rh, I,i.L,.
:rs:l h.rnrs. in addjlic'n to solving ll gireD l'oble]}l. These \'r]rrs c.n tlreD
bc ])ut to 11'or,k, fol iustar.e iri sensilil itl analrtls.

Sercral devel.pncnts orel, the l:rsl fe\, ]tals suggcst the l.srjbllii-v
rJ re\ rlt)li(rtiors of rtr1.llit.\'. The lnst is the ertersjon cf ihe thi{)r1.-
1o 1:)roblellrs c,I a uore gererrl oI rl."rlr,rcl characlcr.. The i'l2(ti.:r1 rdv:rn
ttLr. cI i}i$ is cleir $hen one te(:alls that, ilr dea]irg $j1L iergc sr.rle
rriten s or rLolrcolrvc! sv$ter]s n-ith sulNtlrlriial .on\o\ srlslsfe rr..np
(,t 11r., xrrin lrolrcA is to;re:rh thc !roblcnr d-oivn into ln:rrrgtllltc pieces
fl. Jl. Thc srblroblerns ir such a shucturirg rlrar nor lji r.he {l.lsiicai
li l-..i ,. , 4J,.,.r\e,'rr,r ,:.,t, ,tr :,,. r:\ t^,1,.'ir..l orr.. r',r'"o, '. ,, 1., ,,1.1,.,1,'ar ..t t.:J'r'i.,rr.,,,



rl L'iirrl tt"nlrrrt)tiorls ronreining rLiffrre)rtir])ilitt {, rLr)nrxin.\ ol' drfiniiion
rrrr\ 1loL l!r Icr;.rnrlrtc ir1 .n..h d rorte\t. Ol .oursr. thr c\tensi{rr ol
(tLlll]it]'rlleor) to rrrr\ clasics ol ltoblell]ii slLoLrld llio o}e]] rl nl|liod-
ti(rrs oI 11 nrore irrr)re(lirte s,)r'1. O!iirrrl (iortlol Irol)lenr: rre esleciNlh'
pl ,l1risilr- jr rlLis rcsle.rr.

.\ lerr)Lil (Le\e]o!fen1 1|r1r r)rxl trur out lt) l)e l,nil,tul ir thc rrcog
xilir)r ihri :r iingle oltiLniziti0n pJ otrlc|1 crn lrc dLLilirt,Ll ilr rltin\ ('Ljfferert
1ri).{. 'l'his i(Lci hrs rl$ lr\s be€r lr cteni. ir t])e ;erse that r gil'en lrol)lelr
.r(nrld l)e l:ornruhle(l in (1ili1cnl \\'lr!. del)en.ling or $h'rt \|tri[rb]c! \!clc
i|1ro(hr(.e(1 il]rl lo\r ihe fol"rrairis \\cre $riilen (lo\1. ind r'.rrh lorrl[
l,rtior \olrt(L ro erpond 1n r (Lilierert du,Ll t)roblrrr. 111 tllis lorxr tlle
irl('r hrs lr.cn eriploiterl \cr\ littlt' olltsi.tt) ol lircrll llogi:Lnlnrjng. l,nr
lrtrll il hxs irriLl]lio,:l ilnl)ortrln(e in geDnltilic irr.ogrrrnlnling. IJo$c\cr'.
iuother grrer.rl ilDloirh ii ro]f LnoNr. nllele the gi1-err trollelu (:rI,
ollniniDririrrgrreltllrrIiL.rliono\er!,rieltdin!et) is not Tclolnlrlrted .

blrt !11l)iert&l to di]ierent rlisses ot '!crtruliLions . nlL,]r (liis of fcrtL
t)rtionr ll'r(ls to i roucftoDdirg- {luil t)rol)lem ar{l LagLrrgi,rr Iurl'tioo
l$i1h rn irsrocirted rinjnrx\ !r'obleml. Thi; iii .les.rilrcLl l)r'iefl) bclolr
tfrrrher' (letrilr nrrr he fourrd in 13, +l). lI c lcl]crth tllerf hrs dso
l)eerr \\or'li (Lire,:it]\' on retL.tcirg the chssi(u.l LrLgLrrgidD firni tion l)I
ronre othcr irrctirxr. thcr'cb) ol)t,rjnixg:t.lilielert lluxl 1)rolrlonr. \ctu:Llh',
:1s long Ar ircr'ldin.ronreriit\ irt!LLnrplions rle.riislicrl. tLis ilt)proirh is
equii nlr.nt to the pleccdjng o]le. l)erat6e ii ji lino\ | tlli1t e1 er') senetirl-
izcd l,|].glingi:rn rx(ition ' rln]csironds .oxversel]' ro so re cl:rrs ol fertru
l)rtionr of thc orisir:tl ])lol)Ielrr.

'Ihr nrrir l)oinl Icrc is that tllerc ir o lcrlion Lo lilrrlt iitenlion
1o r ti\e11 d,Lr1 trol)le!x. c\en in ihe c.rse ol ,r ronl'e:i trogrxr nring
proL)ldr of rhssirNl ttTe. 1t rlra\ bc possiblr to con.\tr'11!1 I nrLr.I lrcllct
llual for r I.rrti(r rr aplti.xtior l)\'t.lkin(:l11\.rrrtigc of sprriul l)roprrtic!
of 1lc ol)jccliir fnlrtion rnd Lioxstrtillis.

Anotirer llrins to lote ]s the l:rt thrt urlul\-t€rhrri.rLl reinlts. lol
(|rnrrt)le or tlLe (iontinnitl_ a]}d ditfercntittriliL\' Polclliti\ oi ron\c]r
Junclionr ilnd .\r.ldle'llrnritioni. hnve uo\t l)ec! strenB^thene(L rn!i Llur]ized.
iju(ir r.rsnlts siro!irt prore rseful in lllticul|l1 ir the.'or:tnt.rrr,ll ol rlgo'
lithnr\ lrescd orr lhl.llit). sir.]e thc] facilitaie 1Ic ?1n:rl\ 'i. r'l rle.ln.rl
Irol)leDr. rniliirs i1 uslr.hle elerl i .:rses \horl it c.Lrr r1 l,! nrj(ten
do\n e\pli.rith irr i rlas,\i('rrl Lolrrr.

DUALITY BASED ON CONIJGATE CONVEX FUNCTIONS

llclore Eoirq r to rL{rsoibc rL fcN }rolcntidl 1l)1)li('rLii0nJ oi tr :lerific
x.l. \re skeirh ltirllr the sencrNl t[€o]\-ol i:lna1 ln'(,b1eln. thrt hi!

Erosrr ont ol I'l chel s n.,tior ol ronineate con\_f\ fLlnl]liotr..
Lcl lls rousidcr r rorr\c\ lllogratrlrning11ol)lerlr of tlLe t\llc I

nrinirllizc 1,1.r) -rlt)jeci to

i{rl<0 n]r ? = r,....,r'
(ll



Nhere f r,t'r +li js con\en for i . 0, 1,...,ri. TLis prol)Ierr nroy bc
Ielreselted riabstrilctlJ" es I

(-q) nrioinrize /(,r) o}cr a.ll I e /i',

(3) J(r) - Jo@) ii r iB {casible

- + :o if is not fedDible.

Ure In.r-]' cll.ll / the "essential'r objcctivo f[nction in t]re proLleDr. Il js
aDother coore\ frlnction. brt cltended-rca.1-Tahcd.

The ol'diDarl du.rlitJ associatcd with probleDr (1) i$ derired lrom
thc KnhD-Tucker theor) of lagrarge nrrrltilli€ls. It eor'lcAloDds to the
(cxtended) Laglargilrn fr ctirD , oD li' x i- defiBed b1 :

(r) L(.t, !t) -.f"(4 * r/,.f,(r) - ... + !t,,f^(r) it !>0,
_.t il !>0.

.Note th:rt,(r. y)iscon\e\iai and con(are in y,andthat

(t) /(.r) .= sup ,(/, y).

1'hus thc plobleDr (l), represcnted as (2). is tlte ,,inI. $up," trcbleDr
for Zr flDd \yc are leil Daturally to the (lual prol)lcln:

(0) ux\irnize /(.?) orer all y € -li"',

\rherc

(i) U(.!t) : int Ii.r, !).

This is cAIIed 1,he "or diD.uI" durl L{ (l ). T}reirDcli0nriscoL(dre.
The ordinfil'drul hrs ba(u sludicd l)y rran) rrrlhc,rs {!ncl has t !'ncd

out to €ritle el.r'rNefnl. III,T ercr, olher ciualrt (rD also hc coDstrtrct€rl-
To do this, a slrlcc n" js intuodnced, alrd oD 1;' x jt' lllr arbitldll

(e)itendeal-r'cal rahr€(l) con\cri function -F is cl(sen \rjTh ihc propcrls
thst
(s) 

"(r', 
r') -Jrr) {or { :0.

The ptohlenr (f llrinirrjzirg n-(r. ,) oler all ,r e I' for a lixd Dorr-
zalo L€ nr js rrSal(ed as thcrrperturbation" cf (2) corte*Itoxcling to ,-



The eistex(:e oI nrrn-v conlc\ fiLnciiors / srtislrixe (8) is ol)riors Edo-'r..r'',:. ., r, ,.r,i . r,i, ,, f ..r ,r r ,. .; rh. "l;1:i,Iot the g:reo irxcihn / as 1r pilr,liculNl cross sectiol \\_c rssrL|ru beloN
thlt ll is lo\\.{'r'scrrirontinrLous. i.c. thit the eliltr.alh ol /" is N (1os!{1set.

I" eich rhoire {rf IJ thete i,! r (,olie;iloncling l,:rgrrngirr f[urtion ,
dctioed l)l

ie) /,(). ,) : jllt tttl):, u) : . ltt.

lu }ar'licul:u (;) hokls, in i ie$ ol (rl) inrl (10). so th;tl lrol)lerr (l) .ou'e'
sponds as Lelor'ctothe "inf, snp," txol)leLr for tr. The .Lunl 1)rolrlenr cor
IesTxxr.lirg to / ii therelore dcline.i to be (tl). \vlclc a ir igiill defile(l
lrv {7) but Nilh 1hc ne$' t.

T|o ordinrr\ (lnxlit1ll)ore !rises Nhen the .hr)irc of 7: is

(Th": , is for!trerl e,is{rnti,rllr l)r tihirg the co j!gN1c of /,'(,/. r/) rs a
Inneiion ol , lol crLl]] r rnd thcn changhrg .\ourc sigrs). It is r theorenr
Llet Llt. tt) is roln er i1] J- rrld corl.rtre iD l/j an(L that

(10) t'(x, 1t) sul, {rtr. !) u . !t) .

( l1l t'(r.t4-f,,1.4 if fj(r)<1r, ror i =1,....,,.

11: ) Glt, r) : n [L\:t. !J) r.1t1!.

T. lr.tr,r:^rr rr'..un,i'r on / /, J:.u,

{r3) G(r, ?.) - a(rl for r : 0.

- I ., ot]ler\'ise (\r.hele s . ,rl.

IIon-erer'. the gcxenl colst r(:til)r nolks evex if / is rot of the l.,nr] (3).
It ern be rllliei] 1o ploblenr (:) in the c|l.se of ar ,1r'bi1lir)'\, crtended
loal \.lLLr{, l1nrrcr tLLnction .1. Il thcnnolc. a sirlilnr roorlrurtior lea(ls
fi'orr the ge,relrl coln:r\.e (hul l)()l)lerl (ii) l)r{ih to (:.]). ard in this sense
Lhc dLlalit\ ilL. '\- i1 sr'nlnrehic. l'ho psrtulb,rtior ol (U) cor'cspo)r(Ling
tlr .| re(tor r ! 11" is tlllien to ]e thc proLlerr of ]]la\illrizirg C(li. r) orer
:rll I s Il"J \rherc

\\ie shnll nol discnss this fru'ther hcrc, ercelt to t'eul&rk iLaL t|c Lltlahtl
thcorexN t]rit car lr. 1rrof(rl relating }JroLlcms (l) and (fi) xle deplll{lenL
o ' rlr, , r" , . ,l t, rrll.L,rr'o f.1. ll.



\\. r'. , .l ..l r,r rl, i ,"lL,;r:,. ,n,tuu. L i.,
t'r 1..:l.u ..D Lpr, ou!ttrlcd. ltycr.r ie\ierr'tei1 r'erl r.llueilJ . lo\r'.r closerl,' lBl) (,or\.cx conclvel[n.tir)r t i. iL tLtl'n tL? L rqrangian .,olrc,"polrr1ir1!: t0 sorrr clroirie oI

leltnlbai:i,rrii o[ ar xl)itrrrrr con\e\ IroErlrrrlrnins- prob]el1 1l) {\rherc f
- ,,' .. i. .,, , , i ir,... |. , ,I I I, :,\-, .,\ \.. J . r" l,", sr , . f: - ,'r ,,'/. T r. 'o,\" ,^. ,.p I. iu .

rilr\ thcorr rni:l Llu.llit\- titatr,\ ar'e eqtli1.alent: eretl- ci:)Dye\- a oncrr Ve
'1, r , ,:: l' : l. !r: n;:: I,,1,,",r. \ I :1 L\

lrrol)lerl o\cr .r tr.[LLLrt ol ;ubseri of il', Ard li'_ call alnais Le r.epre
:ert!.{l:ri ir n}inirnir\ t)il)blenr o}cr all oI F, )i (. for.d cer,tli]r ertenaled,
reNl \ alllcd lnn!tjL,r l:. !r Siil).

- _\ote thrrr ihis r.{rnlrlcte rorrespcrdernre l)et\rccD nrinjlna\ problcnrs
,rnd duil con\ cri rlnd roxcrle olti izatior lxoLtenrs rontd ilot hrrtcli-\. '1,,f ..1 rh t: t\,t ti,r,. 1,un,o.i-",...,.r,., ii.,D,,u
'lI. r'r- "', -ir' $"r- . . ,,1 .r"ro . ,rt. I r.!. t-ah,..r j
i]l tellns of so|1e fufllcf 1'rd:rblcs ?r :rs

lJll nrininrize 1(,.. ?r) sulrje(t ro

r1r .. 0 Iot I 1,..., ]/r.

In thif creut. iince ]fe rllate1rtll: hare n conYcr ploglaDutlirg pl,ohleu
$iih linear.-onstrairts, $.e Fould be ohtiged to ciefi;e the t,'ie'raljri:rn
lencti0r b\

(1;l t'Qi u' ti) : I'lrt 1t) 1t !i.

Tl l.,j.. r:. ' .u,rl.. r r,,. h, .t i tp. i., . r,a ,., , ,\ l r-.._1 ir /:, .1 \'^rl, r,, L nu..i ,t- .u : \ rh, ...-,i ,.,.. .-\. ,n,:.. ,..1i.'ar /. ':. r\- L S,,.rlF,r tot .,,;r -.utr\a\ 'r r,i.,r", ror, Litoo,,.- :tr
.L,]ef i, ,r.l ..,, f. r-1.. n .. .\ .., lr,.aL,r, oI .t,e

corstrainls in (ll) is ort) ir1Derfi(jial, sincc a i,q extetdeaL reai r ne{t.
Tu t,. r'r ,-.-..". / , \ l, -' .-L t,. '.J rr Nn t.t ra Us , t,..t :i rrh,,"\,,i,.r,r ra.r,rr,Jrt,,r,.r'oati .,r.. r.. .D;Ir,^ot,r..(l) l)e rclon[ rted in thjs ]uner a,( (t+). Ir f;|ct.-then rve';onlt llor.l' ...' l: t r' .,, t Lre " _..n rr.,.io r .,..i_.r,-,t r. ,.. .,.l
tle lirhr-Tl1tlier theoh l

5,, , o",t,t, ., ot,J 1,. p,.,4,t4 .,t ,t].tt, L.,t iloarttt,,.,t
_ \ ,r-,,.1, , r'.,r..u",,:..t: .^tp\:r r,t-. u, r.rgr1, n!:, .-,.rr,,rj,.

r-l si' rl-- ,.,1 ii rrot..p ,t,r.,,,:. ,,. t,\.rLi ;/io b. 0l the forrr

( r{ll ri..1:, .) : Jol:tJ + )i_1eri{,r). ,).



It caD lle shovr that the ass1r }tions oI ? will tben be satisiieal if p
iB any lo$er semicontinuous, convex fuDction on li, 1rith the property that

(1?) e(a, 0) :0 if d < 0,

: + o) il d >0.

lagrangiaD for (1) is

L(r, lt) : l^( ) + >i.,,!\fJi), ,

The corresponaling

(18)

where

{1e) q(d, y) : inf {e(,, p) + p1}.

t'Ordinary duality|J with, giyen by (1), is the ca$e where

(20) <r(d, P):0if a<P,

:.1-c.itd>p.

If $'e take, Bay,

(21) E@, 9) : F'/l a it e < 0'

:0 if a:0 and l] :0,

: + co otherTiseJ

the lerilrl.batiolr of (l ) con'eslonding to a ycctorl, is a '(penalty flrnction
aptmimatiion'r of (1) ol a kinal oonmonly used in ilterior poiDt algor'
ithms (see [5]). Stecifically, jf rr + 0 fol,i - 1,. . .' nt the perturbed
prnblarn :. lhal ul n iniriztng

(22) Jo\r) ti-,u7/ [J!)l

or-er the set of all l, satisfying J,({) < 0 for i:7'.,,'1 In this case
lbc Lrgrd Dgi. o is:

(2s) L(a, u) : Jo@) + Ua)t?:1a? J.@) if is feasibie,

: + 1, il 3r is not feasible,



an(i thc ioluLion io lhc rlr.ril lroblem is triviall"l' y :0, IIeIe it rould not
be scnsiLlc to think ol sollixq the lll imal prcblerrr bI i A \ the (luil Foblcnror the Ltgr,,ngirlr nlini Iar problexr. }..cvclthelcss the alu:rlit]' theoll
is Dot \rjthont inrllic.]lioDs.'lhe (trrll.] objcctirc lnncthn t i,1 br r gcnclr)
thoolerlr tlc clolrjrtgate of the conca\'e futrction p. lvhele p(x) is ihe
inlirnulr iD the Derturbed uobleur corrcslonding to x. Pm)elties oJ tlc
drul lioblcln. $trich (rn l)e inalrzed iu raljorLs li.A)ri, thtl8 couespon(I
to ptopclties oi ?, and tLe htter rrr€ obrioLcll ctrrci{l conrFrlatiot l)'.
Iloper'l;ei o{ thc Lagro[ginn ,rimiltdr'hi\.c a bcari[g orr thc co[r'e),genrc
uf _l.p ntrll ," 1,o nr rr.o " l :.r^.:. d n:rh tlr, girn r ter rrl'a:'on..
Otl,cr iutedol loiot rlnd e\tc (' poirt llrrthods cin :rho be |ic{red ill
this ]ighl.

.A. rxtlrcl sruprising (t1se ir (lor ri' I -. 0)

(:.1.t)

:+orjfx>p.

fh€ pcrtul'batioD of (l) corrcsponding to :1 r'ector r! is theo the slrnre ,ls
ille Dertulllatiorr in thc case oI or.linarl dualitr, encelt that the constaDt
t lt 1 js filded to flre objectil'e fu ctiolr of the Dertu)'bed p]ob]enr.
Thus it sccnrs thAt thc dual ploblenl andl Jragmngian shotld bc essenti*llJ"
rlrc.,,r,e i1 olrliL,r\-,lIrlir). bnr:r fr(l thelc i. q :r. r,litferpnre.
Iu rl,r l.:,ti,,uginn L ts;,cI l,\ LIii,.,,uc h,.-

(:,ri) ?(.i'(r), r/,) -. li,./,(r) ! | Jlx)' ir Jllt) > -r,i)il
., j/ii,lr if .l (/) < - /,irr.

,\ote that, iir liDita crer) \rhe.Ie. TbDi in rhe coucsponding nrinilra:t
lrol)lenr. thele .,1'e )to in?Li.dt unshtLinle. (In ordina]X dualit.!.', the l]rulti-
pliers y; arc corstlAined bt ti, > 0). Fluthemror.. L ir co li.luoasln
ii.flet etirabl(. ns.$urning the filnctionr i zrle.

In this clt8e, tlrclefore, in tl*ce of the Kuhn-Tucker 'Iheolem, \'c
get the lq'ult that lrobleD) (I) ean be solved, at least ilr priuciple, l)l'Iitr{l-jrg the N{ddlc-})oint of a celtah colrtinto $ly .lifferenti*ble, colr].c-\-
{.oncare tnDctiorl oD -??'x.li'"'([o coDstr',rirt$). \\-hetlel ol' not this js
a }caronnble aDl)roach to conlutal;oD in soDrc cflses is not cle:lr. bnt
the questiol is (crt,r,iDl] open. Prlst xttcnlpts ot solri[g co]ive: progulu-
miDe troLlerN l)I_ Ailcrt ral(rl)rtion of raddle.Ioints Iare bceD llalutere(l
in Darticul br thc coDstuints t/; > 0. ln aDl- erc)1, it iit tiDonr that lol'
a djffelontial)le corcllre conr.et f[nction I the dilfercntial eql€tiou

(J{j) ( 'r': y) -. r.z;{.r, r/)
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NONCONVEX PROGRAI'1}1 NG AND DUALITY GAPS

If the Junctions /i rre not conlc\. txol)Iellr (1) is Dl11.rI dore flji{j,
crlt. b t cluftlili\ tbeor]'might still Le rl]piiecl anr:L rould lcrd 11) Ir.ogl,ess.
Thc cobtru(,tior ol LagralrghDs and dnel }rol)leus oLrtlired ator-; crn
eisill be rno.lified to fit this clrsc: 1(rJ ?rJ is r,{rqtLired to bc conrex i]r ?r
lol eireh r. but Dot ncccssaril) {(nre\ iD I.rJ (). l\ trelore, , is de{inc(l
L)' (!) :rnd thc dual Pohlexr bj' (6) ind (7). The drul problenr is ,ctill
(...i|.:t!,i)e, anl] forl]nilas (5) .!nd (10) still hold (rssruxinE I(ir. ?/) is toJl.er

ii , T p --, ru rt., n ,o.r..J . .:l r.L,i,:ll. tt,.
rlr'.I I l'.u,l " .!r, ,l Ll nr^.|.r ';) nll no 1,.., ..1. rh. ,lirf,.rn,r t,,it e .r,r F,l .ra,t,r..,r,., i.1..T'r,r....i., tLp,l .rl

.rar sljlt Lre solre{l essenti.{11-r as a concr\.e t)rogr.:rrrrring pr.o})lenr, its, \:rl,l lr .u u :u, .,.1\ ','ur- to p t,tir, r'.
I[ rrllrx]_ {rases. hotlerer', I'e c r oltrir bv thjs llocednr.e in '.cstirlrte" 01 r sohliof to the |rirnrl. Thero thc t.cstirnatel js r'rhli1-el1

1,r..: rtti, .a..,,Jrt,iun .r,. rnr tto., .,1.\ iL, .,t loi. ,,(,.. /tu,J. I od,,.r'il'l i..Ir',t-',iun. /.1.lr ror' ol .,ri,.t .n \,r'r\ n" cuD,: \ir\ Nlluir:ollur L.,. ., .N,r.ll- pojr L A,p,.\ .u'.1 .ul , or ( r/r, ,;r,, .,,u\.rL.. ru a .a,
dl'r'un,./ o. n,,.1 .af l:rt:u,i r.lu, rno rL .:,J, r"-noiDr.,
bated on (r6)J cln tlcrefore be constrncled. The rerl qleltion coriputal
tionlllh-. ho\rcler. is $-hclhcr .,large stcp', algori rDrs dl sonlc Eood'kind
2IP Po..iL'P.

Like the l,flglengier lroLrlcnl, the .lual pr.oLrlcu {roilesloncling
to (:l) his thc adrartage that there 

' "c no irx}rliajt corstlrin1.s. -and th;
ol)jcr1i!€-f rctiol is cortirnousl"r' atiffelertirlrti. ThiN itrcs it ]}(rssitrteto si plil\' ol imUor-e cer'lein r'Ln|ll rDelhods of soh.ing i1].

CONVERSION FROI''1 NONL]NEAR TO LINEAR CONSTRAINTS

Thc cotNtrai ts jn the .orre\ lr'ogr.r.nrnrjrg }rohlcnr {1) ,rc irl
generai norlinear, bLLt it rnrJ be ]rossille to cotstrncl a tluai prollenr
,n sbi.h rir, i j, i",r '^u. I ;Ir.i :."- ,i .rf. :. t\rnj.. rLp t, .,,.t .., r.:r\u rh",lu,l orr rr,nrr 1,"-1.i." in.ol\iu. ,.^ I,rirr rr ,tir.",. l\. tnrh.
'\,'r olaju.r ir... 'L-,1. '1,- ur.li.. I iJ, r'o,a... ,,.,n H,,$.!.j. rt,",;. rt ,,hFr..oprorr.l, In tL: Lar.p. shi,.tr .\!r,,ir. .pa,i:.1 prot.arrir. ui
the functions /,. 'l'he duality obtaincd jll ttris wav genera]izes that ilr
g'eornetric progralxningis-herc tlre staldaral dual lro6lerx i,i $.ellkDolrnrul'e r..r', i:,11.\' ti .Jrll coD.rr',rn,d. \\.e.l,:ll ror s,, i. ord.,{e1,,.L..iu.r tle\ '.r" :"', r. :n ril. lr c ,.u'.go o I.o r u t,",p l,: I J.i. ;,
a ne$ liiral of altlication of gene1..1l dnalitr. fheorv. an(l th:rt other,lossi
lilities ma-\ lie in tlris L'lirection.



good iI thc dll|llit). gal) is rehti\elJ- sxrrll. A potenti,ll rpplication of
dualily thcorl no\'! is tho follosing. Sjncc diffetelt choiei:s of the drrxl
Foble are i!'ailaLle, it inal be lorisible to rednce the clualitl gtrl)
,rrd thercl)-\' rorno closer to solr.irg Lhe g'iven lrinral. As a rnatter' ol Iactr
it car be s]lol\D thtt this js al$rts lossil)le jn p llcille "to \rilhirl a,rrr e",
rlthorgh $ircther this .r|n be eflectcd iD a coDpntationallJ sorlDd rrall]ler
js arother jssrLe; the (iase of (t6), (21), is espe(iirlLt 1)romising.

Obseire thet here, since no corx'erity is lNsumed \\'ith respect
to r, the ]i]le,rt stnrctur{r of 8'r is not lrecdcd. Thus n" coulal bc r.ellAcell
bJ- r .liscr.elc scl -{, if desircd. \|ltulall}. rl]xost lrn-v .Inil r]retllod ol
sohltion rorld test oD the araihLiliiv o{ r goo(l algorilhrrl fol' l col-
strr;Ded n rirnizatiorl of r renl-r,riued lr]lctiotr on ,1:
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