
Au R.ro, R "n€d bv-\crdrL. Pr* i\e$ Yo'k ud L!1doo Pn*n e i. q

Conjugate Convex Functions in Optimal Control
and the Calculus of Varialions

R. T. Rocll,1ru-LAn*

Uni:.erliry of Wathbqtbn, Sraxle, ll athigtm 98 145

Sabnitted bt R. B.liMf,

1. INTRoDUcrroN

This pap€r $ill be concerned sirh generalized problerN of Bolza of the

o,.r(') : r(r(0), a(?)) + !' t 1t,4t1, rp11 a,

subject to the constraints

('(0), '(")) e c,
(,(t), t(t)) e D(t) for almost every t,

(1.1)

(t.2)

0.3)

$here a(t) js an absolutely continuous function flon the reet inteFal 10, 4
(r fixed and rositivc) to ,R. with deriv3tive i(r) (alnost evertwhere), C and
D(r) are sobsets of,R, x R',,I is a !eal-!a1ued fLlnction on C andr(r, ., )is
for eacl\ t e [0, ?] a real-vilued fLrnction on r(t). Here C rnd D(r) could be
defined, for example, by systens of eqlrtions or inequalities. Noi only
classicai problems, but many problens of oltima1 control can be explessed
in this form, as lrill be seen belol!.

Our treatment of such problcms of lolza difiers from previo'rs treatments
in selerll respccts. On thc one hand, we inpose convexir,!, not ooly in t, but
in r:nd ijointly. Thus wc consider only the case whele the sets C and ll(t)
are conret, 1is a conver functior on C, ardl-(1, , ) is I coaver function on
,(/). This, of course, e\clud€s nuD) important p.oblefts fron consideration,
alrhough it still ailows x substartial cless of applications.

On the other h.nd, we malte unusurlLy {cak assumptions concerni.g the
regularitJ of I andr. No difie.entilbilitl, is assumcd whatsocrer. In deriring
oeccssa.y and suficieni ccnditions for a given arc s(l) to be opiimal, {e rel,l
€ntirel] on the "subdifcrentiebility" properties of I andt whic! autonatic-
ally follow fron conrexiq. Furthcrmore, only lowei senicontinuity, rather

+ This reselrch s.s surpolted i! pa* br the Air Force Ofrce oiScicntiac Research
xnder G.ut AF-AFOSR-1202-6?A.
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thd continuitj, in 40), r(r),.r aod ri is imposed on the tunctions / and

,(,, , ). Thc 11; (D(r), Z(r, , )) is only reqfted to delend measurabll' on t
in x certah generll sense-

Convexity thcofy is, of course, the tool which nakes 1r Possible to sunile
uDder such Fe.lt legularit] assumptions. Thc concepts and special iesults

ol conler aDal-lsis cltn be substitlted in manl instances for those of classical

dilTcrential analysis, ns hrs long becn kno*r in thc calcdlus of'ariations and

optimal conlrol theory. t'oi etxnplc, the dotion of a t.ngent hyperllan€ to a

snooth manilold can be repl.ced bt thxt of a surrorting h}lerplale to a

convea sct. To some c:tent, the conlex;ty tssunltions in this paper are

motieted by the desire to *tlore rvhst hallens;lll,is substitution ofconlex
aralysis for diilerertial anahsis, already Fidely cerried out in th€ litefuture,
js biought to a logical extreDre. l'rom such an exploraiion, e'en if its do'Ein
is iestictilc in ceitln respects, one nav hope to learn somcthing about the

"limits .f thc possible"- Krowledge of Nhat is, or is not, truc in the "purely
con'c\" cese couid help shap€ conjectures in more gereral cases. And, need-

lcss to say, tLere is ahaays the hote that the mcthods in the "purely conr'e!"

case, nhich are quite difiirent from t|e usual oDes, may ledd to new insights.

The ni3;,justincation for our conrerity assumpricns, however, is that they

lead to a tleory of dxaliry ehich {ould otherwise rot be possible By n.ans
of the theory ol conjugatc couer furctions, rve shalL show that each (mildil
regular) conlei probLeni of lolza of the tyte des.ribcd above hN associated

Nith ii a duul p.oblem, q'hich is likcFise a conrer probiem of Bolza Thc
duxl ol th. dual prcblem is the o.iginal Probleh agaiD. Extrem.l arcs r ofthc
or;gin,L problcm .nd extremal arcs I of the dual probl.m are releled to each

oth€r by selcra1 conditions, involving subgudients of convex furctions,

ehich generalizc the clxssicai ltulei-LagraDgc equations, Hamiltonian equa'

tioN and tiaNvc6alitl co.dilions. These subgradient condiiions, it the case

of c.nain optinal cont.ol prollcms fotnulrt.d as conver problems of nolza'

also gcne lize the wcll kno$n n.xidMD prirciplc of controi theory'

Thc duality theory dereloped here nav be vi'\rcd as !n erteNion of rhe

oDc origifull) propos.d ir the .alcuhts ol variations by Friedrichs ll0l
Gee.lso Co{ nlrlilbert 17, p.231fi.1). This erLierthcor} Iile\vise requircd,

h etrect {nr lie( of the ncccssarl condition of Legendrc and its durl), jo;nt

conleait] il x !.d i, but it sas based on drc clarsicrl Legcndre transfornu-
tion, r.th.r than the much more general conjugrcl corrcsponderce of
fenchel l8l. ltus it actLraLiv ieq!ircd n/;l conrcxity, as lrell as difcrenti2bil-
ity, in, and i, and ir iras unble, except in rcry spcciaL cases, to handle

constra;nts ofthc t]pc (1.2) or (1.3). Since the fenchel conjugate ola conver

function is essenti^llt cquivllent to the Legendre conjugate wher thefunction

;s strictly coolex and dilierentiablc 121, SectioD 261, the €arlier theory is

essctrlidll) conta;red in thc ole in this raPe..
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Thc rclationship bctiyecn our dual probleft and thc dual or r.ciprocll
problens ofPea6on 118, 191, t{ond,rranson 111l and Krcindler [12] (rvhicL
depe.d or ditrcreDtiabiiitr for tl,eir definirion) is less apparert. Basjca y,
holver'er, it is the sanie as that al.€ady hnosn in the rheory of con'ct
prognnN b€tween the dual in the sense of \\'olfe I30l and the duri
in th. ssrse of conjusate conve{ functioas; see l2i, p. 320-12, and p. 4301.
Our dual troblen is an outgroi{th of the absbacr durl;tJ ihcorl derelotcd
h [2i], 1241, rnd 1251, .!d also silen, in a some$.hrt difiercnt form (wh.rc
coajugete {unctjons do rot appear expiicirly), b]. \Vets-Vansh re 1291.

The duality between "continuous" infinul conrolutioo .nd "cont;nuous"
addition of conver functioN, as discusscd by lofic ard Tithorn;or in [1]1,
[33], and [3a], nay be regarded as a spccial case of rhe dualii] in ljlample 7
beloir (for convet funct;ons or R"). The dualitv in the continuous lincar
prosrammios problens of Bellman [2, p. 197 f.] and Tyndall [28] could
also be regarded as a spccial casc of our duality, although nor in as simple ,

To oxr kno$ledge, thc gcneral iheory of conjug.te convca functio.s las
not pr€\'iously been apllied to the calculus !flarjations (or oprimal co.trol)
in a broad and svstcmatic way, although Io€i and 'f ithonirov lrave recently
used this theory as ! yehjcle for expressing ccrtain conve:iication results
in [33, Plrt Jl, Sectior 2]. IIo$e!er, nolclassical conjugate fdocrions h.!e
appea.ed in special types of trohlems treated by \'Ioreau [16, 17] and lolTe-
Tilihom;ov [11, 33, 34], and theJ havc been used b]' Youdg [:1] in defining
"Haniltcnirns in the hrge". 'I'her have also been mentiored br Zachrlsson
h an infornal note l32l \alich anricipares seyeral oftle idcls crploited in th;s
paper, such as generalized Hxmiltonian equations in terms of subgradietrrs.

(Nate allded ill fraaf: sotue ielated idexs harc also b.en pulsued br'fsv€ranov
1351.)

Xlost of thc background riaterial in corlvetr ana\sis lctcvant ro ihis patcr
can be found n1 the book l2ll, thc 1967 lectufe norcs of \lorexu [tj], and
the surrcl of lolle and'l jkhonri.or ll3l. The pincipal elception is the spcci.t
theorl of rneasurabjlit] dcrcloped bl the iuthor in [22] an.l i23l ilith tti.
presert rpplication in nind. This theoiy n\rtes it p.ssible. b]' rrrdirg ad\,.nt-
age of conveahl, to .rojd cenain assurrptins of continuirr and io ailow the
co.straint (1.3)to d€pend on t h a !e.l gcncnl w.y.lt contrios, in particuhr,
resllts on mcasurxble selections whi.h tatc oD ihe role rL\cd clscshcre b1
liliptois nrpli.it functions lem,x l9l

Thc pl.n of the pr|c. is frirl:r atparert fron tl,e secrion titlcs:

l. Int.oduction

2. Basic assunptiors
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3. Conves problems of Bolza

4. Sonc cxanplcs nr opiimrl contrcL

5. The dual tsolza functionil

6. IixaftFles of dual problems

7. Corjugates of Bolra tunclionals

8. Dualit) of innnu

9. Subdificrenthl colditions for x minimum

10. nxtrcmai alcs ard the na\imurn principle.

Scctions 2 throlgh 6 are concerncrl prircjpdliy \rith the proper technicll
formularion ot x cnnv(\ proble,n of Bolza and irs dual. Secdon ? burlJr
machineq. Thc nain duality rcsuhs (TheorcnN 4 ard 5 aod their corollaries)
are harrestcd in Scctiom 8 and 9. Va'ious apflications, such as to optimal
cortrol theory, are tr€.ted in gcnerel cxampl.s in scctions 4, 6, 8, and 10,

lla^y of thcse elanlFles are accontlanied by lcngthy proofs, rnd they thus
contain much of tLc substance of this paper.

Due to the lenglh of thc exposition, \'e have lad to onit a number of
rcsuits of a more dimcult nrture $hich arc needcd to balance out the tlecr],
srch as thcorcms xbout the existencc 

"nd 
resularitJ propcrties ofoplinral arca

and e\trcmlls. These $ill be publislted scp,.ately [26, 27].

2. BAsrc AssuuPTlo\:s

Let ri' : ri{o, ?l denotc the usual tsanach srace of (equivdence classcs

of) Lebessue neasurable functions from [0, "] 
to R" under the rorm

(h€rc . l dcnotes t|e Euclidexn norn h Ri.
x. o L,,! under thc norn

Lct i,,! be thc lilear st.rcc

l(.,4 , - (1.l' + rla ;)''' 't 1<t..-.'d.,
ik,'). : mas{ . i,l !il-}. (2.l)

[it'ra' ^1''' 
'n

css. srp '(t) ,

<G,4,A,uD:<c,,1>+Jr

I <y' < + co,

Obdousll -8", i: a Banrch space. If I <,i p < + :c, rhe dual of B"' can bc
iderlificd wirh 8,,a, $hde (l/t) + (l/9) - l, undcr the pairins

<00),,u(')) 1r,
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Wc dcnole by l"! the spacc of all absolutely continuous functions fron
10, rl to R" whose derivatile (defined ainosr every$,hcre) betonss io r",.
The rorn on 1", is rakcn to be

L* l,: l(r(0), r)r". (2 2)

The n,lppiDs s+ (r(0), t) is tLus a l;n.ar isometry of.,1,,, onto B,!, so rtat
l"! is a Bana.h spacc {hose dual, in rhe case where 1 <? < + cc, can bc
identified wirh 8,,", (lip) + (t/q): l, undei tte pa;ins

l, (d, er r(0),./ J',1,t,"1,1 a,. (2.3)

(2.4)

(2.5)

(2.6)

(2.7)

Nore rhat il i >?' ane ha. .\jt, C A"t', and conrcrg€Dce in ii, impjies
@nrers€n.e i! llr . ,, .

It will be convenient to ieforniulete a problem of !o1za xs a probten of
minimizing a certain fhctional @ oyer tle spacc .4,,1, whe.e no corstrainrs
appear explicitly, but @ is extcrded-real-ralucd. The idea is sinpty ro incor-
porate the consrrainrs (1.2) and (1.3) into thc functiorxl 6r.r by de6ning (or
redefinine, as the crle may be)

t(.o,ct):+o)
L(t, !, t) : + ..

if (.0,.r) e c,

it (x,.) + D(t).

Heudstically, (2.1) rd (2.5) may be inrerFetcd as inposins an irfinite
tp1.ln $ '.r h !ir-, Lor.rr'in. ,? io. ,d

Assume for a moment thrt thc regularity properries ofz(r,,, ') and ,(r)
are such that, under this extendcd dellnidon ofz, the intesral in (1.1) is
L\1-a"In.d i- '1, 'lo..irg .-r .c: Io -,.t I i, 1",, ,e {- p-d-.t-rc.t
valucd) inregrand is a mcasur.ble fun.t;on of r ehich najorizes ar least ore
sunmable functlod of r. 'i hcn O,.r(r) 'itt be $ell-defincd md equat ro
either a reel numheror + .o. h fact, otre i'il hale @r.lrJ : + co fhenever
, fails to satisf,! e;thc. of the co.straints (1.2) or (r.:t), so thxt minimizins
rr.r o..r,l o'.:1 | .,il l" eq' i ,, c ,o I . i, iz,rg,r , ,, ti r Lo tt.i
.nd (1.3).

From tiris d;scusion, it is ciear thar problerns of Botza cx! bc dcscribed
simpll by qrecifyirg trrc extcndcd reai-Qlued funcrior-r 1xnd r, 

'.hicL 
are

every$'here dcfined.n Ri x R" and [0, ?] x n" x R,', rcspcdivet]. This
is the a ,.oach $,e shlll takc. The sers C and ,(l) are de€ncd ni reins of I
a.d I, by

c: (.0,.") -. R' x ft" lko,,i) < + @1,

D(r) : {(r, !) rR" x Rit iL(t, r, t) < +.'1.
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Ho$eser, in man.y contcsts, othcr thrn examplcs, these sets nced rot be
trcrred explicitly.

It should be obscrv€d th,t, in suppressing r(l) and passingro an eitcnded-
rcal-ralucd ,, one is nclerthelcss frccd sith a techdcal question of riiat
conditions on, nre appropriatc to insurc thn dre intcgrand n1(l.l) is alnays
mer-surable- Familiir condirions such as thosc oI Caratheodory (continuitr in
(r, 

") 
and nEasurrbilitt in r) are not aFplicablc, sincc ,(r, ., J ml' jurDp

abruptly !o -- co at the boundlrl of lJ(t). Furthernore, for the study of
duilie, or.e needs conditions shich arc self-dual $ith respect to taling
conjusates of conycl furctions. The conditions gilen below will De€t this

\l'e no\s staic the basic nssumptions $hich Btll trc in effect rhroughour this
Fsp€r. The first is:

(\) Eeh oJ tE fulttions t a L(t,., ) is a ttus ', 
tion;\tuo,a to&er

lurclion (&ery,tohcre d.f ed) oI R x Rt ;th aatues h RtQ{+ ot}, not

Tbe to\!er scmicontinuitt a$umFtion in (A), of course, rcqujrcs ail lelel sets

(co, .r) e R' x R" | (.o, c') < I,],
{(r, r) e R" x R' ,(', ', r,) < F},

to be closcd, but it does not actuall! require the sets C and D(t) to bc closcd,
On the other hand, (A) does imll,v thai C and D(r) are convex and no'-
cmptl.

Thc remaioing assumptions concern, o y, aod uader (A) ther ate aII
a tonntica t sati'Jied tuhe L 

^ 
itldcte delt af r. 'l'he main purposc of thcse

assumptiorB is to guarantec iD a suitable way that the integral

I Z(i. .(t), r(1)) d.

is mearirgful for ever) , €1"1.

(B) L is L.tre'suenol at;nthe s%e oJ 1221.

(C) L najoir* dr laan ane f ct;ot1 / on Ll,Tl x R', x R, af the lann

4,. ',1]) 
: <i, (4) + (v,?(r\> d(t)

ttith s €1,"1, p eL"-, d cL1r.

(D) Thcre elijts at lcan atu tui' of fwct;ou r eL"- andx cL"\ tu.h that
tte Jattiar L(., s(.), x\')) (-^h;ch k exid ed-rcat-aalucd o p, rl) is najoli,cd
b! a fu .tbr p EL!\.

(Here (., .) denorcs the lsual inrcr p.oduct in R".)



180

ahe LebTg e ha,ndh! .anditjoo (B) is satisfied bt definition ifand .nh il
Ih addition to (-\) bei.g srt;sliedl there eaists a cau,tarl. .olle.it)n
(a,,r,) te-rl, irhere r, and z', a.e Lebesgue dersu.dble functiorN fron
[0, 

"] 
ro Ri, such rhatr(r, r,0), .,(r)) G a Lelessue measurablc functior of i

fo. erh i €1, aod th. set

,(r) .l {(xd,), "(r)) rEI}

is dense;r D(r) for erch I € [0, ?]. It is easily seen that rhis holdr in plrriculdr
r^leiever.a-(t, r,.) is inder.ndeni of r, or whererer r(r,,, z) is Lebessuc

me$urrblc in t {or eac! (,, ?) xnd r{r) hds d nonempta iDte.iff for cdcli t
[22, p.528].

\ve hxre sho$n in 123, Co,onal 5.il trxt lin the preknce of (A)l @n-
dition (B) is satisfi.d ifand onlr jf.L is "!i x I x , measu,,hlc, i.e., mcesur-
able *;th respecr to the d ficld ofsubscts of [0, 7'] x ,!,, x R', gcDeratcd b1

products ofLeb€sgue sets h [0, 
"] 

and Borcl scts in R". [Thc Lattcr certain]]
is trle if, is Borel nieasxrable, and h particular ifa is lowcr s€micontir ous

in (t, r, 
").1 

Aiso, according to I23, Theoren 41, (B) is satisfi€d if and onLy if

tj I t -" Elt) : l(.x, t. ttJ (r, !) e r(r),2(/, r,') < s < + .o] (2.8)

is Lebesgue nza\nrabl. lton 10, rl 10 R', x R" x nr, in the sense that

Z1(s):tl-D(r)^s=0]

is a Lebesgue mccsurable subset of I0, ?'l for ercry closcd subser S of
Ri >. i?, x R1.

Tlie fact il,ar (C) auton,aticanr holds la$lnnis (A)l whcn, is indelendenr
ol l follol$ from thc Act thri a loFer semiconii rous convea lunction lrom
Ri x R" ro -R1u{1 .o} ncccsariLr nujorize: et least one ailne funcrion

[2], l heorcm 12.1]. Thus lrhcn Z is nrCetendent ol t, 1!re lurctions r,1, and d
in (C), as r.ll as a and . in (D), mll be trken L. be co.sirnt ftlrctions.

\\:€ slrxll n.tc in Se.rion 4 drrt (c) rnd (D) rre "du!]" to cach oth.r, $'lrile
(A) dnd (r) uc "scll-du!]".

3. Co\\!r PqotsLrn! o! Bolzr

Th. conditions dcscribc.l in tle prcccding section lead to a 1\el1-denncd

rrobi.m of Bolz.. io thc li,st placc, (-{) and (B) guarartc. according to

[22, r. 53]l d,atZ(r, r(/), "(t) C a Lcbssuc mca r.iblc fuDciion of I (her'
e!€r a(r) ud .(r) are Lebcsgrc measurable !i t.
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rurthernorc, if 
"- 

€l^" and i. e2,1, \lc have

I(t,,(4, z(4) > /(t, r(t),.,(')
: (.t(r), (')) + (r{4,1(r)) - p(t) (t.l)

by (C), wl,eLe thc lattcr furction of I is sunnnable or [0, ?]. It follo1ls tlat
the integral

r(r, r0), !(r))dt (1.2)

i3 $ell-denned 0,n!mbiguouJ)- cither a rcal number or +oo) fo. e$eq
(x, L) . L"- A L"r .

L'(t, r,N\: L(t, t,1') - r(t, x, ?) > 0.

PRoposrlro\ 1. Under (L), (\) ad (C), t i testdt IL i' a tu 'def ed

.onNcx Ju ctit,t ltou L"' Or"1 tu nr u {r' co]. Monoxe\ uhctt L"'AL"t
L tegarded as a topwnal *cto, sta& in tle ,.oduet oI the oDn to?obgie',
ILis lotd te,ilieontinous, not onb trith rctpect to tltt nat able ta?ola\,but
al'o r';th rctleet ro the @t$poadkg aeak topolo:!.

P/001. lr has alread,l be€lr seen thar.rr is well-dcfined. The cor$crity of
1r is an nnnediatc consequence of the colrleyily of Z(/, , ) tu! e!cr) 1.

To prore rhc lo{er semiconrinuitl. of 1, in th€ product ofthe norm topologies,
consider any function r as in (C), and s€t

/LlY, r): I

rt,,,): I'L'(,4t),N(r\ dt + I'
- 1,(r, i,) +.r,(x, d),

Then

(3.3)

(1.4)
t(t, s(t), ?(t)\ dr

alr€rc /" is a contjnuous linear function.rl on,r,," er,l, so it sufrces to

prolc the io$cr semicontinuiry oft. . Sirce / is ronnegatile, the latter is

casily deduccd from Fatou's len)ma and the fact that every convergcnt
squemc (a,, 

',) 
in Z"'Cjr"1 has & subscquence in \lhich the functions ri,

as Nell as the functions x', conlcrg. point$;se alhost esc':llherc.
i\ con\r\ functional 1on a topologic,tl rcctdr slace A Fhic| is lo*'er

scmi-coltinuous rvith restect to thc given rotologt on B is necesariil'
lo\r$ sem;conti.uous a!3o \\'ith respecr to thc corresponding $cak topologl
on R. (Thh ii inrmcdiatc lrom the fact tl,at 1 is lowcr semicontnruous
$ith respect to somc topolosy if and onlt if a1l the levcl scts of thc form

{j'e,l1(_!) < /,}, /r e Rr, arc closc.l rlirh respect to that topolog}. \\'ben 1
is conre\, thcsc levei scts arc coiy(x slbscts ol8, and, as is aell-kno{n, a

.o/rrr subs€t of a locall' €onre\ space is $cakl) closed if and onlt if it is
closed in the giiin topology.) l his establishes Prolosition 1.
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Condilion (D), rhich $as not nccded in Proposition l, is of counc mere)y
the condition that tr(r,d)< -1- cc for ar lcast one 6,t)EL"-eL,L.
Cenainly no harn is done l'hcn this condition is added to the oth.rs, tlnd it
will bc fleedcd later for the salc of duality.

Civen lny r €,4",, I { t { o, rvc hare ,- er"' and I er,,1, so thit rhe
integral

lltt.it I L\1. r'.itt) J! ,3.:

is Nell-dcfitrd bv t e abo\a. In fact, this integrrl is a conrcr func'tior of .r,
nhsmlch as r: (I - I) rr -,\:\', implles .t : (l .\) iir - )i!. li is also
lorver scmicontiruous in the norm iolclosv of l,! bI Prolosition 1, sijrc€
corrers€Dce ol a sequencc &J in the norn of l,! entrils conlcrs€ncc ol
{iJ in r,1 and coivergcne of {ir) in 1-,,-. lloreolr., si.ong loiyer scm;
continuity, together $'th convexity, inplics $eak lo\rcr sernicondu;t], as

obscncd at the end of the proof ofProtosirion l,
On tl,e other hand, since I is assumed to be a lrvcr sernicontinuous convex

function on /1" x ,Ri, il is apparen! that the rerm

J,(r) : ((0),,(r) (3.6)

is a 1o{€r semicontinuors co.vcx function of r € li,.
.{ddins /(r) and 1r(:\, r), \rc obtair:

TrroRErr 1. ar',del (A), (B), and (C), ihc lunctian

o,.r(r) - (r(0), {?) - I z(r, rO, -i(.) {lr

i', lo akJ ? (r <t < -F c.), a u?Lt-defred caEtx J ntlion ftatu :1,,F lo
.lRLu{, co}. lloftatet, @LL;s lattet teni.o tkuau' on Ah,, ot aalr ttl'
leife.t Io the ,ott! to?olo!:! , btuI ako {ith rcsped h tha rleah !opolo:}.

\\'c shall cAll @... thc ,olza Junctia al canesp$ ing to I and Z, whcrc I
is thc bonrtatl Jurctnn aDC, L is thc Lagrc"gia Iwr.rr'o,. A trcbLem of mini-
mizins a function of lhc forn o,.! o!e! --t"1 lunder condnios (-\), (B), (C),
a'd (D)l Nirl be cllrcd I .on.et prct)kn oI Dot,a.

Bj a feaible are tr a conrcr problcn of llolz0, \re shall m€an an x . ,{i!
such tlut O!.,(r) < + cc. Clcrllr', a feasiblc arc musi srtis0 c.ndilions
(1.2) and (l.3) hrhtre O and D(r) art silen b! (2.6) and (2.7)1, alrl,oush rhcse

condiiiors arc no! ah$!s sufllc;ent for feasibiliri. It follo$s fro'n the cor-
ve\iry ot dr,, thlt thc sct of all fcasiblc arcs in a given convex pro-olen of
Bolza is. conver subsct of,l.r, not neccssarilr closed xrd possibly €tr1pty.



Miniftizing Or.! ov€r !U of I,r is equivalent to minimizing @,,! over this
.on$e\ subset.

.4, feasible arc lt vHch thc minimum of Oi,! ovcr l"r is achieyed vill bc
. lled an aptirol a/.. (\\e do not speah ofoptimal arcs when @r,! is identicall].
+ ct, cren though in thot case thc milrinun of Or.. is achicvcd at evcry
point of li',) Theorem I ind;es that th€ set of ali optimal lrcs in a giren
con\c! pioblcm oflolza is a (posibly ernpry) conrcx subset of,4"1, Rhich is
tr€akty ctos€d, as l1cll as strongly closed,

Since Or,r is conv*, a local nrinimun of Oi./, is a gLobal mininun, and
no dinlcultics arise becrusc of a possibility ofarcs ].ielding nore complicared
linds of crtrema or stationary po;nts. Besid.s optimal ar6, we shall define
in Section 9, in tftms <,f subgradients of the conv€x fun.tions I !ndr(t, ., J,
a class of so'callcd zrtreardl arcs of Or,! , but it will n!!n out that every such
arc is optimil. (A najortosk is to estrblirh conditions under*hich an optimal
arc is necesslrily an ertrcmal arc.)

4. So\lx !:L$rFLEs rN OFrhlAr Co\-rRor-

As nentiof,ed in the introaluctioo, various problerns in ottimal conrrol
can bc fonnulated as convcx problems of Bolza. We shall now dcmonstrnte
t|is io sereral clanplcs. These eiamples are chos€n mai|ly to iilustrate
horv the basic assDnptions (,{), (B), (C), a (D) can be rerified in some
important cascs, and thct do not prctend to giee the most gencral problerns
ro w\;cq thc rh€o,\ L applicrb'e.

Dr.AuprE L Consider an optimal controt problcm of the foilowing t).pe:
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I' "a, 'tq' "@t 
* (4.1)

(4.2)

(4.3)

(4.1)

i^zeA.\^ndueL.r
j(t) -
ulrj e

(11ith f fired), subject to th€ coflstraints

l(r) s(i) + B0) l](r) for almost elery r,

U0) fo. alnosr €verr t,

,(0) e zo and z(r). zr,
whcre, for €ach te[0,7], K{/, , J is a real-yalued (filite and cvcrr!|erc
dcfined) conver function on R" x R,, .4(r) and A(,) arc real natrices of
dimensions / x / and ' x r, respectircll', U(t) is a nonempt!. closcd conycx
subset of n", &d Zo and Zr te nonemptr clos€d conler subsets of R'.
(In tanicular, Zo or -27 mry consist of i singlc point or be all of R'.)



l8-{

To fornulatc ths as , p.oblem of Bo1za, it is conrenient to regard r(l)
as the deri\.atii'e of a functionJ'{t) ir 1,1 and then s€t 

'(r) 
: (.O,r(t) ;"

J?", where r : r * s. Thcn I andz are defired by

(.(0),.(") - i0. _

,(',,,"): lf ;i'') ii

il :(0) e zo t d z(rJe 21 ,{ ,Q)+ z, o. 3(7)+z,, (4.i)

(4.6)

Nhere {:,t) : x rnd (a. z) : r in R. x R,.= R". The given oltimdl cor-
trol problem is equilalent to min;nizing

//.r0 . ,rr l I /( . ,( ). :(,)) /

o\€r all , e,1"r, prolided iixt the htte. problcm is ircl1-defincd, as is always
rhe case when condition: (A), (B), aod (C) arc Miis€cd.

It is eiementary he.ethat (A) is satisficd. (Recall that the fuDctions L(1,., ),
being finite hd conrer, are reccssarily conl;nuous throlgLt n')< R".) To
get (B), we asslmc fufthcr th.r K(1,:, a) is a Lebesgue neasurable function
of t for €ach (r, a) Eft" x R., that the components of l(r) and 3(r) .]re
Lebessuc m.asurable functions ol I, an.l that the mukifunct;on U I I + Uo
is Lebessuc measur.ble (h rhe sense that tle set {r i a,i(r) . ,S + 0} is a

Lebcsguc nc.surable subser ol [0, 
"] 

fo. erc,] closed subset S of,R,; somc
crircria {or this are conpiled in I5l ard l23l).

Lr\t\'^. Canr ioh (B) i! latisfed rn././ the pl{edins a$ ipt;ans.

P/rr, This wilL bc dcduced fron results in [23]. Ler rr and r. be rhe
multifulctions fron [0, ?] to -R' x R' x R' x R,dcfincd b,r

r.(t) : {G,r, -, ,) * A(t) z B\t)u:0\,
D,(t) : {@, r,11,1t) u. tj(lJ.

It is clcxr dut r, is Lebesgue lreasunble, ,nd the Lebfsslc mea:urrbilitl
of D1 is .ssured, for;nsiance, b) 123, Corollrl 3.61. l hen the mrltifuoction

D:t+Dr(t)^D,(t)
is Lcbesgue ncasrrablc br 123, Corollarl' 1.31. Now l.t

" 
e .,1/) and a::t(t), +B(t)!,

, + Llr) or;r {+A(t).+B(t)!,

(,, y, ?,1, E Dla,
(2,!, b, )+ D(.t).

K(t,2, ),

10 ir
l- "; if

L.(t, (, a)

Lt'(t, r,x) :
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Sinccl, is finitc, ncasurable in ,, and corvex in (:,1,, {, r),4 
's 

Lebcssue
nornal by 122, p. 5291. On the other hand, the l,ebesgue measurability of the
muhifuncrioo, nrples the Lebesgue norhality ofal b) 123, Thcoren 31.

$re havel, :4 +21', and thereforel- is Lcbesgue normal by [23, Corollary
4.21. Thus (B) is sdtisfied as claimcd.

Assunilg tlxt the componclrs of l(r) belong io trr, while those of B(r)
belo.g nr Zr', it can c.sill'be seen that condit;on (C) holds if ald orly if
tlere exist functions d.r"1, l) EZ"' and p €rr1 such thar

K\r, z, ) > <,, 4(t)> + <u, b(t)> - t(t)

for all r € I0, ll, : € 1?', and z E alr). Tlerc are various rvays of insuring
thc eristcoce of such ftrnctions, but in pa.ticular it follos's lrorn [22, Theo-
rem ,fl thrt this .ondition is sxtisned (rcgnrdless of the Mture of a{4), if
,((1,:, 

") 
is an essenti,rlly bourded function of I for every (:, ,) E R" x Rr.

Condirior! (D) ne,ely requires herc the eiistence ol functions r €r.. and
2 EZ.1 such thdt r(r) E L(r) for almosr elery r, and r(r,:(r), 4)) is surn-
mable iD r. .{gain, this is satisfied in particulai, acco.ding to 122, Theored 41,

if lr(t, r, z) is an cscnriall)' bounded function o{ r fo! elery (:, a) e R' x R,,

1/, n:r L 
'i.,

is ess€rtially bounded abole in t. (T1,e boundedness ofd(l) inplies the exist-
erc€ ol a funcrion , Ez"- such inat ,(r) e u(r) for c'cry I e 10, rl; sec [5]
or [2]1. oDe may tlre th;s cro;ce ofr(r), tos.thcr {ith i(r) - 0.)

Erallpr! 2. Conside! an optinal ccntrol problem of the following t]pe:

A0(:(0),.(?) + J"r:,(r, 3 (t), t\i), u(t)) dt

in : e.4,1 and a e2.1, subje.t ro the constraints

11.7)

,r,G(0),3(r) < 0

,(:r(r, :(t), :(r), u0) < 0

lor t:1,.,nrl (4.8)

for _i 1,..., ,,, and llnost ere.y t, (4.9)

{here the functions ir .rc all finitc and conver on -R'X ft., and for each

I -E [0, 7] the Iurclions n.rt, , , ) ar€ xll fin;re ard con'er on R. x R' x R'.
(Ilere ststeh (a.9) nal inyoh e constraints on rh. srate s(r) afooe, or con-
str;,ts on ihc control e(r) 3lo.e.)

This may b. formulared 3s x convex p.oblcm of Bolza in nuch ihe sane
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the preceding exanplc. Settins x: (:,]) and z: (e, !), $t

K,(t, z,w,x) <0, i :1,...,t\,

(4.10)

Condition (A) wiiL be satisted, assumiig rhat rle constraints
consistent in nr x Rr dnd rhat thc constraints

(4.11)

(a.e) aLe

(4.12)

are condstent in R. x Rr x Rr for cach f,:ed I E I0, rl. We shail a$!ne in
addition to this lhat rj(t, :, !,, ,) is an essentially bounded Lebesgue measur
able function of I {oi each indd j (0 <j<m,) and ech (g,e,,l) in
R'xR'xRr.

LE\1\1^. Conditia ! (11) ahd \c).te 'dtisfed 
undT the prcad;K 4$unp_

r/o,/. with , : (:, r) and o - (u, ) as above, ler

LJ(t, t,,): Kj(t, z,@,u), j:0,1,...,n,, (4.13)

and for each r € [0, 7] ler ,(r) b. the (nonenpty, closcd, con!e1) set of all
(,, 

") 
in R" x R" satisf,ins (4.12), i.e.,

r(r) - (,,') L,(t,x,r) <a, j :1,..., tt,j.

Tle functions Zj, being 6nite, corres in G-,.,), and Lebesguc measurabtc
h /, are all Lebessre nornal 122, r,. 5291. This imflies br [2], corotiary 4 4l
tlat rhe multifuncrion , : r+ r(r) is Lebesgue deasurabte, and heDce bI
[2], Theoren 3l rhat the functioo

,,1r, ',4 : 11 . il (r, !) E r(r),
ir (,, !) + r(r),

is Lcbesgue normal. Inasmuch ,s /-:Zo +ri', /- is Lebesgue nornal by
[2i, Corollar]' 4.21, and (B) is estlblished.

Thefact t|atZot, r, L-) i3 essentialll boundcd in I for each (r, r) €Ri x Ri
inplies br 122, Theoren 4l thar r0(1, r(r), 

'(r)) 
is sumnrl)le in r for cvcry

r et"' and ! et"-, and fu.thcrmore that Zo satisnes (C) (where r can acrualLy

be cho-eer int".). Therefore, satisfies (C).



In fact , also satisfies (D), under the precediog assumptions, provid€d
that it is possible to select a point (s(r), r(r)) fron D(r) for each t € [0, l]
in such a ray tliat r Er"- lnd ? €t"'. The latter will be tme in p ticular
by a selcction theorem of Kuratowski and Ryll-Nardze*ski l13l (quoted
as [2], Corollar,v 1 . I l) if thcre exists a bouodcd subsct s of ,R" x n, such th at
,(t) n s l- C for elery t.

li mat be noted that Ei.mple 2 cotlt.ins Elample 1 as the sp€cial case

{liere 4 : 1, ?r, : 2/ + I, and

io(z(0), a(r) - 0,

Ar(i(o), i(7) - njn{l!(0) ,,. +. .(?) af'laaEzba,ezr},
KD(t, z,tu, ): K(t,., )

Kj(t,,, , ):aJ t aJk(4,t

K,+j(t,2,il, j- K;(t,2,*,t), i- 1.-,,,
.(,,+r(":, &,, a) : ni!{t u - "'\, u'e ti(t)}.

Although the constraints (4.9) do not in general represent an ordinary
dilTe.entiJ equation, they can ai{ays be expressed, of course, as a sr'c.ll.d
contingent difierential equation I
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L b,t(,4 ut, j :1* ,r, (4.t4)

!(r) Er.(r. ,(u ), ,0)) for almosr e!cn i, (4.15)

{here -f(r, :, ,) denotes for each r € 10, 71, . € R. and a € R" rhe (ctosed,
convel, possibly empty) s€. of all tu e -R' such that (,1.12) is satisfied-

EraMpLE 3. The teo preceding e$mplcs illustrate shat seems to be the
most conlenient nrethod of fornulating an optimal control problem as a

problen of lo1za. Ho(ever, the.e is anothcr method, technically ha.der to
work wjth, shich makes clearer in some ways the ielationship between the
prcscnt apprcach ard other approachcs to ottimaL control problcnN in the
litcratruc. To aroid a lengthl tcchnjc.l discusrion, le shall trcrt this nethod
olly in a lery special case, although it is.eally of much greater ge.ei.lily-

Consider a fircd endpoini problcn of tlie follo\yins type: mininize

I A'(,. i(.). LL/ )/

in r € l"t a.dl] --t,,,-, subjcct !o thc constraints

(1.16)

(4.17J

(4.18)

(4.1e)

t(r) :/(r, 
'(4,,(r)) for almosi elery r,

r(r) E Ufor alnosi every r,

"(0) 
: a and x(r): cr ,
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whcre U denotes a nonempty coDpxct sxbset of Ra, and,( and /are cort;n,r_

"u. f' ' i,- r'.' 10. ri k h ta R ,rt/1 , r.r .L. t,. D.nn i
l"l.',.f,, ", ,onl0. /1 . k 4,oR o .,1,r ./.... 

1isthe ninioDn of K(1, r,4) over alt vectors , = Lr rch thar/(r, x,;) : z.
(If tlere are no such vecrors,, the mini'1um;s - cc b' corvcntion.l Then /_. h-er .e,,i .r. " ,.... \,. .o.;. , !:.-- ro. I

problem is equilrlent ro nin;nizing thc nneg.al

(4.20)

over ail l -- -,1"1satisiing (4.19). (The;ntegrat is rell-dcfined, atrhougt jt mry
be + dr, becalse, uder our 

'ssumprions, 
Z(r,,(r), "{r)) ;s -*""-r,r" .,i

essentiaily bouDded bclow ds a function of r e I0, t l for each r- e 1"1. It cln
be secn lia lilippov\ intlicit fun.rions lemmr [9] ttut this ;nregrat is finirc
fo.! givo r if hd onty if rhcre eaisrs a , e2,,,- s.risfy;rs (4.l7tand (4.i 8),
such that (a.20) and (1.16) are equal.)

_ The theory ;n ihis parcr is rptticable to ttre ieformutared problem if
Z(r, r, n) turns our to be con,er in (,, z) for cach ,, as is arrval,s ile crsc ;n
particular when ,<(r, a, r) is correr in (j, ,4, / is x$Dc in (,, ,), an{l U is
coNex. (one nay veriti that condirions (A), (B), (c), ai,l (D) re rlren
satisfied, whe.e 1(r(0), {?)) ;s 1*cn to be 0 if (4.19) hotds and + co other_
wise.)'lhe conv. y ofr(r, r,,) in (x,,) neans thr!, for each,, rhe episraph

{(', !, p) E R,, x R'" x R1 I y > t,lt, r, i}:1,.

is mmex. This ma! be compaied wjth rhe {ealer conctitlon, developed by
Ccsari 16, p. 3901 as a sencratization of d simila. conditi.,n of firipp;v I9i
that for each (r, r) the epigrall

{(!, F) € Ri x Rt j p>L(t, !,x)J

is conrcx, or in orhe. i{ords rt,at,i-t, ., ., is !ie, elv conle\ as e funcrior of.,
rathcr than as a fuDcrior of(x, 

").

5. TnE Du^L nol-z.r tuNcrro\rl

Ever], conrer trollen !fBolza leads to a ce,tain dual frobten.frhc sane
tyte. This dual problern Fitl be dci!1cd betdv in rerns of the conjugates of
the coDrcl functions l andr(r, ., ). TIle theo.I of co.jugarc con,e\ fm.rions
{ill be used furthei;n Scctions 7 and 8 in esrabiistr;rg rctationships berween
the dual problem erd tlc orignial one.

J'zir, 1r 1, *1i 1r ar



$'e begin by rericwing some bisic facts about conj gat6 (lor a fullcr
cxpositir.,n, see l3l, 11.51, t211, 133l). A context more scnerxl than that neetlcd

simply for the definition of the dual problcrn is chosca for the pulposcs of
Se.r:on 7.

Let X and f be arbitrary real rect4r sp.rces paiied bt a bihrear form
( , .), ard let .Y and !'bc supplicd with arl)itrary localll conver topologics
colnpatible wilh this t0iring. ('lhus it is assuned that r+ (r,ty> is alwiys
a continuous lin€ar functio. on -Y, and that clrry condnuous lincar function
on I crr be erpresscd h this forn;!! the some time, J, - <r,1,) is ali ysa
conriDuous lin€ar functioD on I', and c\€ry' co.tinuous linedr tunction on y
crrn be cxtressed in this form. ln the case whele ,lf: y - R., $e take
(, ) to bc the ordnurlr inne! product.)

Let / be anj .'rtendcd-real-valucd conrex functior on -]i. \\c arloly /
possilly to tako on - .o, .s well as +.l], ilr rvhich case thc convcxiry ofl
is iiterpreted to mean that tbe cpigraph of/, i.e., the set

epi/: (,, p) reX,peRt,p>f@)\,

is convex in,Y @ i?r. We s y thnt I is plape\ itf daes not takc or - co, and

/is not identically + cD. The extended-real-valued function/+ on l',l.fn.d
by

CONVEX iIU.\CTIONS IN ONTIII.{L CONTRO!

/+(r) .. su!{(r,y) -/G) re,l

/**(ii) : sLrp{(x,r) J*U)l! eY}, (5.2)

/(x) : linl.infl(t). (5.3)
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(5 L)

is called lhe.o J(al' ofl(*ith resFect to thc given pairing). 'I'hc conjLlgdte

ofl . i.e. rh( lur.((ioo/ on .Y denn.d L,I

is caled the ,i.o,,J2,q.ale oft
The functions /* and /+* ire ahvals co,rver and loNer semicoDtuuous,

lnd if they are not botl propcr then one must bc identicrlly + co md rh€

other idcntic.ll) -./r, If/ js propcr ard los.cr se ico tinuous, one hds

,/' /r tt", th, oleruuon /- /' \''elJs r one.to.one slmmerric co,rc,
spondencc behlccn thc lo$er sernicontinuous propcr conrcri functions on -Y

Uorc gede.allv, ;f/ is not lo\rer scmicontinuous, let t denote thc loNe.
scn]iconliI1uous hull of/, i.e.

Thcn/is thc grelt.st l(nkr semicontinuous corver furct;oo majorized b),/.
1fj(r) > - ar foL cvery r, one has/** - / On thc other hand, ifjtakes on

- <c somc$herc, therc exists a convex set C (nxrncly the closure of
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{' e x | /(x) < + co}) such thar J(') : - .o for evcry r e c and

/G) : - - for €r€ry x F C In the latter case/!! is identicall) -co,sothat/** and / asree on C but disagrce outside of C.
We proceed non with the d€finition of rhe dual Bolza functional. civcn the

functions I and Z, we denote by I" rhe conjugarc of I on R', x R , and \re
Jenote b,\' a* the tunction on [0, Z] x R" x n" such that, for cach ,,
Z-(,, ., J is the conjuSatc oft(t, , ). (sere thc ordi.ar' inner product giles
the pairings.) lvc th€D set

(5.4)

(5,5)

Th s by definiiion

,{do, d,): p{('o,4) - <cr, dr> - t(eo,c)tco e k",.,e,r'i, (5.6)

,v(r,1, t : sup{(.t, r) + <{,1) - r{r, x, r) lr € n",, € Rr). (5.7)

The function fl will bc called thc hauhdary Juttbn th.l rc l, and M will
he .Alle.l the Lagargiar fuktion tual to L. 'Vvc shail cali th€ functional

,t'. 
^!(r). 

t(p(^), fQD I tr(t,D\t.i(t))dt (s.8)

the Boha fu".tional &al tu At.L .

T\Eop'rfi 2. Thc condirb$ (A), (B), (C), arl (D) an I andL i,tp4 that xt
ahd M likct!^e $ti'{]' ( ), (B), ((:), drd (D), ! h''s :theoretn t n afitbabk to
D- u,as uPll a" ta 6i.

Ivorcn'el,Iis;t tut the boudary Juttioa dual to n, a L is the lagraryian
fun.tit dua l b M, so t ltat *e B olza fu .lbvl dual b A,,,. M ;s j ast A t. L agah.

P/ool It is n n€diltc from thc facls cited abor-e $at ,r and rU !8ain
sarisfy 0\), and thl]t

(.0,.r) : sup{(.o, c0') + <q,./> t*(c!',.2:Jic; sn.,,/€R'}
: Np{<.o, 4,) - (cr' d,) - 1 Qt, dr) l0 € R", d, E R'} (5.9)

: n\ca, - c),

1-(t, i! r') : supi<r, J) - (',r) - /-*(t, s,1) :' e R-,, € R")
: supl{{, ') T (!,p) -,lr(t,/,tl'€R",?eR"}: n1.(r, c, r).

6,10)

n(ds,dr):t'(do,-d;),
r'ttt,2,r):r+C,r,r),

Thc latter fomulas sa) rhat I and t de tlre functions dual to - and r11 as

claimed. \\'e hare alr€ad) prolcd €lseill,ere [2], Lemma 5l thrt L€bcsgue



nonhality is preserled Fhen conjug,rtes are raken- Thus M again satisfies (B).
As for corditiors (C) and (D), we obsene fron (5.7) and (s.10) that rhe
fuDclions I er"', J eri1, and d e,l,r1 satisfr (C) for Z, if and only if th.y
satGfy

.\7(r,t(r), r(4) < &0) fo. almost every r.

Slniiarlv, the function . Er,', r -.2"1, and p er1l sarGfy (D) for Z, ;f
an.l onll. if they sadsfr

1110,1, s) > (,(r), s) + (,(t), !> _ F(t)

for erery' t e I0, ?'1, I € R' and r e Ri. Thus (C) for /, implics (D) fo. nI,
ard (D) for, inplies (C) for lla l'hc proof of Theorem 2 is [os, conplete.

The problem of nininizing @,,.y ovcrl"r will be called the ra 1).x p/ob-
le"t aJ Balza tlual ra $eproblen ol minimizing.rr,, and,4"1, ard vicc versr.
The close connection between thcsc rwo problens $ill be seen ;o Secrions I

6. Exr\IPrtrs oF D|AL PRoBLrvs

In prssing from Or.z to @..17, it is nccessary-ro dete.hi!c th e coritrsates of
c", i,,o ...tr -io,.o.R-.r"lrl: c.-,FF".r,,.i"i.".i"r*..'nS
on the naturc ol the functjons in qu€srion. X{anr examples of coajugate
conrex functions are given in l2ll and elses|ere in thc literature. Often, as
in rlie problens described jn Scction :1, I rndl.(r, , .) .rise by va;ous opcra-
tions from other convex ftlnctions, as well as conrex scrs, and in such sinra-
tions formulas like those in 121, Section 161 may bc helpfdl in c,iculating
conjugates.

The eunpies lrhich follow indicate the calculation of the dual problem in
some tytical cases. Ther also bring out the fact rhat rhe dual p.oblem car
sonret;nes be finit€ dinensional in chr.acrcr, ard therefore mo.e elcmcntarv
in p;nciple than ihe or;ginal probiem.

CON'IL\ IU\'CTIONS IN OPTI\IAL CONTROL

I i'p ^(/,.-q(7, T.rp J,7,, l?\7.,
4T\.Zr v{r)..e'
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D1Arlpr! 4. Let / snd, be as in Ex.nple 1 in Scciio'
det., minc n and rU. Selting I : (q, i), as 1'elL s r : (2, t),
(4 5)

n@Q\ ?(r)) - n(e(.a), h(0), q(?), r(?)
: $,pi(z(01, q(0)) + (r(0),/l(0)) _ (!(7), q(r))

(r(7 ), r(?)) - (:(0), r(0), :(?),1(ryr
- suP (:(0), q(00 + sup (r,(0), n(0))

(6.1)
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uthn, ^tT,t tf"tIOt lr C'rt r( 4?0) 0 ltl7l.RLDlu].P\/,, I co i. trr0r .0 or /(/r . 0,

{hqe /o aid /" arc the su|fotl Juh.rioks of thc corver sets Za and Zr ,

rcs!€ctivclr (ct 121, Section 131). on the oih€r hand, wc hare by (4.6)

M(t,P, !) - hl(t, q, h,r, k)

: sP {(:,') + (r, })'i (.b' tt) + <, h\ - L(t' z, r' tu' ))

- up ?., - ,.1 - )'t B\. u. t L.n

- r.(, ", 
,)],

: s!p(r, A) + sup{(z, / + a+(t) q> + <u, t} + B*\t) q>

- Ka(t, z, u)1,

$here l+(t) and B+(t) deoote the t$sposes of l(,) and B(r), respccti'cly,

Ka(t,2,11) = K(t, z,!) + v(t,u),

Y(',,): 
11 _ :i i,i"l"]:.

(6.4)

(6.5)

Let n:* and r0* be the functions on [0, 7] x R' x R'such that, for elch l,
.(*(r, ., J ;s tne conjusate of r(r, , ), and ro+(r, , ) is the conjusate of
&(t, , ). r,et y+ bc the function o [0, 

"] 
x l?' such that, for each t,

v*(t, ) js the conjLrsatc of v(1, ), i.e., the support function of U(t):

Y*(.t, h) : snpl./,u, h> I I e u(t)).

Then fron (6.3) we have

(6.6)

U,r o ,, .- l(^ ,... )',t'q.1' B'tt .\ i' I 0.
" (,.o I F n

Iroreorer, rcordirs to l2l, Thcoren 16.41, we harc

Ko+(t,'"h'): 
Ei?14+(, 

/ , h' ,') +vr"(t, tt)). (6.8)

The corve! problem of Bolza dual to the one in Examrle I in Section 4
is thus the problem of mininizing @-.y over 1,1, whcre z is giren by (6 2)
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and ,l1 is gilen by (6.7). In other $ords, it is the problem of midnizi.s

|,,\s,aD lt\ ,11,.' . I 
^o 

t's(,) .4 0)v0).8'0)ar1rld, 16o)

ovcr a1l q e l.r, $heLe Ko+ is siven bv (6 8).

E$\rpl-n 4'. T'o be more speci6c, 1ct us suppose in Examplc 4 that Z0

consists of a si11g]c point a, Z" ;s a ceriain subspece of R' with orthogonal
corrpleoent Z?4, and for a giren p(l < p < + 6)

(6.10)

(6.11)

where d and p are nonnegatire const.nis aod

' ,: l("'), + . . -l- (r.)']'" if 1<p<+c.,
ll, ii- : nd{ ut ,..., !,t}.

(Note tlnt K is not dilTcrent;lble every{'here \rilh respect to i if d > 0, so

tlat here we hare a typc of control problem trot covered by thc standard

theory.) 'fhen, as is eas;ly vcrified,

/o(q(o)) : (4, q(0)),

{0 ir ,tl ) Zt.
/,..r / rl . ,., dr i, N7 ). Zt

Furthermorc, we here

v+(t, h) - I h):",

r0 if 'r " . a-J il
^'./') 1 1 il ,. or t..q.

whse (l/p).F (1/o) == 1, and theieforc by (6.8)

^.-., 
, ,,, ,1i h ,--P.a i '' " .''u', ', ,-.

IIence in dris case thc dual convet problen ofBolza consists ofmininizing

G, ?10) + Jrma\ 81t!)q\t\ " F.a rh

L(r): {, iti, , < 1},

r(r,:,,): d zl,+P u 
",

(6.12)



194 Roc(arlltAR

in g e 1,1, subjcct to the corstrxints

q(7') e z,J,

4(r) + l+(r)q(r):" < o for almos. eyery I

Note that, if d : 0, $e hve

(6.13)

(6.14)

(6.1s)4(t): - a,(t) q(t)

by (6.1a), so that (assuming, sa]j ihat the matri\ components in (6.1s) arc
summable funct;ons of 4 q(r) is dercnniaed foi,ll 1 by q(0), and the dral
problem is essentially finit€-dimensionrl. I. l.ct, the dual problcni consists
of mnimiz;rg a certah finite (everywnere de6ned, rondifcreoriablc) convci
function of 4(0) E Ii' subject to a fin;te svstem of lincar equ.tions lrepr€senr-
ins the constrainr (6.l3)1.

S;nilai1r, in the nore general dual problem rherc one ni.imizes (6.9),
it can be seen that the const.aint (6.15), and helce the finite,dine.sionxlitv
of tle !rob1em, w;ll be implicit whcnever r(t, z, r) is acrdally indelendent

Ex,$IprE 5. Sulrosc thc Lagrargian funcrio! 1, can be expresscd in the

where ,(r) denotes an , x u n.rri\, and/0, ) an{t g(r, J a.e loilcr scmi-
continuous convex functions from R",to R1u {+ c.}, not idcntically + co.
(ThG is trle in Xxamrte 1, for irstance, if

r(t, ',,) - r,(2,4 + &(r, ,),

Fherc Kr(r, ) ard K,(r, .) are convex functions.) An, of this form satisfies
(A), aod it also satisGes (B), as can be shown by rhc arsum€nt3 similar to
those in &ample I of SecdD .1, if the componenG of t(r) are Lebesgde
measlrahlc functio s ol t, !.d/ and g are Lebesgue normal in the sensc of
[22]. Thc dual L,grangiin .1.1 ne].thcn be comtlted dire(ll fr.n (5.?) N

L(t,.,!) - f(t,,) + s(t,1r EO!J, (6.16)

vt,l, t :s*(r,t) -/*0, r + ..-(r)p), (6.17)

$ here t+(r) ;s the ri.nspose of ;0), aid/ "(r, , .nd frt, J are the conj ugxtes
oll(,, J and 8(r, J, respecrilely. Thus, in rhe giver problen of Bolz,r one

(.(0)..(-r) | JQ,,(\d' ,{30.(,))r, (6.r8)
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. r,(r) : ,(r) r(r) + ,(4,

whilc in the du3l pioblem one :ninirnizes

'0(0)./(r)):l q'(t.f()) tt I l'\,.-)\'),dt

llt). L'O IU\ t\t).
If/(,, r) = 0, thco

-.. r0 if @ -O,7'1r,{,) lro ;r uitr,
so ihar in the dual probl€m onc actually mininizes

D(p(o). r(t)) + | I'U,p(t))dt

ov€r a[ solutions I to th€ dificrendal equltion

y'O : - z*(,) 1(r) for alnost cl.ery r.

.195

(6.re)

(6.?0)

(6.2r)

(6.22)

(6.1i)

7. CoNJrrcATrs oF BoLza Fc**cTrof,.'.\ls

'l'he dDal of l,r can be identified with th€ Banach space ,i6 under the
paidng (2.3), as alrcady poirted out in Section 2, and the conv€x functions
At.L and A-,M an A"t have certah conjugatcs on 8"" sith respecr to this
pairing. The study of thcsc codjugates \rill re!.al the connetion betircen rh€
problcms of Dolza corrcsponding to Or,. and @,,.^,. It \aill be seen, in facr,
that thc conjugate o1 4 ,"1 describes the beharior, undcr pcnurbatiors, of
the n$num in the problem of nininizing @..! , whilc thc conjugate of Or !
desffibc thc bcharior, unde. pcrturbations, of the infimum in rhe problcm
of ninimizing O",.r,.

Gilo a'}I (a,l,) E 8,,., we denotc by o?.1thc Bolza functional obtained
bj ret,l,cins / b)' l. aDd t by Iv, lvh€re

r?o,.r):t(co+a,.i,
Lt(t, r, !): L(t, x + )r(t),a),

(?.1)

(1.2)

Thus by dcnniiion

olj"{r) 1(i(0) r a,(?))+ | L(i,r(r)-}0),i(,)//. (j.3t
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It is east to see tlat our asumltions (A), (B), (C), and (D) on I aDd, iftply
thar l' and Z! satisfr these sarne assumptions, so dut Oi'l is NeiL-defined on
l"r by TheoreDl L

We define the furctional 9r.r on B,- by

Eft@, ),) - i#\ai.i@ . e A,,1j.

of couree @ij - o,.1 for (d,r) : (0,0), and consequendy

(7.1)

(7.5)?,.,(0,0) : iifi@r,.(r) la € 1"1).

We shal be nrterested in the ]o{er semicontinlitr of er,, at k,:r,) : (0,0)
$.ith respect to thc aea** trldrgl on .B"", i! otircr words, the \rea! tofolog)
on R." induced b) ,!1; u.der the la;nrs (2.3).

\le define thc functional .r,';a,, or l"r for (r, q) € B"- sin,ilarll bJ

,pa\\t qb\a b,plrt.I r/\,./0)- 4(/).4))J. (rol

ardr-d,'rca."o A, br

q,".M(b,.i - iett@i;"M(?) : p e A,:j, tr 7)

e-.tuQ, a) : hrltt^,M@) P e A"1\t (7.8)

TlJBalis)tr 3. The fuftctiors ,pt.L an,j e^.M are cotea a 8"", dkd theit
canj"sates o" A"\ lt;th /es?.ct ta the ?aninE Q.3)l are siNtn 4,

E{": @^., axd yl|",:a,l. ti.e)

The.onjusdte oJ ata B"' i in tun si:en bt nttt," a

o:,(,b,,t) : rli.,r,:ij,,,r.."(b",i ), (7.10)

excelt i1tth..ase uhete |h.re.tte a Jeasible a/$ fot At.Lat all, anduhae dt the

sake t;ne e .M ;s ide"ftalu -i.. an lan1e tuaA" eistbothaad aJ (b,q).
S; ;1ai4. the tunj11s.tu oj @,,t or B,'' is tit-ot bt

ai.u@,1) - ,")iX1'12j,",er.la , t), (?.rt)

er..lt ;h the cak -^hete thde aft tu Je^;.bk at.s fd @,,,.., at all, anll h*. 4t
the sa,t t;|fte pt.LI irtehtidlU + a an nnE ueah' ,eighborhood oJ (a, !). H*c
the lin;ts ale ta hc lake atet all nex eonxtrging irL the ueah+ ta|olo$ 1,) Ihc
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Prool. Thc kcy to thc proof h a fact which s.c have already established
eiscwncrc l22l: rhe conre! functions { and 1,a on r"" Ot"l ls@ (3.2) and
Proposirion 1l are coijugate to each other {ith respect to the pa;ing

(., r.!p. i \.r.(.J d, | .,t\t) p,, dr (i.12,

bet{eer I"' Ot"l and itseu. In other words.

1v(1, n :?q :Ljrl 
(.. '), (r, ,/ - rzly, 1 )l (7.13)

for every I €r"" a1ld r eZ,,r, and dually. This is a special case of Theorem 2
of [22], h vielv of condirioN (A), (B), (c), and (i)) on 1. and the definirio
(5.5) of -U. Calculathg rhe conjugaie function e;. on 3.1 directly fron the
defiritiors, $'e hrve, using this flct,

?i"o) : *p{((,, r), ?) e\L(d, )) | (a, t) e B:l

,1" "f".i " r'P -il 'lr'.,
;,"e,-, :_ i I I a, tto\ l o<)t , itt, d'

- 1r\.0, ,a.rJl J'.,,.',,, y1,,.*Y,,d/j

;"8..'ll-:T,l " (0r p0 ; !'" t"' u' ' o'

tk , lrD l,rt, r,('),.(r),rrl

:'l i'. "1"" ' e0' J. "'' "' 
r' "tt P(l 1

J. -" 1' \L?' J0rr/.,1"'r'ir' '/'i
: sup sup s!fl(a',1(0J) <x(r),!(r)) I(a',47))

+ ((r!', 
'i), 

(r',p)) ryr', ri)]

: 
.s.u.$ 

sy(;,l(oD <c, ?(r)> 1(.a', t)j

-,",:.1- ".iel((:r', '), 
(i,r)) -rr.(r',,)l

: 
'r@ia), 

p(r)) + rMG,, i) : o^.'(!).
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Thus qf1 : @,,.y, as claimcd. Consequently, as explaircd at the bes;nnnrg
of Secdon 5, the conjusatc furction o;.M on BJL' is sivc! b]'

6',.,\4..\) e;t1a.)t li. l ELL\a,) ), (?.1+)

except in dre case sherc ?iz - @,, M ;s ide.ti.illr - co on ,,1"1 and p[
is identically + or in somc lrcighborhood of (a,l). Hcrc drc n€ighborhood
of (4,lf) and tne limit in (7.14) rnay be txlen {nh.cspcct to an1' locaLlv.onvcl
topologt on 8,,'such that,4,,r cdn be idcnrifi.d with the space ofall contin!-
ous lincar functionals on Bi'' under thc tairnrg (2.3). The we*: totologl',
in pafticular, meets this rcquircnicnt.

T'his proacs (7.1l) a.d thc fi6t half of (7.9). rorndla (7.10) and the second
haif of (7.9) folLow bI symmctry, and Tlieorem 3 ;s therebl establishcd.

A slight generxlization of the abole argudert enables onc ro d.rcrm;ie
also the corjugdtes on 8"" of $e resri.tions of O,., and @-.v to the spaces
Ar', I <p < + .t. (lo $hat follows, the lctte$ p ald q will be used ro
deoote the traditionrL Lebesgue erponents, .s wcll .s functions, hut no
confusion should arise if the leader bears this in mind.)

THToREM 3'. Let 1 < qa < -l .'J ahd (t it) + (llqa):1, a"d lepase that
condnioa (c) cah bc satisfed (ith s e L! . athea ttte conjusate ol % L ah A'i! ,
tith rcs?ett tu the ?ani"g (2.3) L.ttucen Ai! a B"-', 

^ 
th.: ftnt;.in aJ

@-.M to Aq"". The coftjusate ok 8,," oJ the rcnic a" oJ a_.M ta A! h i,l
tutn s;un bJ Q.11), exdpr rlhen o^. has a Jeds;Lte arc in.1"% and er.L
is ident;a ! +.. an 'one e;shboiraod al @,J). IIerc the eishbo bad
of (a,J);s tahe. uith rcsp..t to the Blt olnt (2.1) a" B"-, a d the tinn in
(7.11) is tah.n o.a n yquehce! h 81,- co risi"E to (d.i in th^ ann.

Maleoaet, th. sane fa^ hold hde, and ih Theatctn 3, iJ the i6 t 1h i tt?
defh;tioa oJ 6!.Lt tahca axo Ai. ;ftstea.t aJ A"1,!h*e 1<t\<- 6.,
ttDaidea t@t candiim \D) an L ca be lati.fed uirh x eL! (a! is true ift
tarti.ulal uhel at r. h.s d Jea'iLk arc ;r ,1i,).

The loles oJ \i,1,) and (n,t/) c6h b. rdssed the pretediils ta obtuh a

PtuaJ. Ler 1r bc such thrt (D) can bc s.risficd wirh r €Z:.r, lvherc
1<1,<+.o, and consider thc pa;ins (7.12) benveen thc spaces
X : L1,' er I'i\ aad v :1,"- e/-1". The convet furctions 4 on J. and 1l'
on I'arc rLcll dcfirc{l and conjlgate to each orhei e'ith restect to this pairingl
this is another special casc of the result cned in the lroof of Thcorcm 3,
naneiy Theo.en 2 of 1221. Using dris fact, \re nray calculate eJ, just as

belore and see that pi, : {r,,.ir Gestr;cted to 11,!). It follo\ys, dren, drar rhe
co.jugaie ofthe latter is giv€n by formula (7.1l), erccpt in the case noted, bu.



th€ v.ak * topologl must bc replaced bI a locally conles topology on Br'
1'/ith rGpcct to shich.thc continuous linear fLrnctionals on 8," cao be

identifrcd $ith the elcmcnts of ,r.E0 undcr the pairiog (2.3). Sincc B"- is
densc in Alo and 1 <10 < +.o, the Ap topology on B.- satisfies this

R.,rdA. It can 2lso bc shotm br thc sane argumenB that, $hcn condi-
tion (C) oni ca! be satisned rlnh r €rlo (rs is true irr particular n'hen @-.,y
has a fc.sibl€ arc in l;r, tl,en e1.1 is rctually a rvell-dcfincd conre\ function
on ali of Aio, and the conjugacy fornulas in Theoren 3' hold rvith respect
to thc pa;ri.g (2.3) betNeen l:.0 and Alo, rather than betNeen -43 lnd t-".

Thc signidcance of Theoiems 3 and 3' for the study of mn!e\ problems
ofBolzalies ilr tbe crtemive dualitybc!$een properties of the nest of(coDvex)
level sets {r i .rr.r(r) < p} of Or., ard the bchavior ofthc corjugrtc function
dl, at the origin. Lor iostancc, boundedncss or compactness propcrties of
thc le\el sets of @!j coftcspond to continuity propcrtics of Oi. rt 0, shile
the nanner in $'hich the minindn1 of Or., is attained can be analized in
rcrnrs of thc difier€.tiability of O;. at 0 h various senses. trIary fncts ofthis
type hale bcen estdblish.d in the gencral the3ry of cofljugatc coniex functions
byD.Aspl nd, J.l. \Ioreausndthca !hor; see[1], [t5], and [2],Section21.
In'the prcscnt paper $c shall lot exploit th;s dualit,! to the tullest, but the
reader can g€t somc idei of $hat is possible by exdmini.g the theo.y of
finitc djmenlional ertremum problems in [21, Palt 6],

8. DuAr-nY oF I\Hua
\\e shal. nov d- J,L som€ i-c, reld$ng r1F infinlum i, : gitcn cor.e

probien of Bolza and the inlilllm ;n thc correspording dual Frobi€m.
A baic fact !s nea. thc surfice. Considcr anr r andl h J,1. Bt-the defiD;

tion of z and :r1$ec formulas (5.6) and (5.7)), s€ hav€

/G(0), r(r)) +,,0)(0),1(7) > ((0),r(0)) - <{r),r(?)), (8.1)
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,(r, r(r), i(r)) - ,l/(r, r(r),,tC)) > (.t(r), r(r)) : (r(r), p(/)).

Integrarins (8.2), $c set

J'r1,, "14, 
*p;; a, * J',r t(,2a),^1))dr > I?orc(t), il} .i <r(t),!(+l dt

: Iii't't'u't'o' (8.3)

(8.2)

: (i!(I),1(?)) - ('(0), ?(0)).

The latter ioequaiiq, lihcn added to (8.t), yields the tolloNing result.



PRoposlrroN 2, Fot de/, t 
= 

A"t a l, E An1, u h6
at.L@) + ah.Ma)>0. (8.4)

Thus eery p. Ant fwn;she! a lo@et bound - O-,M@) to Ot.L on A"1, $hite
exerJ x eAnl fu/nihe! a bttd boutd -, aL.L@) io 4),,1.M ot Ar1, akd one hn

in{or.r(s) i x €.s"li > - intio,| @) i ! e A"il. (8.5)

An obvious qucstion to ask is whcrhe,, ! der somc kird of gcncral con-
dit;ons, equality holds in (8.5). Ar ans$er can be provided, via Thcoren$ 3
and 3', in terms of loi'icr sehicontinuiry properries of the in6na in (8,5)
*ith reslect to cert.rin "pcrru$ations" of thc ftrnction0ls At.L 

^t\d 
Qn,r!,

namclr the "perturbarions" $hich repiacc these funcrionals by @ij and
o*"M, as defined ;n (7.3) and (7.6), for various p.drs (",r) and (r, a) near
the origin 0f ti',

\Ye assume hcrc, of coursc, as ev€r)$here elsc, that (A), (B), (C), and (D)

TrBorErr 4. t'r 1{r,< + o and (tl +(1!qt\:t lot i-0,1.
Suflose Int co"ditions (C) a"d (D) nn be sati'fed dth 

'eLa: 
a .t deL,i,

rcslutitd)'. IJ eithet at.L hat a Jea'ibk arc h Ai' ot A,, M has a Jeas;bte arc
in AqJ , tle

;nJr4../ (x) . x - r:,- . Iimi,ftinf{dD',(p)lp.,a;!}}, (F.6)
(, ?)_t0.0)

(rimjnft f{olj(')|re,{:,1)- int{@_.\Q')| f e .ayJ. (8.1)

Hete, iJ h: t and.h:-i ..', the linir ik (8.6) is tobe takeft otet d ct'in
B^' @Merei's ti (0,0) rlrhcrx.ah* tototosr,ahite, il ?L> I and q, .. -. d.,
it is to b. tahcn o|.t all te{tetes h R,,. tuheqi,tg ta (O,O) ;1 the Bi, nonr
Si,hilat\, if pt, - | 6 and ttr : l, the linit iit (8.1) i to t)e lah o.^e/ a

'kts;k 
Baa co xetgir! to (0,0) h the wdh+ to!)olosJ, tLhik, if p" < 1 e: aM

qo> 1, it it Io be tak.n o1:n aI sequence! ca,rcry;n! ro (0,0) h the B* notk.

Prcol. AssuDe firsr th.rr lL: I aDd {o: I, ard consider foi$ulas
(7.10) lnd (7.t1) nr l heorem 3 in the crse $hcrc (4,})-(0,0) and
(4, c) : (0, O). I\ defirition ol the conjurratcsj lre havc

(8.8)

(8.9)
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o;z(0) - -; i{or.rc) x e.4"},

o;.M(o): - inf{.r,,,1(?) I E.r,).

If a feasible arc e\ists for @r,. in I,i, then (7.10) is ral'd, 2nd hence (8.6).
Furthe'mofe, in this c.se 9,,r(0) < r o, so tlrrt the linl inf in (7.11) is no!
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+ co, ard (7.i1) is valid, yielding (8.7) Sinilarl), both (8.6) and (8.7) are

valid if a fcasible arc exists for 6-.- in I,r.
The cas. of gene'al erponcnts ?r and 9i folloNs in cxacdy the samc $at

frorn Theorem 3'.

C]R)LLAR\. IJ a featible at..r;ns Jat eiitw a.Lar O,,,]' in A"L, thd ttE
follozli g a$dt;ons arc equi&l t, the,e the kn';ft arc tahzn o|s all ets i
8"" ane\n( h the ueak* toPolag:

(r) ,nf d'r(r): - nn o,. (!),

(b) inf o,!(t: linli',r(inr oii(r)),

Gr i,l O,,.ML?) ]n tr I |, I Oiirrl r'.
(r,q)'r0 0i P:J,'

It is possit'le to dselop "rersonablc" conditions of soDe gcneralitr oo I
andI, guarantccing that t|e three equivalcnt p.operiies in this corollart are

presert. Howcrc!, tNs is ! lcngthy uldeltaking in itsell, and w€ ihcrefore
relegate it to a s€parate papcr [27], Here we shall only give esamplcs to shoN

that the propcrties do hold in some cases and do not iold in other cases.

EL'$rpLr: 6, Assum€ drere eaist r x natriccs t(r) and a real number

implies(co ,.r) e c l.oi<p'
(x, o) e D(t) nnplies )x E(t),:1<p,

\rhere C and D(t) are the conve\ scts dcfincd in (2.6) and (2.7), rcspectirel],
and the componcnts of-D(l) are mcas rable, essentiall' bou.dcd functions of
, F [0, 7]. (This is salisfied ill partic,rlar, rLf course, if C is bounded and the
union of dic sds ,(r), 0 { t < 7, is boundcd, h \vhich cas€ o.c ca. t*e
lt(t) - 0.) Under this assumption, the levcl sets

{' 6.'4,,r ; o,.r(r) < p}, p. Rl,

are \rcakLl conDact in ,{,1, in rier of Theorem I, aDd thcrcfore th€ Bolza

functional 4r.. attiins its minimun sontenhcre on ,i^r. ln other \rords, rle
con\€\ problenl ofBolza corrcspondi.g to /andt has an opti.ralarc, pro!;dcd
thar ir has rt lcast onc fcasible arc. \l.c noN sho$ that, undcr rhe slmc
assumftion, ploperdes (a), (b), dd (c) of the Corollar,v to 'lhco!€n 4 arc
pr€sent. To do tlris, it is cnough to provc tlre follolying result.
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Lt r\t;\. U dd the abo.^e assunftklt, the lmct;an p,,. , iJ not i'lent;caI)

- 6 a Bn@, n ewluhete fnite d d lals te]fti.oninuous in the Leak*
ta?d.{i. In Jd.t, E,,.\t i e.eryehere cont;,tuo$ an B"' tith t*pect ta the

Ptuof. Let seL,,l, ?eL,-, and d€ri be functions $ith the properry
in condirion (C) of Section 2, and lct d0 e R' aDd dr e R' bc toints such that

dD : n(dr, rt) < + c.. Let t bc the alc in 1,,1 sdch tlut t(7 ) : dr and

i:s, 1nd r€t s-! f aid.6:4-FP). Then l>-lo ana L>,L|

i "0.p.0 t r'.p17 .
I o :r

1 I 1P :'a' il t Ltt P.
-0.. , I , , t(,) p.

Thereiorc n < ,h and if < ,110 , whe.e 
',0 

and r11o a.e the fdnctions dual io
10 and to in the sense of formuhs (5.6) rnd (5.7). FoL each q eL,,', 1et pa

deoote tli. unique arc in,.1"1such thatlq(?) :t(") and

i'"(r) iA) : - E*(t)tr"(r) t(r)l + t.(41?(r) - a(')l

for dm.st ei'ery r. lHere ,R+(r) is rhc trampose of .E(4.] Note that rq :t
for { : q, rld that the definition of}r" impli.s (by the essentiat boundcdness

of thc conponcots of t(r) lrs functions of t) thc existence ol a const.nt o,

indcpendenl of q, such that

P"Q)-FO <,t,t ,t,, 0<r<?.

Ior any (r, q) e B"', iv. hare (by di.ecr crlculrtion)

,r!(?"(0) -1,,p"(7)) .do+p ?"(0) -/(0) -, t,
Mt(t, pt\t) | lt(t),i|(D: "(1)rpl1"0) F(4- ,1(t)-4(t).

Since n :< ,i! and l1 < ,i|1! , it fo]lo\rs that

.b. .rte -tt..A o.p,1 J tt .e".t o\t /1\\ lt

d plr.o o0. b E

J" , " d, J,..(r" 4('t.t 
J

<i+P i-, -iPIl +"0 +'r')l',.t 41,



OD the other hand, we have

,p",.*(b, ,t) < o::i'(!")

by the dcfinition of?,,.M in Section 7. Thus thcrc cxists a comtant F such thl]t

c-.u(b,d <<a 4.F (b, q) - (6,4) ,

for every (r, q) e 3.". This implies thai p,"..v is bounded above in a .r-
neighborhood of every point of r"". Since ?-,'. is conler (Tleoren 3),
lle mdy cor.ltrde d\!1p,,,.v is either ideDticxlh € orfinite ere.Jnhere, and
that p,.r is contirro s everyrvhere on B"' w;th restect to the no.m i lr

Gec la, Chap. 2, p. 921). 'fherefore, by the obserr:rtion in rhe lasr paragraph

of thc proof of Proposition 1, e,,.r, is loFer senicontiuous {ith respcct to
the weak.opology induced on 8," by the fcoltinuols iinear flnctionals
on B"', in other {ords, tLe vea! topology induced on B"' by ,4"' under
the pa;ing (2.3). Ther, a/,/ttolt, ?-.- is low.r setnicontinuous lrith respect
to stronger topology ilduced in the sane $ay by l"r, \rhich is rLe lvexr*

E\ArrpLE 7. Consider the special case of E{nltLe 5 jn rrh;ch /- isltis-
fyins (A), (B), (c), and (D)) can be eTressed in the forn

CON1E{ FUNCTIO]iS I:.] OPTII{AI CONTROL

L(t, x,liJ : sG, a E\t) x), (8.10)

i(4 = L*(, rlt)

203

(E. r 1)

(8.12)

.,*J;

enere t(r) is an r x z matrix whose componerts a.e sudnxble ftrn.tlons of
t, and l'is a function from [0, ?] x R' to n1 r, {+ col. Lei Z*0) de.ote the
transpose of t(t), and s1(1, )the conjugxte ofg(t, J, for each t.

LE\1."1^. U der these arrmlt;ans, the rhtee pnpetries h tle Cola ary to
Theotan 1 are prcstnt (afi tuateota dn aptnnal arc elist! fot A",.vi,t 4,,\),
t&enerer the follDr;A .on'lnbrs arc satnjietl:

(^) Thae a:nts at tea! au;t'tasibk arc for o,,.y,;I atr.l -^o/ds (i/L de.!
af the Joqula.fat A,".- deten i ed nL E,anfle 5) at lean ahe saldian p e A^t
b the dillelential .ttuatian

u (r'(0), p(?)) r Jr s+(t, t(t)) dt < + @.
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lE. lt' . a a|.,.:a|a \E.lt !,t ttta! !.. c,pt- iah

n(p(o) + it(o),t(?) +it(?) I Ir3*(r,t(r) t )t(/)),rr (8.13)

;s a h.nhuedshls fuution of ). t Rt Jor etry arc p sathfJ;tE \8.11) and (8.12),
IlEn f ha! tissa Ep/afit).

Pturt Condirion (b) neans, nr tle se.se ,,f [2], Seciion 8], thar thc con,
vex function O-,1 has no d;rections of rcccsiion othcr than directions of
constan.t- Siice @-,.n, is loFcr semicontlnuors bt.Protosition i, .nd also
frlite-dnnensionrl, that is, the sct of ali p such dnt @,,.v(p) < + c. foms a

frrire dinensioral n,bsct of,4i1 (bccause every such p Mrisfies (8.11)), it
follors froni th;s thar O".{ .tt.ins its minimun (fiDiteh ) on 1"1 [21. Theo-
ren 27.lbl. Thus an optimal arc eiists for @.,M.

The ;ded is nos to pass from fie finite-d;ne.sionalitt' of d^..i to a dual
propert), the finite-codinensionalit,v of pr.r, and thereby reduce the limit
in (b) oltne Corollar] to TheoreD 4 to a mor€ elemcrta,) finitc dimcnsion!1

Let -l be the firite-dimensnn\d] sut spacc of l,,t consisting of all p satis-

&ing (8.11), and let 
^ia 

be tne annihilator oi N in 8,,' with respect to the
pairing (2.3). Tlre quotient spacc ni-i,l'L is finitc din€lsional, and it is
paired $ith N in a natural vav. Suppose it cen be shown thxt p.r(a,t)
dcrends only on the canonic.l image of (a,l,) ;r B"-/Nr, so thrt pl' can be
regarded as r corvct funcrion on B"'/N. wh.se conjrgxte on N is the resf;c-
tion of O,.,v to,N. Thcn, since O.".r,Irs no d;ections of recession othcr
thar d;ecii.rs of coDst.ncy, ir (ill follo*'f.oft [2], l heorems 7.4 and 27.1b]
that F.,,_, as a func.ioa on 3,,'tiva, i. lowe. senico.tinuous ar rhc origir
(in t1,e nxtural finite dinen3iorel topologl).'lhe latrcr propcrt] implics fiat
q..r , as a functioD on -Br', is lo\'er senriconiinxous at ihe oiig;i in the weet:
totohgv, and hence thrt conditjon (b) holds in rhc Corollrry 10 Theorern 4.

To sho{. d,xt err.,_(a,l) depcnds only on the canonical ;mage of (a,l, ;r
-B"']Nr, \!e obscrle 6rst rhat [b,r dircct cx].ulatior usi.g the furdxmeEiil
natri\ of tli. diferenrial equaiion (8.i l)l Na consnts of tie paiB (., &) sL,ct,

that. E l?", ( =4,", and there erist,; a: e 1"1 $idr rl0) .- -., r(?) - 0,

!(r) :.40) t:{r) + a(r)l for alniost every r.

\-o{, bl dcfinili.r, qt Lla + c,_r - a) ;s the infinun of

I 0. I d ,t. Lt ,' ,E l,r



CONIEX TUNCTIONS IN OP]TIMTT CONTIO! 20:

o!€r all $ e.4,1. If (., &) € 
^, 

and : corresponds to (., a) as just described,
expression (8.121) can be re$rirten as

Ih,(A a.qT' I s'.i't- r,t .t,t )\t)1 /. t8.t5/

\rhere r : r r .,4"1. Thus the ;,fitu,nn of (8.14) oyer all ' € 1"1 is rhe
senre as the innnum of (8.15) oler alL a €,{"1. In orher 

'ords,

?LLla +.,r + tu):.tL.Lld,i for any (r, a) e Na,

and the t.oof is complete.

Er \rplr 8. This is a couoterexanple showing that the rl,ree equi'ale.t
propcrties ii the Corollary to Theorem 4 do not ahi'ays hold, ercl w)rer
optinal arcs elist for both @,,. and @,",&. It also sho{s tirt 't'hcorem 4
and the Corollary vould feil if lhe \real* convergence were .eplaced by
convergence in tlic 8"" norm.

Let a : 1, and define Z on [0, ?] x 111 x Rr by

r0,i// "'\ i co ir 1 1,.

De6ne / or R1 x R! by

l(ca , ca) : a.

It is ob\ious that condition (A) is sat;sfied, and, since, is indepcndent of I,
conditions (B), (C). and (D) are satisfied too. $re lare

O .,,, Ir/0, i .'r,. 0 r., rlt .

- t) , orher$;e,

jnf{@,.Z(,) , € r"} : ei.z(0) : 0.

On the other |and, for (a,l) € r"' $,e hr\c

n; , I'in) / J' ior'lmo'. -: .

i+ E

Thus tlrc incquality (a,1).{5 implies thar er.L@,y)> 3. Thcrcfore

strons,lin i 
,e,.z(a,r) 

: Er.z(0,0) : 0, (8.20)

(8.r6)

(8.17)

(8.18)

(8.r9)
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where the limit is takeo over all sequenc€s in t1' converging to (0, 0) Nnh
!€spcct to the no.n li l!..

\\rc shall show row, horve!.r, that thc limit is acluxlly or if taken over
all seqricnces conlerging to (0,0) \'ith resp€ct to tle we*+ topology on ,1".
Iiring an] rositi!. real nunber d, {e de6!c (a, ,J; e 81- and d",e Ar'
fo! each positive intcgei n b] a- : 0,

,-(,) == | "

('

'.,,,: 
l;t'"

Thcn for erery 7n lve ha!€

,PL.L{I-,r) - aL.L@,,) - d

Futthennore, ihe function ),,, conrerges to zero alnost unirormly on I0, Zl,
ald hence in particular (a,",1.,) collerges to (0,0) in the \eal* topolosl'

, e,'. ,i.,ia'r,zG,j)
(,,r)-(0 0)

$here the limit is t.kcn orer xll sequences in B.'converging to (0,0) io the
1'erk* tololog!. Since & lras a. arbit.ary positite numbcr, ite conclude that

rreak* 1im inf eLL{!,tJ: @.

Of correc, (8.21) impl;es by Theor.n 4 that, duaily,

tctp- l?) | e 1,\): e", ,(0,0) : +- o.

> lrral+ Ln ini q-.M(L,q):4.

This c?D xlso be reriiicd directlr bl computnrg n and nl if one so dcsires

lf in this €{xnpLe thc det tion of 1is changed to

Iil 0 ar<-,
if !<r<?.

if 0<r<L.
if !<r<?.

(8.21)

(8.22)
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f(') > f(t) + <' - ', '.) for eFrr zeR. (e.l)

2A7

lhe same rrguments cnn be carried through, with th€ di$cr€ncc that, in this
casc. an ottimal arc exists for @-.y as scll as {or Or.,, rhc ninimun of
O,r on .4"1 being 1, and thc nilimunt of @,^,M on -.1,,r benrg 0.

9, SulDrarlrrf,_rlA! Cor,DrrroNs Fol .! XIrNrru!

'I'ie fln,iliar Eulcr-I.agrang€ equations ard rrxn.lcrsaliq. conditn ns of rhe
colculus ofvariations can be gencralized to conve]- rroblcns of Bolzn, rvherc
thcre arc no diRtrentiabilitv assmptions, by lneans of the tl€ory of sub-
difierenti3tion of conacx functiors. Fulthermorc, a one-to-one cor.espond-
cnce bct$,een Lagrxnginn functions, and HAtnikonilrn functions 11, exrend-
ing thc classical Legcndre corresponde ce, can be dcnred in terns of con-
jug,te carvex functions. Under this correspotrdencc, rhe Eulcr Ldgradgc
sut'difierent;al condition is trans{ornred inro a }IamiltoDian subdificrential
condition, rrhich is an ordinary dificrential eqL'atior \\,ith a multivalued rishc
hand sidc.

Gisen atr extended-real-\alucd conrs function / on R' and a point
:! € n,, vc derotc by ay'(r) rhe sct of all x+ e ]?i such that

Such rcctoG i* are cirllec. sahftdnns or f ^t 
r, ^d a/(r) is cailed d,e s!6-

diLfdential ot I ar f. k is immed;xte fron (9.1) that e./(r) ;s al$aF a closed
con!e,. s€! (Nssibl) emptr). Iflis actul}ll) (nnire xnd) dificrertiable at a in
thc ordin!ry sense, theD a/(r) consists ofa singlc elemcnt, nam€l) the gudient

tat il t\/(x) - [-i, (x),..., ?,-,;(.\)l .

Inequllit\' (9.1) implies thit

,* € r/k) if and oDlr if "r-(11 : G, '-) -.,/G), (e.4

$here/* is dre conjugate ofl. 1hus, in the case whcle/ is prop.r aDd lo\rd.
cemicontinuoLrs (so that /"- : /), oDe has r" e tJ(x) if and only if

' € ;r'1x).
The thcory of subgradients of conrer functions on fi" is prescnted at

lcngrh in [2], scctiors 23-26]. This theo.v includes formul,s for calcuhdng
subgradicnts ;n la.ious situatiors.

\\)e shall denote bt ,r(1, x, 
") 

the sLrbdifcrcnt;al of the conle\ function
,(t, ., ) at (r, c).'lhus iz(r, r, r) $illbc a cc'rain closed con!'e\ subset of
R' x R' for erch (1, 

', u) in [0, rj x R', x R'. Th! subditrerential
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,1(.! , .r) ol 1 at (.0 , .") will likeirise be a closed co.eea subset of Rn x llr
for eacl! ko , .r) ;, R" x R".

$:e sh e1L sa] that a gil en erc r F -,1ir ;atisfies dre -4i net Lagt dnge condition
for, if there exists cn arcl e l"t such thot

(,0),10)) € ;z(r,,(r), i0))for almosr e'er] r. (9.3)

$:hen Z(t, ,, r) is actuaLly differenti.ble \lth restect ro

(',,) : ('1,..., f", 
"1,..., ',,),

so that ;a(t, r, r) cors;sts of tl€ s;rgle rector

,I ,I ,I :Il.- r'.\.-).....,--(..r',.,,, r,. t.
(9.1) saJS snnply that

?L'- (. ,).. t). . - 1.....r.

T

i.'' -,. , .i 1'. i 1.....r'.

for almost crcrl t. Then thc EuLer Legraige cordidon is the classical con-
diri.,! that a should satisly the Euler Legrange diflerentirl equations:

d iL aI
;r'. .(t. .(n. \r )l rr I i0 I. i. L....h. /9.r)

In ccftain c.scs the Eul€r-Lagrange condition may also be construed as the
marimuDi principle of opiinial control theory, as will be s€en in the nert

\\:e shall sit that x E -l"r is 
^n 

ettiendl a lor the Ilolza functional @1.a

ifr satisf;es the lluler l-agrange cordirnh tu.L end,in,ddirio!, drc arcl
jn (r.3) (wliich is nor rlrrrs uriquell dete,ruinerl) can bc choscn in such a

(1(0), ?(r)) E.l(1(0),,(1)). (e.s)

Sucii al c 1,1 \riLl be cal]'t: a caext.nal of,t r car.cspondilg ro r.
ConJition (9.j) \ ill l)e calledrhe tta tt.tsal;o condilD" for @! r in aralogl

Fith rehted conditi!tr,s i! the calcrlus ol lirl.tlons ard cttinul conirol.
The rcc:on [or the tcrminolog] is f.rond ;i, 1l,e special case *he.e, for certr;D
nonemtty closed conrea scts C, and Crin /l" ore llas

rr..0r..rt , '0 i.t_ '0: . J 'r ' .o, r
i lt 

' 
o 'l) '.
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lThea h the gilen problem of Bo]'a one is mjnimtzins l[ L(t, l:(r, i(t)) dt
subject to r(0)ECo and '(7)eC,l. Fro (9.6) and thc definition of a/,
it is aptxrcnt that d1c traDs!ersrliil cond;rion (9.j) is serjsfied in ttris case
if and on\ if x(0) € co , ,(?) € cr and

(l(0), .o f(0)) < 0 for e!er). a E co,
( l(7 ),.. ,(7.)) < 0 fo. cvcry .r. cf.

In the languagc of conrex anatrsis, this sa).s ttratl(0) L a aftlat Nutor to
C0 at x(0), $hile ,(?) is a normar vector to C, a.1(r). r,heD q and C"
consist ol single vecrors ro lnd .z, respcctirety, the r,ansversJkl, .onditlo;
r/ ;aI.r,1. .0, ;,,d{f, ./ p.0,J dr{,/.t,,g;b. rrl

Of course, an arc I E ,ri1 i'iti s;nitarty be cailed an cabenai of the';uxl
Bol,a functioril O,,.M if there eaisrs an , €,4,,1 (a coextreDal of @",.M cor-
respondnrg to l) such th.t

(io, f(D e axr(, r(t), i(r)) for almost every ,, (s.1)

(,(0), ,(z) € rftb(0), r(r). (e.s)

The relationship betieen ertr€mal a.cs and optnrxt arcs of ihe Bolzr
functionals @,., ard @,".. is eracrty elplained b, the next resutt, ,t,ich is a
direct consequencc of Theo.em 4 and thc theorl, of subditrereniiation.

'l xoRs\\ s. The fallaui s canditiofts a1t a ?dn af arcs t E .4^1 andpeAnl

\ll J....' -/, tola(ta'a Ld.t.rc rr.no,t.
(b) ? 

^ 
an exbendl arc Jot 6,^.v L;th ca eitEDaI sj

(c) x na aptilnat arc fat a\1, f ia aftit tlt arcJ an.v,atJthe
equiaale t seh;eattiku;ry cand;ft)ks (b) d d (c) i *e Carc a\) to Tt4own 4

(d') aLLO): - o^,tu(?).

P/,,/. h ri€\v of the conjugacy ierrtions (s.5) a.d (5.10), cordiriors
(9.3) and (9.1) are equi'3tent, and tl,e1. arc sar;sfied jf an.l ontr if

/-c, r(1), .i(r) . tr(t, ?tt), i(\ _ (,(4,i(,)) - ljt),?(r)) : 0 (e.e)

for almost crerr.r- Snrih.l], br (5.1) a1d (5.9) cond;tions (9.5) ald (9.s)
a"e "a r.. .. .. nJ rl-! r.. .,, ..er rt ,.I ,., . '
t(,(0), rl1 D -,n(?(0), p(?) (r(0), p(0)) + (:r(I'), p(i:)) : o. (e.to)
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Of course, the left hand sidcs of (9.9) and (9.10) lre alwal's nonnegativc, and

the inte$rl of the left hand s c of (9 9) ovcr I0, ?1, plus the left hrnd sidc

of (9.10) is

@,,.(,)+o-.-(p)>0,

as obscrved in Pror.sition 2. Thqcfd. G). (b), aid (d) are equivalent. 'l'he
equivalcrcc of (c) r.ith (d) a obvious fron ProtositnL 2 an.t th€ CorolLa,l

CoRor-LAny 1. ELery e'ratnal aft afO)rLis anoft;1al atc. Conunell, iJ
ah ext/et al ar. exkrs far A1.,, u ;J oae oJ the senno !ihu;t! ca llit;ans (b) ot
(c) ik the Cora aryaf lhearem4ilalisf.dd d the inftutu oJ a,,,y a14 A,,1

;s dttdi ed, the exery olritnal arc fot At,Lis ax e.tfendl atc.

CoRorLARy 2. If x I an exttenal arc Jor @t L , then the.o.attmals af @t.L

.ar tp l a dt'! to . a e lltp '. ':" d' o. ta,.h. !.

These corolLr.ies prclide, ?mong othei rhings, a dnxl rnethod for sohirg
a giren conle\ p.oblem ol llolza in c.ses (!s in Examrles 6 add ?) Fhcre it is
kno!'n tlat the equi'alent troperties in the Corollart of Theorem 4 .rc
present. In this method, one 

'nnrinrizes 
d,e dual Bolza functionsl O^.v

oler 1,,1, rathcr than tlie gircn @;.1 . Haring rleterniied arl oldnaL arc I
for @,,.,", one sets all thc optinal ..cs x fo. @iz b] finding all the arcs x
which, tosether wilh l, satis4 (9.3) atrd (9.s). 'Ilis dual merhod could be

xdlantageous il ninimizirg O-..u hxppencd to be sinpler than mioimizing
O,.,, perhaps because O,,.i/ Nas esscntiaLl! 6Ditc-dim€nsional (!s in Exam-
ple 7), or because @,, w fas elerlNhere dificrcntiablc in some sultablc scnsc,

so that .steepest descent" rlgoritlms conld be uscd.
(Dua1 nethods ol solLriinn ol rd.irtional problems arc, of couNe, nothing

ncw, and rhey arc wcll knor n in thc crse of 1;rlerr cortrol | rcH.ms with fired
endponlis. Hover€r, dual mcthods halc custund.ill becn dcscribed in terms

of sullortirg hJrre.flanes as in \Yeis \ian Sl_;le 1291, Yhctem hcre we fe
able to g;\'e r Do,e e\Flicit fdrn, frolided tLat t, a.d II can b. calculdl.d
froni I and r.)

A Hamiltonian form of tlie Euler i-rsrarge conditicn \rill loir bcderived.
Tlie Hanih.niaa Jundiaz corrcs;ording 10 rhe l,agrangian funcri.rn 1,

Nill be defined es the ertended-rc.L-ralucJ ldn.tioD Il oi 10, ?l x R' x R"
obtained b-! taliifls tle coniugate of til€ conrer fun.tion ,(r, t, , lor cach

(r, x). Thus

a(i, 
', 

p) : supt(", p) l(/, r, !) iz E R"]. (e 11)
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By the tropc.ti.s olthe conjlgacy correspondence, ofcourse, a is conpterely
derernlincJ by 11 lin 'iew of as rrtion (A)], and one has

z(r, ',.): sL,F{(!,p) rr\t,,,dtp eR}. (9.12)

The corresloadencc bciween Lagralgian fonctions and Hamittonian func-
dons is fius one-to-one.

Ifl,(t, r, r) is dilTcrent;abi. in r, and if the gradient ntappjng

.LI. 1..t.....;r I
is ore+o-onc fr,rh ,4,, ont., ;rseli (9.11) reduces essentially io the classical
Legendrc transformat;on: .?(r, ',?) is obtcined b] sohing ihe eqlatio!

Y,t (t, r, t) : p

for o in terms of r, ;t, andl and rhen slbstituting this in the exprcssion

u.t .1.', .

This is treated rigorously in [2], Section 26].
T'hc conrerity ofZ(r,a,r) in (', 

") 
inpties by l2t, Theo.en j3.tl that

H\t, t, t) 
^ 

cancau ds a l "ctin 
al x ard .a,ne, ds a ft!fttia. of p,.o tij.r E.

';.. L. . \.-r 'i,dro 'd od...T..1o;.r - ,f H
iill be discL,sscd h lrore detail clscrhere 1261. (Note that the one-ro-one
corresp.ndencc benl.een Lagrangiars.nd Hlnilton;xns in (9.11) rnd
(9.12) does not depend on alL of our assumptions; it is $etl-dcfined a3 long as
Z(/, ,, .) is, for each I and r, a lower senicontinuous conrcx funct;on f.om R"
to xl u { -r co}. In this gcneral case, hofcvcr, 11(r, 

", 
1) $.o! Ld oor be concaye

in r, alihough lt irould srill be convex in r', and subdilTerenriation wir! res!ect
to , could not be enployed as below.)

For ea.h I and r, 1ct us deiote (someiyhat nnrie.fccdr) br ,!II(r, x,l) thc
set ol all suhgr.dicnts nr R" ol the coD'cx functior H(1, r, J er ttre poinil.
Similarlr, for cach r end 1 let !s dcrore b), - a:I1(1, r,p) the sct of all
subgradierts in R'oft1,e cotr'e\ flncrion A(1, , p) ai rhe poinr x. I! orher

?,8(t,r,?):b Y?'eR",Itlt,x,fi') > t,r,r) - (.,t t)], (9.13)

a,II(.t,x,?):ls vr' e R',, H(/, 
'', 

p) < ,.1(r, ',1) + (e , 
', 

r)1. (e.11)

\\'e sh!l] sxt tlrrt gir'en lrcs r.l"r and y'cl"r s^t;ifJ tl\. Harn;]laxi.n
.ordtrtor conespoid;rg to ,ry if

i:(r. e,II(t, !(t), ?(t)J for al,nosr crer) r
and (9.ls)

i(r) € !_I1(r, x(4,1(/) for almost e,ery L
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Ifj/(r, , ) lappens to be dilrerert;able xt (r(i),t(t)) for eveq' t, this reduccs
to the Hamillonian equrtionsl

t(r) : v,I{r, ,(r),1(r)) fo! almost erery t
(e.16)

i(t) - -\,I(t, x(t),?(t))for almost eveiy t.

(Obsenr, incidcntallt, that ,ry could bc dilTerenr;able everyFhere ;r , a.d t
\rithotrt, neccss.rilv behg dilTcrcrtiablc, or ercn finite, el,eryirheie in ,

In thc classical case, where the correspondence berrccr Lagrangiras ard
Hamiltonians ls defired in terms of the Legendre transformation, , a.d I
salisfy thc H.m;lnrnian eqDitions if and only il , satislies the Eul.r L{grnage

1(t): v,r(t, r(t), 
"(t)).

In the preseni case, there is an an.logous result, rhich is augmented b1 a

gafte-tieo.etic cLtacterizatio!. Thelatter concerns the function /dcfined by

/(r, s, !) - - sxp{(s, r) - L(t, x,ql i € R}., , (e.17)

= r' t - ;'. -' -.-!r:,.-i rl
we note trat J(r, , J, lilc FI(r;., J, is conca'c-conlcx on R, x R. for edch t
by [2], Theorcm 33.l]. \\ie shall say that arcs r- € l"r atrd p € l",r satist rhe
nkinax cotdition cottespoldnrg toJ it (1i(,), t(r)) is for almosr evcr,v r€[0,"4]

(e.18)

oD -R,, x li',, in other words,

Kt(io, r) > K1@(.q, i( )) > K,G, r(') (e.1e)

for e!er] reR'andseR'.

'f:ldial.E\r 6. The Ja o{inr tund;I;a ! an a pa;t of atts . . A"1 and p e 4"1

(A) x a ,l p ltisJJ the Haftibon;an .anlition corr.sPondiag to II;
(b) r r4r;rt.s, tagetlw --ilh !, the t)tet Lartu,:e ca ditian.otfs?andins

to L;
(0 p MrV.s, hletht t;th x, the Luler Lagrc ge co ttiti.n conupa dirg

l.t) ' end ? sari{J trc Nntinar ..nditioh catesto dins ta J.
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PtuoJ. 'lh;s is imed;ate from thc mbgrldierl reldtions esrrliished in
[2], Theorem 37.5].

r, i ,dF\ // t tt^)t.l , .t.t .a,; 1, tt. Hon;'ta1:a, .a1t ;.,.
ro.l5. 1 \ ";1'1,.. ! t.taa. tn. J.t..ot al av :h 4. Lnti,.g tt,

a .I t, n;ri .i . J;'tdo.,ap,o o a.t t..i,.
A"r haang E safte eadtaixs 6 p.

P/o,l Giren r andt satisfFrg (9.15), ler.o .= !(0) .nd.": 
"-(r), aid I

be the fur.tlon on R,, x ,R', \rhich ranishs at ko,.r) but has the vltuc
a cc e\ery$.h.rc else. Then r ard p tririalL_i satisfl the transneN.till' condi
tion for 1. Si.cc r- and r, also satisfl the l!le. ragr.nge co.ditiotr (9.3) by
Theore.r 6,, is an erremal arc for @,... Thcorcm 5 inDties rhen that ,
is a optimal arc for Or.z. In o.i1er words, one has

for elery l]rc : 
= 

,4,,r such that :(0) : 
'(0) 

.nd :(z) : r("). The rrsumenr

The adrantag€ of the Hrtuilbnian form ol the Euler Lagrange condltion
is thar it can be studied as a dillcrcntial equation i{ith a nulrilaldld right-
h,nd sjdc- Thus results abolt thc cristcrce ofsolutions, and rhe dercadcoce
of such solLrtions on initiel points, cal be derived in certain broxd cascs, as

rrc shell denonst te in 1261, fron known gencralizatiors of rhcorems
about oidinary di$crcntial equatiors, such as rhc resutrs of Castaing in
[5, Section 91.

10. Exrixrr;.1 ARcs AND rH! Il.L\llruu PrrNcrpl-n

The Iiuler I-rgrange cordirnn\ and tfunsreBrlir! coddidor iniroduced jn
Se.tion 9 cdtr bc made mo.e ertl;cit ;, falricllar cases b\ nc.ns of the iulcs
gilen;n [2], Scction 231 for comtJuri.g subgradienrs, toscrhcr $irtr lr.ious
neasurrbilitl rcsults and selecrion t|FrcnN. \\'e slull dcmonsrrare rhis for
s.n)e of thc cxample prrblcms alLQtl discuscd. Eranrllc 12, esfecialir,
lritl clarify thc r€htninship, in thc case of"sumcicnrll. il;ilercnrlable" !rob-
lems of oprimai cont,ol rcformulatcd as .onre! t rot lens oI Bolza, betwccn
ert.cm.l arcs in t|e sensc of Section 9 and ircs rnd controis which arc
ertr.maL h tle sense of thc nelim!nr principle.

J'r p, ,14,4ty1a, 1 J' L(, z(t), t\t)) dt

/
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E$xrLE 9. Supposc, as in Example 5, rhatt is of the form (6.16), The
colresponding Hmiltonian function H my thcn bc calculat€d as

f1(/,.t,p): sup(r',r) -/(l,x) -s(r,r, t(.)x)i
: ,.lfi(, + rttl .,1> -- l(t,,) - s(t, t')j (10.r)

: <E(t) !, r> - f(t,3) -t s*(t, p),

rvhere the last expression ;s to bc intcrFr€ted as - co if both/(I, 1) - + n
dnd 8'(t,r) - + @. The seDcralized Ilaniltoninn "cquations" (9.5) for
this H, $hich are equ;valent to thc generalized Euler,Lagrange "equalion"
(9.3) by Thcorcm 6, are:

r(r) 6 to {4 -i r8*(r, r(r),
l(t) e - E+(t) to + ef(t, r(t)) (10.4

for alnost €very t. \rhere a/(r, ,(r)) is the ser of all subsradierts oft(1, ) at

'(,), 
and 2g1r,r(r)) is tho set ofa subgiadicflts ofg*(r, ) atr(r). Ofcourse,

(10.2) can also bc exlless€d in rhe forn

;i(r) - t(r) --(r) + (r),

ilt): " E*(t) l(t) + u(t),

4, € te'(, p(t)),

s{r) e a/(, r(r)),

she.c / €r"1and :. €r"1.
Sutpose no$ that/ isid€.tically 0, and tha!thc co. ditions in lxanple 7 in

Scction 8 ale satisficd, so that the dud problen ofBolza is essentially finitc-
dimensionnl ard hrs at lcest onc opiimal !rc, and the plopertics in thc Corol-
lary to 

,1heorc,n 
4 hold. Then, b] Corolhry 2 ofTheoren 5, s is an oprinal

ltc for Or.r if rrd only if r is nn esftemal rrc, i.e., sarisfcs tbe conditions
(10.3a-d) 

^nd 
(9.t tur some t E -,1,,r. In thi, case 

'!(r) 
mus! be idertically

z€ro i (10.3d) and (10.3b), and tllc arc I is uniquelj dc'ternincd by p(0).
Once l(0) in.] x(0) hare beea specified, a lunction x ch be obtrined frotu
(10.3c), and thcn (l0.la) cln b. solled for -r. Ilerc (10.3c) can bc exprcssed
equitnl.nd]' as thc condilior thrt tbe niaximum of the (c\tended-real-
valucd) conc.lc function

(t(r), .) _ s(i, J
o\cr R'' be rttaincd rt dre point r(r)i thns, ifg is such that ;3r(t,p(l)) carnot
bc hardled e\plicitlL il r! still be possible to der€.nin€ tfic function l] b\,
soh;ng r €ertain ottidz ion problcm in Ri for each t,

00.34
(10,3b)

(10.3c)

00.3d)
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Obsen e that, depending on the relationship bet$een -4(/) lnd f(r, J, it
could $ell happen that a is uniquelr determined b,! (10.3) !p to equilalence
in r,1, since 2s+(r,?(r)) might rcducc to a siDslc .lenre t for almost e!€rl- I
\\hen, !s ar arc sat;sqing thc d;fierential equation (10.3b) {ith 1(t) = 0,
(This is suggcsted b). the fact at, on the imerior of the set of points she'e
?f*(t, , ;s nonemFt!, ag*(1, J r€doces to a sinsle elcmenr almost eaerltlherc

lll, Theoretr, 2i.51.) In such c$cs, .r is uj);quelr deternined by 1(0) and
r(0). Thc onli rcmaining problem (nor necesssril] .as)) is then to choose

{0) and {(0) i'r suih a wal that the resuitiDg r(?') andl(?) satisfy d)e trans-
ves.lity condition (9.5).

As poirtcd out foilo$ing Corollaa' ? of ThcoLcm 5. the coertfe$al I
necded i. older to detcroilre r can abo be found bti soliirg thedusl prob-
lem of Bolza, lvhich in this casc (accorditrg to li:.ampie 5) consists of mini-
nizirs

,,,(J(0). /(7) . J,,r'(t. P()\ dl

ol er the finitc-dimensional subspace of l"t conshting of all arcs I such that

it) : - 's"(4r0) for aimost €\cry t. Tl,is mar be resarded as a problcm of
mininizing a ccrtain (cxtend€d-reil-va1ued, not n€ccssarili diflcrendil,ie)
convex function of a vcctor variable ds e R', 1lhde do :?(0).

I)Llltpl€ 10, Corsider the convcr prol.rlcrn of tsolza in Examtle I in
Scction ,{, $ltere I ard, arc siven by (4.5) and (4.6). Hcre we sci

r(,) : (a(r), r(r) snd b(t) : (q(tj, h(t)).

2ts

(10.4)

The trans'€rsalit) condjtion car bc anall,cd ,rs in the cxample mentioned
in Scction 9r one has

(q(0), h(0), - q(t'), - h(1)) e el(:(o),](0), :(?),r(4)
if and onry if }(0) :0 : r(I), s(0) ;s a normal 

'ector 
to Zo 

^t 
z(0), 

^nd
9(?) ; a nornal rcctoi to Zr at z(T).
Let us no$ irritc

L(t, \a) : LL(t, \, t) - L'(t,.t, z, -l- ti(r, .t, c),

$.hcre (fd r : (:,]) and " - (?., z))

L,(t, r,x):

talt, !,t) -

t: -4(t) r + B(t)u,
it + A(t) a - B(t)u,
lr e LI(l),

" 
( (i(r.

.I'.(r, ', 'r),{0 if
l+ - it

l0 if
l-q if
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For each fixcd t € [0, ?], the hypothesis of l2l, Thcorem 23,81 is easil] seen

to be satisficd fbr (10.4) as a sum of convex functions of (J, 
"), 

and hence

aL(t, x, x): el\(t, x, t) + aL,(t,,, x\ + ?1"(r, !,4\. (10.5)

LElr\in. l, arc t c A"1 salisfet the lt4leFlagftnre .oaditio heft Jor L
iJ aal a U iJ therc el:ists a t, e,1,,1 s!(h tlrct ah? ha!

(1(r),?(i): (,,*(r,,,-(4) -t ("-,-('), '.'(i)) + G.-O, og-(r)) (10.6)

fot Leb^sue ,ua'xfabte lu ctio s xL* dhd Lt* 
'atisbng

@i(r),at.(t)) e aLt(t, t(t), i(t))/a/ ah aneNttt, (10.7)

Proo,1 The functionsZr satisi conditions (A) rrd (Il) (s€e thc discussion

in Section 4), rnd rhercfore br [23, Corollarr 4.6J the multifunctiors

r - Ar,(t,.r(,), :t(t) C R.

are Lebesgue nersulablc for mt r c I,r. (At points I whcre thc derivarive
J(r) does rot cxist, an arbit'ar] ralue may te rssigned to :i0), so that thesc

mlltifurctions are ciet{here defrncd.) Fi\ an}'arc ? : .,1"r, lct 9r(r) deDote

the ser of all (,-1*, !r*, r,a, r,+, n-r:, rr3*) iIl RB" such thlt

r1r -t ;r'* + 13' :?(/) and a|* - \x + as, : to'

9z(r) =- ar1(i, r(4, i() x ar,(r, x(r), *(,)) x :,3(r, 
'o, 

r(r),

9Q) - Qt(t) ^Q!\t).
In !ie\r of (10.5), tl,c Euler-Lasnnge condition (9.3) is satisfied by r and I
if and orly if

liof 91 and 9! are Lebesquc mersunble as :nultilurctiors fron 10, ?l to
-Rd" b; [23, Thcorem 3] and [23, (:orollar,r' 1.2], and heDcc I is lilc\rise
I-cbesgue mcisural,Ic b) [23, Corol].rr' 1.31. 'fhis impl;s b! ! result of
Iiurato\slii an(l R\ll \xrdze$ski [13] ftuoted as 123, Corollaij l.ll) that,
unJcr (10.E), there o'rsts a Lelcsg'ic merlsunblc function trom [0, ?] to R'"
ilhos€ lrlue at I bclongs to9(t) for alniost e\dt t.ln othei $o'ds, (9.3) holds

if all only if thcre csjsi, ds claimrd, Lcbcsgue rncnuable functi.ns 3,*
and ri' rron I0, 7.110 ft" sltisfj i.g (10.6),nd (10.7). This ! cstl,elcmma,

\\'c lnust no!! anal]ze conditbns (10.?). lor conlenicnce, lct us sct

Q{r) ; 0 for alntost eve,y L (10.8)

(si ,r',') = (2,',r,,',a,',r")L R' . R'^ I' /t'.
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Thcn obdously (10.7) holds for l: I if and only ii for alnost everr r,
J,,1*(r) :0, ar+(r) :0, and

(E1*(r), !1"0)) e e<,,:(r), 
"(4)

(r0.e)

(\rhere { :r). On the other hand, (10.7) hol& for t:2 ir and onlr if for

z(t) : A(t) 
'(t) + B(t)1t(t),

zlt') - .1(t\ z(r\ i B(t) r(t),

(r0.10)

:'',*O :0, .?!*(t) : - .414 rr14, and rrlt : - B14r,r+(4 ($here
l*(r) and R'(r) denotc thc rransposcs of l(r) !!rd t(r), resp€ctiltit). SjD;
larly, (10.7) holds for r': 3 if and only if, for llnost ercrr r, :,,*(r) : 0,

.rr* :0, tcr* : 0 and

x3*(r) is d nomal \ecio' to U(r) 1t !(r) € tr14. (10.1r)

'lhus (10.6) requn cs rhat, for almost every t,

40) : ,1'4(t) _ A4(t) tu!.(t),
,i'(t) :0'
e@ : %*(t),
h(t) - u1*(t) - B"(t) Q!4(t) + h^O,

subjc.t ro (10.9), (10.10), and (10.I l). Of cou6e, ihe condilion that ,(/) : 0,
and the tnDsle.salitr condidon that ,(0) :0 : n(?), nnply rhat ,ll(r) is
idcntically 0.

Th*efure thc atc x : (2,1) h a ettwnal arc in thi eian9le (;.e. the arc z
aktl catftlpondiry ca"tnl u : i arc a" "exh anal ta;t" lot the eixe o?t;r&t
.ohtuot 1Jrcble t);J a d onU il there eli't furctbrs q e A.t a"rt u" eL"t sluh
that, lot atnost exery t e [O, Tl,

(l0.l2a)

Q(' 4*(r t|(t), - u+(t) l- B:0)e(i))E rr(r, 
"(4. 

!(4), (10.1:b)

u4(t)i' a ahralx.ctat to U\t) at (t) e U(t), (10.12c)

.!(0\ k a nofi alt3.tat to zr at .(0)ezt), (t0.t2d)

- q(T) is ahorrtulrertot t,) Zr et 2(T).2r. (10.12c)

Thcse conditiors can be analyed furthc! \rhen morc informarion is gilcn
shalt K, U(t), Zr , 

^nl 
Z,. Su!!ose, fo. instaDce, rh3t !hesc a.e defined as irl

Exa'nple 4. Llt lt, d.nold the unir ball for rhe no.m li il., rnd fo. a Rcror
z! let ,(/) denote dr€ set ofpoints ol r, at \rhicli ?r is .r rorn)il \ cctor. Deiine
/" similarly for . 1.. Thcn (l0.l2b) rnd (10.11c) s.t thrr

4(j + a'(t) q(4 
= 

el"(z(t)),

(0 € ,IlB1, c(t) P./"(,,(4),

(r0.r3)

(10.14)
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shire (10.12d) and (10.12e) sar that i(0) -a, zQ)ezr, and q(T).zfl
(q(0) arbitnry). Of course, in thc casc {here p : d : 2, one has

)u-u ;l 0.
rr! .d 1, i. z.0.

If p : co and d : 1, conditlons (10.13) and (10.14) llre rnore conpljcared,
but thc\.can st;ll Lr€ written dou explicitll.

The Haniltonian function in this cxanplc is givcn by

H(t, x,p) - H(t,2,),, q, h)

' A\,).q :f \u.l U.).1 k\'.2.u,j. (10 l5l
u.u{,

ILAr?Ln 11. \Ve shall sho11. thxr, in the case of lt\1mple 2 h Scction 4,
the Eulcr-Lagrange condition and t.arsrcNalitl condilion rcquire the exis-
ten e af cettai Lagra.se m t4llcrs for thc constraints (4.8) and (4.9).I{ere I
and, are given bI (21.10) and (4.1I ). we shax assune it is possible ro choos€
ao and ai;n R' in such a rraX thar

i(,0, ar) < 0 for ;:1,...,,\,

{ith st,il inequality lor all t such tliat 4 is not a6nc. Sinilarly, we shrll
asume th!t, for almost eve.y telO,71, it is possibie to choose :e R.,
a e R', and ,/ € R" such thai (4.12) holds rrith slrt, inequality for lll j such
that K,(t,.,., ) is not agine. Then il and AZ may be crlcLrlated as in [21,
p.2831.

Setting I : (q, r) and ' 
: (', r) as b€fore, $e obta;n the result that the

trans!e.sality conditior

(r(0), r(0), q(O, - ,(7)) € ar(:(o), r(0),.:(? ),r(?))

is satisfied jf and onll.if /r(0) : 0 : l,(7), and thc.e crist real numbers ,\;
(Lasr.nse muLtii,iiers) such that

(?(0), q(") E ar0G(0),:(?) + r1erl(>(o),:(7)

i . + ),,,a.4^J:(0), :(7 )),

. 1,( (4..(1 ,.X. ), 0

.\r/,,(.(0),.(?):0, i- 1,...,f|\.

(10.r6)

(10.17)

Likeqise, thc Euler Lasranse condition (9.3) is satisficd if and only if, for
alnrost e'ery i, ore has ii(l) : 0, and it is lossible to choose real numheis



(t(r), !'(r), r,0) e adot: i(4, i('), ,(r) I p(r) a,(1(r, ,(r), ::(r), a(r))
( 10.18)

- -( ,^',,1/. (..,1,."/r

. A'/,. 0..( ..r.\ n. , o 0
a1d i llr.lo)

|. )| .: ) '(r- , u

Here the Lagra.ge nultillicrs //,(t), if the, eist, can be chosen .s
Lebesgue nelntrlblc fxnciions of tj this may be eslablisied l)y rn argumeni
sihilal to the onc ir the lemma in the fr€cedhg erample.

'l'hscfore r e A,t aftd u .Lt arc an "erttelnat par" fat this .Ofi dl ca tloI
lrohlen iJ an.t mU ;J tterc exst ra hftb.r! \i arut L.b^rue neatutabte

Ju trio 
' h JrDtu lA, Tl tu Rl !t.h rtnt .oh&tt 

^ 
(10.16), (10.17), (10.18), a,,7

(1r.19) hotd (Jat atft.st eatJ t), bnh h() - 0 n] Qa.I9).
\Yhen the function. r, aiJ L,(t, , ) rre difierentiable on Rr x R", ihe

subsradients;, (10.16) and (10.18) c,n be rellaccd bl grudients.

Iri,Lvr]-n 12. Relationships v'ith the n!\imum prnrdtle l:01 can be
clarified bI consideri.g Eaznple 3 inSection ,1.In tfiis fired endpoint prob-
len, the transrersalitr condition is just thrt ,(0) : .o and r(f) : cr, {iih
no restrictioD on l(0) o. t(r). According to (9.11) and lhe dcfinition oft,
the l{aniltoniar function is siren by

H(t,,,p) : nr:{(/(r, r, u), }> K(t, r,tu)), (10.20)

an cxtrcssnr fanililr in thc thcorr of optimal cortrol.'l'h!s luDdcr thc
assurnption that r(t,r,!) is convcr in (r,,)l foimula (10.20) d.6ncs a

function,ry 1'hich L concrle h I, corvcx hp (ard acluallr 6Dite 
^nd 

coDiinu-
ous in all !ari,bles).

lrom Theoien 6 $e l.os' that r- e 1,,' is xn e{t.eNxl ar. il add only if
r(0) : .0 , r(?) == .", xid tlere elists a I ,. .'l,.1si,cl that r rndr, sxtislj tl,e

sere,alired IL.,ih.nirn difcrcnti!1 equation (9.15) 1o. this //. 1he.1iste.cc
.l solut;ons to the laner for arbitrarv initial points and sirfiiciendr sm!11 I
inic.els can be dcdrccd froni thc thcoq ol c.nt;rg.nr cquet;ors, as s.
shall show elsci'hcrc 1261.

'Ihe fact rhat the Hatniltonian corditioD here inrtli€s the mlIimrrn
prirciplc, asslning (as requircd in the fornmhtion ol the max;mum prin-
cillc) that -K and / are dilT.rertiable lriih lcspcct to a, can nost easil] be

dcmonstratcd by working directll with thc equitale.t Luler l,agrange

2t9
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conditior. The Euler Lagrange condition (9.3) is satisficd if ard only il

(r('),1(r)) ,i- (r(r),p(r)) L(t, x(t), i{t)): x((t, i(t), ?(t))

for alnost every, r, where

l,t, f(r), r(/) .= nii[I<(" 44, ,) I € L,/(/, r(r), 1/) : r(')} (10.21)

(thc n,inimum bcins + co ifthere ;s no l? e U such that/(t, i(r), ,) - i0))

xl(t,p(t),i(t)): $,p sup{(r,l(r)) + (a,?(r)) -t(1,x,")}
(10.)r)

- Np nar{(', n(')) + ( f(t,,,"), P(t)> - r((r, s, r)}.

Th;s says that, for alnost every ,, there musr eaist a r(r) e U such that

i(,) : /(r, a0),,(r) 00.23)

and thc "snp nar" itr (10.22) is attxnred ar (a(t),,(r)). (ft can bc sccn fron
fiLippo!'s lern.u l9l that, in this event, r(r) cxn be choscn to be a Lebesgue
mslsurabLe function of t-) ln particular, o.e ther has

(/(r, 
'(r), 

,(r)),p(r)) - K(r,,(1), (t)
: l1(,,,(t),1(,)) (10.2.r)

: tuNl(/t, <'),,4,1(r)) - K(t, '(r),4),

\, Lr,. t .^t!..t t.ptt -A . /rt.r.., 
,.O.ar,

r. .1 I J .-\.Lt ).!l) --rt',).1tt .

,\ssuming thil K and/ rre ditrerentiable with rcspect to r, (10.25) inplies,

po : - r,"tt, .(4,,(4)t(r) I r"1{(,, 
'(r), 

(4), (10.26)

i.... tbatl slt;sl.s the faniiiar adjoint dirler.ntirl cqlrtion in optim.l clntrol
th.o$-. Tlus, in dris case, il a E 1"1 is ar extrcnal arc, thcre mxst c:ist a

coDtrol function r E2,," and an arcl€,4"r such that (10.21), (10.24), and
(t0.:6), thc cooditions of the maimum princiFlc lor a "normal" arc, arc
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Conlerseh, suppose that K rnd/ are not only dilTerenti.ble i^ r, but also

that r(r, r, 
") 

is conver ii (r, ,4,/0, r, ,4 rs amne ia (r, r), i.e., of the fo.m

JG, t,x): A(t) 
': ) B(t)u + C(t),

and U is conrex. (These arc natuFl assunptions inplling th.t r(t, r, 
")

is ;rdeeJ coNcx io ("-, 1), .s mcntioned i. se.ti,)r 1.) Then (10.26) is eqri!-
!1ert to (I0.25), ald it .an bc scen fufther that (10.24) a d (10.25) inpll the

seen,;rglj, sirongcr cond;ti.n that the m,x;nu.r in (10.22) be attained at

G(r), (4). Unds thcs€ assunrrlions, tierefore, e!e.v "noi,nal exrremal"
in tlie sense of the naimun principLe is ai eltre!fu] 1rc i,r the sense ol this
papcr.
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