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Eeiyon€ t! e.r6 o! th€ tnlolt.nce o! conrex..t! In tlje .tudy of optl,dltatlon

9loblens, Mlch of th. nod€ln th€oly of conv.x tunctj,otr. j,3 16!! {611 k!o{n, hot€vet,

anil tor th1. !€uson h!. not suflIclentty b€.D €xploit.tl. tllis l. tsc €3p.c1tl1y ot

Fcnchel.s th€osy of conjwaca [t1], ehich ousht to b€ h.iL the shlcle for aU Esut!!
tnvolvrng dualitg. r6nch.!'3 th.oEy and.om ot 1tB con!.quen.6. {1Il b. d.lcllbed

E1e'8.t.$' fact! $out conv.r !unctl6n!, thel! cotrJwates dil thetr cohtlnulty

.nd dlffa!.ntlablIIty plopertI...!. set lolth tn sr, 2, aDd 3. Ploofs of th.se faot.
j,r the rhtt -tltne8toDlt case ruy b. fouril h [r2] lnd the folthcd.irE bock 1391 . !o!
th..xten3Iora to intlnlte dlnens lonal cas6!, !.. the p.pe$ of lrrtnd5ted, !,to!6.u 4it
Rocteferla! ).t!ted !n th. btbli69!.phy.

rhe .pp!o.ch whloh w€ tal(. io convex ploql$ ha3 bBen 5u99..!eil by a PAP€! of

cal. [ra], It teadr to . @rc€pt o! 'qen6!.1lz€at conEr p!os!.n' in S,r lo! shtch an

6rt€trslve ituallty thsly t3 lo.ilbtct Tnl. dullity th.o!y, exF!.lned In 55, r! n*

lnil 16 bej,rg annoud.d h€re for tha !l!st tlh..

t!.paratron ot tils h.Duclipt v!! .rpported In palt bv u.s. a1! tolce crett

lF-AFosR-1202-57 at th. Degartto nt of {ath@ttc5, un1v.!31ty o! fl.thinqton, 9..tt1€.



-l!3-

rh6 delai,Is .!e cont6lned ln rh6 authorr. book l!91,
rn 56, c.rt.tn a!!1lc.tlons o! conJuqat. convex functtons to coDtrol th6o!y, tne

calculu3 of v.rlatlons anil gd1lton1a. dyldlcs are dl.cu3.eit. lubllcatj.on ot th.
proots ot tn. neq lasutts lDouDced j,n th13 36ctto! hr3 not tet be6n flr6d.

r- D.flrltldr of ! conEx FuncBlon.

!.t E be ab albitlart veclor slace ove! the real nuT.b.rs R. let C be a

convox s€t tn ! t aocoldlnq to th. c1!.!1.r1, d.fhitlon, . functlon f flon c to

t(r-r)x+ry) j (r-r)r(x) + rt(y), o. r < r,
fo! 6ve!y r and y l! C . The geofietrld neanlnq of thls d.fi.!tto. ts t]1at t]le

iet of pointE i.n r a R lyint 'or or rbove' the glaph ol f ls a convex s6t.

rt 1,. conrAlcnt to e*tend . qlva @nGx tunctlon I on c to all of E 5y

ileftnlrq f(*) - +- for r /c. h 9en.!.1, ! fuDctLon t @ All ot E ,hose

values ale !e!l nMber! o. +- or -. t! s!i.d to be conv€x tl th€ eet

epir- {(x,!)lx.!, !si, ! >r(x)}.

'hicb ts caUed th. Sg!g:gt! of f , 1s con@x aB . subset of th€ cctor !p.c. E a R ,

rh€ ploJ.ctton of epl f on r , rhlc\ 16 th. set

don !. {xlr(x) . - l,
I. then con6* too. tt is call.d th€ gljEslgg jEggl! of f . lne @nv€a functl6ns f
on E obtain.d by extendlng flnlte conex fqnctlons 6n non-4pty 6nvex .ul,..ts ol E

by +- ale Dlecls€ly thos€ such th.t l(*) < +- for at leatt one x dd f(x) ' --
!o! every a I such an f ls B.1d to be fu.ctlon. rnlrope! corvet

tunctton3 aE n6t leally of intele.t 1n thtu.Ire., r'ut tn.y arc technlc.Lly useful tn

the gener.l thedy.
Ar thpoltlnt exa{pte o! a conr€s functl6n i5 ihe !319*91 lg9!!9l i(.lc) of a

conEx 5.t c , ?hlch ls d.ftned bY

If f 1E a f1nlt6 conve

(o * x,c,
6 {xlc' - I

L{- tE '/c'
x fuctlon on E I th€ convex functto4 f 91ve! by

f(x)rfo(x)+6(3lc)



colreslobds in a celtaln 5€n5e to the restridtlon of fo to c . obse!@ that 41n1-

aiz:nq :-o oee! C ls equlvalent to frlnlhlzlnq f oEr E ! By thls aev1.e, con-

st-!.ea slrlzatlon problens dan be represented fonalty as lncolstlaltred ploblss,
::: e::.Ele, :n the case of nlnlntztns fo(x) €ublect to f](x) <o,...,fh(x) < o ,

are llnlte convex functlons o! ? (the tt?e of problen vre shalr

-:= :: 5:: ordl^ar/ convev Dloqran), one takes c to be the lnteisectlon of the

cj = {xal(r) < o) 
' 

1= r,...,n.
:: =::.:1d be lept 1r nlnd belor that such cases are 1nc1!ded rhen we sFeak s1frply of
::=z!nq a convex fu.tlon f over E.

i-:e!e are nany useful opelations whlch .an be lerformed tn the collectlon of all
::€i !!nc!lo!s on t. If f and g are prop.r conver functlons, then f+g !s

=f,eex. of .ouse, f + g mlght be ldent1ca11y +- {and hence tmproper), becarse the

don(l+q) =domfndomq
right be enpty, The leason we ask that : ala g b€ proper qhen forntng I + q , ls
L'!at thls 1s a stnple {ay to ensure thar f(x) + q(x) 1s not ..b . the coitcl.arion
- - 6ls undeflned, 11ke divt310n bv zero, and 1s carefully avoided.

It f ls a convex fln.tlon and r > O , rhen rf is conver.

clven a co11ect16n {fllr e I} o! E , rhele I ls an

::a:iaary lnalex set, rhe polntalse supremm : of tne cotlecrion, given by

f(i) = sup {ft(x) li . It ,

is a convex functlon, !!e convexlty of f 1s obvtors flon the fact thar epl f 1s

..:1e intelsectlon of the convex sers ept fl . The convex funcrlod whtch 1s the polnr-
,lse suplenufr of the collectlon of atl corvex functlons g such tnat g < f. fo!
evely t e I ls called the convex hrtl ot {tr I . It , Its eptqralh ts essentlally
'-5e conve: hull of the collecti6n of convex sers .!1 f. .

one ot the nost interestlng opelatlons 1s inflmal convoltrtton. The tnftnat co!-
iblute fo I of t*o proper conver funcrlors f and q 1s deflned bv

(-o 91 - in' (''x-Y) - s'v' t '
Tne e!1q!aph of lb q 1s obtalned ess€ltially by vecro! addltlon of epl f and epl o

:n E 6 R , whence lts conveetty. lnflnal convolutlon 1s a connutatlve,



As an exanlle of lnflial convolutton, consider the case whete E = Rn , f(x) = x

(the Euclldeen !oth) ald q(x) - 5(r c) r rheie c is a convex set, rhen

(foq) (x) = inf., { v-yl + 6(ylc)l = inf { x-yl y. cl .

?his convea functio. gives the dlslalce of : :ron C .

ao! another examble, let I, be any subspace ol ! and lei q(x) = d(:lt) lot
any colve, functlo. t on E , re have

(fBs)(x) = tna {f(x+z) z. L) .

Thc fog gives the lnfihuh of f over the affine set x + t! as a functlon of the

These exahples lllustlate the fact that, in certatn nlntnlzallon problems dependtlg

o! parametels, the lnflmm 16 a convex function of the paranetels. A very lmportant

perturbatlons of ar ordlnary convex nrogre, Fot each vecro!
r . ( 1.,...r rnr P r LeL DIU\ -.', 1,..., ,n'

denote the tnfinun or ro subject to the colstlaints f.(x) : !1 , t = 1,.,.,m
({her€ :. is a flnlte conve: functton on E fo! 1= o, 1,..., r). Tie qlve. probteh

cofesponds and othe! values of u are concetved of as pertulbatlons away

frofr o . r'Je sha1l dall p the perturbation funcrion for ihe !iog!an. laglange

nultlplIers, as re shall explaln h 54r can be stqdled in teims of rhe dlffelent1ab11iry
propelties o! D at u - o . Tne funddental and easlLy ptoved fact about p ts that

rr(x) : !1,..,, fn(x) : un,
ts sattsfied by at lea6t vher.a6 the lnterlor 6f doi p consisrs of rhe

vectois u such that the inequalltv sysrer

fr(r) < ur,...i fn{x) < un r

ts satisfled by at least 1! o . don p , the ploqr is satd io be con-

9::!9!.t, and 1f o . lnt (doi p) ir ls satd to be strlctlv conststent.

p ts a conver fu.ction on Rm .

that tne inequa]1tt svsten

Note ehat doF p conststs o! the vectors u suci



2, clcs!:es :!d Conludales.

-a Ei be a ieat vector sDace in duality wltn E ?ith t€spect io a

.e-a:::::::ea! :om <.,.> , and let E and Ei be provlded {1th locally convex

:=.:3:::: :-latible lth thls duality. Thus E and x1 are \€lceaotth to be 1oca1ly

:.:-, d ::::..:ff) lopological vecto! spa.es, and <x,rt is to be a {sepa!a!e1y) con-

ot x . n and xr E E' , such !ha! the contlnuous llnear functto^s o.

: ::: =: :5.tlons oi the fom r +<x,rr> and the continuous lilea! fuhcttons on E*

-: --:: ::..::ons of tshe foln In partlcular, of course, one nay take

"th 
the oldiraly toDology and <a,x*> as the ordlrary inne! ploduct of

-: : 5e any conler fDnctlon on E . The pointeise suFlens of the collectlon

:: ::: :ie contlnuous affine functions

h (x) = <r,t*>

:-::. rrt h < J is called the 919:gI9 of f and is denoted bt' cl f ,

:-ae egiqlaph of cI f ts the lnterseeelon of the 'non-vertlcal' closed half-spaces

r: : E R conla1ling tre convex set epi f , and this is the sane as !h3 closure of

=.' 
!: f ls proper and t ls flnlte-dlnension3l (lenchel l11l ), or 1f f ls

:.::::eC :ron bel6r ln a neignbolhood of s.n. point of don a (Bldndsted l2l ).
ri :unction f :ron E to t --, +- I 1s sald to be 1M :94!-.ontinuous if the

:..3 :.t a(!): u I r !. R I are atl closed. Thls conaltlon ls actually eqllvalent to

-: e.:lqraph oi f beinqaclosedset in E0R. Tnus a piole! corvex

:::::: :: and only 1f lt is lower senl - contlnuols .

rle naeule of the closule o:€ratlon 1s seen clealty flon the followinq example.

: , ::xl = +- fo! points x y' C , and assl.rn arbitla!! non-neqative values to f{x)

:: :._i::r1 potnts of c . Then f is a Froper convex i2 . one oblalns

-: :::::a-:i of cl f in ih13 case bt closing the eligraph of a , and thls amounts to

-=i::-::; i(r) eo be o on lhe boulda!_v of c .

:: .ai be 35om that for any pioper conver functio! f , tl epi f has a non-empt1'

tf ! 1s flnlte-dlnenslonal, cl f agrees rlth t ever.'irhere exce?t

]::1::s o! tne r.uidarr of don L The closule opelation nay thus be regarded as a

-=:es3 legularizatlon procedure jor naklhq a qiver convex functton loqe! seni-



contirulty 1s alnost as easy to cone by.

TIiEOR'M l, let f be 
-a 

co.vei funcrion 9!
enpty lnteilo!, q! !!3! E E flnrte-di4enslonar, 9r !!31 epr f is closed and E 1s

q BjLg! !!r93 (d a tonnelE s!ee) , 9: !!-e! lErg el$ 9 p91!! 1t r!&! f r! fj4!e
44! contl.uous. T e! f ls necessaltfv donttnuors 4! aL! poirls e!bc! !!34 boundarv

rolnts of don f . and tn pa'tl.ula! f !E conrinuols 9! 9!I 9!91 !e3 9!r y!&L It Is

!.

Thls theoleh ls classtcal and ,ell-l!oM, etcept for tne case where f rs closed

dd E is a Banacn spac.,vhlch ts due ro B!/ndsred [2]. (rhe extenslo! to !o!ne16

spaces, and hence to aft.on-Banach feflexlve as those tn the theory of
dlstribrtlons, is due to the artho! l29l .)

The inpoltanc€ ot Theoren 1 in optimlzatlon lloblems stens fron fact tnar such

probl*s often give rlse to convex functlons 1n a manner whl.h should Dor in q€neral be

erpecced to ensure contllulty. ror exanpl€, the pertulbarlon tuctton F of a classical
conver progtd is a convex fbctlo! on R1 , and if the progr is slricrly conststent
the irte!1o! of the effectiv€ donaln of p conral.s tne oliqin. rt fol1@s the! flon
Theoref, l that the lnflmm p(!) is a contlnuous functlon of tne pelrulbatlon u ln
sone nelqhborhood of u=o,

Alnost all of the rlch dualty ehlch pervades the theory of conve* fuctloas flo s

fro( renchelrs notton of conJuqacy, tet I be a ctosed convex fun.tion on r . on the
one hand, e can desclibe f 1n tens of rhe collectlon or all F,oinrs (x,!) . E s R

such that ! > f(a)r i,e. tne e9lqra.h of f . But tneie ls atso a d!a1 desclipt:olr
Since f 1s the pointrtse slllefrun of the cottectlon of all contiDuous atflne fscrions
n such that }1 < f (by deftnltlor ol I being ctosed), ,e can describe f ir cefrs
of the Dolnls {x",!*) . E'lE R sucb tnat

:f(:),Vx'E,
trha! Fenchel noticed ras tbat this .otlection of lolnts (rt,u*) fons rhe epiglaph of
a certain flnctlon !i on E* ,

!*(xi) = supr {<x,xa> - f(x)} .

rhis ri 1s calreil the 99Ai9!a!9 of ! . rhe folnula expresses r+ as the polntwlse

slptenum of a collectlon of continuous afflne fucr:lons :* is a closed



-.vex lEc';on on t* . The conluqaE frr of f ts 1n tutn giver bY

fi*{x) = supx} {<x,f,*> - f*(x+)} ,

:.e. :_- :s le polntalse supretud of the co.tinuous afflne focttons

co-teEDondence be-ueen L'e

:,:: :Ei jrgg!!g!: 9! t 3!3 !I9 9]9:Sg S.g!!Cr !4S!Se e4 E- . of course. the

-:-E:_= .: a .onvex fu.c!lon f whtch 1s no! closed nav be deflned bt ihe Eane

::-, }le then has f * = (cl f)", ard consequently f !+ = cI f .

a:: e:-9ler If f is the lndlcato! of c ln E , lhe colju-date of

: - ::;e by

:+(x+) = surx {.:.r+' - 6{x c)} =suD{<x,x"'x.cl.

::- :=c!ton Is kno,n as lne :]PEgg! lgggg! of c , stnce 1t mav be lsed to desclibe

rl ::e (closed) srpporttnq hyperplanes !o c . ote that, in general, f+ is closelv

-::-=a to the suppor! fsctlon of the conve* set e!1 f 1n E 6 R , in that fr(xi)

L1 --r -ie sulrenm ovei epl f of the linea! functlon
(x.!) + <x,xt> + d!

= =1e 
nodalized .ase whele d = -r .

:notber dase of conluqacy, rhlch se woula ltke to nention for lts beauty, occuls

a-:=in and

.rxr = rllpl.x,Ox,b/2,1. p. -,

r : a:Llq a syhnetric nxn posltlve deftnlae hatrix. Tben f ts a closed ploFe!

-?- 
:Dctlon and

f lt ) - \l/d<,-'tx',x '1/2 , 1 ..-,

(r/!)+(1,/q)=r

:. j::sss:gn3l !9413!l:99 an.l subora.ttents.

],ea f be a convex flnctlon ot ! and 1et t be a point here f is

::]i:e. rt cd be seen tna! tne ole-slded dlre.tional dertvatlve

r'(*;y) = rlm It(x+ry) - r(t)]/r

=-s-r :o! every y . E (+- and -- beilq alldred as ]thtts), and f'(xit) ls a colvex



f@ct1on of l, {hich is posltively homo.reneous (of degree one). tf f,(rjy) is
actlally a .ontlnuous thea! :unction of y , i.e. if tlere eyists

f'(xjY) = .Y,"', ,VY. E,
then f 1s said to be differentlable ar r 1n the serse ot Gareaux, and ri ls said

to be the cradlent ard is denoted by Vf{x) . rt 1s a classlcat tneoren

abolt convex tunctions that, 1f E ls flnlte-dlmenslonal, citeaux diffelenttabtllty 1s

eqlivalent to diffelentiabtllty at * ln the sense of Fr6cne!! r!€cher differenria -
bility requtres that

t(z) - f{r),- <Er,z-x> 
= o .

A more general .oncept ot gladient .an be erploited by convexlty nethods. A vector
x{ . E* 13 caued a 9!!9:g::s1g of f at x if

f(z) I f(x) + <z-vtvr> 
'Vr. 

E .
This laeqla1ity neans that graph ol tne affine funcrion

h(2) = f(t) +.2_x,x'>

ts a slpFortlng hypelplane to the convet set ept f at rhe poilt (x,f(r)) . There

nay b€ hole than one slbgradlelt at all! At all events, tne subgladients

x' at x forn a closed convex set tn Ei {hlch 1s denoted by a:(x) . rf arlx) l0 t

f is sald to !e subdiffelentlable at x . Theor€ns about subdifferentlabllily ale
eastly deduced flon well-kno n tneolens about rhe exlstence of slpporrinq hyperglanes.

rHroRErl 2. r,et r bl 3 99ryq tuction d E, 94 19! x !e 9 p914 49lg f
!: 4!qe a!d corlinuols (cf. r!99r9l' 1). !!9 f + .ubdlfferenliabre 9! * , 9!4

t'(rjy) = eu! { <y,ri> x* s 3f(x)l<- ,?y. !.
rhe lqt 3f(7) donslsts of € unique *" f e!4 o_4:J f is careaux d1!f-g9!!1!!f9
at ",!q!!re 'r-ef(x),

?HloRrv 3. let f be ! colvex lscrion 9! E , c!4 lqt x be q !91$ 49!9 f
E E41!9. !!9! t f_e:!" !9 be subdtfterentlabte at x g ea.d 9!I 1J q9 qIe!!!!Ia!
derlvative lqctld fr(r;.) Ls sbounded fu bet@ i! every nelqhborhood of tne

9:191! 4 t . 4! E 1! flnlte-dlne!s-&!4-r, thls condltlon act!a11v iFFlies tne

existence of a vectot y !!9! !!qq f,(rty) = -- .

The ralue of tiese ttreoiems can easlly be appleclated ulth I,aqlanqe



:::_-::::3:r. ?eal nu.rlrels sald to be laglarge nuLtipliets ro! a glver

:::j::: --:ex proq.an lf rl > o for ! = 1,..., n and the lnflnum of the convex

::-,:-::: :- + ilfr +,.,+ rnfn on E is the sane as the tnfimm of fo sublect to

: r .:,:=],..., n. (9?e assune ln lrhat lolloHs that L\e latte! lnilnuh, trhi.h

:: - :,...r1) , is flnlte.) It 1s easy to see that, ln telG of the peltulbacion

:o! the p!og!an, tnls condltlon ls equlvalent to havhg

p(o,...,o) : p(ut,'..,un) + rlut +.'.+ rnrn,Vi1,...,un .

( r'..., n) , - = ' 1,...,.r) , re can rliEe t\is as

p(u) : p(o) +.u,-!*' ,Yu. Rn .

that -u*. 3q(O) . Thus u* . Rn ls a Lagrange nultipli€r re.ior lf

- 
:-,:,.. ri -ui is a subqradient of p at o ,

:: :o1!o{s that all questlons about the existence or i.tetpretatlo! of r,aqrange

:-:::ie!s ir c. cldfia.:l co.ve: plogram coltesDond to questlons about t-he subgradlents

fuctlon on !m . Accordlnq to lheorem 2, a Iragranqe nultlpller vector

-::- i: tne plogran is strlctly consistent, sllce then o : l.t (dom p) and p 1s

1! thls case tagrange multlpller ve.tors comptetely

:::.:!be the diieclional derlvatlves of q at C , i.e. the !a!es of chalge ol the 1n-

:j:1. -L. prngan wlth resDect t6 dlfferenr dIlectlons of reiturbatlont The lagranqe

-::!?lie!s Il are unique if and only 1f ! is actuatly di:fetertiable a! o , ln

--:::1 c:se one has

. =--r! I t=r,.,.,r.
I rDl lu=o

= :ere!a}, by Theolen 3, Laqrange nultlpllers fall to exlst lf and only if thele exists

I _€.tor {lth respect to hlch p has dllectional dellvatlve -- at the ollqln. In

-l: cilcBstaDce, lhe proglam ls htqhly ustable, in the s€nse that thele is a itilection

:. !:iturbatlon ln dhldh rhe inftnuh dlops olf 1^flnttely s!eep1y. !hus, aparr fron

:::: $:tab1e case, laglange nultlpller vectors alvays exlst.

laglanqe nultipliels can also be tntelpleted as "equ1Ilbllun plices". re! us tnini

.: :1e glven problen as one of n1!1nun cos!. If re could pertulb the problen bV

l:erins tne constlai.ts fron f1(r) < o to fl(x) : ul fo! a celtain choice of

nlght be able to achieve a lorer cost. suppose pettulbatlons can ba

::r:.:a! plices It per unlt of vailable ul . The ntnlfrui cost ln the peltulbed

::=!en, plus the cost of tnis peltulbarior, 1s ther



p(!r....,om)

The perturbatlor r = (!I,...,un) 1s worth buylng only tf this total cost is less tnan

the nintnr cost in the unperturbed problem, wht€h is the aount p(0,...,o) . rhus,

accolding to the analysis above, l.aqlang€ qu1t1p11ers are preclsely the 9r1ces rl

whlch have the ploperty thal no perturbatlon is worth buyinq. ro! such ptices there

ls an equillbrlh, tn lhe sense that the in.ertl!.lor peiturbatlon 1s neutlal1zed.

The subgladielts of a closed convex function f a.d its conjugate f* a.e related

in a sinple ray: one has *t . lflv) 1t and o!1y ir t e 3fr (x') In othe! vords,

the nultlvalued napplngs ?f and arr aie the lnverses of each othe!.

Ienchel's coniuqac! coflespon.lence can be legarded as a qenerallzatlon of the

classical 
',egendle 

trans:ofra!1onr shl.h 15 so lnpoitant i! Haiiltontan dynanlcs and

the calculls of 
"arlations, 

and thls 1s the ldea behtnd the alrpllcatlons to be desclibed

in 56. l,et f be a diffeienttable conrex funct:on on Rn . 9y de:initlonr for each

"". 
pn , 1*1x.1 is the suprehuh of <x,r*> - f(x) as a functlon of x . lhis is a

dtfferentlable function, and its sup!flM is attained (1f at all) ar the loints there

the gradlent, rhich 1s xt - 9f(x) , vanisnes. Tnus

f*(x!) = <x,x*> - f(:) lf and only 1f vf(x) = zi.

IftbegradientnapFi^qVf1sact!a1I!,one.to.onefron

equatlon vf(x) = x* hes a unlque solutior r fo! ea.h x* , {e have

f-(r") =.(vf)-l(x1, x", - f{(vf)-l(x')),v",
This is the funct:.r 'nich is called the reqendle ttansfom of a . The .reneral theory

of conjuqate convetr flnc:1ons lipl1es that the Legendre tiansfom, lf it eristsr is

anolhe! diflerentiable convex functlon rhose leqendre transfom ls tlrn f . The

9..d cn rapoln- ' i" .7 ' -l

obselve that, eve! if 9f is not one-eo-one, 1t 1s still tlue that

f+(Vf(x)) = <x,Vf(x)> - F(x) ,Yx.
lhe expiession on lhe light one 1n the convex Frogtamtn.r ltteratule, It

is genelat1y not a conve{ functton of and it only etFlesses the values

of the conjuqate function on the ianqe of the nap!,inq 7r .

e iefer the !",der to l35l :nd l39l ror nore deLalls rbout tne relationsilp

betveen conjuqact and the l,egendte transfomatlon.



.1. 33::4::99 99:ls Prod'ds.

.{s re have seen, in ar, .rd1.a!J cdnvex lrogran one is concetned tlth nlnl-

-r=t : .e-aln convex functlon (posstbly tnflnlty-valued) over E . lhls fun.tion 1s

---:?: 
:: a natural ray tn a rhole class of functions dependlng on a palanele! vecto!

: , i-:- :a!' be regarded as a perturbatlon. Laqrange nultipliers evaluate the eff€cts

:: -? :-i:e. class of lerturbatlons. r'Je 5ha11 take these notlons as the sialting polnt

:E: r and D* be tro rote topo1og1.!l !ea! vecto! spa.es palred togethe! as

:=-:: ar thelregirntnEof s2, lusr tlke t and Et !

blfunctlon frd D io E , we shall near a collespondence F qhlch

-::i.r to each fuDction !u on E 1n slch a ray that the funcclon

(!,x) + (!u) (x) ,

--::: ?e call the gl3e! l!lsE!g! of r , ts convex on the spa.e D 6 E _. obvlously each

=::ex :unction on D o E 1s the graph functton of one aid orly -"*"'r'rtr*tr- r .

=-e 5i:unction ls the qraph functlon broken dorn lnto t{o staqes:

::. reason vhy ve

ii- auctlons on

\.ote that tf

Flu*ru:x,(!u)(a)
tntroduce the con.ept of 'blfunction", insread of deallng dilectly
D 6 t ls the sane as the reason lhr one speaks of murtivatued

to E insread or rhe colresFondlnq slbsets of D o t {therr qraphs),

celtain analodies with ordiraty napglnqs' partlcularly llnear tlans_

-\ 1s a llnear transfomatlon flom D to E and

ro ifx=Au,
LlurLrr 6(YlA,t = I' L+- if xrAu,

3r' the 99!y9M9gj3! (P) assoctated qith a colvex blfllclioD ! frofr D to E,

u? s5a1l nean the probleh of nlntnizlng the .6nvex functton Fo 1n E , as vie,ed in

::: context of the whole class of problens in uhichr for different cholces of u , Fu

:s lrlntzed over t . The vectot u ls reqarded as a lertulbatlo!, lhtrs a general

-:'ex ploglan (!) , in our conceptlon, is not ilst an lsolated mintnization 9loblen

:::: nintnlzatlcn rroblen wtth a speclfled class ot pertubatlons, The pertulbatior

:-.:lon for {P) 1s the rM.t16n ! - tnf F on D defi.ed by



(i.r r) (o) . (1nf F) (u) + .u,u" ,Vu . I ,

(s!ch a !* can be inteiplet€d as an equlllbrlum !!ice vecto! aor pertutbatlols.) A

is ca11ed an 9p!g3l :9:jj19! to {P) , o. coulse, if tne ilfinui .r Fo

is flnite and altalned at x .

rr,: .rclrary convex 9logtan cottesponds to a bif@ctton F f:or D = Rn '.. I

f"" " -, ', "' : r'..., '. x. - ,,
lt! j lx, = 1

Ls tf nor,

whele ao, !1,..., :n ale fhice convea aunctlons. It ls easlly verlfted that snch an

! ls a S9:!e:! bl:unctlon.

By vlitue of the folloring fteoren, all the !esu1!s ,h1.h have been desciibed tdr

lasianqe muMlllels of ..ir.art convet .roqrams ca! iniedi3tely be e*tended to genelal

lHnoRlr.1 4. rne !94r1t!3!19! iun.tidn :n F !_f g 99qelq_r qqtCl E99i!1 (P) is a

convex function (i.r r) (o) 1s f!ni.9, !49 taqiaide r!1t1p119: vectols

'!t f 'r "'
a veetor r* . Di 1s ca1led a Ladrdqe IgI]:l:gf ve.to! :o! (P)

(the lnlinuh in (?)) ls tlnlte and

fqr (F) e1e preclselr the ye!!q!:s u' 5r4:\ !!qt -r 1j; ! subqradiert of 1nf F

gc O.
It follors fron Theoten 3, for exaple, that a laqlarqe rultiplie! veaeo! el1sts

!o! (P) as lonq as (P) ts leasonably stable unde! e\e sive. .ertnrbatlons (anc .he

i.rln6 tn (!) 1s ftnlte).
Theoreh 2 can be ap?1ied !o lnf r to q€t resulc! atou! Laqranqe iultlDlie! vec-

tols fot (!) vrhen lnf F ls cortlnuous is one crlteiior :6r contlnuity.

THE.REM 5. su!?ose qrr.:4!E I vjllgl xo . E i!!!r !lqt, lq "!19 r9!l l]'lq.9!
d and s.me clen reiehb.!!o.4 u qf o !' t , oae !e!

(ru)(a ) - ",Vu. u

Inf r) {o) 1s linite, Then 1nf F9llP!9- 3I9 !:3!
ever! potnr: u.u

firlte and continuous at

, and in eertlcular 991!11f91!s 1t

]:

:1991. The con.tltlon tn!1ies that the epiqlapi ln D 6 R of the conve* :un.tior

u , iFul (a r ooen set ?hose Dloiectlon on D is U . Thls eDiqlaph 13



=::-ea :i tne eplgraph of lnf ! . APpty Theorefr 1.

::- (?l has a unique l,aqlange multl9llet vector u} , fo! instance, and the

:--.::: lneoref, 5 ls -u_ 15 the c;kaux qladrenc

: -:: ::-:en 2, and one ias

:. 
= !r4 9l e lsf€r:r9.s:3E.

The resllts above conceinlng l"aqrange nulelpllels can be dualized to results

t:::.?tira1 solutlons to convex progtac. Thls is made Posslbte by tne fact that each

:-=::: convex progran (F) has a celtain "dua1", whlch 1s a "co.cave" program (!i) .

:-4:? speaLing, tne optlnal soLutlons to elrhe! ploglan ate tne lagrange multiplie!

E:_jis to! tne othe! p!oq.an.

tr fsctlon g on E 1s said

::::: :-!nd it convellent to place concave functions on an equal plane {1tn convex

::::i.ns ln rhat fo11ows. The theory of concave fm.tlo^s 1s a ml!!o! lnaqe of the

=-!t ol colrer fqnctions, of.ourse. The sYnbols :, inl , +- | are elerYvheie

=-:c!dqed ulth >, sup , -- . Theie dovn the deflritlons

:.- a.: g , ct q I zg 
' 

et..' shen q is concave, These deflrltlons ate all obvlous.

r_::e ls a gossible soulc€ of confusron. howe!e!, in tn€ case of coniuqate3. fte

lll tr*t.', ", - ,1n' ',(o ' - - 'r,d ,vr

=:_,!qate 9* 6f g ls de!1ned by

sr(:") = lni* 1 .t,x"> - q(x)t ,

-a,!at needs caution is tn€ fact tnat s+ / -(-q)r .

qi {x}) =_ {_s) ! (_x.) . )

A concave blfunctlon c from D i. t is as3ociated witn a sglsg:c ti9g:99

:: , ln whlch one maxinizes lather than ntnlnlz€s. Tne peltlrbatlon funclion tot thls
_-=.d is denoteo accordL_dry by qro c :

'sup cr {u : sL5'cL - <.px' ul (vl

The dual of a conve: ploglafr ls deflned 1n tetus of a notlon .f th-_ !dj.ir: 
" '

:ret blfbctlon, let ! be a convex bifur.tlon froh D i. a . lne shall assune

::: .isplicity tnat I 1s gg$q i.u. t\at rhe q.a!h lunctlon o: F is crosed Fe

=:je tn€ adjotnt of F to be



(r*r,) (ur) = i!f { (fu)(x) - <:,x}> + <u,u;>)

rr ls .ot difflcult to s!or, fron the basic facts about conjuqa.v, tnat !+ is a closed

concave blfsction. rhe adjoint of a concave bifdctlon ls defined 1n the sane av,

except sith "3up" ia Dlace oF lin'ir ana lt is a convex biflnctlon. One has F*+ = F '
Thls definition of " adjoi^t" mav be leqaldeC as a genetaltza!1on of the adi'1nt

tranfotnation. Convex bifunctions from D to E and Lhei! aajolnts

corlespond to fucltons o. D x E+ Nch a5 11tear tla'stonatroN 'r'n
D to x coffeslond to blllnear flnctlons on D ' E" . see l39l'

closed convex bifu.tlon fton D to E and ret (P) be the

associated .onvex pfogtam, The colcave ?loqtan (P') assocrated {1!h the adjoirr

biluction ri 1s defrned to be t]re dual of (F) , rhe dual of (P*) ts (P) asain,

lnasmuch as (Pl , one fr1nlnizes the cotrve' fuctio' ro on E ]n the

cont€rt of mlniFizlng inelghborlng" flnctions 9u cotlespondtng to valious !lert!t-
{pi) . one maxinlzes the concave flnctlon Fto on D* in

the context of natlmlzlng (nelghboring" frnctlons F*x" corlespondhq to valious

perturbatlon : E* , lhe "oDtlFal va1ue" in (s) ts (lnf r) (o) , while

the !!o_,tlmar varue,i tn (pr) is (su! r,) (o) .

rhis conceDt of 'kuat Dtoqlan" reduces to the famillat one ln the case o: li^ear

p!og!ans. suppose

trom Rn !o Rn , let a . Rfr and a" ' Rn Defire

f "," i -
t .-

Then I ts a co.vex blfuctton flom Rn to Rn , and 1n the plogtah {p) associateC

uith I oae nlrlnlzes <x,a1 sublect to x > O I Lt > a. 9v a sttalghtfosald cal-

cqlation, 1t ls seen Lhat the adjoht o! I 1s qlven by

,r.*.,u.r - I u', r ur-0,qu

nhere at is the adjoint of A (colresqondilg to Lhe transpose fratrlx). rn the dLal

ploq:an (pr) , theleforer one narlmtzes <a,u1> .ulrject to u* > o, a;u* : ai .

shall sat that {!) 1s notFal tf the fsctlon inf I colncides

rlth lts closule at o , Assurlng that (inf F) (o) < +* , th13 ts equlvalen! to the

natulal stablllty condltlon that



.',,,;- .'r' r ') 'u -
a:'-,:--:, '?) 1s said to be !o!na1 lf the co!.ave fsctlot slp ai aqrees wltb its

: -: 1:-) .

:--:::q 6. rhe jlqllgitilg llscq condttions are equrvalC!!!

: (:) l! 19!aql;
: (! 1 !s lotnalt
- )r'r,{o) = /sJo )(o _:cr--"r _: . 

- 
" --= -9.L,

-_- s say sln!1r Lhat !9:33!lr !9199 when these equlvalent plopertles ate Plesent.

€ ::-= r: particula! that nolnality holds when F satlsftes L\e conditlon in Theorem 5,

:::. --1e:: inf t is act!a11y .onttnuous at o . ttkewtse, nolmallty holds lf .'

i:-:::3s rhe dual verc1on of Tseoren 5! It cd also b€ seen eas11y that nomllty
:.1- :: a 

',agianq€ 
nulttpller vector e:lsts for (P) ot tot {p') .

t.-.her duatlty theolen 13 the fo1l@ing.

-.o:!r{ ?. slplose tha! nolnality !9!4r .-4 t[e! tE comon Y!]!9 fd tne lnflmu
j l:l 3I4 !& suprefrs r (?+) ls :lrlte! 994 u. }i a lagranqe multtplie! vector

i: (?) tf {q 94! !F u' is m optlnal solutlon t- (Pr) D-uary, x ts a

::=-ee nuttiFlier !4'&r !9I (Pi) !: e!q.r!I !! * 1! q! optlnat solut-1.-o-n to (P) .

lhi: theorem in!]ies, fo! exan.ble' tnat tf !t sattsfles tne hypotnesls of the

:-: velsion of Theorefr 5, then (!) has d optlial sohtlon. Moleove!, the optlnal

:::!'ion r 1s ulque lf dd only tf -r is tne GatealY qiadtent of th€ pertulbalton

-:.tion sup r- at o .

:. l:4!!9!]3! !s.e!1-e:3!S .ontlol l!ee::.
some new appllcations ol convex fsctton theoty to the calc!1us of

r-::tions rilt no'? be slietched br1ef1t,, Specifically, ue shatl lndicate how convetity

-::ods haLe gossible a^ €rlension ot taniltonlan dynanics bload enolq\ to lnclude nary

-:-etns of control theory.

h classical Ilaniltoniar dy.anlcs, of .ourse, the slaie of a given "systen" is

-:.esented by a novlnq loint ln R! . rhe posslble trajectorles t . x(t) ale all



diffelentiabte, and they are claracterlzed tn tertu of e:tlenal ltoperttes ot

s Lry'!,, i,!., L.dL ,

?here ! 1s a leal-vahed suf:l.lent1y dlffelentiable asctior on Rn : Rn i ! calleC

the !g!59ga!9! of the systef,. rhe tla-ieclorles are thus lhe soLutlons to the tuler-

iragra!ge equattons:

= 
*-,! '*r.', i t', .. = 

-,,-J! 
x(ct, i t , E

(?he!e rtl rx ls the vedtor in Rn consist:ng of the fltst:attlal derlvatlves of t

ilh tesDect to the co\bonents of x , and slnllallv 3l'l ;i ) rhe t:ajectorles ale

also characterlzec as tne solutiots to the nanlltonlan equations

",., _ __ ,.

The fucrioh H I called the Hsll'.orld of the systei, ls obtalned :!on ! by takirg

the legendre t!:nsforr th i for each x and t . (Ms assuned that this tlans_

toimatlon is rell-defined.) T1e vecto! va!1ab1e ? Ln the laiiltontan equatlons is

connect€d 'ith dualiry. (rn tie case of the mottor of ?lanets, for lnslance, x iq

position, D anc H 13 total e.e!gy.) T5e systen is coipretell, described

by elther lts Lanqranqian o! its Hanlltorian.

Ite plopose to e:tend the classlcal theoty by ustnq Fenchelts conllqacy cofespon_

dence lnstead of the !€gendle ttansfotnatlon, Di:felentiarrillty e3r:rF-1.ns are to be

teplaced by conrexltv assMptlons. lhe laqlanglan abctlon 1s to be conve:, so _f.r

its extlenals corlespold to ni4lna, ,rut 1t need not be firite everlnthere, and tnts is

rhat 1111 nake the theory aar2licable eo celtaln.roblems in control tneory. The

?otryaqin !,{axihum prtnci:1e f6! suc! probtens alpears 1i tne fors of qe.eialized

Hanlltonlan equati6n3 involvtng subglaalents lnstead of gladients. The ?aths p(t) tutn

out to 5e the traje.tories for a certaln "dual systenr'. This dualit-! ls an extension

of the theoly developed by rrlearrcrrs Lral {see also 15, dd 126l ) i! L\e case shere trre

Leqendre tralsfotdatlon i3 to11-defined,

rn the folloping dlscussion, e can onlt' scrat.h t\e surface of a velv larqe

subiect. There result! besides tne ones ve n€ntion !e!e' ao! sthlllcltv,

re s5a11 liee! svstens of the 'rnicest" liln.l'

let Er denote the slace of ell absolutely cortlnuous fuctlons x fron the

inrerval io,.J t. n' t4159 ln in). of is a Banach space udet the



r-fl !r.r + l-

:G ! - as convex scrion on E2n . clven a oaL.

r+ 
- 

jniegral

. . _ I- L(x{t,, i,rr.dL.

* c *'lat thls lnteqla1 ts al ays {elt-defttred and is neve! -- , l. faet 11

' g t::: Sgejg] l!!gltg! 9! E. l3el . rhe qenelal ureory ol convex lrosrans can

reE:re eplied to ploblems invotvlng the nlnlmlzatlon of Ir .

' * ---!1e, suppose one \rants to nlninlze Ir slbject tl1e boudary conditions
I r- . c, :(r) . D , dhere c and D ale closed conver ".t.:r n! . The set of culves

, @ ts-nese bosdaly condltlons ts a closed conve* s$set of Ei , so the problem

!r c.: ltnlhtzhg a .onve! ts.tlon eet. Exlstence Lheolehs, !!ansre!-

-l3E €ddonsr ect. can be deduced by convexity netnods alone. "Convex" pet!u!-
kG q, be introduced' and these lead to varlous dualltles lncludlnq the duality

-je r ana p systens belov.

ii*e tna! r lrl = +- uless rhe polnt (r(r), i(t)) belonss to r\e convev set

- tu I :o: alrcst evely t . The latter dondltton is thus an tnpllclt
r4r;ai,1a rbere Ir ls frl,nLn12ed. Fo! lnstance, if

,, ', - fr-tx,ir i' L.(r,i) . o, 1- 1,...,',

ne Lo, r,1,..., !m are fintte corvex fsctions, then ntnlnlzlng rr ls equlvalent

a E:jrtzing

I -- (x (t), i(L))dL
J. '

ribaac: a. tne constralnts that

tne

: :::t evert t .

:E e4\ pai! of points a and b in Rn , 1et fr{a,b) denote the lnllmun of

!, =_t, oE! arl the raths reEr such that r(o) =a and :(1) =b, rhe. fl isa
c fsctlon on R2n . laths a1on9 hlch tne lnftmum d.rlnine fr is attained and

=::'- de callea ertrenals exactly, an extlenal of I !s d/ absolutely

:ii$ous t6ctlon x flom an lntelval [d,B to Rn such rhat

x id Er, qe can



I ri*rrl, irtr rat = f- (x{o. , x(s, ) - - .
Jd

sde li,hltatlons on L alc neeateal 1n o!de: to obrair a qood existencc tbeord Jor

by I.J the CIBEE o! all closed co.v€x functlorg f on R2!

sucn that, fo! each x e rn , the colver functlon l{x,,} on Rn is proge! a^d haE no

non-veltical hal:-1in63 1n ils €p1graph,

fliloiEM 3. IF !.rr,thd rr.W tpl gveI)L r: o, tsnd the inflh$ definlnq

fr (a,b) rs !!C! !-!!!-l!94 !! tt leBsq gLe !!!! x . :&!qo,yc!, lf lie !s!4! (a,b)

U9!9!qs !o _!Le lcleglge !!!e!igE 9.€ !5c S.94e! se! co f r (gbs hterlo! 9j: con tr
{1th 'espect.lo !!9.j4rc!! a:flne qqq -- tlanslate of q s_$sre -- contatntnq dotr fr),

!!g l!9 !!!! " l9S !!!"l !!s ir:4!a r_. atlailed hs 1bg!gglq9:!y:!!! (rr9. !bS-

funcrlon i belonqs g) L' rattrct g134-t-o r,r t,
ue Fay thlnk of €ach r . r,l as tbe laqlanqian o! a certaln "convex dyndical,

5y5!en'. The systen alrays behrves in such a ray ar to hlnlntz. the lntegraLs
.B -I r(t{t), x(t) )dt .

fhe trajectolles tn Rn repre.enting .hanqlhq stat6E or the €y€ten ale th. exlfeaat!

of tne Laqranq:an I . Accoldlng to lheo!.h 3? lf !\e!e exists a Dath flon a at t - O

to b at t = r , sucS that tn€ lnteglal of ! along L\e pach ts not +-, thenthele
lctually extEts a t!.jecto.y ot the syst€m 96ssln9 flom stat6 b in r :

lor essple, sug?ose the 91von s!,st6 1s an "econdy" ar6 expfess€.t by

!n (th€ componenlF of x belnq the ahosts of vallols qood. tnat are

plesenr), ler i(r,i) be rhe cost oi productns qoods a! a rat6 i " a! uren tl'e econo-

ny 1s tn ure state x r Rn . (certain "ploductlon 3cheaubs" i na!' be folbid.l4 by :

s6ttlnq th€lr cosr - +- .) The lntegral al r, alonq any g1v€n palh f!6n a to b is

the total eo.t o: palllng fi6a ltate a to state b along tlj.E path. Ii re assuhe ihat
the econ@y akays behaves so .s to n1n141re tolal cost, it :otl*s tiat the saat6

trajectoll.3 of th€ .conomy dlll be the €xtlenals o, 1ts lasranglan I . (h com€dt1on

Hlth thls assunltiol.hout ideal behavlo!, 6ne can thlnL or th6 systei as not jlst thg

ecoDdry 1t3e1fr btrt th. ecohoe corbineal ,1ih a perfect conlloll€r. ThuE t.he ext!.mals

of r! sho{ hd an g!1gellr Srljgeflsg !99n9EI outd b€have, 1f optiflauty is taken t.
nean nlnlnuh "cost".)



= ; 3 the (corvex) indlcato! functton of the graph of a ]lnear tlansfomation
r 

- 
f .! Rt , then L . tr anil rhe ertlenals of ! ale lusr Lhe solutlons to

:i t+-Jal equation i - Aa , In this case f 1s of course the indlcato!

j. :G5-.f ie linea- trarsfolnaLlon e ' f .- R to p' I where

+ 1,2/2 )^2 + ,,,
lD ''-+tions . 'A totn q one-lalarete! qloup whlcn ls a leplesentarlon of the

-&=- =e 
ot leal nMbers, ,,e. one has

e(r+d)a _ elaeoA ,vt,d. R .

n 3 =- secalled dvndtcal g:9!! of the systen rii\ laqrdgta! I, .

* a]d ltte to mentlon that 'colvex dynmical systems" qlven by raglanqlans

a. r Glond shlralry b gllSg!9gl :g!gI9!!: conslstlng of blfu.ctlons lathet

-.:.:-d 
tiasfomatlons. It can be 6h@n that the class of at1 convex blfsnctlons

!d * to RD whose sraph turct'lons belong to w ls a (non-comutatlve) sdigroup
t: -f=:-catlon of bifunctlons 16 deflned by

((Gr)u)(y) " infx { (ru)(x) + (cx){y)) .

kils to rheolq 3, tiLe btfuncrlons r srven bt (?ra) (b) = fr (a,b) ale
d :=- s4iq!ou!, and tt happens that

,lt>o,td>o.

," : @e has a one-pardeter sffiiqroup whose .tnflnltesinat qeneratot' is the btfunctlon

Clven a "convex dynantcal systm( elth tagranglan I.',,i, we deflne the dual

':ig tlyndlcal systei" to be the one ',ith laqlangian M , stele
,{rp,;) = !.ri,p) -,,p- r.*,i - i,p.- r'*,ir

:= a be proved tnat u lltewtse belonqs ro r,r , so that flieolen 3 is a!p11can1e ro
::e a@t systen. the dual of t-ie dual stsleh ls rhe or191na1 syster, as follds frd
:ae s-@et!y of lenchet,s conjuqacy correspondence.

3he inteqrat of !{ atong a path p ' !r 'i1t be denored by Jr (p) . The infinm
:iotr ca rr (p) rlth lespect to all patns p such that p(o) = c dd p(r) - d ,1r1 be

: :;E -Gd by qr(c,d) .

1ts $selve that. for any t{o patns x ana p ln E , one has



r.i"l +

:J
J

'] p - | !(xir, i 
' 

E 
. . + . . p / L , , ; , L ) d.

.x(t), p(tl' + <r(t), p(t) 'ldt

+ .x(tr, p t ot x _), r'rr ' - .x/ , pro .

+ q (c,d) , .b,d- - .a,c' ,

Therefoler for evety

f1(a,)r)

s- {c/d) > sup { <a,-c> +<5,d> - fr (a,b) I = r'i (-c,d) .

' - a,b

rt can be lloved Lhat acllally s1(c,d) = f+r(-c,d) and :r(a,b) = dir(-a,b) (at least

rsEoREu e. assuFe l!3i t"w. l! 9r49r !!C! 3 s1!91!e!! x.t. !9 3t
, ft 1s sufflcient !!nt !!CI9 e,4!! q path p e t. !!9! !!e!
(i(t) ,p(r)) e !n(r(r),i(t))

f_S.31494 9y:ry t , ! y!r! 9!- ,p $ al extlenal 9l: r.! . Th1. condltlon ls

ir the lelattve lnteiior

qf !!e convex S9.! doi fl
rhe subsladient condttlon 1! lheoreh 9 nay be calleit the 9g!99-!99E3lgg condltlon

for ! , sin.e lf ! is difielentlable tt reduces to the ctasslcal E!1er-tagrange

+P =;+ (x(t),;(r)), e(t) =* (x(t),i(t)) .

rhe Eule!-!a9!an9e condlt1ons ro! ! and 11 are eqrlvalent: one has (i.p) . ?l(r,i)
lf and only rf (i,x) 

" aM(p.i) . paths a and p satisfytns tnese condltions vilt
be called eytremals dual to each othet.

ft can be sho{n that eitreials cual io each otne!

solutions to celtatn dlal prodrds. In tie .ase of an

system nat be inteipreled In terns o: 'narhet states",

civen a "conver dvnahlcal sysiem" rlth laqlangian

can be e*lressed as optiial

"econoFy" as above, the dual

{1th D(t) as a prlce vecto!,

x R! obtatnea by taking tlet6 be the functloa on Pa

conjugate of L(x,.) fo! each x e Rn rhus

H{x,rir = sup- l.i,p- - !(x'i) I

!(x,i) = sub- r.i,p' - Hrx,prl



;-:- =:: --::3:.adence betwee! Laqranglans ! 
' 

t a'd Ilaniltoniahs t is one-to-

::4 -_rsi {hat class of fsctlons H is tnvolved \ere' lhe angve!' Fr'w€d

- .- -: :: ls perhals sutPr1slns: gS !e4-$9!1.3!9 dollesFondlna 39 !9513!513!9

- =:::jji::li =:.:.3:-f3-!rs! 
9f91r!:i- :r--.!: i9:!l9!: e 9! " q 

'

".- :" d -oncave hclrcn jj x :9r 999. p "n l4 3:g-lfsr ti4s!:gr

:: . 
=:= 

x. qn.

auction li , ,e detote bv 'rH(x,F) t5e set of subgr'dlencs 'f tne

E(4, ) at the !'tnt I , znd 5v - 
'arr1{'n) 

Lhe set of :ubqradlents

aunctlo! -q( ,P) at tbe point x . Thus, tthen E is actuallv dirferen-

aps (a,!) = 9nH{x,.)

axH (x,p) = VxH(x,p) =3!

orjq' 4qt !3!l: x eltl p ha extrenals iual to

Haniltonlan condltlons
!9r -: --=-., -j s nedessary d{i sufflcten! t!c! !:!9! satisfl' t!9

i(t) " :p(H(*(t),F(t)), _ i(t) . r,H("(t),"(t)) ,

,1. ji= e!9II t ,

::.:r'.e litovec fron the etlste!'e the'!!' io! solutlons co conttngen! dtfferential

:-::::r:s that the generallzed sanlltontan e.uacions ln Theoren 1O have at least one

;:l:::.a lloceeCing fioi each c\olee of the lnllial Polnt (i(o)'P(o)) '

;: cann.e rlrnlsh a! aaeouate exllanatlon hete ot the relationsht! betvreen the ab6ve

::r::_-: and lesults tn con!!o1 theolvr but the follovTinq sPectal erarale '111 setwe t6

of tte connections.

-: ! be a flnlte corve: functton on Rn , and l€t 9 be a closed grope! convex

I x(1,) 'r\rt- dt
J"'

:::::: to endloint condltlots x(o) = a , x(r) = b , anC the dlfferentlal equaeron

i=r."+s',
r_::: : !s E- and u ts a !undt!o! fron lo"l i" Rn

:i::::l.q to 1l . Aere u nav be tntelpretec as a control for a svstem whose states



or pollttons ale qive^ by x , and f ard g ha1l be lnierPreted as cos! fun.tlonsr

.Rn and *'Rn,let
!(x,;) = f(x) + ln! {q(u) u ' Rn , Bu =:i - Axl

rt .d be shdn that the lnflnm !s al ays attained b some u e Rn ({hen the infinun

ls not helely +-). uoreovet, I- . n , The "conter dvnantcal svsten" wlth laqranaridr

! can be lnterpleted as the orlqlnal sllsten conbtned ,ith a ststen which, for anv

position r and veloclty i , flxes the .ontrol ! so as to vle1d the qlven v€locltv

as cheaply as losstb1e.
rdhat ale the tlalectorles !o! tnls systenr assmlnq It behaves 30 as to nlnlmize

total cost? lvety traiectory Rhlch has a dual (and this lnchdes "nost' traiecto!1es

by lheoren 9) solutton to the qeneraltzed fian11tonlan equations. tre .alculate

the nahiltonian ! cotresFondhq to r, as:

r{e,D) = supr 1<x,p> - r(e) - tnf {9(u) Bu = * - a*l}

= supu {<!u + aa,p> - a(x) - s(u) l

= <a:,D> - f(x) + sunu 1.u,8"p, - s(u) l

= <ar,D> - f(x) + d*(rip) ,

where B* ls thei.ansr.s3of B . The assuptions on q actually inply $at 9* is

finite everwhere. The ge.etaltzed Hamiltonian eqlatlons leduce to

; e(Ax + B aqi(B*!)) ,

+ .(a*n - ?f(:)) ,

vhere the filst cotdltton can also be vtttlen as

i-Ax+Bu,ueaq+(!*D).
1o nake thinqs speclflc, letus supDose that o, B=r, f(:) - <a,e>

rhele elo, and

' f u i' n ,-u'=1+- :: lu - .

(ro! tnls cholce of L the cost of a co!t!o1 function t + u(t) i5 +' unless !(t)

belongs to the luclidean unit ball €ot alrost evety t . lnts ball is the contlo1 !e91on,

in otne! doids.) The Lagtanglan ln thls case ts given b!

f,:.e. - i i lir r ,
l*l - I ,L

and the Eahtltonlan equatiors are

*"aq,(r),i-c.
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:1:::,r:aa1:
.li)-rar{o,

,,: ., - [",,. " .1-,-
Lo .

-.:.ts a ari c

x(c) = a a.d

:(t)=c+te,

"l.r=a+ 
(t
t^

, .-11

) : 1) l:
1.

urete 1s a u.lrue Cual Da:r.a est:e:al:

(a ..re -).(c + te) = J

l.-:"-'.'re !: c

detelhines rhether a "-1r'cn terrLn:l condr.tloi x(r) = b rtLl be
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