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LEVEL SETS AND CONTINUITY
OF CONJUGATE CONVEX FUNCTIONS

R, T. ROCKAFELLARO)

1. Introduclion, A ltopet enrex futlLtion on a vector space -ir over the rcal
numbers R is ai1 everywhere-defined fu[ction/with values in ( cc, + cD], not
identicaily + .!j such that

(1.2)

A finile-ralued colvex functior ofi a norenptl convex set C in F caD ahvays
be extended to a propcr convex function on F by assigning it the value + co

outside of c,
Let F and C be real vecior spaces in duality $ith tespect to a bilinear functional

(x, J) for r e F and ], 6 G Gce [1, p. a8]). Wc shall henceforth assune F and G
halc each bcen supplied with r topology conlpatible Eith this duality [], p. 6?.],
so that each can be idcntiied with the spacc of continuous lincar lunctiooals on
the olh€r. Unless explicit notice is given, all questions ol closure, contiruily
and bolndedness refer to these given topologies. The forirulas

s(J)=sLrpl(x,l)-/(x) x€t I lor all yL o,

/tx) = sup{(x.r) - g{J r I ve c} for all r.er.
dc6nc a one-to-ou€ correspondence bellyecn the lon'et setnitonritruotts (l.s.c.)
ptoper couvex functions / on F and the l.s.c. proper convex fLnctiorls I on G.
Funcrions paired by (1.3a) and (1.3b) are said to be conjngate to each other.
This conjugaie correspondence, dkcover€d by Fcnchcl [6], was extended to
infinite-dimcnsional spaces by Moreau [9] and Brondsted [2].

It is natrral to look for interesiing relaiionships beiwccn the conjugatc corre-
spordence among con\cx frnctions and two classical coffesponderces, lhe olle
between convex sets and their support functions, and tfie polar correspondetrce

(1,D f( xl + G-i)x,) 
= 

)\f (xt) + (r-))f (x)

for all )il e F, x, e F, 0 < ) < l. lts efectire donain is the nouempty couv€x set

don/= {r € F l/(rJ< cD}.

(1.3a)

(1.3b)
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LEVEL bLfS ,\ND CCiiIINUfTY 11

fo| qonvcr corlcs. sxch js our rroiilati,rn here. A facr $hich is altcr(i) kLic,ln,
and rhicn \ill bc i.rporlairt ir orlr hlesiigadons. is dllrt the two cirssical corrc-
spondences cai bc trcatcd as sp€ciil .ramples ol the conjugate correspondence
in rhe follo$ing $aJ.

ExANrprr i,A.. A ] s.c. propcr convr\ lurjli.n ;s an nfuli.al.r'fdnclicn, i.e.
har no rahLes oth.r than 0 aLrd + .., ii ard onty il iis coriLllate is p,siiit,el)
ha,loseneaur. Tle furctiojrs of the firs! kind oLr a arc precisely ol the fbrm
/(-i) : ,t.l-\) : ,,(r la). $lr€rc c i! .r rorcn,ply closcd conlcr sei and

(1.1) d(ri c) - 0 if .\-.c, tr I c) :./-, if i+c.
Th. conjugaie of .J. is rhe srpprr/ ir11.t;,, o. oi C. $'here

(l.s)

Dually, the jndjcaror fnnctioir! ol rlc ncDcmrnly ctosed co ler sets ;r G arc ihe
conj ogalcs of ths suppart flrir.tioi s o l ihcs. scr!, w| ich are preclse iy the posi ti\ clyj ,rore.. ....f irr.o, .' .'.. ,,',;.

;xA\r?L! 18. AccorCjrlg io E:ilrnple lA, o l s.c. pioucr conler function is x
posirively hcncgeneors i!.iicntor functjon if end onlJ iI its corjugale ls also.
Such functions ire rire iudicaroi ilfcricns of noienpil closed
('l'ith \e e{ at the origir,). For t\io suclL ccncs ( = -F and rs G. / : Jr aDd
g: .'. are ccnjugatc tc one arother il ard onlJ il -ii a|d I are lrl.r. to onc

(1.6a)

(1.6b)

/- - ir€ti(r.rl:0lorxll rsK],
K = ir..I (-{, r) 

= 
0 for au -r € Il.

ln parlicular, tle a nihilator corrcspondelrce ben|een subspaccs cf f' and G
may be exprcsi.d bl the coljug3cy of in.lictlor flinciio s of sublparcs.

Associated ,rift ar) Ls.c. proper co.i',ex furcLioI Iorr,a are l arions distincuish.d
convex sets, cones, and posiii\el) honlogeneons conre)i lunctions. Whrr happcns
10 all lhese obiecrs undcr thc above correspoDdence? That is the undedling
qucslion throughoui ihis paD.r.

One iinporiont coxveri sei associarcd lvirh/is its efectile dornajn (1.2). Another
js its sel,rrsrdlh Sph/, wlich is the coDr,cx s.t in I O R coirsisr;ng ol ihc pcints
lyi g abole or o. rlle graph of, EIideirly, a proDer conlcr fun.lion is positi\cty
honogeneons if rid only if its s'rpergr.lph 1s xctuall) a corvex cone. No$ tbr
each cofver se! lhere is a.,pici]rlcorl ex cone, crlled iLs asyrlrptotic cole, essenri.ltly
giving thc directions in l"-hich thc s.t is infinire. lr the case ol gphl l\e lhall
see thai lhe aslmplotic cone is itselithc superrraph of a certain positivell, hon]o-
gcncous 1.s.c. p.opcrconrer function on l:, \rhich we call thc asynptotic fur ction
aff.Tlis a\')nptotic /&,ictirr describes irnpo*ant grorrh properties ot, Ii
lurns out to be the support funciior of the closurc of rhe efiective domain of



th} conjLtg.rlJ q 01 l Duxllt, lhc support lun.lion ol th€ clo rc ol don I is

the asl'lnrlotic luncLiorl of -q. We shill show thai this car bc ..'iexed as a ljniLing
crse ofthe conlrsacy lbrmxlas lbr scalar lnrlliples ol gilen funci;ons.

ilach l.s.c. proper colr\'er lunctior /on F also gjves rise io a large fanily of

R T. RO'KAFFI LAR livay

(1.7a) L!,r.i- 1r ./(.!) r'lt'::lx.h)l for bEc and i4eR,

( 1.8a) s(b) : snp Ilt e R Lt.tf + 41.

Like',lise, the codngate function g generates closed corvex sets

(1.7b) L"."s: bls0) + a=(d, r,)] ibr d€. and aeR,

decreasins it] ? for cech d, such that

(r.s b) ltu) : sl,p i,eR l r".,.s + ./,1.

eachof which is a closed convex set in ,F. for any fixed l,, the union ofthe L6,r /
ns /,'rarges ovcr R js do1llt Ir is clear from (1.7x) and 11.3a) rhat lr.//dccreases
as /i incrcascs, with

'Ihc studl ot'rhesc lerelscts williead rs to interesliDg res u lts rclating bou.dedless
.rnd .o.ti.uitv picpsrtles ofJ"and g. We sha11 or t consid.r cases \^r[ere P < s(/r)
and a < l(a), so that the letel sets are s re to be nonenpLy. The marginal cases

where,4:8(D) and s:/(d) iDvohc \pccial problems treaied in the theory of
srbdifi'erenrial5 ofconycx luncrion5. (Scc [10], [11] and the referenccs giver there.)

Our first iask ln anallzing thcse level sets rv;ll be io determine theit support
frnclioils. Tlie level sets t. ,g r der consideration corrcspond one{o-cne wilh
the ponrl\ (d, (l in F @ R \'/hich do not belong to gphl The supersraph of the
support funcijo! of 14.,9 turns out to bc thc projecrin-q cone ofgph/from (d, d).

From thesuppofl lurction foImr as, \\ 
"- 

shall ded uce the follo$'nr g tor,rdrd rss

ptinciple. !,r.tfis barnded for all /] if and only if 6 is alr i,lrrr,rdl point of doln a
(i.c., aloLlg each line through ,, -q is fi ite on aL1 open scgment coniairirg I').

Starling \yiti a locally convex Hausdorff topological lector space ti we can

ah,ays let lr: d and iet c be the dual r* or E, n'ith (r,l): L(r) for let+.
Onrresnlts can then be applied iflheiopology on G is taken as thc weak+ topology

Gee 11, p. 671). of couLsc if E is rcflexive tl1e strong topology on g* could also

be LLsed. Even if -E is not refle).ive, howeler, our boundcdness principle leads

1(] a coniinrity theorem in this co tert. \!e shall sce, namely, that the intemal
points of don g are pre€isely rhe points xhere the conjugate funcrion g is turite
and continuous i. the strong topology on the E*. WhenEis torneld (inparticular
rvhen -E is a Banacll spacc or js rcffexive, sce t1, p. 2 and p. 891), there is a dual
theoren: poinls where/is finiie and continnous correspond to weak* compact
level sets of s.
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Ihe Iast result also lollons ftoln recc|t independent $ork ofMorcan. Iu ll0l,
which appearcd shor!l)r afler our papcr vas submilled for publicatioLr, Nlorenu
proved that the points whcrc/is linite and contjnlors in the N,tackey topology
r(i', C) correspond lo the le\el scrs ofa which are conpacl jn the \reak topology
o(d,,F). In a rorl1all space, of course, rhe siven topology coincides wirtl rhe

Mackcy topology induced bJ the dual spacc. N{orcau's method ol proof could
also be used for a norc dirccl dcrivation ol our theoren1 on boundcdncss, liiiloul
employirg the lornrtas for lhe rupport fu.cli.rns cf le\'el seis.

We also rait to mention alons these llnes rhe recently published Lhcorcm cl
Fan [5] about polar correx sets. l! is olosely relaled to lhe case ol Morcau s

lheoren \ihcrc./;s the suppod flurction ofa convex sei in G.

2. Conyex cones associated $ilh conyex sels. For each Donenrply convex set
C in -F and each a € F. the set

LLVEL SEIS AND CONI'INUIIY

(2.1) P.C -.ltr).(x-o) ;>0, re C],

1.2.2)

:19

$lrere "!1 ' d€noles closnre, is the prcj.dins coiv o.f C r./.,rir" tr .r. lt is thc
smallest closcd ccniaining ihe translaLcd corvex ser C - .r. ( Ihis
definilion dil]trs sliehtly frorn the classical one, i11 $l1jch tlrc conc js not required
lo b. closed aud its lcilcx is at a ralher lhan al dre origi .) Anoih.r xnportrDr
closed correx cone asso.icied lvirh a norcmpty convex set C ls ils ds}rrplrri.
crne0+ C, \\1ich is de6ned rs the "ljmil" ofiC as t J0, i.e.

o.c:1 
f.r"U ";c ].

lvc !var! 10 m.rLion hcre soru. propcrli.s of these concs \\l-.ich \\iU irc iulokcd
laier ir the case $here C is r€placed ir) thc supergrapjl of a con\er frnction.

Asyinploljc con!-s seern to have been colsidered firsl bt Stoker |151. Choquer

l3l has recenlly studied them ill iDfiDired;mensionai spaces. The characterizarions
of0+C listed lor corrcnicDcc in the follorr'ing theoren iue all known.

TUFoRrr :A. lf C i:t u not)etnrtr tlosel rodtex s.t ,1 P, eucl o.f the faur
conditia s on re.i g;0r,r lc/or' is equi\l.nt ta the rcnditia thut :iEO+C.

(a) ,/i! rr.r' {a + ).x 1 } 0} is c(ntained it1 cfor eL.etr a eC;
(b) trer'.'er;sts v,,r! ae C sLLh tlldt a + ).xeCfar arbitratily knse chaic$

,,J ):
(c) C+,r=Ci
(d) (r,I):0lbr rrrr-r,r'eG rrt/l tlktt tlir Lnknr lrtrctiu ( ,r) is,o!ll,/..i

ProoL B] dcfinitior (2.2) ihe condirion tllat r.0+ (l can be crpressed rs:
(e) therc exist ncis of scalars ,ij > 0 ard veclors rj e C such ihat linir.r : 0
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The cqui\alence ofthis \!ilh tlic lou. condjtiorls i. tilc tleor€m will be established
by a cycle of inplications.

(a) iinplies (c.): Tririal (take.l: 1).
(c) implies (b)r Fix any aeC. Then d + nr-eC for all posiiive iniesers1r by

lb) implies (e): Choose any uibounded incrJasing scquencc oI ti > 0 such
that .r + ur)i - )ir e C. let ;r : 1i ar. Then iinlitr : 0 and ljmii:iri : a.

(c) i'nplies GL): Ir (a,.), 
= 

d€ R for all d € c, then

(r-, '},) 
: 1i'nfi,(.!,, )) 

= 
d lin],r",:0.

(d) ilnplies (a): lf {d, }) 
= 

r.eR for all dEC 1\,c have (a +;ri,}) S ( for ali
d € C and ,l : 0 bl (d). Sirce a closed convex set is the intersecrion of rhe closcd
half'spaces contajnnlg it, this llnishes the proof.

Characlerjzarion (d) sats rlut 0+C is poiar to the cone c1(don1 d.) in G, which
night be called rhe brr'ier .,re of C (see [7, p. 45]).

Cur scalar'n1ulliple notation fbr rhe isvlnptotic cone of a nonefipty clcsed
correr set C iits in wilh various algebraic lbrnnlas ;n n hcjpful way. For example,
consider rhe lbrnulas

R. T, ROCKAFELLi\R

(2.3) ).t()1C): (.).,).)C aM (.)1+ ).))C = ).1C + ),C,

$liLr "reob, or ,.|-errr>0"r,.) 0.
There are siinilar formulas, easily veified lron Thcorcm 2A, which irvcile

th€ asymptotic cone, arncl)r 0 r(;,C) : 0+C, ,11(0+C) : 0+C, 0+(0+C) : 0rC,
0+C:0+C+0+C, ).2C=0+(+12C. We can sunnnaize all of fhcsc by
saynrs thai (:.3) holds 1br all 11 > 0+ and r., : 0+. The notation also sugsesrs

(2.4) (Ji,r.,c, + .+ 
'{kl\>a:, 

..).L>0+,.11 +..+.li:i}
onghtro be more inport:tni jn some contcrits than the nere co vex hull of gi!en
closedconvcrisetsCl,,Cr(\\'Lichis$hat(2.4)\.,ouldbeift|eresultofmultipl].
irs by zcro were irterpreted as 0C, : {0} jnstead of 0+C). As a matter of fact,
Choquet l3l has shown that(2.4) olten sives the./dse./ convex hull of C1, ..,Ck.

T[e fo]lo\\ingprojccting cone formlrla. 111tch also benefits frorn the 0+notaiion
js already kno*r. Since lt \yill be crucial jn this paper, a proof is included for,

THIioREnr 28 (Clroalr,r [3]). ll (: is d na]tetnp\) tlosed convex set h ]t dtld
o 4 C, thctl

P,c:u {2lc-4ll.l=o'}.
Proof. let -L dcnote the union of the right. It is clear fiom definitior (2.1)

that cl (=P"C. Futhermorc, P,C is closed and P.C 
= 

,l[C - a] for all ,1 >0,



so P,,C = 0'lC - ,l frorn deFdiion (2.2) . Tirus Paa = ,<. h ren'reins tc 5l1or|
K = ci K.llr € cl K, rvd c.rn choose nets sucir that.r : lxnj,j fhcrr:i E iric al.
; 

= 
0-. Teking s'rbner i1'neccssary \re can !uppose ihe 2r are all suictly positive,

tur orherwise -\e0+LC -,,1 = K hirially becausc 0-[C d] rs closed. Se!,
:r - r.r-yr, $here.!rEC d. Sirce d+C and Cis r closed conlcx iet, rhele existt
by a standard separaljon theorem sone l'e6 such that (: - r,b) > 1 tbr ell
: e C. I{enlc

hrn supj,;., 
= 

lim;r.,(r-,, t) : lx, b) < 'r) .

Wc m'ly slrpposc therelore tha! lirniir : ,1, ,lhere 0 :: i. < co. II r, > 0, $e have
(1i r,):InnrrreC-.i,sotr.'er[a-d]. If 1-ar, r-e0+[C - d] b] definitio'.
Thus a e ,( in both c.tscs, so cl l( s li:.

RTMARK. The asynlptolic core ond projecling concs oI a none ptJ closed
coDvox set C were defined usnrg dre closure operaLjon. IJut the characlerizarion
ol0+C n1 Tlrcorcn 2A(c), and ihe lormula lbr -t,C ir1 theorerD 28 when !r + C,
slro$'thal rhes. coner could aiso be delired algebrricall]. lhey do ordcpend
on lhe particular topologJ, !.\c.pt to r[e exter,i rllar re topo]og] has lLl br one
in lvlich C is closcd.

3. AsJnptoli! functions nrd scalar multiplicrtion. There js .1 nntural orc-lo,ore
correspondence belween cxtendcd'reai,\a[ied 1'urctions ] on ,. and their r,?cr-
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(3.1) eph/: i(i, r) L-! e F, /(r) 
= 

4alt]
in F@R. For the case ol i rerei! here, the correspondcuce is ciraraclcrized ir
the following lemina, whose proolis straighrlbr$ard ard wiil be oaiti€d.

LIMMA 3A. r, atdet that t rbrer S ol .F G) ii be oJ the forn spl\/fat same
(unique) l.s.t. prcrt cat":ex lrnttian f an F, ir is ercssarj antl s fi(ie tth.tt
S be a nalYntptr cLo:;en cotut:x ser r.i/1, (0,1)e0+S 

'rrr] - (0,1)d0+S.

For ihc rcst of iLis seclion let/ be l.s.c. proper conven oD F, and let S bc its
conjugate on G. Ir view ofLemna3A, we ca deilnc nonneeatl\e tight scdlar
nlulliple\ fi ofl all of which are agair Ls.c. Droper conlex, bt rhe geonetrjc
formula

(3.2)

Evidenily,

(3.O

gph(1,) : .lcphllbr; : 0+ .

(li) (i) - ,/((1/ r).r) for ; > 0.

We shall caluo+ the dslrlptalicfullctian olf.Itsproperties witl now be described.

TI[oruM 38. ldcl o/ rl e fallah iis tonditians an x e F anl ! e R is equiaale]1t
to the condirion rhat UA+)( x) 

= 
!:
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6) f(.a + )x) 
= 

f(.d) + ).r forall d€F and 2 > 0;
(b) tl,ire ?xi.'r.'so,rz, e dor.f,/ su thrtf(.a + ix)<./(a)+ )tl/i atbir'atitr

larye choites oI ).;
(c) /(: + ,{) f(z) 

= 
tt fat all ze <tomf;

(d) (r-,t) 
= 

t/br all }eG trl s(r, < dr;
(e) therc exist dirctterl ets of te.hts xleF diul ).i > 0 sLtch that 11r'\J t = 0,

)inl.txl = \ a t lttr,t)J1) t r.

Prilof. By defillition (3.2) of/0+, wc havc (J0+)(x) i rr il rnd only if (j\',/r)
is ]n thc tLsymplotic cone of the scL gph /nr (3.1). Conditiors (a), (b), (c) a'ld (e) are

easily deriled froln thc correspondirg condjtions ir Tlreoren 2A. ConditioD (d)
could rlso be derjred liom the earlier (d), but il is simpler to shorv it js equivalent
10 the present (c). If(c) holds, 

're 
oclualiy ]layc -/(:) 5 tr -/(: + r) ior alt

:€1, so by (1.3a)

s(J,): sup.{(:,}) -./(:)} < sup,{(:,J) + rr -/(. + jr)}

: I - (.t, J,) + srp.l(' + .r, r) /(.-+.r)]:r -(r,]) + c("r).

Hence I - (-r,I) > 0 whenever s(J) < ... on the olhel hand, ifGl) holds, wc scc

from (l.3b) rhat

/(: + r") - sLrp,l(: + ,{, r, s(})l

< s0p{(j, rr) I s(.r) < ,:o} + srp{k, y) - g(r.) g(r) < o}

3 P - .f(.")

for all x€ 4. Thus (c) holds in this case.

CoRoLLARY 3C. Tre dst hlptotit ftr ctit,i oJ .f uti he detetmi e.l rt\n atty
oJ the fotta\tins fa tuIas:

(a) Uo+)(x) = sup [./(d + ).x) - f(aj]lxfot anlde dom,

(b) (./0+) (r) = rilrt [/(a +)'x)-J@))lilota rredo.n,/;
(c) U0+) (r.) - sup {/(: + r) -/(,-) .- € dom/};

(d) (/0+) (r) : sup l(r, i) ls(r) < or ];
r,0 r \) - lin +" 1,,[\,,1 ;,> 0.r, .u.,j,.,--l

le)
lim irt.,2,rr-,lz,> 0. .,-0. -,-.r .

Proof. (a), (c), (d) and (e) are immediat€ fron1 the condiiions in 3B; (b) is
eqlivalent to (a), because the diFerence quotient is a nondecreasing function
oI.l > 0 (e.9. sec [4]).



19561 LEVEL SETS AND CONTINUITY

(3.3) ( /1) (r) = .J(.\ i.c) lor all2 : 0 | ir/(r) : ,a\ I C).

It lr nalural ro deline ln t s.dl,jr Dj ltiples ).f al J ior ,,. > 0+ by

(3.4) (if ) (i = )11(rl ir 2 > 0. (0y) (-\') : ,ilr 
I cl don/)

(3.5) ((2, x), (r, p)) : (x, | _ itL.

fR@-FOR.rn.lROGORdrcptdce(l in tluaLitJ \\jth te'pect to

(t.6) ((.i, x, tr'>, <).', !-. p>) : (x, !-) - ).! - ).'t' ,

53

CoRofLAFy 3D./0+ ts to.rirtrell hanailen.ousr in Iad ii is
Ju (tia af rhe onemptJ ./osrd crnud.r sr, cl(don s) ;,1 C.

Proof. This is the esscnce of 3C(d); cf. Exanple 1A.
Properties of asynrprodc lunciions redrce to ihose of rsynptotic cores \!hen

I ii the hdicator fLrnctjon ol a closed corvex set C. Indeed.

Then each r/is again 1.s.c. pr.oper conver, and gph (0y) js rhc,.tillri!.. of sph
(.).f) $ )!0. Left and righi scalar mulripljcarion arc dud ro onc auother iD rire
sense of the follo$irg tlreorem. rhich cornbjnes c kno, 'n elenrentarv fact lor
,,. > 0 wirh 3D(cf. tA).

THrorEM 3E. )f a nl :l). arc c an i L sut. t o i n n Ll ).s, rc pr L it.r ),.t' . oit ). > A ".
Another lcason lbr. our "righr scahr rilutLipt.,' norarion is pro!i.tect by rhe

TII€oREM 3F. Let .i be n1e Jinction on R @ F defnerl t J: d(,1, .!) : (t) (_r)
1... ) . ,,0...r -' r0 r,^r. .,.. 0. //..a . . .,. pt.I.-
to Dex antl positirel! ha,la|eneaus. llfgct f is the suppatt fututian of gph s
tr G @ R, i/R @ a dnrl C @R ate pla.ed i d tlit! ..ith te,ped to

dnl l/ is the Jrnctia an R@G tonstucted ftoj s as tl xashon f,then
gphd, e RO -F@ R d"d gph y'/sR O G @R d/e r/o serl contex cones potar to each

Proof. By(3.2) and28, gphdis rhe snlallestclosed convex cone n1 R@t@1(
conraintus {(1,:r, 11) (.t, lz) E gph/}.

Hence ., is a positirely homogeneous l.s.c. proper convex fLurcrior on R @ a
by the critcrion in Lennla 3A. By Theorem 3E, the conjrgare of d wirh respect
to (3.s) is

sup {((r,, a), (r, /1)) -.1(.1,x) (r.,r)eRoF}
: sup {sup {(x, y) - 17 , (/r) G) I 

j( e F} I 1 > 0 
+}

: sup { * .tr, + (;s) (}) l.l > 0+ } : o(<r,, r) lgph s).
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Thus d, is rhe support luncrion ol sph s (ct 1A). Tn \iew of thc dual ol the first

alscrtioLr i! thd proof, the polar of the cone gph ry' $;th respccl to (3.6) consists

olall (i:, r, /i') c R @i@Rsuchthat

0 : ((2, ir, r1'), (1, -,,, r)) : ((2, r), (r, rr)) /t'

for all (r'. /r) e gph s. Thus it collsists of al1 (2, r, rr') with

rr' I "((l', 
x) Ieph g) - l(2, );), i c itisgphdr']

ilENAu( The correspondenccs in Thcorem 3E $cre oted by lrc chcl, and thcv

apparently hclped tnotival. ]l;s original definjtiorl ofthe coniugete correspordcnce

(cf. [6] and [7, p. 38 f.]). Our only contribi'ri^ri herP h'\ h'en to fornr^Ti7e rnd

complctc Fenchel's obse atiods in terrns of asymptotjc lunclions

4. Support fdn.iions of lerel se1s. Jurt as ihe asynptollc fnnction ol a l.\.c.
ploper con!c\/or F rvas detned geonletrically by rn ns ofthe asvmpLolic cone

ofthe closed conver sei sph, we can constrllct oihcr fnnciions fron.l considerins

the proiecting cones of gph/relarilc to i3rious points (d,s) of E @ R These

will 1ultr ool ro bc the srLpport funciiors oI lhe level sets oI tlle conjxgale g ofi
iust as /0+ \\'as thc support function of tllc onlon of ftcse scts, dom g.

lndeed. jn view of Thcoren 2B and Lem$a 3A. \tc crn detue a positivelv

homogeDcous 1.s.c. proper conv.r lurciion P,,,./ on ,r for each (,,')+gpl/
by the fo.nr Lrla

\r.r) gDh, p". n- /'.,..gp\/ U l r,gol-/' ..-l ,;' u :.

Olcourse, (d, d) + gph/if and only if" </(d), and in ihis case ihe closcd conYex

level set ta.:s is sure io be nonempty (see (1.7b) and (1 8b)).

THT0RE\I 4A.'Ihe rt)ncti(,n P,.,f sati\fes tlle fotlo\tins fot ]11ulas (vherc

aeF mtl z <f(a)\:
(a) (P,,.,/)(t: rnin(rl) G) l2 > 0+l $ir, l(x):/(d + x) - d;
(b) (P, ,, G) - i"f{t/@ + lx) - f (.a) + El 11 I 2 > 0}' ,!r,a-e E : f (^) - d.

pnt)itled that J @) < 6;
G) (P,,.", G) - $p {(x, }) | s(}) 

= 
(d, r) - d}, i e P",f is the suplott

lnctia af the leLel set L,,'s.

Proof. Fornula (a) follows fron (4.1), becausc ,'.[(cph/) - (d, a)] : gp(}).)
for all ,1 > 0+ by the definitions. If .t > ti: /(d) - " - l(0), wc ha\c

(r0+)(r) - lim [i,(r.r) ,(0)]/2-hn[/(a + ),x) - f (.a) + E) | i.

by 3C(b). On the oiLer hand,

I hft | ).)) (x:) : h(i'x) | )' : lf (d - )'x) - f (.,:1) + €l /,lfor 0 < r. < c.
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by thc definilion of right scaler lnnltiplication. Thcrefore (a) implies (b.) llhen

/(a) < .c. we can also calculate the conjugaie of P,,"/fiorn (a) and 3E as

s'lpi(-{,t - n {(r.i)(-!).1 :0+}Jr€I}
= sup {sup{(r, }) - (rr.l) (, Lx e r} L.i > 0t l

- sup(.lk) (r) i2 > 0+] : i() lroJ = 
0),

where k denotes the conjugate ofl,. Sincc

r(.r) : sup{(-y, }) l,f(d+t al r € r} -- s(}) - (d. r, + r,

\!e ha\e (t) 
= 

0 if and orly if gf f) 
= 

(r, r) - ,/, i.e. I € r",,s. Ihxs iheconjngrte
of P,,,"1 is lhe indic.'tor lunction of 1,,,9, so ihat\remusthave (P..,/)(r)
- a(-{ L.,,s) as in 1A.

CoRoLLARy.18. I b eG anl Liff < 0. then

If rlso 1\fl> -tr, the| the tipht side o1 G.2) run bc rL'plrel by
inf{s(;), /.1l2 > 0i.

Proof. B) r]1e dual ol,1A, alL oI these erpressions glve (Po os) (t).
Wc shall no$'prole the boundcdncss prirciple mentioned ir] the ilrroducrion.

Ti{EoRrM 4C. Let beG and ll < e(b). Then the (nanenttr) lereL set Lr,,tJ
i\ bou,vl€d 1n F if ond otll! if b ir an iiltetnal pdtrr o/don a.

Proof, A noncnpty closed conver subset ofF is bounded in the glve topology,
if and only ii ll is boundcd in the *eak ropology G induccs on F Gee [], p. 701),

i.e. its support funciion is finile tlrroughout C. Thxs, bJ thc duaL of .+A, r, d/
is bou ded if and only if

(.4.2) srpl('!, r) /({) 5 0l -min{(s,)(r)11=0+}.

(4.3) c : dom(P,.rs) - U i,lo]"(k.l) l r. > 0.],
where i;(t) : g(b + r) - P. Oo the other hnnd. b is an intemal poiLrt of don s
if and orly if

c - U {.lt(dorrg) - rl ,i > 0}: U {r..ron.( .l > 0}.

Sirte by d.l.n rion ol r gi, " r I l. fl c.. :o

(1.4)

(4.t ddrn ((,1 : l donlt lor 2 >0,

we know (4.4) nnplics (a.3). No\r assLrme (4.3) holds. For any :e dom t, setect

-,, 

= 
0+ such rhat -z€doni(ft2). lf i. > 0, rhe line segnrenr connecting: ard

( I /2)z Iies entjrely in t|e con\cx sei domt, alrd coriains 0. If 2-0+, the

halfline {z + pt-;) | a : 0} lies entireb in dom r, becausc
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co > (/.0+) (-, = sup{[r(: + r( z))-(:)]/rlrr>o]
by 3C(a); ttus halfline again contains 0.At ail events, \re therefor€ hale 0 € dom l.,
i.e. g(b) < .c. Il now follows from thc dual of 4A(b) that

(&.r.s) (r,) - inf [s(6 + ],r) pl i it : inf(kr, (,1,).

Thus dom (/.0+) can be onilied fron the uniotl in (4.3). so rhat (.1.3) inrplies
(a.4) by (4.5).

CoRoLLARy 4D. flr.r/is bowded.fot sane P< s(.b), then iI is boundedfot
erery P e R.

5. Properties of effective ilonains. In this section we shall dualize some
properties of the effectil,e domains of a conjugate pair ol functions/and g.

Firsr we shall generalize a faci noted by ?helps []1l. Suppose Cq-F and
Ds C ar€ conrcxsctspolar to oDe another. Let/:d,and s =.t,asin Exanple lA.We
have C - Lo,- l/(ihis is the definition of polarity), and ir is apparent tbatl can
also be viewed as the gauge funciion of C. Phelps proved that a point t €, is
an extrcne paint ol D,(.i.e. 6 does n01 belolg ro anJ oper line segmenr lying ill r)
if and only if the convex sei of differences C6 - C, is drnre in r, $here

c' : {xenld,(r) 
= 

(r,b) + r\ = Lh,,f.
of course D : dom g here, alrd -1 < c(t) = 0. The following theoren sholvs
that a sinilar result is valid for any conjugate/and g.

T!{EoREM 5A. Let bedon s and P < s(b). Then b is dn ertrekle pai t af
dom s in G if dnd only if La.pf - h,pf is dense in F.

Proof, Let I, be the closwa oI Lb.rf - Lt,rf, \\ltrch is a nonempty convex set

-, otll U -,up I'rr - r.,. vt,.tc t b,et. r,cl r,BJ ,
(5.r)

= ot vl L" s A or - y I L", I t -' Po,s),r, - r P,.ps'{ -J,)
by rhe dual of4A. Silce the correspondetrce beet*ieen closed convex sets ol
their support funclions is on€-to-one, rve conclude that L - F if and only if tir
Iast expression in (5.1) equals + co for all J + 0. But

(P6.pg)( f y): inr{[g(] ! ).y) - Pl l).1) > 0J

by the dual of ,tA(b), inasnuch as s(b) < .o by hyporhesis. Thus

P,.p(t)+P',1-,r)<'o
for some ,r' + 0 jf and ody if t is the lnidpoint of an open line segment between
some b - 2r€domg and b +,bredomg, i.e., , js not an extreme point.
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Thc next theorem afis$ers the qucstior of when the conjugate of alen rB furctioD
;s finite everywhcrc.

THroRnM 58. donr s i)- dense in G if t1nll onlr if

57

(5.2) (J0*) (.r) = co Jor nll x + o.

O e actuallt has dom I : G, iJ and only if
(5.3) Lhttf is baunletllat all beE and lleR,

Proof. dom g is dcnsc ifand only if0+g is idcnticaliy zero, xnd tiris is cqui\aient
1o(5.2) because/o+ ;s the conjugatc of0-[' by 38. We obscrve neirt t]rat dom g = c
il and oDly if cvcrt /J € C is an interral point of don a. Bt TheoreDr 4C, this is
equivalcn! to t',rrl being bornded $henelcr /i <g(6), which is lrivillly the
same as (5.3).

CoRoLL^Ry 5C. lf ]t isJi"ite-lin. rit lol,Ntrlitio s (5.2\ on](5.3).tre eq iF

Proof.,4 convcx sct dense ill n lini.e-dimcnsiona] spicc nNst il{clf bc thc
\a,hoie spacc.

6. Asymptotic rEd projecting cones of levcl sets. Throughout t|is scct;on it is
still essufted that/and g are Ls.c. proper convcri functions oD T and C coniug.rte

Tr$oREM 6A. For ea(l beC akd Il < g(b), the asrntp xic co|e 0+ Lb,t./ atd
tlle ptajectitlg cone Pb3om g) arc l)olat 1a eac ather.

Proof. According to characterjzltion (d) in Theorem 24, the asy rprolic cone
of a nonempty closcd convex set C in F is polar to thc closure of ahe etrective
domain of the support fonction of C ji c. The suppoft funcrion af C = LblJ i:
P',/C by the dual of 4A(c). The closure of lhe ellective domain of P,,/,g is
obviously the clos€d co \€x corc gc.erated by (dom g) - b, i.e. it is Pldom g).

CoRoLLARy 68.Fo'. edclr b eG, ull thenotte lptJ lercl scts of the latht Lb,
haDe thc sdme .tslni atic cate.

Proof. Thc theolcm trivially inr ies 0+1-r,r/ is the sanre foi all /, < g(t).
This cone can be described as thc set of -\ slrch ihat /(r + ;),-) (: + ,l-r,6)
is a nonincreasing function of 2 for every :, Ii Lr,r/ happens to bs nonemply
for/J = g(b), its asymptotic core includes thcse vectors, too. Or thc orber hard.
its asymptotic conc hust be contai cd in the asymptotic cone of rhe olher le\el
sets, which are larger.

CoRoLLARy 6C. The set oJ )e,lots x suth thal



5tj R.T.ROCKAFELL{R F{ay

(6.1) JG + x) 
=l(z) 

fat all .c F

is a closed cohrex cone in F vhose polat is the smallest closea conter co e in

C .o,rrdi?irg dom g.

Proof. The set of vectors r satisfying (6.1) is the comnrofl asymptotic cone

of thc level sets L o.,, for l, < g(0), according to charactedzation (c) itr Thec.cm 2A.

The fact that dre \€cro.s satisting (6.1) fcrn a closed convex cone was uscd

extensively by the author in [13].

TEEoRxv 6D. Giuen an! lercl set Lb.|l, $hete P < g(b), and ahr point
ae Lb,rJ,ler.r be thercal nun$cr snch thct L + l) = (a,b). T hen (lualb :t < f(a)
and beL, 

"9, 
and the prcjecting cones

P,( L'.rf) and Pb(L,.,c)

arc polar to each othet.

Proof. Since a+Lh,t)f it dnd. oilly il lk) + p > (u, h), the hypoihcsjs js self-
doal. The conjugate of P,,"/is lle i'rdicaior funciion of l, 

".(', 
whose clTective

domain is L,."9 itself, so, by 6A ard 68, P' r",.9 is the polar of the asymptotic
cone of any nonempiy le\rel sct of the tbrm L,,/(P",,1). Sirce P.,./is positivcly

hortlogereous, we can iake p : 0. The level set it] .luestion is thcn a coDlet
conc, and hence it coincides with iis asympaolic cotre. Thus the problcm js to
show that

(6,2)

Let

h(x) : f(.a + x) - a -- f(o +,t - (a, b) + /i,

By formula 4A(a) for P,,r/ the left side of (6.2) consists of the vectors x such

that (&,t) (jc) < (x, ,) for some ,[ > 0+. In view of formula 28 for projecting

cones, (6.2) *ill therefore certainly follow from proiing lhat

(6.3) {x I 
(r,l) (i,) 5 (x, b)} = i[(r,.p"f) - a] for each I I 0* .

If 2 is positive, both sides of(6.3) are equivalert to

f(a + (1 | 1) x) + B 
= 

(a + (t I Dx,b).

On the other hand, suppose that,l = 0+, and fix any ce(16,r/) - a. By Theorem
2A. x belongs ro rbe riCht side of (6.3) if rod only if Lhe ray {c + /,r | /1 > 0} is
contained in (Lr,afi - o, in other words

f(a + c + px) + f S(a + c + !x,b) forail I1 > 0.

{r I 
(P",,1) G) S (x, b)} : P"(Ln.i).
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lirl lhis is th. s.me as

(7.t) /L(-f*) - sup {(r.rt -l(r) Lr e Ii for all :+ e ri*

:i9

l(c + ar) i a(r, !) f,rr ail ll:0.
in oiher lvoLds (10+) (r) < (jr, ,). Thxs (6.3) is also lrue lvhen 2 : 0+.

Co.ror-r.{Rt 68. I.ff(o) > ti>|\fj, the clasetl &111)ex ,:one generarel by

lr l/(i = 
0] is potar ta the closed !.nvx cone seneruteLL ,r {r le(r) S o}.

Pr.]of. T3ltc d:6:0andI:0,n d !s,: rhe aact that g(0) - jnry:

7. BonndcdElss :tnd cs,ltim;!i. Local conrin,"rity propeflies wjll now be invcsti-
gded rs;ng orn nain r3sx1t aboul boundedness, Theorem r.C. it $jl1 help us
here lf ite ch.tngs notation nDd look at the conjugare correspoDd.-nce fron1
anolher pcint of view-

Let a ir. e iocally conrex HausdorF topologicai lector space over R, and let
t* be its dral. $ilh (.{, i1') wriiten insiead of r+fa). The fornxla

d.llncs a co jugatc o|r,.d,toir which trkes certah funciions or r into funclions
ont'i,;ustasiheadjoiitopcrationlakeslinearrransformationst,t;ntoirars-
fomations h': '-E+- Il the operation is applicd t(ice onelu\
(.7.2) /"*(r*l : slrp [(r*, r*) -/*G) ,*.t*i ior ai1 r++€E**,

t i1er. t** is ihc bidnal of g. Of conrse gand E* are in dual;ty \\,jlh respecr to
(a,r+). :rid thc original topology ou E and ihe \leak* tapology on r+.Lro co pai
lble $,ith tlrrs duul!tt [1, p. 69]. Hejice, the results proved in eirlicrsectiors
ca! be rnplied in the e\\ notniionaj systen. \r'ith E : F. t* : G, .r+ : l', /* :g,
etc.. prorid.d the G iopology j s inter.p.e t.d as the weaki ropc logy. U g is refleii yc,

thc strorg topology or E* nal,'be us.d instead. For exanple, rhe basic facrs
aboui .onjrgacJ may now be lie$ed 3s follows: The conjugarcs /* oI the Ls.c
propcr convex flLnctions / on t are precisely thc n.d/r+ 1.s.c. propcr conye)r
lunctions on tr'. (Such funclioDs arc n fottiari strongly l.s.c., bur ir1 the non-
rcflc\jve case rhere $ill be strolgly l.s.c. prcper convcx functions o E* whichare
rrol of the lorm /+.) Furthcrnore, the iestriction of /*+ to t (consldered as a
subspace ofa**) is/. 1Ve assumc, ofcourse, here and henceforth, that / is Ls-c.
proper conrex on a.

The derived fu.l:rions /*0 + anC P..,,./*,lor 1+ < /*(d+), do nor depend on ihe
icpolo$, betug consldered ou t*, sirce they arise Blgebraicaily from / throngh
(7.1) alrd fo|mulas like rholc in 3C a d 4A. Caution must be rrsed wilh 0+/*,
horvever, bec,$sc the *eak+ closurc of a convex set in.D* can be iarAer than its
stro.g closrre in the onreflexi-,,e case.It maybededrced from,lA(c) rhal

(7.3) (P..,fF3: P,.,(.f*+) $her d€t and a<f(a):f*(a).
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Tn.rs P,,.,/ i! lhe restricrio,r of P,,,(/*+) to t. I! is also true lhat /0+ is the rc-

ll|ictiorr of /'ii'o+ to E (see 3C(d)- but /ii'0+ is not ahra]'s lhe sane as (/0+)++

(c.g. wh:n don/* i! r'eak+ densc in -E'i brLt not slro giy dcnsc) The relxtiolrship

bclneen the lerel scts of/ andlhose ofits "bi-conjugat€" js quiie simple Foreach

d1. E 

'i 
and 1* </*(di), /-.,,."-/*+ is th. closure of 1,,.,,/ in the \icat Lopology

or t*+ irduccd by .E+. This lollows ftotr the laot rhal, b) the appropriale verslors

of 4A(c), bclh of thesc conven sets can be lic\''ed as having the same supporl

flinolion P".,,'/+ on Ij'!. (Consider ltrsi the dualitvbetrv€en n and ,+ and thcn that

bciween;+* ard f*.)
We sha1l no\\'prove a conlinuity lhcorem |aviirg nanv consequcnccs. The

relationship bett€en tiris rcault and the one of Moreau [10] has alrcady been

poi[ted ort in 01.

THroRn[ 74.
(a) for d/rt a* <l\a+), L.".,'f is bounled ij atlt a"t! if fa is fnite and

!! .,rgl!.:anti nuaus at a+.

(LJ) IfEista nel6then,.t'ota|yu<f(11),tithtitca|l.antitltLousataiftll1d
onlr il L,.f* is l'edk+ cornpnct.

Plrcf, Tf/* is finite and slrongly conlinuoxs at a+, ihcn a+ is aLr internal

pclnr ci don1/*. The conleme ol this facr rvil1 be enough to pro'ie (a) , n1 view

of Theoren .1C. Suppose di' is intcrn.l to don/*. Snrce /* is alreadv slrorglv
l.s.c. at d*, lve cau vcrify strorg conlinniiy ai di' by showing thal, for arbitrary

,>0.
uI : {r+ € I+ U+(d* + -r*) <"f*(a.) + rl

js a strong ncighblrrhood ofthe origir. No\", Ul is lhe polar olthc set

u":{rerlG,r*):! tl for all }*€u:},

because Uj is a seah* closed convex subsel of t* cortainnrg 0 Gee 11, p. 521).

lr additicn, UI js absorb.nt. Thiq results tionl the assumptlor that r,+ is an

illternal poirl of domt", since a conrex fnnction is automaticallJ continuous

alo.q any open line segnent $'here it is finiie (sce ['l) Thereiore U, is weaklv

bclnded. anil hencc boxnded in the initiat ropology on }j. Thus Ulis the polar

ofbounded set in I, \,-1' ch, by dcnnition, mca s lhat UJ is a neighborhood of 0
]n ihe strcng topology on E*.

Applying (a) !o E* ir place of -E, \vc \ee d]at, for d €.E and d </**(a) :/(d),
1-, ,/* ir st.ongly boundcd in t+ if and onil if /** iJ finite and continLrous at a

in ihe strongtopology onE*+. When Ejs tr rtr ell, the closed and stronglybounded

conver sets in -E* are the lveak* conpact ones [1, p. 65 atrd p 86], and the initial
lopology on E is the same as jts telative topology as a subspacc of E++ [1, p 87].

Inasmuch as /** coincides with / or,D, tilis proves (b)
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CoRoLLARY 7B. /+ ;! colttitnr st.l da ir the strcng topclosr if a d anlj jf,
alans antlt line tln tugh d!', te rcstrictiaD af .f* is continuous at a+'.

Proot The condition is iriliallt necessary. lts sufiiciency when /*G1') < ol
follolvs fron 7A and 4C, becaxse ii nrples d* js an internal point of don /*.
(A finile con\.cr furction on an oper Lne segnent js alwals continuous, as pointed
out above.) When J.(.a.)=,r,.1* is strongly continuo s ai d* triyiaLty, since
it is st.ongiy Ls.c.

CoRorL{R! 7C.t;is ton eli, f is .o'itiluaut dt e]er) intet al point of its

Proof. lf d is an interndl point of dom/, thc lcvcl sets -t,,"/* are boutrded by
4C. But clos€d bounded convex subsets of the duai ol a lolflell space are weak+
compact. Thus/is continuous at, by 7A(b) when Eistannel!.

CoRor-r-^nr: ?D. 1/ l"-,., f is baLnded lot sone q.4 <f*(a*), then therc exists
.! strcrs tlcishbothood U* oIa+ i E+ s&h that Lt,t.f is bautdell.fat aIIb+ eU*
and ll+ F R.

Procf. Let U* be &e inLcrior oldonr/* in ihe strong topology. The hyporhesis
irnplies lh.tt di'e L,* by 7A(..). E\erf. point of U* is internal to dom/+, so the
co.cilrsjon now follo$s fot b* eU+ ard 1j:: .<7+1$*) by 4C. The extension !o the
case \"here li' :/*(i+) is tririal.

The firsr part of thc ne:{t corollary has already been notcd by Hdrmander

[8. rhcorem 7].

CoRoLrARy 7E.,,i ,iori,npit .|as.ti tonrcx rer C in E is baundea if an.l a h)
if its suppatt Iultuio is strc gl): cantruous thtaughaut L+ . ]f E is tonnel;,
ananeln14closedcon\er.rrrC+trrr'tsurlr/.*rampdcti"tanrlonUifitss.trpotl
f nctialt an E is continuous eLetyherc.

Prooi ln ihe first case take,/- rc and/+ - d. as in E\ample 1A and apply
7A(a). In rhe second case, take f= oc,, J* :6c, afld appiy 7A(b).

atld let K* be its poLar it1 E*. Then a+ belotlgs ta the sttung interior af K*
il akd anly jJ lxeK (x,d+):1] ts nonenptj and bt)unded. II E is tannel!,
- a is i teri or ro K if attt ontr i1 {,+ e K* l(a. x*) = 1\ is nonenpt t dntl eak*

Prooi Let /:6( and /* - Jx" as in Example 18. Ther t "" j/
- r.AI'r.4',- 1.. S r-. Kco|a:r. oore rhar irsr 0..hi..er:, boLnded
ir aid on1)' if {r E K ](x,d+): 1} is nonempty and bounded. The first conclusion
of thc corollary now foliows fton] 7A(a). The second conclusion is derived like-
\rise from 7A(b.).
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il!s! as oundedn.ss of ievel sets is dual lo coDtjuuity at poiots, bo0ndcdncss
of eilectile dorDains is dual to unilom continuity. We shall provc this now as

our inal resuit.

CoRoLrARy ?G. / * i s f.nile a rl utlilotnn ), tion slt co nt i'1tnu s thftu ghout 1:*
ifan.lo l!" iJdornf is bountlet ir E . II E is to neli,thenfisTnitea .I rniloflnly
i:,ntirluotts throlghont E if a d ohlr if doftf+ is relati&ly weak+ co pact.

Proof, If /+ ls nnite and rnilorlnly strongly continuous, wc must have

dom(/*0+): E* by lormula 3C(c). Thir implies dom I is rveakly bounded (and

hcncebo{ndcd) by the dual of 3C(d). Converscl}J supposc don/is boundcd. Then

f0" is 6nite ard strongly continuous on It by ?E, because it is the support
function of cl(don/). Moreo\er

(7.4J l/*(r*) -/*(z*) | 
= 

rnax {(.r.0 ') (r- - :-), (/"0+) G- - r-)}
for all -r* e lj' and :* eE* by 3C(c), so we can conc]ude from this that /+ is

liDire and uniformly slroDgly continuors. The sccond part of the corollary is
prov€d slnjlarly.

RlrlrAR'.. Suppose dom / is bounded, and lct

(7.5) ,(I*): sup{i(x,x*) | lr e dom/} : nax[(/*0r(x), (/*0-) ( - x')]

Gee 3C(d)), Tben p is a strongll conlinuous seminorm on E* by definition of Lhe

strong ropology. According to the proof aboye, we have

(7.6) 1,r.0.) -"/-k-)l 5 p(r- -:a) for a .)* € t* and :* eI*.
In fact p is the smallesl functiorl vith tlis plopcrty, becausc

(7.7) p(,r*) = sup{l,f*(.r,") -"r-(,-)l l}- -.. - r-}
by formr a 3C(c) for/*o+. If E is s normed linear space, it is jmmediate from
these facts that

(7.8) sup{lI*(,f) -,r*('-)li ll}--'. I Ir-+ --.}: sur,,{llrll l.'redon/}.
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