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A }IONOTONE CJONVEX ANALOG O!'I,INEAR ALGEBI],4

R. 1. Il0CI(-{ILr-L.{n

1. Introduction.
The "mono{one pmcesscs" dcJnn:d belo$' are essentialbr lron ]incax

a$logs of ron ncgitive line iransformeiions. lloDotonc lrocesse8
harc nircl'ses {rxr dioirts. Thev can bc addcd and mllliillied togefter,
etc. A sigd{icant "eigenvahrc" ihcory cr be builli around them. In
general, they enablc one to coDstiucl an ertensive "monotore convex
algcbra" lamllel to rerl lhear alsebra. 'Ihc ncrv thcoly has bcon set
forth by ihe writer in detail tu [u] for eveniual ?ublic{iion elseirhere.
The preBent papcris an oFrr.rsitary summr,ry o{ the mainideas andrcsults,
1rithout prools.

Irl S 2, i.he clnElity betn-ecn loints and ]nrcar fmctions is el:1bornl,ed

into one bctFeen " ronotone $etA" :mcl "monotone g&uges". This Eets

thc stagc {or the introduction in i8 3 of "monotone !rJcc,.scs" and thcir
arljoints. The latter ale derelotcd using a gener.'lizeil notion o{
"bilhear hnction". Combilatori{l oper{ti.' s are discussed in S 5, and
tho '1,igcn\.ahre" results are discussed ir S 6.

-q. remarhable feature ot the ureory is thc \ray it Fesent| llerrr conve](

|rogiammn,g drality tllcoremE as non lnre:l]t. &nr,logs of the classical
t('mula deiiring the adjonrt of n lirlear lrnnsfolmation. l'hiE e.x?laincd
in S 4. Some possible alllicalions to mathematioal cconomics aro touched
upor1 briefly in S 6.

2. Monotone Sets and Cauges.

Let P" clenote the non-Degatiyc orthant of -A'. i.e. the sei of all
r:\Er,...,t")En such that €;10 Ia! j:t,...,n. lve $.rite z>? iJ

x-zeP., t>z iJ r>z but ..+r. rnd r>z if r : is an nrtedor poini
of P,. Thus r>0 menns that every componcnt of r is lositive. It is also

( 2.1) /'-rri0l,i,1 int r'.i:01.: "].
Prclsrulior oI ulis ftlorl {'as sulported tui by l}re Oflice ol Naval Re6elrch E-

der a.ani Non. 1858 (2r), ftoi.cn ili-04i-00r, ai 
"rin.eioa 

Udrcairt'.
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\Iie dcfinc a nanatan( 6ct al conaarc lqtc in Pn to be a xon enpty closed
sulset C of P,, suc}l that

(2.2^) r € C imtlies r^ 
= 

ar .

(2.2b) r € ar implies 1" 
= 

C .

(2.4)

(2.5) (llj,r*) : €ra1++... + 6"f"*

A nonotane sel al con')ei t!!r i1-\ P,,, orr thc other hand, is a ron cmpty
closed (unbounded) convex subset C of P" such tha,b

In partjcular. for any c e P,. r^ and :L' arc moDoLone sets of concave
type and ol conven type, rcspcctirely. Itl the discussion which 1o11o$'s

thcse setE provide iihe bridge betlr.een statcments involvtug rccto$ and
statements involving general monotone sets.

The rccto" s1lm Cr+C, of tso monotore Fets oI the -qaDre tJpe is
another such set. LiLer{ise, thc scaiar nultiple LC is a monotore set
of the same type as C if; > 0. It, is convenient accordingly to Ect 0 C: {0}
r.hen C is ol concave t1?e. b.trf o.C:P,, vhen d is of conv€r t}?e.
r\ddition and non negntilc scalar multiliicrtion oI monotore sets
satisfX

).(Cr+C,) = i.Cr+ lC, ,

o.!+i,)A : i{ + ).,(-1 ,

ir(.i.,c) - ()\t,ic .

It js nainlal to de{ine C1}C, to rncan arr=f, nhelr botl nonotone
sets are o{ concflre t}Te, and to riefine it to mean {11=C, \'lien both
are o{ convex tJ?c. Whon C, is oI concave type and C, is of conlex typc.
we let C1>C3 mearr that ClnC!+, Gco belo$).

A nonotane gause oJ conu& t|pt ot1 P'1 is,r continuous noir-reg.r,tirc
rcal-varued {unctiol I such that

l(,,) : l(") for 11 > 1' : 0 .

f(.).x): ).1@ for ,x > 0 and r > 0,
J't- "-t:JttrtJ,,,t tor,, n..! j 0.

A mahoton,t guuge o:f t:ancat tupe ts d.elrned, iL the same l'av. cxccpt, tha,t
thc inequalily in tire last condition of (2.1) is rcyersed. The functions
riltich are [ronoione gauges o{ botl trpes sinln]taneouslv are preciselv
the non-negatilc ltll€or functions. These conespond canodcally to
?, tu?les of non-negaiiirc eocf{icienis and hence codd be idcntitied with
tlte elcments of P, itseu. Rather thnn makc thiE identfication, n-c con,
ceive o{ the coefficient r-tuples as belonging to ?,*. a second copy
of the non-negatiro orthant ol n", and $'e \rdte

for 2- (fr,. . .,I") € P" and .'*:(6r*,....6"*)EPr*



The elemeDts of P" are in tuln dertcd as ure coefficient n tuples for
the linear monotone gauges on Pz*. An asterish riill generalbr be usea

to indicatc that an object belongs to the duol ofhant P"* rather than
to 1,,,.

Let C be a noiotone set in P,. $Ie define ibe monatane slLp'Port Junc.'
tion <C,.) ot L'on P"* by

(2.6a) (c,r.) : sllp l(r,:t.) i r- e c]

il C is o{ .onrave type, anil by
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( 2. cb) (c r*) = inil(r,i'*) I ix e cl

(.2.1) <c i c,, x*> : <c, x'> + <c t, r+>,

Q.c, !c+> : 1<c , !*>

(2.e) sup in{ (r. r+) : inj sup (',,*)

if C is o{ convex type. The follc,s'irtg analog of the classic.ll theorem

abolri, convex scts and their support functions turns out to be 1'alid:

the notlclone su?pot.r lutution <C, ) al 6 hrcnotorE set C oI cancaw tApe

in P. iE u manatone ltalge of comer tue on P"+, Qnd eftrY slrcll Junction
an P; dtt'p.s thi,s M! Jram a niqw C. Like1lise, the nonotone sets

ol cor\.en type ln P" corrcspond one-to on€ vith the monotorc gauges

of concave type on l',+. The monotone gauges o11?, coraeslond dually
to tho morotonc sets f* in J'"*

$riih respcct to addition and rou ncgatile scals,r rnultiplication o{

rnonotore set$, one ha€

The dcfinition of > for monotono sets i3 equivatent in all cascs to

{2.s) C1 : Cs if rnd only if (C', r-) u (d,, t*) Ior all a*.

Our slrggestive not.,tion fo? monotone support functions can be caffied
a st(,t {nrther. It can be prorcd that

for any monotone set C of cc,ncar.e typc in P, and ttnj monotole set,+
of convex tyle in P,+. 11'e sllall dciote by (C,l*) the non-negative

real number represented in (2.9). Thus by definiiion

(2.10)

Thjs "pairing"

(C. ,'/ : sLtp (/ ,i ) : inf (f .'+)

satislies

(t.1r) (c,, r,*) : <c,, D,*> n C' ) c, and Dt* '. Dz*,

<1C, D*> = ),<C, D+> : (C, 
',r3) 

it .e > 0 ,
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<cict t)*> > <C b D"> + <C,, t)*> ,

<a, Dt\ +t),*) 
= <c,D1*>+<C,D,*>.

When tho typ€s oI ih€ sets are reveted, uro
must na,tura,lly be rcversed, too. The last ts'o ircqualities iA (2.11) a

tLon to be reverseal.
A monotone set C oI cotcare tr?€ in P" *ilt be as,lled. non-sin/yL

il il hss s, non eDpty inl€rior. Tirc Iolmulas

l2.12al c+ - {'* > 0 | (c,1*) s r} and c - {' > 0 | (o. c) s
dofine a, one-to-one ?ol&r corre8tooderrce batweer thc non-6irguL
monotore sets of conc€,ye tJ.'Ile in P" aD(l those in 1'"a. On the oth{
ha,Dd, s, mo otonc sot d ol conrec type in ?. will be ftLIed nol1-siDg ft
if it is rlot all oI P,. A polar oorresponilelce betv_e€tl such set6 ir -r
and in P"* tu set up by

l2.t2bl C+ - {r* > 0l(c,,-+) } r} and d: {.- > 0l(r,c*) > ll
IJ d and D ore non-singular rnol1otone sets of oplosite types in P,
and iJ C+ and -aJ* are their pola.]s in P,+, lhen

(2.r3)

3. Monotone Processes.

Wc deliue a tnalntana proceas oJ coiltaxe type ftorII Pd to P- to L
a multivalued funotion ?'ryhicL a,ssoci&tes with e],ah xe Ph o, nronoton/
d€, ?(c) of concave typs in P, in Euch a, ray that

(a\ I\4Zr@) it rrzs,,
(b) 

"(xr):r"(r) 
for i> 0,

(c) 
"(q 

+"!) >"(uJ+"(ct,
(dJ It !f.e ?lar) fot i=1,2,...,r.'l axl g'-9, thcn teq").

A tu l,odrnz Inoc?ss ol conl,at \jpe iE deHncA i^ lhe s&me Fay, except thal
?(a) is Equhod to bc oJ convex tJpG, &nd the inequaliiy in conditiot
(c) is reve$ed. Xxamples will be given in the uert soction.

The inxer* of &, monotone prcccss f ftom P" to &, is ihe multi
yalued fDnction ?-r lrom P. bsck to i',, defhcd by

<c,D*>. <D,c*> - r.

?-\lu) = {a e 0 | , e ?'(r)} for each y : 0 .(3.1)

Inve€tigation of f-l leaiis one to ca,ll:L 7 of concave trpc non-ei,ngula
il 

"(') 
has a Bon-empty intedo. when ,>0; on the othe,r hand, onr

ca,ll6 a monotone process f o{ convex iype ,nn-sitlguldr it o+T(E



FLen ,i:0. One LaB the Iollowing theorem: tlrc intetse oi d non-sinsular
ttti.ttie pncess is '1r|.)n lJingular tnon.atane p'locess o,f the o\pBite t\pe.

ln linenr algebra, the .onespondcnce bel$'een lincar transfornationE
a4d bilhear frnctions is cmciat. Hele \r'c mny consicler, instced of
bilinear functicns, t]Je trlonotone bi'g.tu1es o.f .oncar. rcnuer type a\
P,xP,,*, i.e. the {unct'ions K ot P, tP",*, such that 1l( ,y*) is a

monotonii gatge of concave t]'pc on P, for crcl {ixed r*€P,,*. and

-4(r,.) is a onotone gauge o{ rcnvex type ol P,,* for each fixcd 1: E P,'

On thc other han(l, given a mo odone Irroces ? of .oncriiJe tJpe fi'orn

l'" to P,,, we ci.n deJine o funciioD (1'1 ), ) or P" x P",* by (:r.s). namel]'
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t;1.2) <alt.r),t+) : sri! [\y.J+) / -- 71. )l .

(3.4) (t,*) 7 |y,r+S whencver ei > 0 ard !/e?'(o).

(3.5) r*-t : It-t*

lhe latter monotone prrjcess, which goes {rom 'P"* to P,i* is of the

saze tlTe as ?. 1Ve call it tbe palar oI ?
llhe Ituhn TucLer {unciion of ? l is rcl:itcd to that ol ? bv a mini-

$'e c.'ll ("(.), ) t}e Kuhn ructrer Juncrtoz of ?', because of its sig-

nificance in the program ing theory to be expLiined ill the ncxt sectioil.

Tlre follos'ing urcore llray be proved: fhe Ktnul ,l'u.het Iunctian

<r()) a! d manata,Le 'pracp.ss '1' ol catu :Qe rlJpe Jran P"ta Ptu h a monota*

hi.|ange oJ concaLe-.anLer: type (,L P^tP-*, and exetlt suck JLnct;on ot"

I',,xP,,+ a ses this un! Jrom a uniq\rc T.
In like nrarDcr, the monotone processes of cam'er type {IorI P"to l'^

correspond one-to-one FitL the monotone bi garges ol cou)et concL'xe

t"rpe on P"rP,,* (Jlith "sup" rellaced b]- "nrl" o{ coursc jn (3.2)).

The frcts just st',ted enablc us to dc{ine, in the cl,ssicai vav, the

a'ljoid r* oI a inonotone lrocess ?' fto P" to ?,,, We ta'ke ?* to
be the unique monotone process lroit P","'to P"* such that

(3.3) ("(,.),y*) : <x,r*kr*l> for au u € P" a\a v+ e P,*

Note thst ?* is of thc ottosile type tuom 7, and (?'*)+:?'.
-\djoinis car usually be calculated d cot\', witLout explicit inter

teniion o{ ure Xuln Tucker {unction. !'or instance, it ? is of concave

tl"c, 
"*(g*) 

x.jll consist of the yector! r*>0 such that

It tums out that a nlonotore Process ? from P" to P,, is non singular

if and onlI il its idjoint ?* is norr+nrgDlar, in *hicL casc
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(3.6) <r \!t),x*) = inl F,,p {(a,c*)+(y.y.> <T(r),y.>\,>n{>o
: sup ial {(:r, c *) + (/ ,s.> - <r \rl,y.>\

Y'>0 '>o
rhen ? is o{ concA,\.e type. (II ? is ot convex type. the loles ol the
"inl" ancl "sup" must be reyelscd.)

Gi\'en a nonotone sci, C in P" aDd a rDonotone proc€ss ? from P,
to -I'," o{ the sarne tvpe an C, $e de{ine

(3.7)

stands for closure. Then f(C) is a. monotone set in P,, of
the Barre typo as L". Actualiy, the closure op€ratioD in (3.r-) is super-
fluous if ? is non-singular orof concal.e tyt)e. If C and ? are non-sirgular,
so is ?(O), and iis plar is thc im'rge oI the polar of C uDdcr the pol.r
oJ ?; in $]'mbol6
(3.8)

r(C) : cl U 
"(i.) 

,

Tlc)* : ?+ \C+\ .

If ,* is !r Donotone sei in l' * o{ oPposite tr?€ fron d, one has

(3. e) <'tlc),D*> : <c.I*(D4)> .

(1.2) (, T\u*)) <Tlx),!t-> : <at,!r*> - O,A+!tt'> .

A higher. r'er.sion oI (:1.6) hotde simil$rly: iJ Ct aDd, are non-singular
monotone sefs of opposite type in ?,* and P-, rcspcctirely, atrd i{
? is a non-singular monotone lmcess from P,, to ?,, oI opposite typ€
frotn ,. one he6

(3.r0) <?aQ),C*> : D'jnirnsr {(x, c*) + (7r,?f> - <I'\x).y*>}
'>0'v'>0

$here one miniDizcs i tlle corrcx argument and mdximizes in thc
conc&ve atgurDent,

4. Examples and Applicatlons to Convex Programmhg.
Each non-negat'ire rr. x', mstri\ I corae6ponals to a certain morotone

Prccess 7' of conc:lve tJB€ {rom Pi to l',,,, naurely

(1 r) 't(r) = {u z olv 5.{"i = (&)^ for eaoh ffz 0.

The Kuhn -Tucker lunction oI ? is obdou6ly the ron-negotive restriction
of tlm bilinear function defined bt .4, so

\rherc -{i is the t$nspose of l. Therefore the adjoint ?* of ? is ihe
monotone process o{ conre\ type {rom Z-* to P.* coEesponding to .4*,
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(4.5) (.r tly),r*>: <!t.ra*@\>: QL,r. \"\)

26i

(4.3) I*(1t*) : {x* : 01:r* > ,1*r*} - (]4*Ji *)' for each q+ 0.

Assume now that no row of ? consi,qNs entirely of zeros. Tllen ? and
7* are non singuler, and the in1'elses giren by

(1.4) at '(!J) - !,, > 0l.au >yl lor each 3/:0.
7+ rrr' i,,+ I0 lr&+ r.| lor exch l. - 0.

are mo otone processes of con\.e\:rnd concave t}?es, respectively. For
a lixed I E P- ancl a fixed r* in P"*, oach of thc sets in (4.a) consists
ol the solutions to a cedsin Jinitc s-v3tern o{ linear inequalities. The
torrnula

sa]'s thet for fixcd y and ii*

(4.{}) inf(',2+) | r > 0. .!x > sl- sup {(y y3) lu4 zo, A*!* 
=r*J 

.

This is the "Donotone" case of the lamous l;uear progamming dui,iity
thcorem ot Galo. I(uhn and Trclv:r. B-v (3.6). irhe common entr€mum
nr (1.6) is also tLe minimax o{

This cLaracterizatio is also Fe]l t]lowrr in linear programming theorJr.
Important clnsses of zrr-lt?redr progamming Irroblcms can bc f ielr-cd in

this new way too. Letr,. . .,1,, be nonotone gauges of concave tyle on P".
a,n.l let g l,e a nonotone gauge of con\,ex t]"e on P". Ior each non-
negative choice of lhe consN:uts 4r.. . ..?,,, one may con,.idcr the prob)om

(4.8) mnimize e(i,,...,;r) subject to
6j:0Ior j:1,... ,z ard l'(fr, . . . , f,,) >qiIot i = t,...,m.

If Fe define 7 by

(1.0) 
"14:{!J:1n,,....n-jlo<usk@) 

lor , = 1,...,?n.} ,

? is a morotone ?rocess oJ concaYe trpe fmm -P, to P,,, vhoFe Kuhn-
Tucker funciion i€

(4.7) \,..+ aJ" |..y'. to'.. u.nd y' n.

(1.r0) <rlr),y*> : 2 qr+Lt,4 tot y* - l't'*,. . .,,t,,,*) .

Assuning that no L is idcntjcally zero, so tha,h ? is ror'siDgular, we can

rcstate (4.E) :is

(1.8') miniDrize r 0n ? t(9).
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Now let C* be the unique monotoDe sct oI coDvex type in Pa* sucl that
g(r)-Q,C*> Jor all r irr P", wo havo

(4.r r) i, l{r("rr I r t' t:yn) - <T trr\.C*) = (.y ?-'r(C'))
: 1J,1'*-tlc*\> - s.opt\<s,s'> l,t *@'l n c. + o\ .

lllhis Ioreula, eddeDtly can be interyretcd a6 & cpt$e* lnognnnLing
d,ualit! thearen, Obser vc from (3.10) that, the co mon exfnsffrm in
(4-1r) can a.lso be expresscd 6^s the nilriDrex in c>0 and y*=0 of

\4,.12) Q,C*> + <?J,y*> - <r @),s*> : slxJ+>fl:(t- jt\x|) .

'Ihe Kuhn-Tuoker theoly ol Lagru,ngc nn:h,illiers Jor probletr (a.8)
may be deriyed tlfs $ay. In order to gct hore insight inijo the n{Lture
ol the dua.l problcm hcre, 1;9e mu8t calcrdatc ?*. tr'or i=1,...,nt, let
Cr* be the uniquo monotonc set of convex typo in P.* such lat
<?:.C.*>:LlaJ lor all a in P".

(a.r3) (r,?'*k/+)) - <r@,!r*> : >,ni{4c) = (t,2sfci) ,

ond therefore

e.tq r*l!/*) = 2,,1i?i for €och 3,* = la,*,...,11,,*) Z o.

UBing onr definition of 5 wlrerl the "Frnaller" soi is of convcx tJ?e and
tle "lsrg6r" set is of collcare tJ4)e, we ca.n now express tbe eltremum
prcblem a,t the erd of (4.11) bji

(4.rs) maxiDrizc 4r?r++ , . , + ?u?,,* Eubject to

I\* > o,....4,,,* : 0, 4r*q++... +?^*C,,* 
= 

C*.

This ie the problem duol to (a.8). PmblenE of this form a,re nlso im-
porta,rt in convex progro,moing (se€ [1, Chap.22]), but the duality
displayed herc seems to be new.

In generr,l, sulpose ? is a non-singular mormtone plocess ol concaye
type ftora P" to P,,. Let C+ be a, monotone 6et of concave typc in Pi*,
a,nal le6, b€ :L monotonc set o{ conv€x typc iD Pu. We may then oonsider
the dua,l lair of motlotone nonlineB.r progl.a,ms

(a.l6a) uinjmizo (r,e') 6ubjecl to / Z A.It.a Z D ,

(4.16b) naximize (r,/*) subiect tt, g+ > o,?*(g't 
= 

C*.

The inlimum in the filst problcn is ("r(r),C*), Ehile the srplemum
in the second problem js (r,?* 1(C+)). The two cxtftma &rc therelorc
equa,l by (3.5) and (3.s), aD(l they also coincide with tle mirimax in
(3.10). It ca,n b€ shown th&t a !E"ir o{ veotors t> 0 a.nd t*:0 is s, saddle-
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(1.11) T\r.) : <x,C1\>D1+... + <:'r,C.a>D,.

point (3.10) il end only i{ t i. a Eohltion to (a.tca) and t* is a solutior
to (4.16b). Noyel "polariiy" and "reciprocity" tL.orems, h:,vi.g no
corntoryut in odnrary convex lroglamming lheorJ", m,1I:1lso Le prorcd
in tlis contcxt. Theec rclatc tho soluiions and cxtrenla in ?roblems
(a.16n) arld (4.16b) to those in thr: correspouling "polar problcms",
i.e. lvhere tLe elements ?,?*,t+,r, are replaced bi' their polars.

A note$orthy csse is the follo\ving. Let C,*,...,C,* bo monotone
sets ol convex t)-pe in 1' 

"+, 
ancl Iat Dr,. . ., D" be rnonotone sets of con

ca.ic types ir1 ?h. Define 7 by

(4.1s) <1't ),!t{) : I G,o,,) (l-,r) ,

and hence the monotone proc*s ol convex t]'!e adjoint to 7 is givcn by

(4.r 9) r*(y*) : <D1,u*>ct* +... + (D,lf)c.*

TIel ?r is a monotone proce.s of conca'e type from P" to P.. The
Kuhl1 Tucker function of ? i! givei bj'

Fin.Jlv, we vould like to point out that the nLonotonc processeE from
P" to Pr correspond, as exlected, to the monolone grugeF on P,. The
monorone ]rrcces3es from P,, to P| on the other hand, arc of the form

€-fC Jor f:0.
wherc C is a, monotone set in P". Such a monotone process is non,
singulrr il rnd only if thc sct d is non singnl.lr, in which case the lolar
lrocess {orm Pr* to P,,* is gi\.ei by

6*-€*C" {or €*:0.
1'Lere C+ is the lolar of O.

5, Combinatorial Ope.attons.

Let ?r and ?, be monotone processes of the sa,me type tuom P" io P",.
'lve may Nhen define ?r+7, by

(5.r) (.1'\+T r): ?I@)+r,lx).

It tums out t]l.:at fr+f, is anolher monotone ?IoccsE lrom ?" to P,,,
and
(5.2) \'1\+'1')* - rr* +r,* .
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Non-negr,tive scalar m llille-c of nonoto e processes can also be de{ined
jn the obvious vai' bv
(5.3) \1r)\!) : ).rlr) .

Less obriors is the fa,ct iha:i the oper.,rtbn "i:" deJincd bv

(5.4) '7, T,,rt U Tr'-. (7,,ri O --r)
yields anoUrer moDotone process of Ure same type as ?! ancl ?2. Like
acldiiion, this binary operation js com utrtive, associativc. and srtisfies

Under this ordering. the set ol all monotone processes of a. given type
fmm ?" to P- is 

^ctnl"lly 
a, catul,it;onalltJ c.)n+)Icte lattice. X'or monotone

processeA of concave t)?e. the (comDutatiTe associ.rtiye binary) lattice
opcratioN rre gjveD br

\\re c:t[ it iizrls€ add.ition,. ltec:mse

(5.6) \I'tr T,) t: Tt1+Tz r and ("r+",) r:?;1Dr,r
nhen 7r and 7, are non singr ar.

the lartial odering for monotone sets rrlar be turned into one {or
monotone processes by defining

(5.5) (.Ir. ?r)+ : rt* | il,,* .

(5.7) ?1> Tz n 7,(r) i 7lr) for ali :r.

(5.8) (r1^ Ii)(.rJ : rlir) .'t',lr) ,

Qtv.t',y.r) : U{.rtQ z)+r,@ l0=:="}.
fhese formul0,s must be rcroscd 1or morrotone processes o{ coniex t}.pe.

The adjoht, opcration is ordei preseNing, rnd hence

(5.e) (.Tr^'I',tr: ?r1^?,+ and lT1\ 11,)* : r j y:11,+ .

TlIe inrerse operation is o ,eiinq.:t711:.fiing, ;o t]oat

(5.r0) (7r^7,){ : 1',1vT" I ard (?'rv",)r : It1r^r,2-t
in thc non-singuli case. The operrtions of addition, invexe addition
ard non ncgative scalnr nnltiplication arc r1lonotone $.irh rcslect to rhe
lartial orderiDg.

Pcrhaps the nost interesting oprra,bior is binatll muttiplication, Ihe
prodLlct BZ is defined. tor a monotonc process ? from p,"to p^ 

^Lda monotone plocess S lrol11 P,, to P, of the same type as ?, bI'
(5.r l) (Br)k) : s("(r)) .
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(See (3.7) and tfte ftmlrLs following i1.) Since

(5.12) (s("(,i)), r) = (7(o), s*(:*)) = (Jl,"*Gs*(r))),

(5,r3) (s")* : 
"*S+.

I{ S and ? a.e non-singular! so is S? dnd

d

(5.r+)

AB in linear algebra, tinary mr tidioation is n$ociativc (but not com-
mut{tire). It is also monotone, i.e. Sr4>Sr?e shen Sr:-q, and ?'r>f,.

-l'lthough binaxy eultiplication is rot di6tributi\'c &cros6 sddition,
it does satisJy cett, \ disttihuti& inequalities, Iior €xnmple, with
rnonotone processes of concave type one &hv&ys has

(5.r5) s(f1+"g) 
= 

s?r+s?u and (81+s,)" S ,s'1?+B!?.

With conrex types, these ineqralitieB ho\.€ to bo roversed. Similar
distributiv€ inequalitics hold between binarl m tiplication and jNerse
eddition.

Particul&r attcntion $ill be devoted in tLe ne\t seciioD to the set of
all rnonotone p&c.$ces oI e givotr typc frol]l P* to itsoif. This i! 0, con-
clitions,lly colrpl€te Isttice Eulplied $jth thrle frLrther rDonotone aBBocia-

tivc bjnary opemtions (aclditionJ inrerse ,ddiiio ard mr tblication)
and e non-nega.tirc scNlar maltiplic&tion. The seq enqe ol powem

can then be deliDed ard 6tudied from the point of dew o{ semi$oup
theory.

One uay derive forrruias vhich sho1v hoF the KuLn-'l'uckor Iunctions
bcL&Te under ths various oonrbins,to al olera,tions. Thcse lomrulas
otght to bc uE€ful, for instoncor in eollyex progrartrming a?plic&tions,

6. Sub.eige4values and Etgense$.

Tbroughout thiB section, let ? denote a, non-singulor monotone lrocess
from P* to its€]J. A positil'e rc&l mrnber ,1 is called a sub"eigenl)alue

(s?')-r = f-r^s )

),reT(r\ lor sonle c > 0.
of?if
(6.1)

'l'his condihoD is quite weak; in p:r?ticuiar, everyij>0 satisties (6.1)
for sone i>0 by non-singularity, Interest therclore c€nters on cha-
terizing the 6et of sub-eigenvalues of ? as & I'hole, and oD releting it



2i)

(6.2)

E ? is of coN'ex trpe, s'e instead Eot

to the corespo dilg set {or ?*. The sub-eigenvalues oi ?' 1 arc, of courre,
ju6t the recilrrocals of those of ?'.

U r r. or .orr"avo,m e. dplt.l- ir. upp.t.Jro tn n'. ;. aadrE loapt

i: sup {.1 > \llreT(a)) fox Bome , > 0},
l" = sup{1. > nlhel\t) for solle r> 0}.

{6.3) ,1 : illf{.l > 0 I )a e'I{r) Jor some * > 0} ,
1: iDl {.1 > jl).re?lt) fo! some ' > 0}.

(6.4)

We say ? is eunqJ sraui,ns 1l tr:L. The terminology is Euggcstcd by
ccriain economic applioations and limit thoorems which will bo diecussed
beloF-.

The maill resrlts about sub'eigenvelues are the {ouowing. Supposo
for delinitcncsB thet ?' is ol concirvc type, so thnt ?* is of convex type.
The upper grorr-th ntes ol ? a,nd ?* ther coincide and are given by

iD both ca.ses, it turnB out u1at

o<4:i<-.

(6.5)
("(jD)'i'i*)

^: rlrl suD
..,, .,i G."-)

The lor.cr gro*-ili rates ol 7 and ?+ likeivise coirrcide and a,re givcn
by
(6.6)

(6.7)

1.1lrl.r+\
2 : cup illf 

----
- , ;.,. (.{.r.)

Xrthemore, 2 is a b eigcnvalue o{ ? if and only if 0<,1S.l, whilo
.a is a Bub-eigenyalue o{ 

"* 
if and only if I < ,a < @. In p iicdnr, ,l,e 3e,

o! sub-pilew.rlxres ), con'nan b r .'nd '1'* i,\ tke non-enpllt closetl boundettr

posittl)e inlen al ll, i.1.

Thcrc is an importont corola,ry: 7 is evenly groving il and only iI
?+ is evenly gros'ing. Ir tlat caso thcro is e wtu'iqle sub-eigenvalue ,1

common to 7 and 
"*, 

and it is given by

A notable class o{ tnoroiono ?rocessos vhich a"e always eveDly gowing

^rc 
Nhe posit;w pracesses, i.e. ure ones such thai ("(r),"*) is positiye

except 1fhen c:0 or r*:0.
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The rcsults just d€scribed are analogs o{ the Perron X'robenius thgory
of positive matrices. lndeed, Ior any nxz rlat x I of positive reat
Dumber€, the correBponding monotone pmcess ? of conca.yc typ€ frcm
P, to itself defined in (a.l) is positivo, 8,nd hence is evenly growing.
The speciol eub-eigenvalue 2 in (6.7) jB eosilJ seen to be the solc positive
eigenvdlue of -4.

Thc rcsults about $rb cigenralues can also be interpleted in light
ol €conomic gxo tL retc tLeories, Euoh as the onc developed by Gale in
[3]. Supposc that the rectoN r in Po are thouEht oJ as representing
the possible goods 6tr,tes of nn economy. For each z let ?(c) consist
of the voriorls states into \rLich r oould be tranEform€d in on6 tillle
ur1it. Undcr reasons,ble economic a$umption6, ? is a, non-singul&r
monotonc process ol concavo tJ4e. NoF ,1> 0 is e sub €igenvalue of ?
if snd o! y iI sonte goods sttte c>0 clrn be transformocl iDto,' times
itself. One is n:ll,ur'&lly iDtereEted in th€ largest such 2, which is i or,[
it one insists on loving z > 0. An elelllent ei* of P"* ma.y bc interpreted
as a,llice or raluation secto!. Then (r.c*) gives the total va,lue pleseni
in the econorny when thc goods stetc is rr and the "market state" i. c*.
Similarly
(6.8) <'I'lr),2*> = sup{(y,,*) Iy € 

"(c)}
gives the highest }oEsible value attai &ble attcr c,ne time unit, il the
present gootls 6tatc is c and the Iuture m rket state is iji. Since (6.8)
also equals (',?+(o*)). ?* can be thouSht oI as a ya,luation mechanism
lrhich conve*s futllrc yalues into prcsent valucs ("sL&doIY lllices").
Thc inve$€ ?* I (the polar of ?) thus gives tLe set of (theoretic&l)
rnnTket st&tcs inlo which o ma,rket state c* may bc tlarlsfonaed by
the €conomy in on€ time uEit. Tho cordition ,lr+ € ?*(.rt), for,l>0
and ,* > 0, is equivrlc t lo ,l-lir+ € ?*-1(r+), Illdoh says thaii n 0ert&in
Drarket stat€ r* can be transfonned into ,,.-r times itself. One is in-
torcsteal ill the largest sllch ,tr-r. or cquivaleltly in the sma,llest sub-
oigenvalue 2 of ?*, \yhich is 4. In cAB€ ? js avedy groring, vr€ mey
ooncludc that the lnrgest possible €|Iowth rate lor m&rket statcs r*
is the rcciprocal ol the large6t po$ible gowtJr mtc ,1 {or goods state€ r.
(As goods become more abu dant theh valuc$ per unit 8() dowD, or
inversely,) tr'ormule (6.7) Iroints to & gflme-tLeoretic equilib um in-
roiling the faste!,t gloFing gooiis state atrd thc slowest diminishing

In the exadple abovo, tb6 powcrs of ? have e Fimplc reaning i ?l(r)
consists of the statcs into \i'hich , could lJe translormed in ,+ ti e units.
It seems s'orthlfhile therclorc to study the sequence

by
ised

rpe.
by

hile

uJe,J

vif
rc1.

ang
tive
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c,ric), T\cJ, . . ., rklc), ...
wher€ C is a non'sin$rlar monotone set o{ tLe s Ie tJpe as ?. In
palticnlar, we call C D,n eig,!.1.s.l af T ]j
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(6.e)

(6.r0) T\C) : )t Ior some ; > 0.

(6.1r ) l_J r14 ,"a fl ! rp+"1
z>o"eP

Thcn (6.9) corsilts of multiplcs of C. Eigensets o{ ?* also proi'ide in-
fo"mation about (6.9). l{ r' is such an eigelrset,

<). 
k.tk(c), D+> _ <c.l,kr*klD*)> : (.c D*>

for every positive integer l Asstming ? is of corcave tvpe, x.e see

that the suprcmuni oi the monotone gauge (.,r*) is the s:rmc on cach
of the morotone sets,l-r?*(C), so thai tle lerels of (..r*) ai€ "orbits"
alons \l'hich 2-r? acts.

In view of the strong l}olefiy just desc"ibed, tho cxistence and
unicluencss of cigcnsctr is al importarii matter.\Ne al:,all ce,ll'I' & primarlJ
Eonotone proceis ii both ? and r* b!,re lnorr+ingular) eiecnscts.
It may be shown thai then only one vahrc oi i, can be jnvoh.ed. ir {act
.e: l:;,. Hence a prnnr,rX morlotore proce,$ is irecessarily cvc.ly growing.
llhc follo*ing larti corlerse hokls, too. Assume lhat ? is eyoniy
groving, a,Ild urat there existF vcctom a.> 0 and ;'* > 0 Euch that ,l"E"(r)
and .ts* E 

"*('*), 
whcrc 2-1:1.. (Ord;na ly, "cvcnh glos'ins" only

impiieE tho c-istcnce of some sucL r > 0 and ,* > 0.) TLen 7 is lrimary.
The bypothesis tlat r>0 anil r*>0 mry be $.eakened still fnrihcrl
takirg 7 to be of concaye t]-lre for dofinitcness, onc noed only assume
thrt 

"ft(r) 
and (7*r) 1(r*) ar non-siigdnr monotoie sots (o{ concare

tlTe) for } sLfficientry large.
Tbe class of "simple" monotone processes also adseB;n thir cortext.

Let ? be of concare ttrpc. Lct P bc a,ny sub ollLant oI P", i.e. a closed
faco o{ ?. os a pol;'hedral coilvex -cet h I". Then

are sub-ortluDts ol P", too. If the firsi oI thcsc coincides with P, we
Eay P is salJ-rcyotl cing urclcr I'; if the sccond coincicloE Fith P, *'e Eay

P ra aqmptotiatlls selJ'ra?rorhning under ?. (Incidentally, P is sdf-
reprodncing ulder ? il ard only i{ its annihilrtor sub-ortlia t P+ is
asymptotically seH-repro.luciry under the polar ol 

", 
and dually.)

lVe call Z a strr?le monotoDo process iI no sub orthant, other than
{0} or P" iiBeu, is either sellreprodtroing ox as}rnttoticalb/ seu-
reproducing under 

". 
(A monotone process ol col1yex iypc iB called

sirrlpl€ if its adjoini is simple.) l'ire mairr result about simple processcs



is tha,t they rirc dl primary (arrd hcnce evcnly gros' g). Ar .m cxamlle:
euty 'pas,iii* proc.ss is a tin?l,e primorlJ mohotone yocess.

We have jusl giver lr, n mbe! o{ conditioDs Fhich guarantee the
eistence of eigensets. The uDiqueness ol such scts (ut to Do;itivc sc&lar
rnulti!]es) seems to be a far noro dilficult question. For instance, non
uniqucncss occurs e!er! lor certain prstitrr t'l.mpoteli \r':T) otiotone

.{ltLough we have not founA easy c tcria lor "odqueness", we can
prore the equivalcncc oi thc uniqncn.ss property and a verJr signi{icaniJ
Lnrd of bchavnr of 7r tu the limit. Sutpose thst 7 iE of concavo ty!e,
and tha,t 0 ard t* are ron-siryular eigensets o{ ? drtd 74, reslectivcly"
nonnalize.l so ihei (t.r+):]. l)c{lne 7n by

A MOXOTOXTi CON\'nra AN1IOC Or I-Intr-{ri ALCTER-{ 2)'1

(6.r:) ralt 1 : 1t.D* ,t .

llren ?0 is an idempatehl mollotane troceAF oJ concNie type such that

(6.r3) ToI:1Tr'rherc1:).:1.
The theorem is tha.t tbe uniqreness of a and ,al* as eigenscts (up to
positiye multiples) js & neccssai)' and Atfficient cordition ir order
that tho po$-eff of 2 1? con.rerge to 70, in the sense that

(uniformly, as comtict con\.ex scts in?")for ercl non-sinsular monotore
set O o{ concave type. This theorem is q ite hard to lrore; perhaps
the theory ol topological seni'grouls coulcl bc usecl to advantagc hcre.

Othcr intcrcsting theorems rlout hniting behavior can be developed
arou d a rotior of "nollf'. Fix nny two non'sing1llar nonotore sets
a'o and Co* of concare iy!e, polar to each other in -/J" and 1'"+, respcc-
tivcly. write .l for (r,ooi) and r+l Ior (Co,z*). Define

(6.11) X k'l'\C) - It(,C) ae L -, *

(6.15a ) c : supIrllrec]
il d is a morotore set ol concare trpe, but

(6.r5h) c : inf { r lze c}

il d iB of conwe! type. ninl}lly, define

(1j.16) 
"l 

: s,rp{ 7(]1:) /Llr r > 0}.

Thcsc norms satisty

(6.r7) lt (c) = ?.. c , (.c,D*>: lcll. ,*Li ,

and other rcsFctable rules. Surprisilgly enough,
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16.18) T' - T

The most striking result is an enalog of the "specttul natm theorcm" l

16.19r lin f r--;.

Wb"n 7 iq erenJy g|orirg. onF rl"o h.,o

rC.20r tin, r\/,...')i i -; i
*+@

lor an5' r>0 aDd r*>0. In faci then

16.2lr lim .T' t' t Dt ' ' . ; - I.
l>o

provided the monotone sets C and D* are non-singnhr.
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