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1. Introduction. Fenchel's conjLLgate correspondence lor convex lunctions
na-v be vie\r,ed as a generalization of dre classicdl Legendre corrcspondence, as
ildicated briefiy in (6). Here the relationship betr.een the ttr\.o correspoMences
$ill be described nr detail. Essentiallr, the conjugate rcduces to the Legendre
translorm il and on1)- il the sul).lifierentia1 oi tlie convex lunction is a one to
one niappins. The one-to ot1eDess is equivalent to ditrerentiability and strict
convexitl, plus a condition that the function become infinitel_v steep near
boundar) points ol its eiTectil e doDuin. Thcsc conclitions are slosn to be tbe
very ones under rhich the Legenclre correspondence is wcll defined and
st'mnetric among.onlex {uictions. Facts aboLrt LegeDdre tral1sforns lna,v
thus bc dedLLced using tlie elegant, geomet.jcall_v moti\ated nethods of
Fenchel. This hns dennite advantagcs over the nore restrictive ctassical
treatment ol the Legen.lre transfoflnation in terms ol implicit funcrjons,
delcrrninanis, and the like.

2. Statement of results. Let t be a difl-erentiable real-valued funcrion
gir€n on a non enptt open set Lr in -R'. Let it* be the imagc ol Lr undcr the
grndient nrap Vh: t + Yh (r).Il Vh is one to-oDe, the lunctior

CONJUGATES AND LECENDRE TRANSFORMS
OF CONVEX FUNCTIONS

(2.1) r,+(r*) : (r', (vr)-t("+)) - r((vr) r(.r*))
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is irell'delined on Li* (\nrere ( , . ) denotes the ordi ar,v inner product in R,,).
The pair (r,*, D+) is cr.lled $e Lesendrc 

"aftsJam 
ol (Li, h).

Leg€nrlrc tr:Lnsforms, of course, hawe had a long histort in the cnlculus ol
variationsi see for cample (3, pp.231 212i 4, pp.32 39; 8, p.27). I,Iore
recently, the]' have been employed by Dcnnis (5) in tlie stucly of conve!
prograns. Dennis assumes that a,r is convex, , is strictt_w conve{, and V,t is
conlinllous. llnforturatelr, these properties are not necessarily inhe.jted b_v
(ar*, r*). ln lact L* misht not be convex (see the exanpte in iil below). The
contimrit,v assurrption on Al, is actually redundaflt; it is kno\rn that, if ,t is
convex and eacli ol its partial dcriratives erists throughout ar, then , is
ditrerentiable and Vn is co ti rous on U Gee 7, p. 86).

$Ie shall sa_v that (U, h) is a .omer ltmctian af Lesen e trpe an R jf U A a

2n0



Nlrenc\.er o a Li and r is a boLrffl.lry poinr of Li.']'he virtuc ol condition (2 2)'
irhich is autoDaticall], s.rdshed \hen a,' : R', is tLrat it lcads to a slmm.tti.
corespondence. \\ie shall p.ove the lolloring theorem in N3.

]]rEoREM 1. Let (U,h) bt a.onl)cx flnctioft aI I-ese the bpe an lr' The

Lcgcndrc ttunsJorn (Lt* , h* ) ;s rh& &cll-d.f.n.d. It is anather comer Jundio of
Lese rhe tyPe on R, tt .1 Vh* : (,VhJ ' an La Tlre I'egendrc ttunslollk 0J

lU*,h*J.is (U, h) upin.

Wc shall noN splait1 rhc parallel "conjugate" correspondelrce, introducecl
b) Fcnchel h (6).LetJhea o:l,er conur Jtndian oft R, i.e. an everrtrherc-
defire.i rLmction \rith values in (--, +-1, not idcntically +-, such that

/(rr+ (1 - I)]) <,V(r) + (1 - I)lLr) irhert0 ( I ( I

Suppo,.c also tliat J is 1o\rer scnli-cotitinuous (l.s.c.), tu otltr Nrrds that
{,J(.) < pl is closed ;n -1l" for evcry p € R. 'l'he f nctionJ* on R'de6ned bl
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non-cmptl open co re\ sel in R", /, is strictly con\.ex aM dilTere linblc o L',

(:.2) ri'. j. t, t,r,, + (r I)., I : - 6

(2.e) ,r (x*) : P,lk, r) /G)I

(r.r) u, . ,+ r ..., \ lo- all 1 I"

is called the corjlqate ol l. Ferchcl pro\-ed (in soilclvhat different rotation)
that,l* is asain a l.s.c. proper <rrnr-ex fLrnction on -R", ancl that the conjugate

A vector i* is saicl to b e a vtbstadie t ol J ?.t r it

(2.;\ ,fr(r-) : (x, r-) -./(t if and only ll r+ ( a,/(r)

Sin.e the con.lition on tlie leti nr (2.;) can be cxprcssed s-\'irmetricrll] , \sc ha\'c

(2.ri) r'+ - dJ1,) itrrrl onlviL.r : if fr*).

The set of thesc subgradients r* is denoted bt d/(r). The 0nultiple vnlued)
mapping a/: r + ,f(r) is the s bdiferc"t;at ol J. B!' (2.3) and (21),

r-onnula (2.5) can 1,e vicved as a gereralization ol (2 1) \\'e shall see belor'
that the tl'o fornnrlas are equivalent r.her dJ ts ane to ane (fro1n its don1ain to
its ranse), i.e. $'kn rl € ,/(rJ and rj* € d/(rt inply cither that r, 

= 
r'

ancl x1* I .r1*, or that rr : rr rnd i,* - r!+
The tNo tunction correspondenccs car be ticd together b)' Fcnchel's closure

opcratior. Civen a finite conve! f nction /? on an open corvex s€t Li in -R" and

rll) ., : U, the function I on 7i" defincd b]'

l' ;r(/
,2.t - J,nr,." .^) ir : lt /.

I - ilx ' r.
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will be called tlre .lrrrd dxtenr;an ol (U, h).It is a 1.s.c. proper convex functioD.
It does not depen.l or the particular o chosen; see (6 and 7, pp. 74-79). The
cotrjLrgate ofr"can be conpared $ ith thc Legendre transform o{ ( 4,', ,4) \rhen the
Iatter is defined. In this connection \ c hale the foltoNing result.

'f t.oRI\t 2. Let J be an| ].s.c. p/opet connex f|netion an Ra. t hen aJ ;s oneao-
afte if antl anu ;J J * the .lase.l eiension a.f d .onJer.lwctian oJ Lesendle tlt)e
(U,h). In that case dJ:vh, i.e. r.* a aJG) .iI and onl! iJ xaLi and.
a+ : Vr(r). F11themarc, the .oxjLlsatc Ju .tian F is Lhen lihelise the.losen
ertensian oJ the Lesendte tansform (r, h+).

Fnraiiy, rve har.e a char:rcterization ol the case $here thc Legendre traDs{orn
is ever_vNhere'delined.

'II{EoREM 3. Let h be a (ledl-xratuen) dilerentidble conNex Juntlion dqlned on
allaJR!.lhenVhisa.o tinro s anelo 1nemappinsoJ R onla itselJ, iJ md o ly
il h is s!/i.t|t coxtd and

(2.8) lnnL.r(Ir),,),:+- Jore"eryrt0.
The conjusare ot,4 is then the sane as its Leg€ndrc tral]sform.

3. Proofs. If/ is a 1.s.c. proper convex function on R" Nhose subdifferential
a/ is one,to one, the s ne is true ol the conjugate functionl+ b,v (2.5). The
conjugate olf is,/.'lhus Tlieorern I is a corollary- of Theorem 2.

\Ve shall no$ prove lheorem 2. Letl be anl l.s.c. propcr convex lunctjon on
R'. Obviously a/(x) is eDlpty (heD /(s) is not finite, i.e., $hen r does not
belol\s to the cfie.the dozatz olJ, \rliich is the convcx set

dod./: JJ'l/(x) < +-1.
On tlie other haDd, il f, € dom / the directionnl derivative

13.1) l'('t, : lintr(" + x, -l(s)],/I

(3.2) Lim inf/'(,; r,) : sup{k,l)lr* € a/(r)}

erists Ior cverJ- r a R". The follo$.ing {acts about the directional derivative
function iiere proyed esscntially by Fcnchei in (7, pp.79-88 and 101 104).
If dl(r) is emptv,,f(.;z) : -- for cveiy: in the relative interior of the
comex cone geneirted by (don/) - s. If ,./(l:) is not etnpt]., l'(r;.) is a
proper convex function on 1t' such that

for cvery : € n". T|erefore a/(r) contains exactl-v one vector if and only ii the
leit sklc of (3.2) is a linear lunction ol z. Triviatl-,t f'(x;z) : + - \[-hen: does
not belong to the conl'ex cone gererated b_v (dom/) - x. Hencc the left side
of (3.2) is + - ilhen: lies outside the closure of this conc. Of course, the only
conver cone deDse in R" is R" itself. Thus the left side ol (3.2) cannot be linear
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i : u less the convd cone senerrted by (dom/) - x is all of R". Since doni/
;s a convex set, this car happen onl) i{ r is an interior point of dom,/, as r:an

e*ily be shom using standard sep:rraiion tncorenis. Nov, r,hen r is an interior
po;rt oi donr/, it is a cl.rssical iact (scc 2) that/'(riz)) is finite for elery :,
and that f'(ri .) is lnrerr il and onl' il / is diiterentiable at r. ln that eve t

f' (x;,) : t.z, vJQ)) ior all s.

It is $-ell known that a conve\ lurclion llnitc on all of R" is autonaticdlly
coDtinuous.'l.he "lin nrl" is therelore unnecessary in (3.r) \'hen.! is ar
interior poiDt ol doml. $ie are thus led to the lollowi g conclusion:

aJ&) cantdins er.acttr one re.tor x+, il and onu iJ x is an inteliat foint oJ dorl, J
ad. dn.,"' obl n. .: t.t tt Vll ).

NcxL Ne sh.,$. that, \'hen it aDd r, are jDterior ponrts ot dom l,

if and only if
(3.1)

a/(sr)^ar(ir=0

l(i.r;1 * (1 Ih, - ,\,t(r1) + (1 l)/(rt
hokls for somc I \.ith 0 < t { 1. Suppose lllst tliat r* is corDLor to botli
d/(al and a/(rt, $ tlkt
(2.5) ,f0) >,/(r') + 0 - r', r*) ana /(r) >./(rJ + b, - x,, r)
ior every 1 € -1l". Tliis jnplies that

(3.0)
"rG-,) -.f(",) : k, - ,,, "-).

Il0 { I < 1, $.e have b,v (3.5) and (:1.6)

/(r,1+(1 - r)rr) > /(r:) + r(r, - r:, r*) : I/(:r,) + (1 -Iy(xt.
'rhe opposite ;neqliality 

's 
true becauseJ is cony*, so (3.4) holds. Con|ersely,

suppose (3.1) hokls forsome I with0 < I < l.Thenr: lxj + (1 I)r'is
another interior ponrt of doDi/. Ircnce 1(.1:;z) is finite for all z, so that
dl(.r) t g, as ir thc prccedins parasraph. Let $* be any elenent of ,/(r').
Forcvcryr ( R",

(3.7) lO) > l(Ir1 + (1 l)xt + (r, I'1 (1 - I)r,, r*)
: rLf(",) + b 11, r-)l + (1 r)[G') + (r - r', r*)].

Taki g lirst l, : :tr and then t,: ri in (:1.7), $e see that (3.(;) holds. $rhen
this l:rct is substitl,ted into (3.7), (e get (3.5). Thus r* belonss to a/(r1) d1d
a,(]:,).

Ol course, (ll.a) ho1(is lor some ) \ith 0 < I < l and t\.o different jnterior
poirts }1 and aroldom/, il and onlv if/fails to be strictl-v convea on the interior
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Our arsuments havc shoNn so {^r that 6/ is ol1e to-ote il and only if J is
diiTerentiablc and strictly correx on the interior ol donl, vith il,/(r) : 0 for
Don-int$ior poinis ol don/. 1\ie hawe also scerr that thetl a/ coi,rcides $.itli the
ordinary grndient nappirg olJ dcnncd on ihe iDterior ol dom/. It is l<noNn
(10) that a./ deternires I up to an a.ldirive coDstant. Ilcnce d/(r) certaint_v
cannot be emptt lor every $. Consequentll., if ,/ is one to one, the
in terior ai ol dom J is a "rr 

-r7rrt] op€n convex set, and th c restrictiorl ,t of_t to U
is djfierentiable and strictll' conv€x. lloreover, I is rhcn the closed *tension of

/(r) : jim/(rd + (1 r)r)

for all r Nhen d is any point ol dom /. (This iolio\ s lrori the fact thai
(3.8) s(0) = 

l1n s(r)

{hen g is a l.s.c. proper con\-cx iunctior on R such that g(I) < * - lor some
l > 0;cf. (7, p.78).)

Suppose no( that,/ is thc closed eltension of (LI, ,), nhere L. is a non enpty
open conleI set a , is a dil]erentiable strictl,v coNex function on a,'. I_et
., a U and let r be a boundar,r. point of LI. We shali prove ihat a,/(,!) is empti,
il and onl"v if (2.2) holds. lhis irill esinblish all bxt tnc tast assertion ol
Theor€ri 2. Sitrce a is an interior point o{ don/, the vector a - x belonss ro
the jirerior of thc convex cone generatecl b) (don, x. Thus, nc.ordiis ro
the lacts aboLrt directional derivatiwcs revie\ed dt the beginning ol the proot
of Theoren 2, ,/(i) is entpq' if and onl! il either /(x) = + -, or /(x) < + -
but/'(r;o - {) : - @ Settins

g(r) :/(ra + 0 - ),)r),
ire can pass to a onc-diireDsional context. Here s is 6Dite, difie.entiable, and
strictl,r convex or an open iDten'ai inctLrdins 1\ i 0 < r < 11, and (:1.8) hokts.
The deriwative lunclion g/ is then incrcasins and contjnuous oir the saDre opcn
iDtenal. Thc problern is to sho$ that

lini r'().) : -
il an.l onl-v if eii|fig(0): + -, or s(0) is flrire but

liDIe(I) - e(0)1/).: - -.il0
This is a elemeDtarl excrcisc ir the calculus.

The lasr assertio[ of Theoren 2 {i]l tro\'be vc.ified. Assune that I;s flc
.lo-J F,r"n-io r, i. of I "c. I'Jr. T o L/ ,. Hl ,., I nJ
thc par r: ot the theorcm alr€n.ly proved, fl must also be the .losccl cxrensio ot
somc conv* fu[ction ot Lesendre t,vpe (Ia ]) x.ith V] : (V])-1. The latter
implics I' : L*. Foi each s* € ai+, nc iave

r(r*):.f (r-) : (x,r*) ,(,) if{*: vr(r),
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bt (2.;). Thus, is the function l* defined in (2.1). This conpletes the prool ol
Theoren 2.

Theoren 3 is imnediate fron'llieorem 2 and (9, 5B and 5C), \.hich says
that (2.8) holds if and only if the conjugate ol / : /, is every$here finite.
(Coniinuity is automatic, as pointed olrt ir1 !2.)

4. Counterexample. L€t U be the open upper lallplane in Rs, and let

li(t', t') : I(tJll') + t| + t*li1
on L'. lhis difierentiable lunction has a positile clefinite Ilessian mairi{
throughout Lr. Hence it ls stricd,v convex r see (t ). But (2.2) fails for o : (0, 1)
and ,v : (0. 0). 'l he closed a\te[sion / of , coincides with t on U, is 0 at the
orisnr, and is +- elserhere. The conjugate/* is finite eveqlvhereiit actuall,v

sives the squa.e o{ the distance ol each point in ?l'lrom the parabolic conve\

c : l(h*, t,*) t,. < - (t'*)'].
But the Legeldre tra slorm ,* is not eler,vNhere defrned. lr fact L* is the
coLrplerlent ol C, dnd tlerelore is not e\-er conrex. IDcidentallr. f is con-
timrousl) dilTere titrlJle on all of -11", too. The Enge ol its gradient napping is
the union oi U \rith the orjsirl, n'hicli is conve! butnotopen.

\ote t.h:Lt the non convexity ol Li* djd not result here because the gi1'en
lurction $as arbitraril_v restricted to d snaller doriain so that some of its
gradiert appilg $.as lost. Since, approaches +- as one Dears tile {raxis,
ex.:ept at the origirl, it js clear tliat lz is Dot the restrictior ol aar'' linite convex
lunction defined on an opetr set larger than a.i. This exaniple also shoirs that
condition (2.2) is generally not 'constructire." A pair (Li, r) satisfying all
the requjremeDts lor beirg a conver lunction of Legeldre trpe ex.ept (2.2)
camot ahrat's be exteD.le.l to a convei function ol Legen.lre t_vpe.
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