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I INTRoDUcrroN

\adous developnerts in mathehat;cal econonics ind ottimal control
iare led to the studr ofthe Dcasurabilit! ofmultilahed mappings. Castaing,

in h; receni thesis l2l (partll published in I-11), Ias presented a brcad ncw
theory of measunble multiralued nappings, built upon forindations laid
by.{unann ll, Debrcu [4], KLrratowski and Rlll-Nardzewski [5], Olcch l7l,
Plis l8l, von Neunann [11], ard others. The context choscn by Castaing

is that ofmallings from a locally compact topological spacc to the subsets of
another totological slacc, usu,lh essumed to be meirizablc. This sta.ds in
contrast to the mea rrability theor) of Debreu, r'hich tfeats nialPings from
a measurabte spacc (dthout topological structure) to the compact sLlbsets ofa
netricspacc. Casraing's approach. ho{e'ei, is to prolc an interesting general-

ization of Lusin's thcorem, whicli requires topologjcal structure ofthe domain
space in ordcr to make sense, aDd to use this thcorcm as tle basic theoretical
tool. Thc rcsults of Castairg de, for thc most tart, limited to compact-

h this paper, the theor] of mcasurable n,ultivalued mappirgs *'iLl bc

elaboratcd in the case of mappings fron a generai measurable space to thc
closed (but not necessaril,v boundcd) subsets of z-dimension.l Euclidean

spaccR,. nnphasis willbe placcd on neasurable convex-set rolucd mappirgs
and thcir relationship '!ith 

thc normal conrex integrands studicd in [9].
Olr goal will be to esiablish sereral conve.;ent characteriz.iions of mcasur-

abilitt ard normalitl, ard to uscthese to showthat nieasuiabilitt or normalitt
is presened $nen cerr.in opcrations, such as a.ldition, rre perforncd on
multleatued mappings or convcx integrands. The consideration of multi-
valued mappings { icli are not neccssar;ly compdcrla1ued is importaDt for
for this purpose, since in dcaling with a conver function on R'' one is auto-



maticall,r dealing $ith an unbo nded conrex subsei of R' 1, tile epigraph of

Ler Zbe a set, .nd let .z be a o-ficld ol subscts of 7. Amultiralucd mappilg
d from 7 to R" irili be c^l1ed m.^urable if, fot ererr closcd subsci S ofn",

r-1(s) :{,E ?,((t). s+d}
is neasurable in 7. Note that, for L to be measurablej it sufllces achially if
r r(s) is neasurable for e\ery .atupa.t s C Rr, since any clos€d S can be
erpressed as the unlon of a seqDerce of compact sets 51 , S, ,..., and thc set

r- (0 s.) : 0 r'rs-r

is neasurablc jfcaoh rj(s',) is mo*uablc.
Ey t canaex integrand 6 7 x R", ire shall nea! i functior

/rr x R'-( .o, +.ol
such that/(t, r) is a correr function of , fbr each r. A conver lntegrand irill
be called ,o/lral if it saiisfics the following conditions:

(a) {or each r e ?, the function /(t, ) is loFcr sem;conriDuous on n,
and not identic,lly - co, md

(b) therc cists a roartalle collection liofneasunl']e tunctiors z:7 -Rh,
such that /(r, r(r)) is mcasurablc in r for eacL I € LI, !'d r,i(r) 

^ 
/r(r) is

dense in D(t) for cach r € I, wliere
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D(r):ir€R, J6$)<+.'j,
Li(4:p(t) ueu\.

(1.1)

(1.2)

Nornal conver intesrands \vere used in l9l to define convex nltcgral func,

r/4: IJ(,u(t)) dt, 1! eL (1.3)

wrere l, is a rositn'e measure on (",.7) andZ is a linear spacc ofmcasurable
functions 7l r7'-R". \ornalit] \as shotrn to guarrntcc, .mong other
thnrss, tl,at tne (e\tendcd-rcal-vrlued) fu.ction /(/, ,(r)) js ncasurable in r
foi erery neasurdue ! (not just for ll . a,r).

An important rd\d.t.rgc of the .ol alitt condition, as opposcd to i-arious
simpler nexsurxljl;t} co.ditioN riliicl $ould sutlice for the definitioD of
functiorals of the fornr (1.3), is th^t ltalnaUlt 

^ 
pesetud undet duabt|:

rs prored in l9l, if/is a n{r nal conrex jntesrand, thcr /1 is also normal.
where/* is the convex inteerand oi T :1. R .onjugals to/ defined by

/*(,, 'l : supt(,, r;) l(,) r=x') (1.4)



(<,, s+) beingthe ordinar,vinner prodLct of trro rcctors r eni and i:* . R').
This implies, for exmrle, that the function

rJ(r) : inf{/(r, {) i' €n"}
is measurabre \{rren/h normai, since

P(t: J*(t'u(t),'

A convex intcgr.nd/ls normal in ]rarticular rheneler/sarisfies condjtjon
(a) of .ornality, /(r, ,) is Deasurable in i for eyeiy '.Ra, and the (con!cr)
set r(r) has a nonenptt interioi for ercr] r c r. (Let Zbc a countabte dcnse
subset of li, and let Lr be tie colleotion of constanr functions on ? i'ith
,tluP.:t Z'n Linr 2) l

The concept of a lornal convex intcgrand attempts to describe I cerrain
liind of nieasurablc d€perdence of ! conrcx function/(r, J o! Rr uron an
ab.,r\ D a1.r,- / T.e co-cp,r I Ter.r%LF rr..\:,,FJ -rapti,A
d: 7-+ R, describcs a kind of measu.ablc dependerce of a sutrset r(r) of
-R.,oD a paranetcr t. What are the relationships betlveen these conccprs ?

'Ihe follosing rclationships, amorg othcrs, {ill be demonstrared belo{..
\\heD/is a convcx intesrand satisfyirs condition (a) ofnorndity,/is nornai
(i.c. also satisies conditioD (b)) if and only if the multivalued mappiiE
r : I-> -R"+r is mcasurable. rlhere

r(r): epi/(r, J:{(x,/r) x € Rn, p e R1, p > f(t, t)1. (1.5)

(The set epi/(r, .) is ca1lc,J rh. ep;sraph or thc functior/(l, ) cn,R"j it js

conve{ and ciosed if and onll ill(r, , is conlex and lo$er seni-conthuous.)
On the othc! hand, when Ja: ?-, R" is a multi'alued mappins such thar
-K(t) is a Doncmptl closed conrcr set for eac! ,, l( is ncasurabte if and ontv
if the conrer intesrand /is normal, lhere

/(r,4-=s(, K(,)-il - (1.6)
il a €.((t),
if , rr r(r).

(The function 3( ir(t)) is ca1|.d the indi.ator ol r(r)i ir is a lower semi-
cortinuous conve! function, not idcntically + .o, if dd onlv if ,((r) is a

nonenptl closed conve\ set.)

2. Xl!,{suRA8tr.rry oF ]'luLrr'ALr-ED ll\pprNcs

'lhe closurc, inierior and conrex hull ofa subset S of1?'wilt be dcnored by
cl S, int S and conr S, respectivcl). The follo{ing generat mcasurabiiity
crjtcrion, essentiallJ' due to Castairy [2], $ill bc empto]ed in ploving our
mlin iesults, Thcoren 3 and I'heolcm 1.



PRooF. Oastaing estrhlislerl thc ncccsityofdrc condition nr [2, Section 5]
in tlic casc wh€re ? is a locdlh coDpact topological slece xnd .4 : all
p neasurablc sets for a Rador tusrsure /, on r (,R,, being replaced by a
separabh conplctc netric strce). Hc clso prored the su11lc;enct. of the
conditio. nr tlis .ase, but under the furrhcr assumprion that .'crl' compacr
subs€r of ? is nictrizable. Castaing's ncc.ssity argx ent do$ Dor in fact
mrke use of ur topologicrl structurc of 7, so ir mey be car;ed ovcr directt]
to the prescnt cor1t.rt. llut this sLrlicicncr arglment is topological in a
fund.mentll \ ar. and therefore cennot be jni oiicd in ant form herc. ,\cntatlr,
hoir€ver, since the sets I:(r) lie in R,i, the sulicicncy h Theoretu I can be
cstabhhe.l br tnc follo\i4g elenentarl argudrcnt, which does not inrolvc
anr comlictness in 7.

Lct Li be a c,,llcctior of measureble fun.tions sucli rh.i (2.1) holds. To
prorc that Ii is nLernrrablc, it is enough, as obscrlcd in Sccrion l, to show
thlt.K 1(S) s ne*urablc lor ererl coopict,SCR|. Cirer a compact S,
deinc S,,, fo r : l,2,..., b]

IIEASURAEII DIPE\DENCN

THFoRnrr l. t.r { : T + R'1 bt a nuhixahkd lnappinq !u.h that K(t) i! a
nat+tuft.lakn slt fut.zet! t ='1.Inotdlt that KbeneawabLe,iti! c.elt.vJ
ahd lrlli.ie t thdl tha. .!hI e .alhtehl. calldion t' af nEatutu|)l. lxnctia !

: T + R. rI that, .f.t .xdJ t E I',

^1t):.t 
L;(t) -.ttu(t) uELil. (2.1)

s,":)'.n"11..s, ., .= *i (.2.2)

0 {r u(r)n.r-+dl

, '(!',,). (: 3)

(\'hcre denotes thc Euclidc.! norm). snrce r(4 : cl L14, and each s_
; compacr, w. hdve 7.(r).,s+,1if and only if u(t . s,,,1='!for ercty n.

-nu
The sets z 1(,S,,.) arc nc.surable, because the functjons , 

= 
U are measuraLle,

and, since a, is a couffrble collection, it foilows fron (2.3) rhrt Kr(S) is
neasuable. 'l Ji;s firish.s the proof.

-\lthough 'I'hcorcn I onll characteri,es measurabk niulril-clLted mappings
L srch that rO is nonenptt rnd closed fof e!er) t, it docs hare sorne
bearing on more general mapphgs, in rierv of the fact that, if ,(: r.* R,
is any measurable nultivalucd mapping, then the multivalucd mappins

r I t- cl ((t) (2.1)



is mc.surable. The latter is true becaLse, for anl comtact ,!i C R", one has

(rl 1(.s): n rr(.1,,),

Fhere &, is gn e. b)' (2.2). It sholld bc observed further that, if r | 7+,Q',
is any easurablc multiralucd mapping, then the set

\ :.{t e'1' I K(4 + 4} : Kt(R\ (2.5)

is ncasurable. Thus. lf,((/) is closed for eveiy t, the restdct;on of Jl to Zo
is a ncasrable multivalued mappirs K,,: To- R of the t1'pc ro irhich
Theorcn I (aDd Corollart l.t belor) are .pplicable.

Herc are some useful facts jmplicd by Theoren l.

CoRoLL.\Rr. 1.1 (Lurato'vski and Rrll-Naidze\rski lsl). Lct K | 7: -, R
tu a neasurable na Htahtd ndtukg tu.h that K(t) h d n. -ml,tr .lased ser fot
eury) t . T. Then tlLete eai^ a tu aicable selE tat lar K, ;.e. a neBurable
lunetionu:T-,R !u.L ttnt u(4= X(t) lat e1:ety t eT.

CoRou-ARr 1.2. Let Kt and Kebe neafltabh mutt;xdtued naftillgs rom
T to R1'. Then the muh;aal ed flatuinr

r : r - clldl(r) + n:z(r)l . cl{a1 + rl, q €,(r(r),,, e r:(r)}

PeooF. The set 7c defined by (2.5) is n€asurable, since

71,=-q1n).rt'](R).

Rcstricting L to Io if necessery, we can reduce the assertion to the casc
whcrc zi : 1 1.e., I{1O + 4, rnd r-:(t)=/ for ever}-,€7. $'e can also
assuric th.i LL(t) and r:(r) rle rlr a)s cioscd. Then rhere elist by Theoren 1

countable collections a! and ai of 
'ncasurable 

functions fiom ?'to Ri such

K,(r): c1lu(, ute utl, i:1,2.

Th.n (2.1) holds for

u - Lq + u,iq E Ut,u,e U,l,

so,L is neasurable by Theorem l.



Conol-L.\ly 1.3. Let(K, ; 
= 
I) bc d fhile al .ontabte fani\ aJ ne^urdlrte

nuhi"^dIu.d nalpirlgs ft.n T to R, tuch that Kt(t) i .losed lat etor t e T
dnd i e L Theh the tulh;xalued napihg

K:i-fl,<,(i)

t ea! nble.In latticlta/. rtu vt

11 r nl((1j .di -A,(n'J| ).i

PRoor. Let .S be ,ny compact subset of Ri. \Ve must show that ,( 1(S)

is measurable. Consider first thc casc \1hcre 1.- {1,2}, od let

-q(r):n,(r)..s, ,q4: -<,(,). (2.6)

clearl] rhe multiialued drppilss r; rnd r; defincd by (2.6)
measurable, and since ri(r) is conpact the set ri(r) + r;O is
eYerl L The naptnig

r':t-ri(r)-4(,)
is tlereforc mcasrrable by Colollary 1.2. l{oreovei

-Kr(s) : {r 0 Er(4 + L(4} : (r1,(0}),

so r 1(S) is hc$urablc as claimcd.
Since thc ass.rtion is truc forl - Il, 2i, it is truc for an) 6nite;ndcr sctJ

b,v inductioD. Comi<icr low tlic casc whcre 1is countable, and let / bc thc
collcction of all fi;itc subscts ofr For cachj € J and t € ?, 1et H,(r) be the
interscction ofthe Ar(r) for i ej. 'l'le nultivaltred mappings.ryj so defined for
j 

= / are rneasurabl! br wliat has alread) been estrblished. The conpaciness
of S nrplles that

.(j(s) : {r i vje/, H,(,).,5 +dt : n atls).

Since,ryir(s) is neesurlble and /is coLrntable, r 1(s) is neasuiable and the
proof of CoroUary 1.3 is complete.

Corollary 1.2 and Coroliary 1.3 $'ere proved by Castaing in the case wh€re
ris a locally compact topological space (with -Z - lll p-measurable sets for a

Radon IneaNre p) und$ tL€ assumption that the sets r"(t) afe all compact
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12, corolJarr I to Theoien .1..1 lnd'fheoien 4.101. Castains sho1'ed, how-
e!er, drat tirc conpacmess xsstrnpt[n on dre L{r) in Colol]ar} 1.3, rt lcast,
cotld be al oidc.i if eyefl coDt.rct $!!scr of I rrere metr;sable f2, Corollan- ro
Theoreni 3.31.

.{n.ther scncrai mea rabllitv f^ct, \Lhich needs to bc menrioDed for use
iD Secti.in :1, conccrns the g/allr ofthe nllti'alued ndppi.s,( : ?+ R,,. i.e.,

G'(L) {(1,a) e 7 x R,, rEr(r)}. (.2.7)

G(K): U ldr(Y.,,) x .s 
",.1.

(1.8)

Let I bc the o,field in 7 x R. ge.eiated br rll die subsets of the form
A t. B, \';h.te.1 e 7 

^t\d 
B is a Borel subsct of R,,. Tlie elcni€rts of .l witl

be .allcd thc Tr.aJraiL sLibs.is of 7 ). ,R1. \\'e shill s!.v that ttre melsurabte
sptc. (1',t) is cotnpletc tl th.re e\ists at lcrsr one 

"-finire (no.negaii,e)
ne.surcF on,Zwhlch is comll.re (1.e.. sLrcl thar, if I E.Z is asetofmeasure
zero \ljtl rcs!€ct to /,, tlrcn crerv sribset of I betongs to.Z).

TrrEoitllr 2 (Debreu fa, !. 360)1. 1/ ,( : r , Rn h a nea,u.abb mutti-
xalued nd!?i ! sudL rldt K(r) i a cla d yt fat e.tr t, the the gtu?h af K
isd1.dltt4bb bri of :l \ Ra.OEth.oth$hand,iJK:T >R";!anuhi-
uherl halt ixs ehcr elafh i a necsutaU. sabset af T / R, ahd il the
,Ea tdlb tfau lT, U) h catulibte in the al.i,t sense, thal K it a nedsurutJle
nuhitalu.d n p?ing.

PRoo!. The argumcnts of Debreu arc actrull' appticablc if R'is rcptaced
bl en) scrarable complctc mctric space. The argument sireD for the 6rst
assertim, lorrerer. i. couchcd in rerns of conpact-lllucd mappi.gs r<
(and a dilTcrcnt but equnirlcDi definltion of ncasurabjliry for ttrar cas€ sce
Castalng 12, p. 2il), $ somc minor cl,angcs.re necessary. The nodified
argunert is diis. Let Z be a countabie derse subset ofr?',, and for each: € Z
and eacl fosjtire intege'r lct,S,,, denote rhc closed batt in Ri ii,ith cent€r.?
and radius th. Since ,<(r) is a closed set, one has r € r(r) if and oDly if, for
eyery r/? > 0, there elists a .? E Z such that , €.9,.a and

K(.t) 
^ 

5.r,,+4, i.e., r€,( r(S",_).

Therefore tle graph of 1l is giren br tlie fonnula

0

L{(s.,.) x s,.,,

is measurable in f x R", becausc S..,, is closed in 1?,, and -( is measurable.
Since Z is countable, (2.8) impiics then that c(.K) is a measulable set.
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3. Meesunrnn-rry rN THE IRTSENCE oI' CoNlTxrr].

$re turn noiv to speciai crite'ia for thc measurability of multivalted map-
pings Ja: ?'*R'such that r(t) is a closed couvex set (not necessarily

bounded) for evei,v t E 
".Givcn any: eR" and any iower semicontinuous convex furctior n from

R" to ( co, + ,r,l 'lfich;s 
not identicallr + co, we denote by pro!(r ,)

tle mique pojnt r of R" lrhere the funcdo,

a- h("\+ il{ :\Q

)
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att.ic its rninimm. Thc rnapping proxc | /4 from nz into itsclf is cillcd the

?lar;h4tiott assaciared with ,. Thc general thcory of pror;mations has bccn

dcveloped by Nloreau 16l. It js known in pariicular that pro< 1,) is a

contiluoug mapping {hose rangc is dense in tbc convex set

dom,rr: {r e R" l,(r)<+cc}.

If i is thc indicator of a noncmptt closed convex set C C Ri, i.e.,

nrrr -,Vt c) = 
lo rf t ' (^'

.1_,,\.,,If(ifria.

then prcx(5 I i) is thc unique point of C nearcst to :, and it \Lill also be
denot€d br pro{r I C).

Proainations $ere r con\enie.t tool in the stud,r of notmal conves inte-

srands in [9], and tbev $ill again be hclpful herc, u'e shall nccd tNo lemmas.

LIl A 1l9l. IfJi a 
"olnal 

ca@erintestu do T xRtta du:'t' >R'
k a wabb fM.tkn, theL the fwrt,u'

r * prox(4r) i/(r, )) E R,

LEM;'-| 2. lf CI) Cr) ... * a rcn-iadea'hr s.qu%e oi clored coauft

co:
then fot elery 2 e R

lim pro\(2 cJ : piox(i ct.

PRoor. Fix z eR", and for notational *npiicitv set z, - pro!(z I C,)
for every n, Let r,^ : 2,,, - : . 'I'hc sequence r,, r,,..., h nondecreasing
and boundcd above bI /0. Let i: lim,"-- r,, , 'l'hc sequencc sr , 3:,..,, is
bounded in n', and all of iis cinstrr points belong to the set

ir€Col r-s <t): {rEc,^ l . -:i f},

Tbe laftcr set is noncmpt) by ompactness, so it nust contain the uoique

Foint:0 of C0 nearest to 3. Since t < ,0 , it cln contair no other points. Thus
t0 is the only cluster point of the scquence .y1 , rr ,... (lnd / : rJ.

Our nain lesult,bout couvex-sct-valued mappings can now be proved.

n

n



THfoR€ar 3. 2.1 ,( : 7+ R" be d tuulLiaal ed napr;ng 
'uel 

that K(t) i t
nahetuftr clord corLd *t far exel) t e T. Thcn iie fo atublp conditiots dtu

(a) Kh a ,ft.aturable nuttiz ataut tualling;
(h) th. indnarar aJ K,;.e., ttre Ju"ctiar f on 1' / Rn delned bt (1.6\, ;s a

llor"tdl conLer irtegrantl; iJ1 athct tiJor.ls, thoe et-^^ a .a"ntdbh ca cchn U oJ
,nedswabk flnniot u : T + R, sr.h thdt {t u(t) e K(t)} is a ncasutabte
elhset af T lat Qch r E u, drld LJ(t) 

^ 
Klt) 

^ 
dentu;h K(r lat each t e T,lhele

U(t) 
^ 

six try (1.2)t

(c) E Mltatt Jtdttiah a:f K, i.e. the Juhction s an T \ R' defk d br

]IIASURABLD DEP'NDE\CE 13

.(r) - {, vr €./, (', !,(/)) < ",(r)};
(r) lat .ach r e R,, the fu cria

(3.3)

(3.4)r+ prox(s i,((t)

s(t, t),) : sup{(r,l) rr e.qr)}, (3.1)

is a notnal coner integtantl ;
(.t) there eftt! afxite ol cauntdbt Janib, @,ii et) af t"eetubrc fun.tioh!

fto,1T to R" !.h thdt,fat eury t 
= 

T,

,(0) : cl.onf{,,0) iElt; (3.2)

G) npre er^^ a li ne ar cauntdbte fani\ (q i e I) of neaswabk fu .tio$
fian r to R, dnn d Mftvandins Ja,1 r 6 i 

= 
r) oJ hederabte funct;a11! fton

T ta R1, such thdt. f., exery t e T,

^ 
nc^rurdbl. fioln T ta R".

TLe equiralence of (a) :]nd (f) has already been dcnonst.ated by Castaing
in case of T locally cornp.]ct [2, p. 16]. The equislcn@ of G), (c), (d), and (e)
in thls case could also be derircd fron Castanrg's results, assuming that K(r)
is compact for erery I 

= 
r.

PRooF or Tn.oR!! 3. The equivale.ce of(b) aDd (c) is inmcdiate fron
the fact that nor1ulit] is prcscrvedunder duality:the conver jntcgrands/and

I' are coljugare to each orhcr, i.e-, one has

s(r, r.) : sup{(,,r) -/(r,4 I' e R"},

/(r, x) : sup{(r,r) -s(r,1) lr e R,l.

To prove the remaining equi\alences, lye shall show that

G) + (b) + G) +(f) + (d) + (a).
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(a) impries (b). This is crear from Trreorem t.
(b) imflies (e). Let (:, t=1) be a count:rblc frn,ily of po;rts shich is

dense in R,. For each L. I nad t E T,let

,:(t): prcx(5' Ir(r)),
a.(t) - ,, lt),

" t)- ,.(,).,.(,) .

The functiors 2,, r, end a, are ne$uirble on 7 bI Lcmma L For each t e1

{, €R' (r, r,t)) < dit)} (3.5)

i.."i IerrLl nJhJI.p.ce.rDDo-l rgA//,r rl,.o.i i.,1. R"r?\,/ -0.
d,(r):0). 'lhcrcforc 1{(t) is conrained in the intersection of rhe sets (3.5)
as I ra.gcs ovcr 1. On the other hand, r(r) cannot be propcrly smaller than
this interscction. To see riis, let r -/ r(r) andl= prox({ ,((r)), so that

(, 1,,, :tr) > o

Sinc€ (:, t € I) is dense, and proxc r(r)) is a continuous mappins of n"
into itself, thcrc exists an r'elsuch that

0 < <, z,(r),:, ut(r> = (x,\(4) - ",(4.
Thus r fails to belong to otre of the sets (3.i), and (c) holds as claiDed.

G) ;npljcs (f). We mal suppose without loss ofscrc,litr that the index
set 1is thc sci of all positile nitegers. Ior ft : 1, 2,..., lct

&.(t) : i:l] € R' (r, !d4) < o(4 + 2-, t 1,..., u]..

Lr.h K t/l - " clo. Fd !o-ve\ 5et 5uLt rl : I

int Ki (r) +{, (3.6)

rL(,)rr,(r)r. r K(r) : 0 t,trl.
For cach nrhe lndicator function

t,(t, r) == 6({ K,(r)

is a normal conver integrand b] (3.6) and the ncasurability of the functions
ii and di . (Let Zbe a.ountabie dense subset ofR", and 1ei Ube rhe colle*ion
of d1 constant functions from 7 to R" rvith valucs in Z.) Hen e, fat each n
and eacli s € n", the funcrion

r+prox(: t(r, )) : prcx(! K-('))
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is me4urablc fram ? to R" br LenlFr 1. Since this fu.ction conv€rges Point'
{isc to (3.4) us ,/, -> o:, bt Lemmo 2, coDdition (f) holds.

(f) impu6 (d). Lct{:' l; €1} bc a countable family of Points dense h R',
and for each t eI and, = T let

,,(r) - prc:(5' r(t)).

The fuflctioDs x' nrc then mcasurable, and (3.2) holds ($hcre the convex hull
op€tariotr citn b€ omitted).

(d) inplic (a). Accordilg to Carathsdory's theorem, the conve! hull of

{r(4 . t e1} is the ect of all points of the form

&,"(t) + + l,'/,"(t)'

qhere 
'r 

€a )r > b for n :0, 1,..., z, and ,\0 -. ' - 1,, : l. Thcr€fore

rO:c]{'ft)'JcUl,
rvher€ U is the (countablc) collcction @Nisting of all functions of thc fonn

r:lo'/,,+ -r,r,,, lr)0, i,"-t,
\Lh€re h €1and.\i is 

'at,;aal 
for i - 0,..., r. The fmctions r € Uare measur-

able, so K is a measurable multierlued mapping b,v Thcorem 1.

CoRoLrARy 3.1, Let K,l+R"be a nultiaalued tuallihg such that, for
etjeU) te L, K(r) b a.losed conaex set tith ant elnptr ihtetiat.'Ihe Kis4

"Ea 
lranb nuttixatuul 

'nappi"s 
il add an\) iJ,lu each , E R,

ttETlneK(ttt
i' a neawablc sltb$t af T.

PlooF. The necesiq of the condition is immcdiate from the dednition
of thc meGurabilitl of -K. 'I he sumcien$ folloss fron the equii'sloc! of (r)
and (b) in Theorcm 3. (Lct Z be a countable deNe subset of-R', dd Iet t
be the colleciion of all constAni functions fron f to R" \rith values in Z.)

CoRoLLAny 3.2. Let KtT+R't be a ftult;xahe.l napping tuch that,lat
e,,e'r t e:t, K(t) i a aoienpt! clo'ed a&?'t 

'ct 
contoi'ti,tg tlo ( hoteJ ItM'.

Thc,' K is neanmble if akd only f ns ntuort I*atioa g, def e.l hJ Q.1), i
nca table in t for cach frcd J.

PRoor. The condition that .K(t) contrin no \r.hole lilcs is equivalent to the

condition that the coN'q s€t

doms(t, J :0, € R" ls(t,1,) < + "o)

15
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havc a noncmpty interior for cvcly l. Ilnder the lattcr condition,l'is nonml if
(and only jf)s(r,t) is neasurable in r for each1, as noted in Section 1. The
resxlt thcrefore folloss frorn the equilalence of (a) ard (c) in Theoren 3.

Thc lin€ condition in Corollafy 3.2 is satisllcd in paiticular ;f ,<t) is

compact for every L Corollary 3.2 has been dcduccd in this special case by
Castaing 12, p. 521wiih 

"locxlly 
comlact (bur with R" replaced enysepdable

Frdchet space).

CoRoLL,{Ry 3.3. Iaf K I T - R is an1 neasurable nultiulued nd|?;flg

ftaft T to R, rhot te nulrixal ed napp;ng

,<':r+clconv,qf)

PRoor. Restdcting r to the measurable set ?0 defined by (2.5) if necess-

ary, ye cxn assume tLlt ,((l) is noncrnpt) for every t. Let r"(r) : cl -<(l).
Sincc the nultivalued mrtring 'I." : ?- R' is measurable (as obsetrcd in
Section 2), there e\ists by Thcorern I a countable collection Uofmcsurablc
functions z ; 7- R such that, for every t e f,

dr(r): d{,1(t) real1.

n:'(r) :clconv{"(t) lr e.4,

so r is mesuiable br criterion (d) of Theoren 3.

Corollary 3.3 has prcrjousla been prorcd br Castaine in the crse of ?
locally compact undcr the assumption that r(t) is contact for every t

12, p. 27).

coRolr.^ry 3.4. If(Kt ieI)^daf.;teor.ou tabh fa liu oJruasulabb
fl h;{alued nap?it$ fion ? to R, the rhe tuhtudlucd hap?iry

K : I -' cL conv U K.(t)

r(14 : U r,(t).

It follo{s trivi..lll flom the definition of die measulabilitt of the K, that K'
is measurable. Sincc

K(r) : cl conv L'(t),

Kis neasurable bI Colollar, 3.3.
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CoRo!r-.{Ry 3.5. Let I{:T-R b. a Med! /ablc nh;xdlued fta?4it19
sucll that K(.t) + 4 far .aet! t. Th. n." tixdla.d nnp?ing

ro: t-'<(t)o =. {, € R, Vr.r(t),(r,:r) -.-: l}

PRooF. Let 1l'(r) : cl((t) for cvcry r. Snlce -(' is lnotlier measurable
multiralued Dappi.g, therc c{srs bt Th.oren I a countrblc fanil\.(2, t e1)
of measurable f nctiors from i| to R', stch dut, for everr r E ?,

K'(t)-.tlu.lt);=Ij.

n-(r) : r'(4. : {r Vt € 1, (&ir),:r,) < 1}.

Hcncc r0 is measurablc br criteiion (e) of Tl,eorcn 3.

CoRoLL,rRy 3.6 Let K: I' , R" be d nuhi.alled nat?|hg luch that I<t)
i a subs?a.e al Rit J./ &q t . T. Tlrcn the J.Lndry condition! alc equtualeht:

td\ R t.. " n?o"urcb, atu ta u J u,ttis:
(b) the nvlthalaed iftabke KrtT ,R 

^ 
ft.alrnbte, uhde Kr(r)

;s the .lthDsonal cam?Ienekt al K(t) for eutr t;
(c) rhoe eisr,eawable funcriDns at:T+Rri, i:1,..., 1, s'.h that

K(t) ir the subspae scnercted b! the u.tots d1(t),..., d.(t) fot euryi t;
$) nvre eist ntuwable Jun.tiow a,: T+ R", i:1,....'n, such that,

r(r) : {"- (', z,(')) : 0, i : 1,..., nl.
PRoor. 'Ihc equivalence of (a) and (b) foliors frotn the eqrdyetencc of

conditions (a), (b) and (c) of ThcoreDi 3, bcc.use the sL,pport function oI a
subspace is thc indicxior of its ofthogonal conplelnenr. Flrthermore, it is
clearthat (c) holds for riI and onlr if (d) holds for,(:r, andt|at (d) hotds for
,( ifand only jf(c) holds for r". Therefor€, in view of rhe equi'alence of(a)
and (b), to conplctc the proofNe need only sboi' that (a) is equivalent to (c).
To see drat (c) implies (a), one cai apply'Ihcorem i ro the colecrion U
consistnrg of all lincar combinations ol the funciions a1 ,...j a,, i'irh rarional
coeficients. 'l'o see thar (a) implies (c), let q,..., e, be a basis for R", and fo.
each t € T )et aa(J,..., a (r) be the ort rogonal prcjectiors of q,..., d" on r(r).
The tunctiors ar : I + adt) are neasu.able b' (f) of Theorcn 3, so (c) is
satisfied(withu:r).

Note n1 Corollary 3.6 thar rhe dimension ol r(l) nust be a neasurable
function of l when -( is measu.able, since by condition (c) this dimension
is the lank of a ceitain matrix ,4(r) i'hose rcivs dr(r),.-., a,"(r) arc nmurablc
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functions of t. (The rank of.4(t) ca. bc erpr€ssed in lcrms of ti€ ta.bhing
of cerhin dcterminants {hich arc mcasuiablc functions of t.)

4. Nontrar-rr! oF Coxfix INTlcRntr\Ds

The rcsults of Scction 2 and Scaion 3 $i]l row be aPplicd to conrex
iutcsrands, $hich mlt bc regarded of cotrrse as corrcsponlLences asociating
$ith each t e 7, not a subset of l?", but a conrs function/(r, ) on ni.

T$FopElr 4. Ilt I be a fuutiot on T x Rr u;th tahkt in (- .D, + a.l
luch that, fot each t c T,l(t, x) i a touct' eni-contutlroa .onxer fuhct n af \
uhih is tlot ide ica r + r.. That the fo ozcna cond;tio,Lt arc .quixalent:

(a) I is a kotn4t conxea htamd;
\b) the epistaph, appins .fl, i.e., tte nuh;tatupd malpins K I T ' R+t

d.ftut W 0.s), is ft.asauhle;

(.) thete exis^ al ite u .ountabte Janib @t i E I) af neasftabk fb'ctiot
fton.Ito Ra,a a ea,eslo'tdiry lanib bt ) i e I) (,f ltlealulabte lu.tiaw ftan
T ta Rt, such that,lat .Lor t e T and x e R!,

(4.1)

PRoor. Letl + be the conjdsatc coo\.ex intcsnod deftr€d b!' (1.4), and let
fii T +/ii+' be thc etjgraph nappins ofl+. L€t (b*) and (c*) denotc

conditions (b) and (c) for/* in phce ofl \\re shill show that

(a) + (b) + (ct =^ (b1 = G) = 0') * ("),

G) implies (b). Let Zbe a countable dcnsesubsetofR", and lct Ubc the
(countable) collection of all fmctions ' : r+ &'+r oI tlr€ fo.m

u(t\ : (t4t),f(t,1t(t)) + €), z{4 :proxG /(', )),

$herc r €Zand < is a positive rationil nuniber. Erch, E U is n1caluiable by
Lemma I Since lar ca.\ t the nnge of th" mapping

z* Prcx(' IJ(r, J)

is dense in the set r(!) : don/(r, J, as noted in Section 3, the sct o{ points

'r(t) 
as 5 rangcs oler Z is lilewise dcnse in ,(r). Uoreover /)(,) is rhe imase

of r(t) und€r the projection (.t,p)*x, and r(t) is a closed convex set.

Therefore (2,1) holds, md Kis meNulable b)'Theorem l.

/(/, rJ : sup{(r, r,,O) - d{t):re4.
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(b) inplies (c*). If r is measurable, there elists by Theorem I a count-
able fanily (,. t € 1) of measurlble fuDctioDs froD r to R", and a corre-
slonding fanily (d, t E 1) of nusurabie fuDctio$ from 7 ro R], such that

r(r) : d{('i(r), d,(r)) ,eI}
for every , e 7. Since

/*(,, r) : Np{(r, ,*) -- A (', p) e -K(r)},

/+(,, '*) 
: sup{(2,0). a:) r,(r) t €1} (4.2)

for ercry I € ?, so that (c+) holds.

(c+) inplies (b*) Given measLmble functions r,:7+n" and
. : I - n ., 1 -kr (4.2) i.. 

'i 
iied $€ hr c

.(14 : (fr, pi) i r+ E R', il* e Rl,4* >/*t, r*)]
:{f ER"+1 vt €l (:r,, edr)) < ,,(i)],

$nere ar(r) - (r,(r), t). Therefore -(* is a mcasurablc multivalued
mappins by criterior (e) of Theorem 3.

(b*) implies (c). This follows b1tlc samc argument Fhich shos'ed that
(b) impiies (c+), because/is in tum thc convcx intcsraDd cotrjusate to/*.

G) inpii€s (b). Samc as the arsunent thar (c*) implies (bi).
(b) ilnplies (a). Bl, Theorem 1. the neasurabitity of r nnplies the

existe.ce of a countablc fanil,v (,r J € D of neMable functions from ? to
Ri, and a corrcslondins fmily (Fr j c J) of nesunble functions ftorn 7 to
-Rl, such that

K(t): d{(ut(t), p/t)) jel\

foi every t e r. Let Li = {q j e J}. Inasnuch as the ser ,(,) is just the
i nase of r(r) under the projcction (r, i!) - ", 

thc sct

ti(4 
^ 

D(tj: ltll )j e n
is dense in ,D(r) for every r € 7. we shall shoi'ihat/(r, 

"r(r)) 
is neasurable

in t for evelyj E /, and tliis will complete the proof that /;s normal. It has
aiready b€en verified that (b) implies (c). Let (,, tE1) and (d, le1) bc
@untable fam;lis of necumble functions as descibed in (c). Then

JO,q@) : srpl<l!j(r, b{4) - a,(4 It e4.

Thus/(., zjo) is the supremum of a countable family of measurable fune-
tions on ? and hence is neaurable.
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CoRorARy,l.1. Let (h ; € I) b. a Ji it. ot .ounrabte co e.tian aJ nattuat

.one, i\tegt.rftds a 'l x Rn, and let

/(t, {) : sup{r(t, ri:) te4.

To - {t e T 4 e R,f(t, 4 < + co}

;s neasnabb it T.If To : T,f h anathet /latnat cober h'tes/a d

PRoor. Let &(r): epii(t, ). Then

ert/(r,):0&(r).

Iach ofthc multivalued mallings r. : ? ' R"-1is measurablc by'T'heotem

4, so thc multi\.alued m.pping

Ktt-e\if(t, )

is mcasuralle by Corollary 1.3. Since

?o : rr(i?"'1),

"o 
is neasurable. If r{, : ?,/is a nortrll convex intcgrand b,v ffiterion (b)

CoRoI-LARy,l.2. LetAdkdf'be nanlal conx.! i tesandt on T x R' a d
let

-t(r, ") 
:,r'(r, r) +"r.(t,4.

Tr : It €:r ) 1i e Rn, J(.r, r) < + co]

i neastable in T. 4 To: I, f is akother nat ldt conet inteTand.

PRoo!. The ?o hcre is the samc as the ro h Corollrry 4.1 for1=={1,2};
hcnce it is me.surable. Assuming that Zo l/(1, ) is for each t e ? ! loiler
scmi-contiNrous conret funcrion on R'Nhich is not ideoticalll r.o. In

/1(,,): sup{({, njt(r)) "J'(t) 
je1'},

/,(t,.1): sup{(,, !r'2(t)) dtr8(r) t€1t},

be representations ofJt and, as in (c) of Theoren 4 Lei 1 : 4 x 1,, and

for each ; : (j, A) ret

",o - r,r'(r) +,*'(r), ",(r):"i't) +..3(t).

The functions r, | ?'- X" ard d' : I- R1 are then measurablc, and (4 1)

holds, Therefoie/h a normal coovex integrand by oiterion (c) of Theorern 1.
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CoRoi-r-ARy 4.3. Let I be d na/nal cane, ht.gtuftd on T x Rt, and let
C : T - R, be a measvabb ftahi.^ahetl nnfiing such rhat, fa/ eae\: t e T,
C(t) is a .lased can'e! !er. Tlvn rlv .xte ded rcdl-tuhed lunctia ? on T

p(r): iif{/(r, r) {Ec(r)} (4.0

is neatutuhle (tuhefe inl,! : + .L Lr, coLntbn). lloreo.-et, fat ary nec$rable
fun.tioa d: T + R1 the muhiaaludl ruq'l'ng

r(:r+{]-€co./(r,$)<"(41 G.4)

In pattitutdt, iJJat etet! t th. inlii u"l ilt (4.3) 6 fft;te and attaiaed, Catultary
t.t is a??li.dhh t. the K;n (1.1) tith 1(t) - fG), and bJa oustlrarthdc e,ins
a xgdsutuLle Ju..tion u : T + Rt' ch that,.fat etdj t,

u\t).c(!) and fQ, O) - ?(4.

PRooF. There is no loss of general;ty iD asstmi.g rh^t C(r) 
= 

{ for every
L Then

.(0, r) :;(r c(r))

is a nornul conve: intesrand by (b) ofTheorem 3. Let

h(t,4: fa, !) + s(t. r).

By Corollarr' ,1.2, the set

ro: {t 1,, h(t, x) < + o.l : {t p(t)+ +.'J
is Deasurable. Ttrus, to prove the first assctrionj it is enough to consider the
the c.]sc where ro : 7. In this case i is a nornal conyer integraDd by Coroi-

,(t) : inf{rt, a) ir e R"},

.o p . r(1. rJ - , "- -. rrun l/.
In prcriry the second asscrtion ofthe corollary, \ic can assume that o(l) :0

for every l, since othe isc/could be replaced b! the conlei integfand

i(,.!) :"f(r, ,) 
"(4,

wlich (ould tdvially again be normal. Then, given any closed subser S ofR",

_Kr(s) : (r{,) 1(s), (4.5)

r'(4 : epi ,4(r, J, s' : {(,, p) € n'r .1 
= 

s, p < 0i.
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Thc multivalued mapFjngr' : 7-' n't';. 
'n."r"r"ble 

bl (b)ofThurcm'1,
so tirc s.t i! (1.5) js,.e. uable. 'flis slors that -K is a mcasurdl,le

mukiralued napping.
Rcrllts similar to Cotu1lart,,1.3 harcbcenp.o1ed bI Castanig [?, Scction4].

but, \ 1,iie thesc d o n ot ass urre corvcrit\', $ el .equire 7 to bc locally coftpact
rnd C(/) tc be conflct l.r elerr / E /.'Ihe! als. require/cithcr to be con-

tinu.us in, for cach I (rs fell .s mcasurable ;n I for each r), or to be lorvet

'e"1-. r;, o' ro . . c ol . i, d. j i' l.

CoRoLL.utr 4.4. ht ll, ; - I) be a l itu ,t e.u tdhle .a ection af narnal
.o aex irteEn d; a t :< R". and ld (.1 ie I) h! d.rrr$?oul; g funiu af
fleaemLl. jt niDat f,a"t T h R. Then the htult;ralu.l nd?pntg

,(:1 '{r =R Vt€tl,(r,r) i: ((r)}

it nledlbable. Ir pdtti.ulat, tht !.1

! :' E R', vt €1,/,(r, ,) < d(r)i (4.6)

PRooF. Lct
L,(r) {x ,(r,4 < d,(/r.

Each -Ki : ?- R" is measurablc by tlre preceding corollarv (rhli C(t) : R'
for e'ery r), so .( is neasunblc br Corollrr! 1.3. Thc sct in ('1.6) is just

K-(n,J.

CoR|n-rlRy:1.5. LetJbednatlal ..nex inte.srcnd oh T x R, and let

utT ' R" |1e a nealtable Juncrion, bhde 1 < q <n L.r

s(t,r):l(t,u(t),J)

fat.!.ry t e T dkd ) e R'r, tuhoe 1n : n -.t. Thu the Mt

7o : {t :1, E R'', s(,, }) '< + or}

k neasurabk ir 1'. If To : 1 , g n a namal can : ;kregfand an T x R^.

PRoor. L.t ,( : '/ + R' be dcfined by

rit) : {(z('),r) r, E R''}.

This K is a measuiable multivalued Dapting bI Corollary 1.2, in lies of the

-K(r) : {(0, }) €,4" :y e R-} + (?(4, 0).

The indicato!
.4(t, ,) : 3(, I r(t))



is thercfore a normai conlcr integnnd b! (b) of Theorcm 3. Th€ r€€ult now
follorm from applying Corollaq, 4.2 to / - t.

CoRorL$y 4.6. Lct f be n Mnnal .anxex inte|ftltd ott 1: \ Rn, a d fol
ea.h t e T and r 

= 
R" let aJ(t, r) be the s bdifroefihl af J6.) at s, i.e.,

a/(r, d : {,+ eRn vr. Rr,f(9 > J@) + o - t, x*>\.

That, fot a,ry n&Mable fui.tio,t u t'1'- R', the t"ubiLal ed ,na?Fing

K:t+aJ6u(t))

PRooF. We have

K(r) : {x* /*(r, x+) - <u(t), x' < - f (t,u(t)|,

\.hcre /+ is the nomal conr$ intcgra.d on 7 x R" conjuCate to/ The

s(r, xi) =/*(r, x+) - <44, r!)
is again normal, and the fuDction

(r) : - "f(t, ']O)
is measurable. Therefore K is Deas rable br" Corollarv a.3 (*ith C(t) : R"
for evcry ,).

Finaliy, \rc apply Thcorem 2 to gct ciitcria {or rhe no.maliry oflin ternB
of the n€asurabil;t! of/(., r) in t and , -joindr. (For the teminotogt, sce
Section 2.)

T EoRtM 5. Let f bc a cakaef iLteg/and a T >. R. t.h that, Jot each
t € T, J(, x\ ;: a bAu 

'eninntianas fuut;on oJ r uhich is not itut;ca r
T.D.IJfk olktal, nnfhanea labtz Junction an T t R".O the othd
hand, iJ f i! a naaswabh Juhctiar M T \ Rn and the,n.isulabk sta.e (7, V)
;: eo,,,pbte, ,hen I i' tun6L

PRooF. Fo1 each rcal number d, let fq:?+R" bc the multiuiued
napping dcfircd by

r"(,) : i, /(t, x) < d].

The graph of r. is thus the s€t

G(r,) : t(r, ') € 7 x x,' 
"f(r, 

x) < "1,
and K.(r) is closed for every r € rb,v the lo$cr semicontinuitv of/(r, r) in x.
If/is normal, er.ery r, is measurable bv Corolia{ 4.3. Then the sets q&)
are all measruable in r x R,,by Theorem 2, implying that/is m€aslrabie.

23
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Suppose nori tlat/is measLdable, and that (7, Z)is complete io the sense

of Section 2. The sets G(K") are mea rable in 7 x -R", so ihe multivalued
rnapplies & are m€asurable. The multilalued nappnlls L;: ?-' l?- 1

defined b)

Kj(t) :{(,, p) i rEr.('), p : d}

arc thcn mcasurable too. For the epigrlth nrapping -K of/ defined by (1.5), we

K(,) :cl U{,!i(0 dFtioml},

so K is nieasurable. Hcncc / is nornal bl crltcrlon (b) of Theoren 1.
In thc casc whcrc r 1s a Lcbcsguc (rcsp. Borcl) subsct ofR-, let us call a

convcr intcsrand/on 'I' t. R L.bes<ue ltcsp. Borcl) ornal il I satisfres the
definition ot normalitv \ith thc lunctions ,Et,'Lebcsgue (res!. Borel)
measurablc. Thcn F. harc thc follo$ing alalogucs ol Corollaries 2.1 and 2.2.

CoRoLL.$y 5.1. Srff.y thdt T;! d Leb^gue nutlL/dbL subset oJ R^,
and lel J be t .ohx.! nx.lrand or T :. R :1r, fidt, fut dq t.I , J(r, !)
i d lat@ vn;-coht;h,.a! Ju cd af x uhich i nat me tid ! - @. In atld
rhat I be Lcbelgue attudl, it;! ne.e$ary and ilf.ieht tltut J bc 

"katbcble 
ith

t^p4t to the o-tikg; T ,< R generated 4 allthe sets afthelothl.4 x B such

that A is a Lebesgue nealutable tubset af T dnd D h a Barcl hea-\uable tubsct
af R1.

CoRorLiRr 5.2. Sufpose that Tis a Batel subtet of R'', tdktf bea
.anux;ntegrand an T /. R slrch that, fat eLery t E T, f(t, ');s 

d tooo sen;-
.a nti uous funct;an af t L hn h is tut i doti alb . a.. If f h B or e l natnal, th1t f
is a Borel masurabh Junct;an oD 't /. R. On the arhet hand, iJ I is a Borel
tne^urable fu ction an T t R, then I is Leb$lue onnal.
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