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l. Introduction.
The relative nrtedor of zl correx set ;4 in ,8-, $'hich x'c dcnotc b"v

-4, is the inledor ol ,{ ll'ilh respect to the smallcst :lffine na if(nd con-
irnring it. $re denote the closure oJ ,1 by c1,1. It is vell known that
c](riri):c1,1 and (c1.4):ril. tmd in pariicular thrt d,4+O $hen
,4+4.

tsy a s...htte-ettmelt ot! -n-r-8" we sharl mean a tlitle U,B,/(}, lrhcrc
,1=-R" ard 3=-n" are nor-ernptJr conrex scts, and ( is r real-lJtled
fruction on :1 x 3. Euch that 1{(c,l]) is convex on 3 for erch .t E -{ l1nd
coilcavc on A lat e,3lt y. B. If ,{ and B are rclatively open. $'e s&y

{,4.3,r} is ftlarixety a\n. l1-e say {!.3,r} is clased ecs!}. camtletetll
closrl) if the lair 13,L(r, .)l is a close{l convc\ function in the sense of
l'cnchel lll for erery ce ri,4 (rcsr. r,.i). and {l,1l(..r)l is a closed
concar.c {ulrction {or c:rch ,,.riB (resp. gE-B). \Iie lay {-a',3',d'} jE

cttL;Ddl.j,t to l-4.8.1{1il A'-A, X :B dlld K' agr€es sith K on AtB
ej(cept perhals ali "co 1er !oints". i.e. po ts (r,/) s.4 x -B sLlch urnt
r+xi.4nndy+rir.

The saddlc elcrnr:nts studic.l ;n rinjlnar tleo?]'ha\-e almost alwa]'B
Leer ores i'ith -1 n d 3 closed. :1nd r(r.?/) u!!er selni continuous jn 

'rnd lo$er lemi-conltuuous in y. Erery such saddle clcncnt is conpletely
closed (but noi col11.eNell-). The best knovn minina\ theorelns deal
onlJ' rith the cas€ Fhere .4 and B are &oirLally con1pilci. For the sahe of
applications to conrc:i progranming, lioi{eler. $ork has also becn dore
or1 thc non conrp:rct crsc (c.9. ,{,e l+1, f5l, t6l). In this },i!per \re shall
studl'sar-lllc clerncrt,. $lrich miglrt rot e\.er be coDpletely closed, but
1erel' closed. \\ e hope to convince the rcadlr th:1t ir many n-al-s, this

i; realy the ratiual categorlr lor Injnnn{\ theorJ .

Being "clo!ed" is, as n-e shalL !ro1.e, a conslNctive })rollertv ;n ure

Irereired -lrrll 19. l!lil,
I Su!!.[Dd i. !.f bn L. S. -{ir ]lomc qJNnt .\tros1] 10i 6il illrntg\ tl,e 1,-, rrsnr
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lollovilrg sense. Euch ftlaliua4J o?en, $qd.l,le-ele rekt dcternines a unique

eguimlence class oJ closetl, saddle-elem.n/,3. and conl:ersel!.
A completely closeal srdclle-clement is ueccssarily the solo member of

its cquil'Rlence cl|!$s. llhe co[versc is not tme. As &n eraDtllc, ]ei l?"1=

n: P. A =10.e , B:10, &1. end r(".1/)= r/ jJ a\ A x R. Then [],-B,li]
is the solo member of it6 equiTalence class, b t {.B,fi(o, )} is not a closed

coniex function. This e\amplc also sho"d ihat {.{.r,,K} can be chsed
$-itlrout .4 x B lxrilg closed. An interestirg :!n(L twical exrmple o{ a
non trivial equivelence class on i x X is the set of closcd saddlo clements

{t0. rl, t0,ll, R^}, o=).tt.
whero A'lr,/):c'/ cxcept when c:0 = y. I{ll),0)=1.

LEI ,\A,B,Ej be any cloBed saddlc-eleDrert on Il- x ?". aDd consi(ler
the ftltlctjons /, anal t dcfined on a.ll oI I'x?' bt

t(u,?r) : inf $rt{(r,r) +(t/,t}-K(x,!t)\,
(1.1)

(r.2)

4(u,t') : 6'rp inf{(r,11) + (1r,1}J - }t@.x)} .
y.B r.A

v here ( . , . ) ilenotes inner ?r'ocluct. trVe sLall scc tbal .L fir d ,Z depend
onlv on tlle eqrirelence clas3 ol {1,3.-& }. end thrt the se1 oI (r. r) $'hcrc
L ar,rl L arc botl Iiuite in of the form ( x,, \rherc 6 and D are norr'
eDrlty convex set$ in i?rn a d B'. rcspectivclX. Irurthexmore, it 1fjll be

lrored tlnrt, [C,r,r] rnd {C,r,tJ arc equivrlcnt closeal s&ddle-ele ents
on R x R". Any sadallc elemest in this equiralonce class $ill be called
.r canj tale of lA.B,Kj. It ttlms out thet {d,D,r} is coojugat€ to
\A,B,K\ if and only il {,4,r,"i(} iE conjugn c to {C,D,1,1. thtus the

{onjlqJdtc fthtian d roltg clased scLidle elements is sll tm.ttic. and one-to-an

A etosed conrcr function {B,l} on B' can always be iicved t6 :r €losed

saddledcDent oA A0 x l?,, whelc lio iE lhe dcgcnerate zero-dimensional
rector s!rc€. Irr thic case, tlrc coniugflte relation dcfined above recluccs

to the oDe aliscorered by lcnchel D l.
The notion of coDjugacy lnrs obr-iow applicatiom to nrinimax tllcory,

I{ the clo6ed saddlo-elements {,4, A,I(} a,ncl lC,D,I'l arc {ionjrgate to
one alrothcr, we ho\-e

-r(0,0) : supinfli(,r,y) : intsup-K(z.y)
qet! u.B n.B !!A

il 0€ri0 ancl 0eD, or if 0eC and o€rir, becerse the co jugates of

{A,Z,R\ arc all equiralent. lYe shnll scc thst, if both 0€ C and
0erir,theuthemilirnarin(L2) is actutllly attaiDed a a, Eadalle loint.
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OLLr lrool o{ this fact delencls on f ;t ch!,ractcxizing sadrlle- rintE nsing
tLe conrept of r stbgr{dient of n conren function. Norice ir lartic|jartlrt a':/iD and r:3? by their deJinitior. \yhen I and B are conl,&ct
and r is coniimous or] ,4 x 3. Hence tLe miriDran res ltF iust describcd
tuclude KaLut'rni's errensn,n l3l ol rhe ron Nc rrann ninnnr\ iheorelrr.
In the general ca:e as $eI. it vill be ihowD that C and , can Le charac-
tctizod diecttv i.crms o{ {,1,3 /{}. Thls the !ri$nr"\ rcsutis crn t,c
.tnli, leirro I lr\ir J u..r,r, -1. It s " .,ou,t t,.g t,"qr F--
tiort.

In proing the facts $'e l:.,,r'c outlined, it is uscful to translate e\.crX-
thing aboLrt saddle elenents ilito the content ol Nhrt 1rc call ,,sa.ldle,

funotions" on ?,xX,'. The:e are ercri.T-hcre-defired rn.l l,ossibtr- nr-
Iinite-raltcd, brt are still concare-conre\ in n fatnrai neLqe. S ch lunc-
tions hale also been prt to good use in ]ninji11a\ theort'by Ioroau lal.
.h'or the most part the sI'itcl to sn(ldle fmciioDs is ,. rnrtter ol notationrt
conrcnjcnce. Propetjc"c ol sad. e ftrnctnrns hare to be studied in detrit,

rU F\,1r" ,"", .. .u..h i .t.t. r- L, .r I .1 ,-
theorems alorlt saddle-elencnts tnrn ouL to bo easy conseqtcnccs oI
tl1corcms about snddle functioos, it iE simpler to concentrate atmost
ertircl.r- on the laiter. The iladdle-frn.tion theorJr haF orhcr a.lvantages
o{ its o$n. Ir'or inntancc. jt erables uB to anE\'e.r qrestiors drolrt itre
cases in (r.l ) rhcre r rnd Z are not trorh {nrire.

2. Conyex functtons wirh inftnite values.

A ome:. Ju)Lctia)L on ,4, is an ei.crFherc-deftred fLlnotior / $,ith
valnes & 

=11.1): 
+ -. ,q1d1 thati

lrlNt -rra TEnoFE,\rs -{\D carNJt(|!r,E siuDtn.rtinclloNS

(2.r) I tt. 1, I u-n.,tH.lv\ajtj
is fl conre:r set in n,,+1. This conditior is latis{ie.l ii and onlv il the nr-
e{:tnalitJ
(2.2) l(.i!t+ (t - ).)yx) 

= U(y!)+(r,).)f t!r,) lor 0<;<l
hokk $'here\.er l(rh) < + € arld /(r,) < + -. The c.,Ne\ sel

dornl: t/ ll{7)<+-.}
is ca]]erl thc./l€.ri,d lonain ot j. tI;f(y)> - o for all y,:lnd.l{,/)< -N
lor at le,:rst oie 1t, ne sa-\, I ts !/opr/.

Cli\.er a finite lalucd convex {unction on .! non einltv corve-\ sei
C=Rn, o'1c carl alnnls exic dittobe +N outsi.te of a,r. ond oLtain i[
this \i.al i! troter conre\ {urctiljrl on -R,, \rhose effecti\.e domain is C.
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Thus the pails {C,l} *dich are convex functions in ure sense of x'enchel
coFc,.pond one io one ritll the propei convcx functions on ,4" in the

The Iollowing ?esulis $ere all proved by Fenchet nr Lll ld l2l (except
Jor trivial extensions to the improper case). We are snmmarizing them
hcre in our dillerent notation for conrcnicnce in later sections.

T}.e closloe o{ a con\.er frmction I on B" is the convex fnnction cll
or ?" vhich is the supremun of all the a{finc {unctions n 

=/ 
(with tlc

constant {unctioN - - and + € treateal as a{fine). Obl.joush

(2.3) cV: "f, cl(cl/)) : cU, ard crr<cu: if fi 
= 

/,.
Il cil:/, $e sr,y / iB closed. X'roln thc do{inition, one has

(2.4) (cll)(y) : sur. inf,{(y-z r)+/(z)} {or:r,il y.
T i. r eu l,nunr LhaL he IormLLs

(2.5) (cry)(y) : lim ini/(,)

(2.6) lct.f )!u):tir..f(xt+lt 1)!/) lor arry t €ri(loml) ,
rt0

are valid {l'erever l(:) > - & for all z, or rhene\.ff y e cl(doul). ln
palticular, a proler corlen function is closed if ilnd only if it id everJ'
$,here lowi,r setni'eontinuous. One always has

(2.7) AV)o): J(,!) fory€ri(do1n/) .

Or the other hand.

(2.8) (1IJJ(1!) : JQ) : +- {or y + c](dorn/)

UovidedI does not hnve the \.rlue &. Ifl(ti): F lor some r, tlicn
(cll)(?): N lor all ,. E I is iiLenticaly +-, tlren 6() is cU. Thus ure
only nrpro|er closed conyex fuctions arc the conntartE - € and + -.
If I is propo, thcn cl,l is proper and coincides {ith / excett }rerhaps at
xclative bourdary points of dom, as (2.7) and (2.i1) jndic:tte. Thc values
of cll at ch retative bourdari. ponrts c:ln bc {ound tuom (2.6) nalting
use only of the values of / olr ri(doml).

A lector t -. fi'. is Eaid to be a :'ubgradient ol a convex function / ni
& loint t if
(2.!) l(.!) > f lt)+(.u t,1J) IotallueR,,.
ll'he set of sLrbgm.lients of I at ,7 is a closed convex set whicl s-e denote
bJ' ;l(t). Iil is liniie ,.rd differentiablc ni t, then a/(t) contains elj.ctly
one \.ector. 'hich is the oralirarj. gradiont V/{rl. In genexal,
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(2. r0) G.fxr) + o if , ,a Ii (dorr/) .

(:i, r ) lrlpr inf,1l(r.Z) 
= 

in{, su!,rr(r,,?) .

K\)r,!t) 
= 

K\i,!) 6 K(i,t/) tor nJl c and y .

The jnfjmu 01/ .,n .4, is [,tlainod at t if and onlJ' if 0 E ifly). It:f
is not idertically +@, onc autonatic{rlly has ycdon/ in tlis case.

Noticc {rom the formulaB of the last pamgrRf,h thr{t

(2.rr) tat,I lsJ : ir\r,tatl)Qr) : iru{/(y) lveriGtorrV)}.
Eor "a,,.ot J "r;ah' on R". 1," f"c,s x ,l d, lilriri ,,{ $hi.lL \ill Le

ncecled are obtoined lrom tho6e a.bore bJ: int€rchzrnging S Irith:. +$
vith d, and irfi]nnm sith suprenRnr, wheree!'er these occur,

3. Saddle-functlons wlth lnfinlte values.

A wldl.e-furtion or tu x -R,, is an ercry$-here alefincd luction /i r'ith
valucs --s{(c,r): +&. srch that 1( is convex in y for each c, antl
conca\.e in c for each y. It is &le_flys trre that

Thc tvo qu:ntities in (3.r) *iU bc caled t]re lotLet and. rppet sdddlc"xalues
of lf, respectn ely, trVhen they nre €q al, wc speak simply oi the sadrJlc-

r.'7r'. A peir (i.t) in .19- x.lir is callc.l a saldle point ol K it

(3.2)

lI srch r saddle-poiDt c:.ists, thetr .6 has thc saddle-\-alue ,K(J,r).
l\ie slnll say that A saddlo-function K, is 

^ 
ltLiltinrn exten|ioh ol a

s&ddle-{unct'ioa Ii1 if
(3.3) sup, [r?(.,,/)- (r,r)] 5 sup,{1ilr,7)- (r,,,)} foralloerdy,

i[lrIr'(r.y) - l!, b\] : inlr{rr(r.y) - (y. r)} for all r nDd r.
'llis implies in particuler that

snn inf.,(. 3 suD ;nf (- < inl sun /i" < inJ..suD--l(..

aDA that everl' srddlc-point of fr is A saddle"poiot oJ -{r. llhe minimrx
.'\tension relation is ob[iorsly a IYeok partisl orclering of the sct oI rll
sRdaLLc forctil'rH on l?rhxna. If .K1 and 1(! m€ nlinimax extonsions of
e&ch other, *€ say thel aLP- min;flar equiuaLalt. 'fhen. for cach r. E lJ''
and o € rt'.. the B{alaue-functionB

Kft.yJ - @.u) - ls.rJ and K'(r,!t)-(t:,ul-ly,xJ
havc the same uppc? a:Dd loler saalde-1.alues {nal tle saDrc saddle-loirltH,
A saalcucJunction $ill bc called closcd if it is minirnax c(lniialenl to all
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its ninnn&x extensionE. The deftritions suggcst tlat sroh sacldte-{unc-
tions are rorc likely to ha-e saddte-vrhres aDd iacldte,ponrh than arbi,
tlary ones, and thris lvill Le bctter to vorl( vith drcn derelotinq mini-

In,r6rp\'.-F, iur $e sh.rJ s uJJ hr"r's,. ;c R-,1
propertics ol closed minimax extensions. Sonc basic factE. needed for
this purpoFe. vill be proved here.

X'or each saddle,lunction 7l we de{inc

13.4)

ftirhl]J., doml{ 
= 

doml' L and donr!{ 
= 

dom?,,(.

LlrMIL\ t. ?he four sp.tt i,n (8.+) ure ao.rLtelt. ].u ed.r r E ri(dorr1/l).
the e.Jled;l)e danain ol tILe canw: fu1|rion K@,.) is don.,,ri. ra";ach
y € ri(dom,r), the e.f.featiE danain of the canca)a llncr;on K(.,!) i.s
domr'r.

PRoor. ny {lefinition dom,r is ihe nrrersection of the (convi)x) efiec_
tiye donains ol the radous frurctionE r(r .) as c ranses orer ?-, ond
hcnce it is convex. The corlvcxity o{ thc orher thrcc sers fonoFs likerdse.
No$' srpposo that ,?r:,iri1+ (l ,i)r, $-here 0<2<t and ,1€dom1i.
Theu .((r, y)> - for all /, so, bX ttre conoavfty o{ _( in rhe firlt argu

r(-.t,y) ': ix(xt,y)+(r ).)Kll.,..!t) : +6
$-Le,rc1.er r!x1,t): +-. Therefore dom.((,,. ) sdoln ((rr,. ). In par_
ticr ar givenanyrEri(domr1l) and any rr in rhe smrlest alihe mani_
:foid coxtaining domr1l, one can choole ar r.€domrf such that r-
ix1+ (r - ).)x, wlere 0 < 2 < 1. Thus thc second asBcrrion of tlc Lemma
iF trne. The third assertion }as a pamlel proof.

Il domlr +, and dou,)' X * A, wc ffiy I{ 1s Lolur pj. oper.'11\e rcsttic,
tion o{ -( to the product of the rctative interiors of ctom.ll ancl dom,,Il
is tlen a (finite-v.rlued) ret.liirely open Eaddte-etenlcnr on _C," x,q, which
wi]l be called thc l(rut ketnet, of r. Snnihrb,. jf doDrr,,{+, and
dom:f +, 1lc say ?l is fip2er praper. ,Ihe restrjctions of ( to
ti(dou,'rl)x ri(lom,1l) is iLen rhc uppet kernet ot r. In dealins $-jth
the i prolcr c:1scs, it is oonvenient to intro.luce an .,empiv saddte-elc
mcr,r u \tr --"nJ' ,, prJ- .,cJ,tt. ptpm.n' o )p" - o. \\...,)
that lhe towcr" (resp. rpter) kcmel o{ _rl is -- jf clo]l,,{:/ (resp. if

dom,1{ : {r
don"l{ : ly
domr'I : ti
domi'( : {3

r((tr y) > - - for all y] .

r(r,r)< + € fox a]] r] .

X(x.1J) > - 6 for alt y e dom,1l|,
Klx.A)< +- lor all redom,1l|.
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doti\r'K=O, blrt doln2 1(+O); it is +- if doDlrii+/, but dom;/{:A
(resp, it dorlli-I(=O). ThiB iiermjnology rill be iLrstiJied lnter.

A saddle-{ rotion -K 'r'ill be callod sir?/e if itB lo\td aDd upper kernels
arc the same. ThcD olie c{n speak ol the ketnel ol K. ot ol K being ptope\
without haring to distingrdsh bet*sen "iorer" alrd "ulrDcr". Aocording
to the deflnitions. thc Briddle-functious vhich &re simple and propcr are
tLe ones such that

(3.4) dolnl'-a( g cl(lomrii) + @ aud doDlr',( s cl(dol\lf) + ,.
The kernel ol li is then. of cou*e, the saDe As the restrictioD of tr to
thc relati\.c intelior of (domr-I()x (dom!]().

Noi ei'ery s&diue-function is sinlple. For exailnpl(, ier -B3=11tr and
detuIe /i(r y)= +- $'hen (r,y)>0, li(".s)=0 when \..1.!J)=0, N(x,s):

6 Then (x.r)<o. 'flreA /l is both lower and upper pr'oper, bui not
sinple, The proof oI Lcmua l:rct[&llJ shorvs, horeier, thai doDlr'l(:
domtll and donlr'1i:donl!1i w]lonever donrll and dom:,r( bot[ have
noD-eAlpty inl,eriors. Thr$ 1l is alvays sinrl)lc and proper in this c{se.
\on-siurple seddle functioDs are thercfore rethcr freaLish.

(iiven an]. (non-empty) sadallc-element {.{,.B,-['} on l?-x?,, v'c can
als'&ys 6et

{3.6) .((", = {l: 
if;re-4 ttnct vfB'

Then ,( becolnes n si l)10 proinir *&al(l]e flrDction. ritlr
doml,l{ = -4 = dolrrr'r, donrl(: r: doD,'tr.

The upper and los'er Boddle{.a,hres and sedclle-points of this sodille-
lunction are thc sane a6 those of {.{,r,L} iD 1j]le c,rclirrerJi sense, 'l'his
rould also be tluc i1, instcad ol (8.6), oirc 6ets 7l(",1/): d iI c li 1
and y e 'B, ,{(o,y): + e if y { B. The second saddle-function is Dliri
mrx equi\.nlcnt to the Iilflt onc.

X'or €ach srdclle-functioD tr ou l?'' x-a?r, rre denote by clrd tlre func-
tion on ,al" x -82 obkrincd bt cloEing "L(f,.t) a€ a conceve fmction oJ rL,

{or ench y. Snlilarly, cllK aienotcB tLe frnctiol oLtaiDed bJr closing

-{(r,g/) as a convex function o{ y, i-rr each r. Obr.iously

(cl,.K)(r'v) s l((.,v) s (clr/l)(r.v)
for e]] ,j arrd y.

L rlrJ. 2. Lct l; be a1Llt saddle-t nction. fh cltK alul clr[ an sinplc
aa,1d,le-jnnctiona, a d botll ure nininur e:tterugions of K. 

"hz 
l:ernel ol

c\X is tln ,tuet l,er .l of K, ani Lke L$nd oJ cl,I{ is tlnlauet ktncl aI K.
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1, t:L){.r.r) : N
(cl,/ir(r.r/ - lrn irrfJi.r.', > -.

PB.oor. For each i, (clr K)(r,.) is the closuc oI the convex frnction
tr(r. ), &nd heDcc is conrer. l'.ron1 the lormulas in S 2 we h&re

if ir + donlli ,

iI i?- F dorrl-Il .

'lo show no$ tbat clsd is concal.e iD jts firsl arglurenl, fi\ ant l,/ aDd

choose arry ltl. /r. ,,, $'ith

cLl{(ri.y) > -, cl,tr(r,.y) > --. 0<i,<r.
llhen 

"r 
?rrd r, bclong to dolnr/a by (3,7), and hencc so does r:,1r1+

(1-,1) r. Thetu ciiions {(rr, ), r(r,, .) a,nd 1l(o, ) thLL!,rever have tho
raluo -@. It folio\is ftonr (3.7) alld tlrc conca\'ity of 1l in its lirst
arguuent that

(cl, -()(ri:, /) > lim int lr,li(rl z) + (t -.1)((cr,,)l.+v
>,1litn irrt,((cr.zr)+(r ;)liminf-tr(f,3.2r)

: .i(otslix'1,s)+ (l -,1)t.d,K)(.rz,y) .

'lheleforc clz7i is ,r saddlc-fuDciior. It .& is lo$er prvpcr, then

do'-,f, : dutu,.r:/{ . dumr'clr1i.
,1 ,, . /( g '.u.n.(1,.li . ^nr,"l:l{ cl1du.rr, A;.

by (3.7) a,nd Leln r& r. In this case clrli ir ther.cfore simple a.nrl proper.
Tufthellnorc. (clr /ix:l. y) = Ii(,u, j/) by LernDra, I and Jormnlx {9.7) Fhen
r E ri(cLomlr) and1,/Eri(dor\'li). ThtB thc heulel of cL( is the lon'or
kemel ot .Ir in this casc. Udorrrl+A bLlt dom,'li=r, (s,8) still holds
iI do,n1c!r ;s oll1itted, 'l'hcn -K and cl,d arc both sinrple saddle-
ftinctions jrith kemel +-. If donll/i=O. that is, the lov.er kemel of Ji
js @, then (cl,"lixr:,a): -N ior ill r end y. Then cl,{ tu sinple and
has kemcl --. tr'inally, rve uust \€rity that cl,K is a mini 1lI\ e\ten-
sion oJ Ii. Thc fill't inc{rualit}- nr (3.3) is triria'ly satisficd for -&,:cl!(
and .Iir=-{, bccause ci,jfs /i. The tllo sidcs of the second ineqriality
are actju&lly equ&l in aI c.!son, ill div of (3.7).

LErL\Lr :J. 4.li:, i.s a ,ni nft e e sio oJ KL. thell clrKtscl|Kr ani
cl, 6:, Z cl 

" 
/1, .

PBoor. Thc aecond jncqu&lity {ollows from th€ sccoral inequality in
(3.3) vi8 fo.mda 12.4) ior tho closur.c oI :r convcx {rnction. The ftst
ireqralitl is its concate collnterpart.



llNr]r^]( 1drofir-rlL\ ]\N S.!DD|X,I ri\CIro,\S l ni]

Lc! r, i. L t A t' d t, t.la. )lt I,nr'..",t E".t;,-,t1.1 K

' -l-K un,t 4 ,. 1'^. tl h " < tt t ,pt -\ tt'o,. n-ii-.--.
]J K h.1s LhA lftrrl.l + @,Ihc.n 4: E = + 6. IJ Ii k prcpet. thar the Lal es

.f !{ erld E dcrnnd arny orL the trcrnel aJ I{, ..1,nt1, there e.xists t1 ?.1it .).1 nan
s.t.t -h.4nd lt-H -., tttnl l:.J ,,,." h".J 3,rt,.JJ

tlte ftld;ans ;n ?u.Lle t ,lor w.rious loutins o.f \r,y) u:;ttL r(spc.t 10 C \ D.

1i 1) D\. ri 7, .l D\. t)

1'atrle l.

Pnoor. Suplo,ae thlt -li iF froper ,,nd clioose any t E (ilom1d) nnd

, E Ii (dom,1l). Let C be the e{fecli\ e dom'"in of the closure of the profcr
concare lunction ,(( . 

, t), ard let , be ihe eflective domrtu ol the closure
of l((7,.). By thc concavc analog ol fornLrla (2.5), thc ctfccti\.e .lonlain
oi Ji(.,t) lies l)et$tcn ri('ud C. Thccnrrc

(3.9) t€dLr 
= 

donr(: domrclel( 
= 

C

b]'Lcmma 1 and thc first llall of (3.8). Snlcc ( is simple. it lolloss
n.,v {r.rm LemnLa I and the secorrd h:rlf of (iJ.il) that

(:l.10) , eiD 
= 

domrK 
= 

dom,cjrd : r.
-L'urthelnlore, the relati\.e nrtedor of the ellectile donain ot the conczl\.e
Junction (cl,n)( ,t) is xiar {or erery ]/ by (3.7) and (3.e). llhe closure
{orrnulas for colc{1.c frLnctiols. nlong 1lith (3.9) illrd 13.10), thcrcf.rre

1ie1d

{3.r1) 
1i(' ,) :11:
,{1r.y) < +-

iI lFD.
iI i+cl(1. ltED,
j+x.D,

l'"-A'v if' it
,:. ir r', / 1r,,,,,, t t/.. ,t -4"..) :t ,. .,,(, -

Rut ir;(l ,X)r bclongi to ri0:ri{do1nL{) ior 0<,1< I s'hcn z e clC,
so the lela:tive irterior o{ the efiectire domrin of t}Lc conve! fruction
,{(2-+ (1-r.)r. ) is ihen (donl,1i):ri-D bJ' T,e lnla I and (3.10). Ap-
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(3.13) 1l(r,t) :

fim ]nrL,{(rt + (r -7)r,rtu+11 t+l
'.1 

" '1' 1ttD
The scconrl case of (3.13) impli€s da (3.10) and Lemm.i I that

tll'ing {orrnnids (2.6) and 12.r) for the .losure ot uris conlex lunotion,
ard substitutirs irto (3.12), 1l'e gei

l{lr, !t)

li0rr(1r- + (l -2)r,/)

lnr. Ii(.x . ut + (t - u)!)

il x etlc, tJ eti D ,

iI x.cI(;, !EtiD,
il ?: e 114', ! = 

cID ,

(3.11)
7i(i,.y) - --
li(r,r/) > -

itxFC.!=tiD.
ifxEa.'.

I{ lle contirue (3.11), (3.111), ard (i1.14) for jr t.rgether vith thc dual
rclults lor 4-, ll.e gct ali the rclatiors in 'Irble I except one: th:r,t

4li:.a)5ll\!.y) vl€n ,. E C\ria,' and s e -D\ri.D. The oiher relaiiors
irrplr'. Lo$.ever, lihat cl,lr:cl,d. Sincc oL4=4 brthc definition of 4,
ve ilLeref ore hare -t < -{.'lhc alguncnt in ihc cnses $'here I( i6 impropcr
is elementarl, as in thc froo{ of Lemmr 2.

4. Closed saddle-flrnctions.

ll'hc tlrc{i thd)rcri'r nr uis seclion ans$'er in aletail quesliions aboui
tlie eistence ard lroperties (r1 minina\ equilalencc clnsscs of clo:ed
saaldle-functions.

TriroriDrr l
(?.) Edch mininax equit u.lena, d,tss E ol dosen sdLtdte-JLolctions otl

nj, nn ,is dn "intol!!1" .in th..lallaoi)qt 
'ehse. 

Theie etist lrnique saddle-

,f tntrions [ € E u n,], E 
= 

8, stt clt \lx1[ .i s&ddla Jurftriu. K brlon lr to E if
',.t.,tJ,ll( t: h. .tlo. o,, tth i.'''| 1(-lilot L li L,

,t 1t',o c, ,t, r,t t. J -. ].t -l . :".. L.r- it t.. ":."
Iou:er antl, u.pptr moiLets, rc't.c1;Lel!/, aJ solne n|nindx ?tlv;Mloii)L (h3s

?.".. .,,,,.!...:".... .ltt;..:.. t.,, ,. h K.,,
at E: I{.

@ 4 4 anr E nre r,he u.ripn Louer tal rtut:.r he b.ts, ft8lec.Iit)ellJ,

a.f e m;'ninlut a4uiull.ncc clus q.,los.,l sundk-functialB. then eitlo'
l;.li -. i( -/i 6. /i,,/ha. bott,or ct,J 't.:/ -,t: ij
lne rchlionshits ih Tdbl. l Jor

Ll , - Jo, i' -.ourl o, l' Jor,!: ,or,'./i.



Pr,ool. Stri)tose first ill:1t n and,( rrc snddle functioN srLch ihai
d1{:1i ld cir{:!i. 'I'heD each is a minimar. extc 6ion of the otlicr
bl l,cmDra:. sD li nn(L li belong to tl,c srme IiDnnaI eqLLi':rLcnce ctllrs
t. BJ' the cleJinitio. of Dnlima! equir{lcuoe, cvery ltldrlle-{u ction 1i
;ucl UIat /l=l{=1i must.rlso belong to /. Assumc that 1i i6 .rri'
-ir.i ' . .i .ior o' /(. LF.,, r. i :mptie-

1, t,h t"lt . i( at li ,,4 - "1, ,l,l - i .

nnd hence tllat 1l E/. Thcrc:fore , consists !re.isel}- oi the saddle-lunc
tiors d such thrt 4=-{:-f, and all of these :1re closcd. Con]rerseh-,
:rtlose , is t! rnininax equlrahrLcc claFs ol closed saddle-functions ar.l
','-,rr\ /i t.:; .. /, iq.o--d. 1,- ru r,.,.4.,1.A.rrJi( , -i,
-,in l-.ror g ro t. lr.r , ,l-5 ttK -K .,,J ",ii-.i,^ l Ll

Lemnla rl so the arguDelt nr thc lirst tarl o{ lhe prooJ can be atllied
tu 1i anal 1i. This ]Jlo1'er (a) and (b). Nert obserre thAt, if -( and 1i
sntistl- the condition in (tr) then botL :iro binrple saddle-{uictnms by
L L! .. 2. l |fln" tuo, .1,.1 4 .lri(- i( .,,J .1 , K " "K 

t..
Pnrt (c) is thercforc a consequeDce ol ],emma 1.

Conor,r,-\x,y 1. Eu/lJ (losul s&ildl luhctbk is sinlne. In l:tct

xr]inrlx TEt0Hlj]is .\liD a1)\Jtre,\Ix l0t

doD]1'li : don\r a"il dorrld: dom,,{

.irt dny clasei, sd .Lfundian I{, (Lnd tl,6e c.)ii,Le.t ,.tts (IeIr.,rl, onltj o.r tlE
tuinnnar cq ,italence clurs rcntain,i\q E, 1\Iorcowt. il K is closen L!,r,tl not
;,l,.nti.,tll!/ - u - '. then l{ ,is praper Gltl

r., \ut jnf,ti(.. r) : rr!lnifli{1r.,/)
iit,$r!.1i.,.r) : jnf lbnl, .air.,. f)

?i c .ron\r]
r E dornl,r(]

i, e domrLl .

, € doxr"Ll .

PBoo!. Let d and Ii be the lol'er &nd ulter membelS oI ihe rdniDrax
crtuiralerce cl:1ss containiry r. Thcn domrd:domr'r:C and dom,li
:dom,'1l:, ni tJllrt (c) ol Theoren 1. This rcrities all o{ ille corollart'
r:cett (4.:). Thc fucti.rn 1i' ilefioe.l bX K'(x,tj):Klx.y) Iot xEC
..i1d1t=D,I{'(r,0:- - if o€Candl/+, 1i'(:r y)- &if x-.C also
l;'r betireen 1i anaL 1i rccording to Table 1. nnd hence ii is nintu&r
:.luir alcnt to li. ?he firsl equati.rr in (4.2) is & conse.tuence of the .lc{i
]rition ol rinljnlax equiva]eDce, inl,snluch alr tlLc ght sjde is jLrst the
snlnf" of -/{'. l'lrc other e.rLration fol]o$s siinilarl].

a onorr'{ny 2. i sdlllr firnction E is clat.'|. ,i.1 dnn onlu if X .i,s niinirruLt
,,alitinlent ta c\Ii and, c),1i.

Plloo| The ncccssitJ' of the condilion is a$erte(l Ll ! t (4 of l|heo-
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reru 1. Or the otLer lalrd, if cl.-& arrrl c1,/l are trrinirtrax equivdern,

c1r(o11-d) = .l:(clrr) : dr1l, clr(cl,7r) : cli(clrx) : cl1r,

by Lernma 3. Hl:irce /l:cl,/f antl E=cl,l( sstisit the hJTothesis oI
p&rb (b) rnd conFecl[ont1y are closccl. IL/i ie mini r&:. eqrir$lent to
clrl( and cl!L, it m $t then be closecl os r-c11.

CoroLLARr' 3. A sad.lle tunctior is closed and, ltropr i! ann anln iI it
satitlies tha .lollouing Jite cand'it;o.,s:

(a.) do]lirK +A a A dom,K+O;
(b) ,rr(c,y)=+- rNhen ,edomtr rrtgFcl((lo ,1l);
(c) ,ar(r,y)= - € krlrcn Ite t].orjd2r r&, r+cl(domrfi);
kt) Jor €,ac/, c E ri(domr X), K@.') is & cl6ed (prcpet) aona: llotttion:
le) fot eack lt.n(dold!l<). Kl',r) tu a closcrl (p op.r) co catie fan.t;on.

Pnoor. ll'he necoseity of the conrlitions lollons 1ronl psrt (c) of Theo-
ro l. l'or the $fficieDcy, we not€ Jbst that coDdifiolls 1a). (c). 0,rcl (e)
jmpl]., da Lemmr l, thal donlrclrli=dolrr,-.1. I{elce

intttK@.a)-(!t.t)\ = nli,llcl\ K)(..!J) - ly,D)j for all r,

iriviaut n'lrcn I + domr-K, boNh sides thcrr beiDg - -. I,\rtherDole, (b)

rnd (d) i ply thzrl for: "edo rll the cofi'ex functio E -li(i,,.) and
(clll:(r,.) both hate ri(.Iom! 1i) as thc relatiye i telior of their eftl,ctive
aloD*lins, and ihat tley agroe thcr€. Sincc tLe in{irnullr of a conre:
lunotionlover ?, i$ the srrne es the infiDn ofl on ri (loDrl) (sce (2.1i)),
thc sborc eqratiolr rnrst a]6o hold for ir e domr (. But it is al$aJ's tnLe,
bv the conc&rc aAalog o{ (:l.fl), that

sL,p,{-((,r,17)- (e,r)} : !ul,r [(dr ()(r, y) - (.r,1i)]

lor all y ancl .. 'I'hcrelorc clrl( j6 mirriD).Lx equir&lent to /1. By a Eimihr
arguneDt: so is clrli, ITelrce -li is closod ]y CoroJlary 2, and ploper of
co!1rBe bI coDditioD Gr.

l'nEonnN ?. Iito! saddle-lunct;o\t K has closed ninimar etlcksions.
In od.r th .t, dll th( closd, hlitiiltna etlnsions ol I; Le hlitiitt.ar elui\u.L t,
houpw. it i,s both n cessa.t! and $ulficicnl th,1t K be !|im?la, IIliissi, qle,
the lou\ dnd 1t1j!)et n("iberc oJ its clut's of clot l "/,ini.l,tr ext?n:tions arc

^ 
= cl"clr K and E = cl,c:1,"1{, r'Bpe.tihl!.

PRoor'. II -/i is EiDrple aDd Foper. the lunctiois.l(:elrcl,l( anrl
E=clrcL satisfy the rcl.r,tionFhips ir'l'able l, accordiDg to Lelnma L



Ir follo1ls {ron tl,cse reiatio1r;hiirs that cll,{:clr7i nlld ct,1i:d,r-.
The 1,1tt.)I is also trrc tri.iinllt'l)v Lrin { a nher,{ i$ sirittc brt nrr-
proper. Since clrli-/i and ct,!i:1i by dcftuition L l1nd ,{ Dlust
rLcte nnre ,ca,rdtug io i[rt t, ol Tireorem I a rnirin]&x e.ruiy.rlcrlce
clals o{ clos.d Dinimax erteltsions !f -f. Alsume rro$-t|at /4, is ,n
rL r r ' nr ,,i, .r.\ -:^ ,,1 1,. ' ol-'/(.. ,l/i l,.r'. to$F-

ard npper uemhers of its (dass- nl' Le1n rr 3 tlnd part {r) of Theorcm t
ne J,al-c c],1i 

= 
cljr' -/i' a.d

A :/i .i..,,,,._/\ .t,, A ..t.^ !: i
Siirilarly 1i' 

= '{. 'l]1,$ li bolorg,r to ihe class dotcm,ined b]' Ii :1nd ,1-.

This t)r.r\'cs thc "il" p,1rl ol tlc sccond Etaternent o{ tlxi tlLeorerr. ancl tle
rhtud statelmrt, too. I{ 1i is rrlI s{ddlc furciion c1,-{ is i1 rji i|le miri'
r11a\ ellensioll oJ /l by Lenma:. TlrLLs (llrlj(drli):c\cl,I is a cloled
minnr1.,x extensior of c1,li and hence of 11, b1 tlic |art c)I tLe Llxrolenl
$'e h,rrc so tar finsheiL provnrg. Likenile cl,cl11{ is ahrays a cloBcd
rrinimD"r ertensnn.rl 1i. BLri tlc liclnels oi clrcLli ard clrclrr ar,),
iro4 J,emDa :. urc lo11(l and upper herr-,r1s of li. Ctosed slddl(, fufctions
ii ilrc Barne uinnnajr equir{lcnce ciass must ]I:!rc the same hernel. ac,
cortlhg to rJad lc) of Theore l. Herce tle closeaL xrinnrla\ eritensiors
clrc1,L rd cl,cl11i are rlol ir tle same class vhen ,{ is not simlle.

(a) Au ttn satdle JuDttions i/L lL nin..;ndx equintelE .t,.1!\ oJ ct.)s.t
yroper sadiLle-Jun:tiotts he,ut the same Lerrtel. 1on|erxly e.1.h, n.tdrilLt!/
ap.iL satLllr cltmenl is the LerneL for o.actly one suclL t:lutt.

(b) TtE s.t ol suddt. tt,ir,,s {do 11/i.dom,,{,1{1, tr I; Mnsts.)t)e,.a
triii\L.rt.ttlii.tlr,.t:. cLars aJ clor.d ltozet s.tdd,le-kLncrians ltnf.1 t.(rn-
ltte) ettltiu!.l. )Lce .la:t .t (lase,:L sdddle,.lehnts. C.narB.IlJ. .uN .lds' aJ
ilE httter ratt d|ises tram d nit[re chss oJ tlL. fatnet sott.

]'aoor. It is irnrircdiatc tuol]l ta (c) o{ ThcoroD l thai closed profcr
saddlc fiulctions r :ind (' in lihe snme rdl]nnr\ muiviil.ncc cl.s f 

'\.erln: Ean1e Lexnel. ard tll:lt

\Il\t]r-!r TrlrioRrilr,q s \Dl)t_:t.fl ri( Troris

idomlr domj /i.1il ard tlonl /i'. do rrlL' /{'l
.tle eqri\.rklt closed saddle'€lemertr. Convcrscly, gircn a relativell.
oten srdde €leaLcnt {:1,3,/if *e car de{nre thi: uhLe6 of li ort-lide o1

1xB 1., be tho,se in (l].{i). :l'hen 1i is a simple proper s dle frxrctior.
\clordjng to Theorem 2. ci1c12/i and (r,clriL deten De rhe clasr .)J

tlosecl niiriniax cxtcNions oi L. an.l tleir kiiltcl is tbc sanle as thnt oJ

li. ;ll other \{orls it is {.,1. ts,111, br Le1lrma 9. If ,{' is u!]'otlrcr.closed



saddle-fuDotion \r'iih this lierDcl, tlen cllcl!{'= clr clr{, becarsc tle6c
tunctions dcpend onlJ on thc kemcl oI n sinple saddlc-function. by
Lemma 4, nut /i', being closerl, is rDinimax cqrdtalcnt to clrcl,.K'.
Hence it belongs to thc cl&ss o{ closed nlini'lax er.icnsiorB of 11. This

!rcycs tlmt o y oDc closed class has li€rnel {,1.8.11}. To finish thc

Foof of (b). te DoIr take a.DJ closed srdale-elemont [d.3,.1i.] and de'tjn{j
( ouhjidc o{.4 x lJ ns beforo. This time fi is n closed propo $rddle-fL1 c-
tior iD \.iliue o{ C'orollarX:} io I'hcorel}l l Ol course {doml/( .dom,1i,.ai}
is just f.{,B.-Il}. l'hu-s srelJ'closed saddle element a ses Irom a closed

?ropel ssddle-IuDction. The comlletencss and nnjqleness in (b) noll
{olLo$' from p&rt (r).

I ii.l R. T, 1iOCK1! t ). LAii

5. CoDjugates oI closed saddle-functions.

For cllch seddlc-tuncL on /- on I x H,'. the junctions L .rn<l Z orr

l?,,' x R,, defiDed l)r.

(5.ra)

(5.Ib)

(;.2)

l,(,', r) : s,,i,, i'f , ir(:r. rr ) + (y. ri) - 1i(.1. r)l,
./,(r,, u) : rni{ sup, l(} r/) + (t, J) -./i(r'.r)1,

\ri]] bc crlied ure lorpl qnd upl(t co j tuter ot 1i. respcdircly.

Trrtor,iDr il. Lct 1l ba th! closul sttdtle-f11naio.n., TL.i1 thc Iauct qwl
r )et canj .g.lt.s L atd L al K ue dltt1iils(ddlr l n,ct.iohs, and tlklJ dlln L

onllJonth' ,;)';Dlar pg,li'ntot.' tl,rss co,t'ti iraIi. lrlnt Lorl Lnre
Ihe b&t od tuet m.nbeB ftspectircllJ, of 4 rtinil''lE qtuiN-ale ce cl.tss
al clol.(l sa,ldle [trhcLiaii.s. IJ L is rLns tnbe| af tlLis equi.Laluce ald.s,,, the
lo,tet anr!, uttper cor.jvgntes K and R ol l, a*.;.r tutl th'! latl:o t! d.ut)t)cr
tn.Dlb4a oI tlL. tlo.\?'l ni imar eqttilytl.n.c clqss coltte[Ling K.

PRoor. l.or crch ?, ,(. 1l) is an nfirnnm of aItirc {unciionB on -l?,, x li,,
{r1d lrel}ce is r closcd conc&rc {unction. Nox'fi-r s,n\r u €.R.. Choose
rn\'/r.r'2./rl.nud p, srr,.lr th.rt Ztr,.r,tSpr P and l.tu.t.t=h. R. l'u
prorc the conrc:\it,\ of t(r,,.) \re Dnst slo$. that Ll ,t)=r.pt+(t ).)!e.
\rhcre 0<,1< I r d !:;r1.1-(l -;)r,.

T,liear ''r'i r8r: n UI l'- 'lefinir u .rZrl.rnxi.r'.,o"8trr
ard r! srch ttDt

Brt),i {(,r1,4) + (,/, ?1) - fi(irr, y)l 5 t1+..
$up//1G,:.!)+ (r.?.,) K(r,.!)1! a t,+..

Thcsc irdtulities ilnpl}'that -ai(",i/) > -- ancl ,'i(x,,V)> - - for aU t.
Hcnce. lor:z:7.r'rr(l i)rr, ttc nreq olil]'



rrr\]J,\\ 1Bt:onl']Is Atix (o\JfcATx slDDtr lL:\cr-ro)is 16n

Ii(l,t) z t.K($b!t)+ 11- ).')x6,,!)

rakes se se and is lalid for al t/ bl'tle concaiitl'ol .li in its fiilt argu-
nrent. (jonseqrently,

p:. ,4 + Q1 .1) - It(t:. 11)

5,1[(.rr,?,)+(y,?jr)- /i(,r,,J)], (r -,1)l(r:,o)+ (]/,rJ-fi(clr,/)l

= 
i(h+ e) +(I - i)(!,+ t)

for a1l y bi. (5.2). ThiBshoysth."t.lorcvery.>0, there eairis rn xj such

'l'he lcft sidc of (5.3) js at lcast as largc as Z(,r.r). so this is enough {o
comllete the proof thrt tis & Eaddle-function. Thc proof for , is larallel.
Rl rbc d,.ti rion ot ninirnar cqrilslcFce. lhe \:alues of L rnd t ilelrcn,l
only on {he oldss cortainnlg 11. \:tie s}ull noir-$hc,}'that

that
(;.3) qrtr' / 4 , J.u.li (.,'\=),t -,t-1t.- ,

(;.1) cIrL-E &nd c\L=L.

(5.5) (ci:r)(?,.r) = sttp"inf,,. il:, f -?4-r(,,lt)].

'llhis njll verify thc $econd ABsertion o{ the tireorcm. in riiew ol l heorem
lb. -{t)plying tormd& (2..1) for the closurc of a consex tunction, we gct

lf l'e suLsiitrltc the formnlll lor -1, irlio (5.5) arI.l rearrzrnge teflDs. the right

-.-up.i,x.i.r . l,,l:. -.s. -lt r.r'Ir'r'r 
- s,rprinl 1,. ,, -r- i-s,,p.inf ,l,z-,.r)r^/.,/,tj.

BrLt thc inncl srpi {' is (cl,1{)i:t.:). nccordirg to forrnnla (2.1) &gaiu.
llnd clrf is llinim,r\ equil &lent to /l becfluse -l( is closed. llhe Becond

half of (i.6) tlrus gjves I(&.r). Onc can redl"v ihe other ttrIt o{ (;.a)
jn thc satrlc vcI. tror th€ pmof of tLe l{st strtenn'It in the thcolenr,
s^ nole rh. Ih, 'rpp"r "dnj .; e(or rLr \ /. rini .rar lri' l'r:t oI'
is the simr ns the $pl)c'r conjugate of i. Hence it is girer by

1{li.t/) = jnf,,sup, 
{rr. ?,) + (y,1,) - nI{.sup' {13.1,) - (/,,?) - Ii(:, r)}}

: irf,,sup.{(r-:,2)+sup.inf,,.[{i/-r',r)+./i(.,')l}.

ll t the latlel c\plesJor i6 (ciiclrIi)(r'.y) bt' (2.{) and iis coucare analog.

Silcc /i is olLsetl, cl,cJr(=cltli iE the ppcx meDlber of th. nini ax

equir rlener: clsss co\tri l)8 ?1. 'the |r:rrallcl srgun1ent shots tlot thc
lo$er conjugdte o{, is iD t1lln t}ro lo}er mernbq of tlis chs3.



llxxr^Rri. T{ /i is not closcd, the proo{ ol Theorern.l still sl,o$-s thai
thc nppd crmjugati: 7, of -Li; 21 snddle-iunction, and that tLe u!!el cox-
jugate o{ i is in turn clrcl,L The laiter is alwaj'E a c]ose.l mhimrx

A.,.!...-mon..r.,,1 in rrel..o.t utTt,,o.. 2. R t
tu not ncce.Er"rily closcrL ii,scl{. vherr r is not closerl. nor ; it thcl
alrYays nnrinar elt,iralert to !. As an e-\ll]1ple of tlis in the rffu
3-:.& : ?/, ons mrv t ie 1i(r,r) :r/ \'her / > 0 and :/ : 0, 1i(r,!/) : + N
1l.hen r > 0 and / < 0, r(r ?/) = -\d1err=0. Hcrc 1i is 

'r, 
sill1ple proper

sad(Ue iunotion and ! is closcd, t ut , is not rloscd. Tt can bc Eho1ln that
F1,,,, l i..., I,L. \. .1,,...1 ,. ir!.. F i..rr.o /.. /.r '","r-
rheleus :1]l l]]i]Iim r equivaieri,, aniL tLeh corjugrte! in t rtr girc the
class ol closed tninnnar entensions ol '(. Tlis is not lrue \']cn K is

\, J.ll. lJ i,,L..'ttn! l L,i u"" "d .'1"!,\ ,.

unji\tale of K. TLeorem.t sar.s tLa,t the co .il,gatcs of L are closed arl:]
minil1rax equn.alent $'hen fa is closed. nLrtLer rorc, thc (lnjugate rela,
tjonrhit) is Fl'mr,]etdc and one to one among the lrridlrrnri equii.alence
chsses of c]ore.1 stuldl', f,,nctions on d. x 4". In the imlroter cllse, tl(l
constanl functions -r:rnd +* are.onjtg{tc to (D.r another. There,
Iorc ll is proler if and oD1J, if, is proper. \rh€n I l:l]1l1 , arc closed
.,'!ll, .",,u E",ni I ",.If we conlbi c Thooron 4 vith tl,c dotriied descriptior ol cl.rsc(l
saddle-frurctions nr S 3, r.e get r ve th o{ Jrcti abor.t tl,e ratlre ol ,
. I L. lr ,dr i" l.r.p r, . o Tl,-o-p tj, l. l,F 1.","q 

'. 
p"r ri

coirp:rdson of ! ard I.
(loBor,ir-{nr. 4 K;i t aLosed U o?er &t.ddl..f n.t.;an olL R-xn Lu.t'

txisL (.utL;ttrrc) hah-ekLpr! cotv): sets C=n" (Lr.d D=R, .\ .(:h that tl.e func-
tio".s !:.url t irl (5.1) s.ltisJ! fie 

'..k1tk)ns/ti?s 
i,. Tt:lbkt I (in..))ta.c of I(

rnl Kt.
ot ."r.tr. ,^,.rt,r\ t.Tr o..r,, tr /. lr.,l^,1,1 . tJo,

the saddle-elemerrt {,a,.8.r}, $herc,l:donrr urrl Z:clom,,{-. The
fuoctiors 4 and Z thrs are the sa e as the ones rLefilled {or closed
snddlc clcrncnts irr thc intro(ltr.ijon to thjE pp"per. ltr Lermore, tlre
corollary just st{tcd nl+1ie6 urnt tlLe conjugnlcs of ldon1,]l, clom,,{-,1ii
(h the se.llse or the nrtroil,rction) e-rist anrl arc lrcciscl)'the Ealldle-ele-
rrcnis tlon,1,, don,1,,iI or the ]'ario1ls conjugzltes, of ,{. Thlis Theo
rem 4 firrnishes t|c prcr.ionBl)'ontlincd lads about conirgate srddlc-
.le]nents. \'ia i.he .olreslon.ience l,etn.cdi .l!,scd sacldle,iuncLiols:1rxl
ilcil kcrnols iihat Fas set forlh in TLeorern il .L,id Cdollarv 2 to Tlleo-



xr:iril\)i a-llrloRUlls .\\lr colitl.c {TE s\DIIU-}_L-\0Tro\s 1{i7

Tlc c.rollrrv il)o1.c is essenti,rliv a r)nnina\ tlrco?err. It deF.riL,cs

,l, 1..r 'i.r r,J tlFr..do -r'l','- L,.r an,l -L"..
oi the closed saddle-irirction li(r.rl (r.r) (r,,) for the v& ous po!-
sible choices of ?i and "-. llhc scts C and D can of coursc bo idcntificrL
1l.ith domr, and dom,/, ftr:"nr o.,njnsrte Z of .{.

These n}innnax rcs ts a,r'e irtere-\ting, at alt cvents, in the qralitatite
senre. Thcy shof, for iNt.rr.e that the caics vhere the lovcx or ll|Pcr
;addle-r&hlc (,f { closed iraddle'{lrnction is finite. brt thc i$-o ale not
eqLual, 

'uc 
rc: li quite e:icettionlil. Such case3 cr,rcsford to pecnlirr

rLiscortjtrititiet at cor'rcr ]nrints 
i. likc the beha{joru ol r'l or the Init

sr-tr1i."rc a-( poiDted ont ! r.
To rse th,r.qc mni at resnlts il1 a .lurntit:lliYe lerscj ho$'c!er' one

Lrnst h&vc some vzlt'of d€ternlirilg tlltj setB {lomi, fl,nd dom:t \tithout
haling to cnlculate a conjug.rte, of r aLirectlJ'. llhe follo$'ing theorem
rhlrrcterizes all thc closed hali sprces containing domrz and domz, nl
ler' s ol limrlc l]rope ies of ,(. This at lenst lrovides a mcans r.rf

:teteninrn,g cltlomrz), ri(do L7,). cl(d(lrtt,r) and (dom1z). Indced,
ii {l is r rron-emltr conrc\ sot, in -4" say, clC is t|c iitersection o{ all
,-Lii cl.,seal half-spac( 3 .ontai$iig (1. Thus iio€c]C i{ ald only if:
L, zo)Z ru whencr.er :r'o . ?'' ard ro € .4 :irii srlch that (r0 ,1) > 10 Jor alt

,/=C. On thri oi,her harcl. ?r0€ri(lii ^rd 
oDll'ili

(-r,.r) : -r, forallrEa'

(10,],) : '" : (:ro ''o) lor all rr 
" '' 

'

Thir follors {rom thc (l.{initn)n.f rehti\.e irterior. rlsidg the better
knorin lact thai i ltrt.rr beldrgs to a giror fnrite'rLimension oten
rrrr:r sei il ard o,rh il it cannot bc scpalai€d fro]n the:ct, b1 n

:,or-zero hJ'1,$t,lllle.

TBnonnrr 5. Ltt I{ b. a (Losel, pol)et Ntultlk Jln(t;an trn Rr \ Rn tvi h't

L t:1! ar1/ tuti tat. ol li.
la) rLrE-4" ,1)1d ^,).It lLuI tL. ?nytt!/ that \xo,1t)ajt, Iot ull

, = |l]nlL il tintt onlr il. .lor tl\t r € ri(torrlr) and l/ € ri (10rr:L)

i;a) Irll+ir\).r) Kt.t.A\il . ^t, I.t att ) > tt.

tli) ltt. R r i 
^t: 

lt, hot tlt. 't)ta\tttl tlur Qtar)=lo.l.t all. 1,e

trr',L i.f ort otr'lt iJ.Jo, {//..ri(rlon},/l) o."tl 1t e ti(d.,n1K),

.;i,l t tit.i + Ltt:) - Iitr.l)ll)" a: lat dl 1 > | .

RDrl.rnii. 11'h.n the second condirioD ir1 (n) i! silislicd, tlle hau'lire
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Jr-2i'0 |.1:0lis rciiurlly contained in ri(lonl1l)for crcrv:t Glonlrli).
'flis is sho1'n in tlle prool belo$- Thus Jheorem 5 rnrkes usc 

'rnlv 
ol

the inner liend o{ 1l It car tllerefoxe be applicd easili- in the saddle

el.n'Lerrt conterit oJ S l. h cases $'hcrc it is nore conlenient to Forli jn

thrt not.,tionai scheme.

Paoor. Sulpose (rr.r-a) holds for an r 
" 

riidolnl () ind t -' (do]}l,1i)

t'ix any c€ri(tlomr/{). Then -((t.l) is llniiie for rcdolnr/i. It follo$s

lrom (;.i.r) that r(t+h0,7)> -- {or all ? Eri(domrli) fui.l ,.:0. and

hercc that t-,,,:.0 a doml'L by T,cmmx l But domr'L:don1rl( bI
CorollarJr r to Theorcli l. -\lso t is a r'.:irtn e irhrn,r loint ol do rlr'
so rhat tlic relatil'o irterior (,1 :1ny linc segmeri connecling t rith al1'

othcr foinl of dorr'Ji vill lic enlire X ni ri{domr /a) Therelorc

(5.8) t+;% € ri (domrli) forall;:0.
Non'lct 1i rnd li bo the lotcr':rld ulpcr nembcrs ot the ndlimax
equir.alelce c]ass containnrg -ra. The. ri-cl,'{<r=r. Ilencc li(.., )

iE r close.l proper conr.x functjon $i'rh elfcciile dolnairl doln:{ for
cach.rerildomrll), bX palt (c) oJ Theorcnr I The r.rl{lcA.rl l1 cloEed

convex {, 1ction I at pointF of (](doml) call a]{i}'s be e:rpresscrl as

lirrits ol the raltles oi I on li(don]l) {tiins formul.r, (1 6). \\ii ca con'

'I'r,1" l- plur 'o ..;'r" I11.'7 L

(n.9) K(i+).:ta,lt) > ll(i r):i'.t for aLl v attd zll0

Nori.,{ is thc tpper conjrg.rte ol , LJ' Theor€m 1. so

r:,.1ll .r,p., I ,, J.. L',t K z"o1 l( |'tJ

ior .rll v alld 7l0 Now choose aI;' : e I' and C E -4 srch thAt

(5. r r) I{ln,'!t) > la,z)+iJ lor all 1.

TLis is trossiLle bcca$e ,((r=, ) is a closed proper conrex fLnction

'o Li;l r ;.1' ,l i.ll \":
(t + 2.". ri) + sup, f{r,,) LlL,1')} > t.t,2)+l+)'^l

lor all 17 and ,l > 0. Thercfore

2L(10, ) 1ol+(:.,u)-lt 
= 

sul,/i f"l{l/ ? 1r)r Z(?'.r)l
: t,cl."I')(1t,2) : Lo,.')

bJ forni a 12.a) {.,r the closure ol a corrlex tunctiorr. Tllis hol(ls ,r:1ll
,,:0. so 4t,,:): -- sllen k0.r,) a<0 Ilut {or loinrs ?i€dom1!:
donr 1, sc have Llt ,)>-- b)' definition Thus {l1]0.?1,)>1o ior all



rrtirr\ri TrraaIrEJrs -\\D co,\J trt] !.Tli s.lDnrn ;ricTro\s tai|

zedo l1t. Nor-assu e the itrttorr \1i: shall pro'e tlle "onlr if" t).."rt
of (a). BJ The.rcn a, {l is the lorel coniugitc of .1. Crlculaiina r.s in
i1.2). lre gel

IiQ: + ).ra.u) > 4k + ),:ta,a)

: ir ,srplrir+;/o a)+lt r) t.trt,t) rE.lamLri
: hJrsrp{l.io r \t,'a+tx,L) Z(r.,) nedomlr}
_ l((,x,!/)+ lra

lor arbitrary i,,t/ and ,i:0. lYhen ..-. klonrr,{) anrL ,ed(do]]1,r).
r1e ]ra1.e r(r,r):{(x,.!):Elt..!) b}' p:1rt (c) of TlLco?dir 1. "$ (;.7a)

..r o d. T," r.. I ,, ,1., i. , , 1.9.,r..

6. Subgradient characterization of saddle-points.
Lct r be aD-y sad([e-J,rnctjon ou ?u x ?'. Ior each t E Xri ,,xd t € na.

! e dt)notc lI irlr(t.t) lLe set of subgradients at: of the concaye {un.tion
I1. ,). ar dt:hrcd in .s 2. 1\:e den.,te br ;,1\-(.=.t) rhc sci ot snbgradients
,.,r / oI the cor\.er Junction ff(ir.- ). Tire lrod[ct ol tlc c]oFr(l conrex
i?rr ;1((r,r) ard a:,((a-,t) rill bc denoted by itKe,u). -{ccor{lnrg to
le remarks in { 2. i1i(t.r) nill be tl,o Fingletorl corEisting ol the ,]1fil|i.r'

:radient of /1. i{ li happeDs io l]e finite and diffocntiabie at (r?/).
I hc follo\riDg ir r nL.rri, genetal c teriol lor tlle e:riJterrce oJ Erlbgradicnts.

LDir,\ 5. Let li L( u Llasd ?).aF). san e llrit:ti.n. I:lten

aJ{i.i ,) + l:1 Jor L:!U !/ tlt.nur.t t e kknnlli) ,

?,Ki:].tj + a Iat atl r th.n.r$ t E ri(donLli) .

: . ranialttat iK(i t)+O if <i.i) is a i..kLtilt. iLtelLo tni,,r a.f Goll;]rti) t
rrln" /l).

L'roor. 11 tEdornll(, thcn -1i(t. )is a lroler conr-er function, ard
:l:. rela,lire irterior of its cffcctire domairl is (donLr). This folo\rF
:.:n the relatiolls in Table 1 vin Thcorur lc. bccr,usc,( is clos€d and
r:.per. Hcice L,Iil, !)+O ln tl\is cn,.c for:!lL r€Li(dom,/() b)' 11.10).
Ii I -- donll L, for snl1 ar reasons ,((t, .) is nn inproper c.,n\.e\ {'u,ctioD

:..ring the lrlue & ihlr,ugh riidom,li). Thetl t,]llt,t):?" tri\ialI
: r an t E ri(doln2/l). Tlle {nct nbont l1.ai(n,t) h a }rarallel prooI. and
:l:e liral assertion n just a conlirition of thc tlro.

Thc throrem belo$'relrtes tire s,,Lgradicrt! of a laddlc fnrction 1i to
:r rie ol a conj|grte r. Wherr r}|e crirerion ir Lenrin; js afflicd to ,,
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tho theor€m l'iokls suffioiont conditioos lor tho eJslencc of sAddle-points
in ufnimax Droblems jrrvolving -K. We Bha[ put this frct to lrBc in the

TEEoiDu 6. Let K arul L be closed, aaaldle-fllnations carLjwtte ta one

anotlrcr. Then tlre lollall'in! foltr condilions on a sct ol Ledors i, ,, i and d
e e,quiu.Llent l

(sJ <u,e> e aK(i,i),
b) <r,t> e eL@.,n),
(c) <i,D b a sa^ tte-padnt ol K(r.,y) - @,nJ - (i,lt),
(d) (u,t) ts d sdddte-point al L(u,u)-(i,u) (r,u).

PRooF. Assumc thlt (a) holds. By the delinition o{ t}re subgradjcnts,

(6,1)
K@,r) a K(i,y)+(t-r,u) for all r,
R(i.y) >: ];(E.t)+(y-t/,1)) for all y.

'l'herelore. Ior J(l(f,,y) = K(r,1J) - @,.r)- llt,t),
rr(i.,t) 5 {r(t,ii) s rr(i-,y)

tor ali :u and y. 'l'his is the sflllte as (c). 'l'he argumcnt cilu be rer.emed,
so (r) is equivalont to (c). Hence (b) rnd (d) arc ccruivalent. too. We
shall nolf sho'y thnt (a) iDrplies (d). This rrilj pror.e the thcor€m. be-
ca:uBe of the sylrlnctry of the coijrgs,te reJrtionrhip. By de{inition,
,5 t. u.here, is the upper oonjugete of K. HeDce, for all u.

. Lkt.t\ j t(1r.I) > s,,p,,{{I.u) | {y.r)-A{/.r)}r{1 lr
ti.u\+t! tt KII !/'

try the second hs,If o{ (6.1). Sidlorly

(6.3) Llt,") > (x:,u)+llJ,1,')-E@,r)

for u1I a. t)ornbining (6.2) and (6.3) w0 get

t,( ..n) - @,u) - (t,tJ 3 t @ 4 - @,a) - @,Dj

$'h icll is jllst (l).
(ioRor,LARy, I,l Ii .Lnal, K' an. .losetl, sd d.dle'lhllcLions .in lh e sa.u a ninina,D

.rltLitnlznte ckwt, rhe'L i K (i.tl: ?K'ltr,o) Jot alL i and !t. Iu ,hetnoN,
K and, K' hnxe lhe sane Lltlue aI aU pi.l,,ts uhaft thae sultruli.enl sets aN

Pnoor. IiDilr&\ cquivaleDt saddle-{LrDctiorr h&!'e the sllllle saaldle-
points and saddle-valfl es.
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These rFsulis oal r bal. lor .lose.l sadille-l un.r ;ors, I he spr \ a rui d sub-

eBn dnd, De R". Ihen the inJi,nlMn i,n \s.tb) is &tuinul at r tl .tnd,

<r:,t>.., aK@,t)

only on minimax eqdTalence clr^ises. Tho mapping for a giren
is the "invorse" ol the malping lor the class conjugat€ to it.

;,J i e aJ@,D).'L'hc supremutn in (5. ta,) is cltt Lined. &t y i.f ann okla
i e a;L@,D).

a) EDp!{(r,u) + 1y,1,) - r(2,3/)i : sup,{(r',t,)+ (rr,1') Ee:,y)}

a,11 tr by the atelinition oJ mi]lima,x equiva,lence. Derote the common
in(6.4)byl(ll;). Since -f: c11{, r(., s) is a olosed concayo Iunction

each y. The right side of (6.4) thus exprcsseB / as a, supremrm of
convex functions. Thercfore / is itseu a, closeal convex function.

We 6hall now give a formai statement of the special nev minimax

ient mallings

refeuecl to in $ l, a,nd show that tley arc &n €lement ry conse-
o{ tlrc general thoory of conjugate soddle-functions. OuI tieoreD
usc of the {o]loFing tvo conditions on a saddle,element{l, B,./l}.

PF,oof,. Let E be the upper member oI the minimax eqlliyalence class
r. Then

fe must show tha,t I attains its minimum a.t t il and only it
eAL@,1). 'I'he latter meanB tha,t

L@,1)) < t@l)+(i,u- ) for alt u.
i6 cqLriral"n L ro

Ll|L,t,) : fi1tp_la@,a) l|:,w-u)j .

lefr side of {C.i) h infr/,/}. Tbe gbl side is

sup.{(c,z -ro) + tuf,sup, {(r,u)+(s,t) K@,a)}}
: sup,inf" {(t - ',?, -&) +/(ff)}
: (cUX-) : /(t) .

other hall of the theorem has an analogous prool.

Mhimax theorem.
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(I) No rorr-zero rector ii,o lli1$ the propert)' that, for al1 r'e ri.4 antl

,.ri3. thc hau llne p+2ro ,1:01 is oontaincd in / on(l
Ii(x-iri,x) is r lol-zero decrcasing fun(ition of ,1:0.

(1I) No non zem vector r0 has the prolertl tllai,, lol all r E ri,] aDd

. 1 ,Erit, the h'rlf lnle l!t+ ).!ta )..rJ i! containcd tu ,6 and
I{\l,!J + ).th is a non increasirg function ol 7 > 0.

CoDdjtjo (I) is tdvialtlr ratislieaL, ot couNe. iI I is boundcd. Indecrl,
it iF eas:' to Eee tlai (I) is satislied if, for mcrcly onc t/,.riB arl.1

,r e X. {:r. I r(e,7) > a} is non-euptJ ard boundcd. The htter is r-err-

si]r lar to the tr-pe o{ condition uscd bI Norc:l1l [al.
Iihen {.a,-B,-{} is complctcll rlosed, the result belo\v is a speciJ case

oI arother nlintuax ihcorerr .lel.eloped by the aurLor 15. Theorem al.
The prerions thcororl s'ilB pro\.ecl by an entirely ,:Lilferent nethod, en-
t&iling &n c\tclrsion o{ Helly's theoren]. It makes strorger assertionE in
cases irhere pohhedral conrex setB ar'c ir\.o]\'c(l in a ccrtdin 11.r)'. Its
proo{ crnnot be enten.led, ho1rc1.ci, to t|c prcsi)nt cnse of ge eral closed

saddle'e1enent.

TrrEoRx],r 8. Let IA,B,K\ bt anlJ .l'rsd tadil.'.le L41t on n'^ x R". Il
contlitian t,IJ is .\atisJ;ed, tht)n

(i.1) 1narnrl./t{r,/) : n}i srp1l(r a) < +€.

lJ co'..litian (.II);N sLtti'!.;t,t. then

(;.ll & < F'rrr ini1l(r.l/) : 1llin inf.1i(i,,:/) .

lf (IJ and ItI) ue bolh, satis.fied, li l,rr: x td.,i,lle-:i:)oint on AtB.
lho.rr. Br. Tlieorem 3b *e can assurrc tlat 1{ is r closed lroper .qadcilc

.r,r' ' I f; $al,.l lnrA."'l ,-dor,2A. Lp t. lLtt
the lolver aDd upper coniugate of 1l Then

1,(0 rl) : sr! nlf 1l(i|], j/) ,

r.) tt.R

,(0.0) : inl su!.lii.r.r)
!.8 t'A

io 'flrPoren l. L.t

0 : tlo,r,Z : dorl,Z, .D : dom,! : dom,r.

If 0eriO, then ,(0 0):/,(0,0)> -! bl- the coroll:llJ-to Tlleorem !
Snlnlnlt-. -/-(0.0):j,(0,0)< + - if 0 E rir. A@olding to TheoreD t, the

(;.3i'

(i.3b)

b1' Ll,rnlary I



hluK@,y) is always - for z + ,{ : domr,(, its solrcmum is anained
on,4 if it iE attai ed at otl.) tsui art(0,0) is non-empty by Lerrma 5,
wLen 0 € ric. Thus the suprcmum in (T.3a) is attained lfhen 0 E ri{,i.
The inlimum in (?.3b) is likevise attained vhcn 0 erir. We ncetl only
obseNe {inally thal conditiollll (T) end (II) imply by 'I.heorem 5 thar
0 e ri C and 0 E d Il, rcspectivel)'. (They are actuary equivatent to the
origins being intedor points of C and r.) The last assertion oj the theo-
rem morely combirles the fiftt two. It a,lso follows iDmedi$tely and
independently from Lemma 5 a,nd Theorem 6 vin the same obsclvs,tion
abont conditions (I) and (II).

ExAlrILr. SulJpose that,4 and 19 ane the ron,rregatirc orthants ot ?-
and I" respectirely, snd that r is di{ferentiabte on the int€rior of ,4
and r, that is, lor ">0 a,nd y>0. Denote hy YaK(.t,u) and V,((r,i/)
tle Ba lund lJ,,components o{ the gradient o't K Et <r,a>. 1'hen (I) and
(II) are equil'alent to:

(I') No non zero 1,o: 0 lias the propefty that

@o'v$(r,!)) i o Jorallo > oande > o;

(II') No non'zero y0:0 has the protcrtJ tlat

]IINIIIIX T}IEOIiNIIS AN' CONJUCATN SADDLX.!'UNCTIO\S

(!",Y"R(x,y)) 
= 

o Jorallr>0and?>0.
These a,re certainly satislied if tlerc exist vectors 11 > 0 and 91 > 0 such
$at Vlll(q.yJ<O, and there exntt rcctors eis>o a d yr>0 such rhat
T:r(,1,y,)>0.
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