
A COMBINATORIA]- A]-GORITHM FOR LINEAR PROGRAMS IN
THE GENERAL MIXND FORM+

11. T. 11()CI{-{fl!LAHi

1. Introduction. Let arr he ierl urlrrs l.)r t : li. 1, , nr ard
j : 0. 1, , ,. an.:l let th.i sct .l i,Ltegcr-q i1, )., , rL + rj !c pRr'
iilioned irto three disjoirt bscts /ir, 1{, , d 1ii, any ol \lhich mat.be
euLpl). -\ dll pair ol proble s rar th.r l. "'tstcd.,' i , , -,o.Y '7irs

t- d,!+rrr + + r,.d.D

subieci to the (rlnritllljnts

i,,,r:d0,+tr,dn+ +.i,".d-.. .i =1, .ti,

.r,.=0 lor l, a 1ir ard ..r:0 |,tr ta1i,.
/ . ll l,l ) r.ri i'9

'!t : a\ dtlllr+l - t1,lt^:r
suhjc(it io thc (1)Lri|aints

lt.:a.r !r!a,+r " tt,r.t/, .,. i=l, ,ttt

r/L-0 lor Li !'r! ard t,:0 ior lr /ij.
\ih{\L /{, rud -1i: are elrpt:', T nrrl Ii rir: cLdnuitrry linerr programs.

In th(i a(rlirrl Qsc, tlrey car be lirRrl a-. liurtr plograDs in\-oh.irg a

rririure ol r(rtr! g:rti\,c ard nnrestricied 1- iall.-1, c(tualil] ld ineqrlality
fonstDints.'fL. t$o prolleu; are dn:rl to onc illlotlror ir the serrse lhat
the lolloNjrg rersiolr ol the Gale-Iir.rhL 'l\r(,k.r cristence and dualitl'
tLeorenN is l-alid ls,xi Ia, l'eil3l).

THE.rnrrr L I.1 a".,J aLc .i ttu lalLrtihs 1:s 1t\c.

ibJ ttu t4nit?i,tslnlL ar onsistul atl the 1axi".ou,I i\ b.Lnd.d nbol)e,

i t.i tl\ . a n ! n irt s o 1. u,nsi ttolt b ol h 111 1 an d i n l l.
thul. all th ( dt\ ttjt., a"d nL fu.i bath I and lI Int. s.l.utnns. llldrn1r' lnirl

l\oblcnF I ard II :r! bc sohed si]nt tareo sl-1'by tln: ircll ktror n
sirrpl:: ncr,liod ol Dartzis [2] or ore ol it3 1'a ants. -\.rtrallt', ho\rc!c1.

;n..ci\'..I LI t!. ediiors Juruirj !1, lCli!, ild itr reviled iun Sepienher 1t,
r!]li3.

C.m]]utulidr Cefl9, Lr,ivo!!rIoL l.\xr Au-.liD Terus I:r,k ius Ll.ne under
srrni -q.a -\!O.<ti 16i {j3 nirL ilc (l.mplraiior C-"ri€r.
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2tti ri. T, tocK{ tsDlr,ali

slLdr alsorithms can not be applied direcuy e)rcept $,hen

&:0, K,_'tr..,1, Ka: \tL+1, ,ft+n], and
t\

oo- 0 o

Thus I ard II would fi$t ha,e to be rcfou)rLlated as dual problems I'
and IT' ol this special t:vpe.,{tLough this is aln ays possible using standard
irn.ks 14, p. 6.1fi.], Lhe re\r problen,s ofler requii€ a nr10h larser n,altrir.
E(ra "altificial \.ariablelr" !ra{ still ha,e lo be iiil,ioriuced ilio 1' rnd lI/
ir order to get the algoriihnL "qt ted. SoNelirx.s, l1l ni tLc 0&sc of nutrjx
ganes, I and II ha\€ a Il!,tulal irunc y *hir,h is lost is l' nild II'. This
€n add to the ircoliuieDcc of tlr]lllatins rc,.ults. The alnourrt ol re
lorDlulatior rcces3ary dclxrrls also or rvhrthcr a given probleu is nriLialJr
expressed in loruL I or iii foBr Il (irr !,tlicr Fords. or vhether it or its
dual is takctr as tlc prinal piobien, foi the algodthm). For eranplc,
consider the .on.a\c prog*m1:

r-,.a.i,,i/. 
', 1I -- t l. .;

ruDtecr r. 1_ o ) ]t = oi ,

Onc.aD rcrdily crpress (2) as a lnrml progiarn II $ith r, : s + I and
1r: r + 1. -Uid a tvpic$l reloin lation, hon e'er, ore $,or[d ha\ii
,1 -.s + la, 2: lr + s + I + 2. O,ltl,e other haDd. (2r car be sl$o
r::prr:sscrt 1rr forn I Nith r?.: / + I |r,nd, =.s + liDsucha iray thftt
(1) *lrcadv satisfied. But tben "!ftificjrl \.ariables" lxusl be dod, so
thrt 

'r 
nroreoses to s + I + r. Irrtheurore, sorne algolil,hnLs are irrcffi(iicnt

in this case because nost of the (ln are zero.

The object ol this paper is to elplanr a nelv siDplex iype aleorithn $.hirli
can al$'aj's be applied r'rerll, lo I ard II, thereby eliuittati g tLc irothcl
ard irconvenierce ol rcfonlnllatior. Besides lacililaliq tle sohitidi by
linear prograrxDirs ol rinny types ol probleDN, srcli as (2), the aleolithnl
can be used effectil'ely to soh.e nri\ed sFtelns ol lilrear cqurtions &nd
inequaliiies (case II \riih a'; : I I : o,1, . .rL).

The aleoriilrnr is based or the colcept cl l'orlbiriatoriAl crtuii.alence
developed h"v Turker' [7, 9]. lt nrvokcs ft suc(iession of "pi'ot tmrsfoula-
iio$" of the (,, + 1) X (n + 1) nratrix ol co(i{ficients. After finitely
trlan).iLcralio s, it cithcr funis|cs -rohrtjonr both to T rrd to II, or it
delelrlircs tlui oue of tLc prcblcnis ir irvioLsiste|t rnd herce iby Theorcn
1) that reiihcr liri fl solutior!. l'Loro uc tirrce phases diffed1rg iD the lray
l,ltat rlie pivot is oloscu. Plraso 0.rrtohaticallv redLrces lhe problcms to a
s rplci hn,, I'i,,rsc 1 tho,r firds a i-ector satisf"lins the ronsiraints of II,
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I
]I

L d o/-l

:n

nnd finrly, PI:LS0 2 ([llculates th{] cxtrellal solutions. ,\r1 auriliary cohDn
is l1iided to the n1atrir tenrpor:lLily I'hase I The fiirr dnse essentially

tunr.ides rdth Tuckcr's r'€rsiorl of ihc siuple,i n,ethod h tSl.

2. Combinatorialy equlvalent representahons. Prcblens I ard 11 car
bc surDmrized ftauy bv ucans ol Tablern 0 and Tableru l.

trrhile thc rcqrdrenlents in Tableau 0 arc irvadaDt n1 {orn\ the Linear

rclatioN n i Tableau I *u be rtexplesscd irr niaDy difierent i'evs bv soif in€i

lor soDre ol the va:riablcs ir tel]]ls ol othcrs lrdeed, corrosponding to
vrrio s peu,ruifttions r of 11, , ,, + rl,l ilierc \\'ill be tahlcsur r(,)
caprcssiry durl systeDs of limar relations (tuilalert to thosc ir Tableau

1 (wLich coDesporlds to thii identity pcniutaiior 7 : 11.

'flre nraticei,4(rt obtunr.d thi3 $'ay arc nrcnben ol e crrtlbinaloti'1|

eqinl)atence ctass. Ocneral tornnilas lor ,1 ('') irr ter s of ]1 (r), \here /
aud r'ale two ponulatiol]s, nay Le lourd nr [7, 0]. \\ie sh: l be conccrned

helc o y with a c('talr specicL c:tsc.

riix to € 11, , Dl andjo € j1, , nJ, and lei r'be the permutatior
obtaired from a giver z by

tr 1r,) : 7(rr + /!1,

(3) u'(,, + j,) : "(n),
r'(k) : n(h) ior r,ll otlrer ha11,...,n|+nl.
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TheI, pror,ided 'r.,,,i") = 0, ,1(r') exisls and rloy bc r$lculated lrc i
,1rf) by

a,"t,,("') - 1io,,:,t ,

(a.,, a,iG') : Lj"ir) ia,,t,lr'),
' tr,",(.n") : -a," t(.n),,ni,"(.n ),

an\"') - tr |a) a, 
"i 

i.a,,l r't 1a."1"1.r t. t+i rnd I

Ii( shall refer to thc pr'oces: ol prssirB lrou I sir.n trblfau r(tr)
hbleau ?(''l sp,lifiecl bI these lorljL ss ai ?rrtn,9 fl (;, l").

Startiry triih Talteau 1, ore .ar llodurti fiDitelv nlar\, .l,LbihtLtot&ll1J
et*,il)aLnt iqt.t.tnaiiD s ol I lxd rI br r.p.rted pi\.otiDg. li Dight be
hoped thst sonlc oi these rel'llsrtririi,rs &ic ol such a Lrcid .hai*cter that
solutiorrs to I and II car l,c do,l,!(l lroh theD at a ghnr.. Suppose ir
lact lhat s tablean ?(') hos l,lur i-nl0lrl&tri jrl 11licll

ll,inr : li $l,en tritl a r, rud
(;a)

d!,(tr1 :0 \\her trtr +j) a n'r.

diirl > 0 $Lc! f;lil a -1i" and
:,1,

a,;(.1 I0 $'ren allr+i)aI;.
It Drust tLcL bc tluo that

tr i ,' , - ".\;
rrd tlrat th. rcctors -I(tr) and rir) gil.en by

:0 ud l"r,r:4"(.), i-7. ,r1,
(rib )

x"o, r:atjir') ard Y.i-'r:0, j:1, ,n'
are solLltioLl to I and TI, rcsp.ctircl!. rndeed, Il') aM ri'l tiiviallv
satisly all tlrc constrri,ris arld I'nrld tr' : d!!(tr) : t. Tlieorcrn 1 then
itnplies ilrat doin) js actually tl1e coln on r[irnuur er]d ni:irjrlun ir
I ard II.

A rcpr.scrtrtior srtistr.irlg (;a) and (;Ll $ill hc ii1ll{!l ,..solod. The
algo liln {o &r. rbout to descdbe is ba3ed or liho folkrs.ing iact.

?HEonnM 2. thda th.L hlpath$I .J Thcot.,L I, a ]Jsolt:.nt rcylsoitatioll

Tlis ihrrre n'ill be pm\-ed conslfir(itiroly bv sho\r'ing ihat ih! &l
gorithn pi'oduces a tilriie nonrepesting sollucrrfe of rcpreieri,alions $lich
iernriiiates either iD a resoh'ent r.ulrscrrt:riiol, or ill one rLn,]r djcates
LLat I or II is iD.onsislefl.
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Thcr! js nrlollier -sinplc Lird cl (luilalence (li0h $ill be o'pli,iicLl
jD Phase 1 ol tlre algorithnl. aorsiiler tlic |roblefrsI'nnd II'obunrdllfin
I arcl lI by n,ldiry ar aurillrry cohDnr oI coeftirj.rlt-c a "rr(tr0), 1: : 0,

1, . , ,,', to !on,e tabl{,au ?(/!), cicrdiDs tro bi' ,r(r' + ?i + 1l
: n+ n+ 1aridpl jns ri * r i I nr ri in Tcbkiar' 0. Thesc &ue

Derted probL{'$ sre tril'irllv crlLLivaleDt to tlie olignul orcs. In paftiQrhr,
I ard Ii satisly thc liypothesij.rl Theorenr 1 il and orly il t' and II' do.

nftherrnore, tlc rlneiieDhtn'N ol I afd ll .orrespord onc to ore \\'iul
ilioseofI' dIl'nr$hichzirz In.* l): u I n + 1 'l'his prolides
11r Nir.L a rselul dd.n'e. Gir.en a t:rhlcau 7(",), 1rc (il1x ausDlert it as 

'l)o\c,
crl( ,laie any scqu.Dco ol cor,liin.itoriallt' eqrdl'alelt lugneDted toblclui
'ti.rt),rii, ,1(f;,) sLrch il,&t n.l.tn+n + 1J : r,(r, +, + 1)

rt tle erd, ard firrllv delete u,e (r + l)st.olur , asnii The result oi
tliis procoss is ah'al's onotlicr reprcsent&t i.u ol lhe origiral pair ol proble s

3, Statemeni of algoritln. l(' sirnplicity, ih(i partic lrr tcbLcru on

hand :rt thr stari of erch stqJ l-elolr is a]fays deroted b-v 7i"). TLe

algo tlD ordinarilv besn,s {iih ure origiDal rtpresentatidr ol I ard II
in Tablea,, 1 (scc Rerark 1).

"sl'z 0.1. Il aijl') : 0 lor.verJ' (i, il sutfi t]iat

r(z) ( rir ar "l"L + i) . Ii,
i7) or trltl € r, and r(z *i) € /ro,

or '(r) € 1{o aDd t(D +j) 4 L, ,

pro(cd lo 0.3. OtheiNisc do i1.2.

Sl.p 0.2. Pi1'ot on err' (r,. ir) sutislying (7) :uiL that o..r.iz) + 0

rn.l retnrrl L0 0.1. (Scl Ltcxrark 2.)

.slv 0.3. Ir arr(r) I 0 lor sonri.i ruch that ,(,r + /) i. K1, tlicn I
is i'consistui rl aJv) = 0 lor sonrc t s*ch i|'rt r(;) l ]l: ' thrn ll is

ircorsistert. Otlieri!ise pro.ceil to 11
,Sl.p 1.1. L'roceed io r.1 il arlrl 

= 
0 for clt t surll thrt r(t) € 1i!

(See Renrrk 3.) Otheill'isc auglnirlt ihe ta|kr$u ai desciibcd cadicr
tskirg d,,,+1(tr1 : 1 jf r(i) a 1{! d d.i(tr1 < o, a,rl a' ',+r(r) 

: 0 tut

all other i. is(j Re aik 1.) 1'lte,1 choosc ,t sttch il,ai "ih) a r! lrnd

d,,i(r) is as riigrtne a! possiblc, pi\-ot orl ii , n + I I &r!l prcceed to 1 

'(Tlre r.L releiid to ir 1.1 atd 1.3 itt tlle on.r uts(l lrere )

Skp 1.2. Tl a.,j('l - 1l for flIi lr'ith r(.n t .:i) i Ko, iil,cu II is in-
(nrlistent. t)thcisisc.troos.i ii s,rcl ihat r(,, + i) r-:/ai $n(l d,,r,(rl
i-q as resati\,-c os po'ilible, rtd d(, 1.:1.

Skp 1.3. Il thoc .aisi irdjrcs t :i(tch that r(i) € 1i, , 4 ,,1?) > 0 :lnd

(8) d,t(.r').' uL j"t n ) < o,,o(r),ra',,,(.).



cloosc fron aDor)s them an irdex i mirnni,nrg the mtio on the lelt of (8).
(See ttcmal* ti.) Then pi\'ot on lto, jD) and retum to 1.2. Other"$,ise
pnot on Itr , j!). interchaDse colu rr jD and colllDin n + 1 ol the resulting
tablcau, delete ihc ft,sultirrg colu]ln r + 1 ard proceed to 2.1. (See Re

Sr.p 2.1. Tfa!r{r) - 0lorall j srch that r(tu+. a K,,, the repre
scltation is rcsoh€rt and soluiioN to I and II arc eiicu br i6l.|) aurl (6b1.
Oilx,nise selectju s,Lr:li tlrat tr(z + i) . r0 and aoJ0(r) iF as ncgatili, as
possibl{r, and proceed to 2.2.

Step 2.2. It t:L,j,ir') < 0lor all I su,,h tLrt r(i) a 1i!, ther I is hcon-
si,rtont. Other\ ilre (ixrosc. lrori :r 1ols tlrij nldices i such ihat r(t) € r0
and a';,(z) > 0, an tn mninjznlg thc rotio

t 
q,r d,)\n) o "\n).

(Slr ]temark 6.) Tlrcn pi\-ot oD (r! , j0) ald retLtrn L11 2.1.
Renai; 1.'ILe olsoritln can, of course, begin etliLally ii'ell tiili anv

tableau ?(r) rcplctscDtirg T ard TT. lror irrstaDce, sLLppose thr,t, hrrnE
alreadr'lbrurd a r.solr.ili represeft:rtjof lor I ard II, ore \.!,rrts lio soh.c
the ne\l probl.nrs.ttrired by cllafgirg sonle ol the nlaryirlal cociti.io1t,.
irl TablearL 1. lnstc&d of stcrtirlg all over again, one car apdy tLc fllgr)itln1
to Lhe rcprcscriiatiol ol the ren problemi ohtained hy u ifyirLg tle old
r€solvent o . r(,) jns to the lornn as I7l or l9l.

ns,rdrl 2. l'h:ls,i 0 is Drore efiicient il preleren.]c;s gi11i, to pirots -such
that r(t,) € l(! a,,d tr(rr * r.) i 1i'.It can bc slronli tl,at thoi Plase 0
always icrniiL{tcs jr the lni L ]ln runrLer of itcrrtidrts. ln)r problems in
vhich r,ost of u,e coefiicierts in ihe lell !,srgh ol il,c j,iiii$l t&bleau arc
zcro. tho elticiercv of lhe laler t)hascs rar sonrtjtn.s be increased by
(:lroosinra ri such that a",.(") 

= 0 NlLcncYcr possiblc 0.2.
,Ac,?o,l 3. When 1.1 i,! rcadrcd, tlro rcprcscliriion is surh that I and

It hsve beer reduced csscntially io rlLrnl srrtproblcns:

mnri.rize r: ddir) + t ",,,","",("1,r(i).ni

suLjnt to r"i,j > 0 for r(r) € r!, snd

0 3 ,",,.r,, : ar(u) + I .,,(.ro,r(r) ror rotr +r) . &;

rrlariuizc 1t :ah(.r) - | a,;(.tr",.r,r,
tr1,,+ir.ni

subject to /-r--ij >0 for r(tL!.it€&, rnd
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If d.,,in) 
= 

0 for tll l l\itl rr.ir a 1i,, tht \.c(or l'{'r i)r ({il)l satislei
ihc cor,.trairrts of 11, aD,l tLe alpio'irh Dro\1s dirccilt to the opiirriziry
phuse. OthorNiie ll4!e I liisr chlllgcs the rlprcsentltioD to orlc [nriry
this cxtra prol)ertl'.

rt.,r,i .{. Ir a:ugn,o tiig itrc tabhxu irl 1.1, ode coul(l &lso let d,.,+,{tr)
= r for all i. 'l'hi. Rnrld be siupler axd perhop. j st a,: otli(iert.

8.,rd,l. t. Relore pi\,otnrg oD (ir , jol ir the ltst pal! ol l il, ther0 is a
roprcsertati(nj ol tle &[gn)errt.tl ttoblcnN ir nhi(ih 'i/r) * D + n + ]

llv {i€tnitnnr of i,. Thc r' r'eprtseutatior tel pj\lrting has n'tl + .lrl
= ,n + , - 1accoldiq to i;l). Ilrtercluuging cohurur 7, and colrrn
r + 1 theD "vktds a tr" r{,1)rcsentoti()r1 nith'/'{, * a * 1) -,r + r + 1.

so thnt \rhen .olurxr r + 1 is dd(i(d the trblo$rL retrrrs io I repre$enta
tion of tle origjrlrl problcrn!, as e)iDloirc.i earlir!.

Il?Do* 6. It nrat happctr ihat th. nr ixrun) of ilrc litio irr 1.3 ol irr 2.2
is &chjcvcd orr a sct 1! contaidry nntrc than orle i dc\. Il thiF dcgenemte
Bitu[ti(ni occrir-s r{)]xratedlv, il is llxrorciicslly posiilrle lolthorLgL qrite
ulrlike]l' ir plactic. r tlnt thc aleo thDr \ill cXcle. l]Ie po:sibilirlv i* elini
xated entilcll' if thc lbllo\i g prccrrluc is used io pick ii shcucYer Id
roDtaifs t$o or nxnr irLdices. L.i r) he tlt. pelnnrt{iiorl as tl. nlgoriilln
lirst reac|.s 1.:l in thc (ase of l'lnse l, (r'2,1 ir ih. r&se ol Pl{sc 2. Let
li, , l:' ln the irdices h 1i" iu thrir.,rder ol oppcnr&nce jD r,; (i.e.,

';'(Ar) < . < r-!i/1,)i. Startiug rith tle set I,, doliue 1. relrnsil clr
ll,s ftnlorrs. Il l, : ,t1') \herc t < i 

= 
;tL,let ./" = 1^-r ii t'il /,-, or

l(ji j,lre 1,-, 1\,ilh i'dcloied j{ t' : f, ,.Il /1, - "(n + i't$,here 1 S l'
5 ir, let 1, lxr ttre subi{,t of 1. I lririurizitE tlre ratio a,r,lrl,'d,r"ir). Th;s
ploccss contirnLc. rurdl /, ronlairLs jl..ist ort irrdex s'hich i-r tLeD tekcn ls
thei.

/?eriori 7. Spr:cd roul(l be gaincd irr nnnliue corrtnristion by o tech
Diqre.loselv Flcxrb]jilg olre us(rl iD i}e rclised sin)p]cr xreihod [3],
in $hich tlte original tobl€u is stortd but (i)hu rs of lstcr table&u\ arc
(:alculctcd iDdjlidualll onlr as thry Ar'€ Deed0d.

4. Justiffcation of the algorithm, In ordrr ro prorr: iljat the aLg0riihnr
$ orks, it is ernugh to rlr(tr\'ihot ttrre (atur$ possible tc|r nal tableau\
do horc the m€urings rscrib€d to tlicDr. arxl tiiet no tablc$r occurs trrice
du ris oDc ol thr llrree it.rr,til'e Dhsses. Sir0c a gil.en prjr ol ploblcms
Las orJl 0rriteLl ]n:irr"\' (x)Dbir [t0] iall]' equi!&l(,rt reprc$errtrtiolrs, tlis
implies tllat the alsolithrn c.-'entrl1![.r- 1i]rG solutioDs or dete.mir$ tlnt

liaclr iterrii(D oI step 0.2 strj(,tly rcduces thc toial number of irLdir,cg
l sr(ihlhet l€1ii&Dd tr'(l) S,,, o' IC /lL arrd r-t(A) >llL + 1.
Ilencc no c](liil{.is possiblc iD Phusc 0. Irr 0.3 $.c lu\.e d'ritr) : 0 for



:l2l

-r+r irL -4+l:{, trr.l-;i,.r!

t.t.".t

'ii) a li. 0
i Li) -'&r a:,i")

0

0

rtGi

Frc.1

rll 11, r saiisl] irg (;1. 'l'|erefore, for each rcnrliniry i sLrch that
nit)t + i) a lij, (oluriu., i)l the tal)kit repreicrts rL.oNit.irt

:r,..,,,: orilri + r,',a,;ir) +. +.r,,",,o-;ir)
of I \h r 1l1c .oefiiricut (,f x-', is z(rl udc;r n(ir a f'. Since .r. is
r lriired io be 

^rn 
lot l, a /{r, altl rlrrr + il a /{i, I is inronsiitent il

at,tt) + 0. -q. pamllel xrgumerlt !ho$s that ll is nlcorFisi(xrt ud.rs!1
d,ir r ) - 0 1br all t such tllai 'i i) r -li, ir! 0.3.

-\t thc eDd of I'hase 0, th( harrir of the iepr$r.liatiorl lns the lbln
ir ic&t.dnliig. l, e\cqrf l0r Ure.,r.l.ri|g (]1ils r(N$ ard r.olrrurns. S p-
po"\e it is clso irlir tLal

i1{}) /'.ui'l > 0 lolallts ch rLat 'ii! ( 1i..

this i; thc case \lxre rLe 
^lgorithrD 

passos fiotit 1.1 dneci]],'10 Pllase 2;
it 11jll b. deDlorlstrrterl lei('l tlrt lLe r (,p eserltalio rr rlso ha; ull Uresc
prcpeftic alter l)lrlls(. t has b..n passe(l ihrcugli r1r0 h&d \ray.

TLe patterD ol zcrcs ir lrig. I is prescr\cd uDdcl' ir.ndoD-q of 2.2 sirrc
the piYots (i. j) ur) all rLlrl, that ,ii i i /ii ard rr,, + .i i a Ii, . Ir js aLo
innnedjate froru (+r tllal, l)oroltse oI tlc ll'ay lle t)i\r)t is closor, (10) is
preseryrd ir:.: und d itrl i$ re\'er d(j('ll,rsed. Iu purticular. t1r0 teDn al
iai)lotu ir 2.1 \()uld iMcc{l be rcsohcr)i. \Ioreo\ cr, no tableau (arr occu]
t$i(.c iI PL#c .1, e\cept prrhaps ar rh( b.gir ng u'rit erd ('l n .haiD of
tabkrrux iD (Iich du(nr ml)ratus coDrtrlrt. T]re px)rcdure d($criDed i11

nerirlrrk 6 !rrk(x su.h rxclic clEius irrrpossible; ii is a sLr'.jghifo r'$rd
adapioiion ol ihe \€iI kno{ 11 pro.cdrlla ol Charnos [l] lor sdtnrg rid ol
ihe same po:sibilitl irr the ordilrar:r ""iurpler mcthod. ltr rhc tel]llilul
trbl( &u in 2.2, noluntr.ir crprcsscs r .or$trairi

.r"',,,,1,1 - a1;.1r) * r",,ra',,{n) + +:'..,o.j,(tr)
o{ I i[ which a,.;.iiat < 0. .l,."tri < 0 Nhor rir') a /ii, alrd a,ji(r'r : 0
\rler f,r.;i.- 111. \_o rect(n'I neelirLg the r€qrir1]melrts irr TableNr 0
cor. d slso salisfl'this.oD$tmiDt. so t is indeed ir(orsislcrt 1rl this (iise.

Oxlt l'lrase 1 still needs io be e\plailL(\l. The unil olirq irl.c is as follo(s.



.rolfllr_-\Tortr,\r, 2):l

Th: rariable r. " L rddrxl 10 TT \rllal tllc labler i' ,rrrsrnltd i! Stop

1.1 nLlnrs loL |r1r |(tiusi rent in ihc \rlucs ol certa ol thc i/r' l\ttinig
,r + ?i + 1 in 1i! rerlLrir.s ihe arriount ol rdjrrsimert uitjmciriLv io bc zcro.

,{lter tlrr r)i\oi iransf(tr!]l:lliorl in 1.1. t]rcre ii a Fp|es.nirtjo wlmsr

ro""espo,,,li"g lertoi I'inl in ilih., Friisirs ell lhe corrstrrilis ol Il',
ercept ihirt tle adjtlsin(lt r/,. ' I = a,,nlr') irNolled is rlegltj'c Th{i

algorithnr pr.reeds ron jrsl. xs ir Pllll"se 2. l)rt \ith rcw rr (e\pressing

!r, r, rLl pial.iilg rle roki otln\ile allocrt d to ihc t.rp lon ler|resiiru r,
nhicl jr tllrrlolarily ignoLrll). SLt.ce3sive ii.ratirtrN ir!t)r,r\e tlle raltLe ol

t/,"+,,+1, niihoLrL \iolatifg oth.r (orsilair1ts, uriil it is possil)lc 1io tukc
t/,"+.+, = 0. flLc latter is rrrrrrranirlied b1'rLe nD.rl pirot transformatior
nr 1.3.

llorc itrlrs ', one rrar *niLi rclill lron i4 I thrt rflcr pjl otnrg nr 1.1

the trbl(*ur sntisllc! (10). l'+rs,,Li(trr < 0, al]d has th€r pottem ol zeros

irdiccred ir ljs. l exrept lor iti,N i, irlreretrirrl : uL+ tu+ |'. Ia)
rrfifh does rnrcrilreless hrle a,Jin) - 0 \lie'1 r(r' + il .: Ii1 . llorc-
o1'er. thesc Dropof.ies are fr.j,j!ItriLnl rurder the pi\-ot translortl:Ltions
selecte.i n, thr fiNl lari,rl 1.3 r|n:lL also rerer decie|r.sc o:,i(tr]. Ucnce
no represelirrtiorr rar apperr t\!ni. iri l'hase l. at lersi fo' $hei1 tlle
degereracl' routirxi iti ltexrrrk 0 is uscd. l\iliett lle last p|rrt ol 1.3 js r{ffhed,
lhe riairtaired pryrties ol the iablc'u l1ld tlle (:hoier propeftie: ol the

r)i\ol gral?ftc. ihrt tlre rcsLrllifg irhl(ru orlrc r.gain reseDlbles lhe one irr
Iig. l arld satisfi.s (101, :lff] henc. is s,,ifut)le lor lhase 2 \I'her tjie
alsorilhrr ternjnat.s irrrlead ir 1.t. rorr t' r,l ille iablean e\pr€-lsei a

un'\+1 : !t-i;i' : a,d.".i - ,t ,'ir)tt,r-t: o,,"(")t,-r-,'.r

oi the augmoitcd prollen1 ll'i,r \l 'h 4.,!(r) < 0, rl',,(') 
= 

0 Nh(in

rifl * i) a 1i'. ard n',i"1 - 0 slrer nir)' f :l € /iL. Sn,rt
L + n + I € ,(r nr II', llere .ar l)e ro 1-ector srti,.i).nrg tnis .orrslihiDt

alorig rvitlL tle othur rcclunenrtlts j! fableau 0 TT.r(i! II' is irnu$ist-
(!i1i h lhis.{s., nlthillg tne itrrusislercl ol lhe orignral piob|.r ll. ,s
poirried out belolti.

6. Example. TlL. s'oilirss ol ilrc algorillin itllougl Ilot iis cfficicrr\)
can be n, ectcd b) soh'irq tl,e nnl,^lnlg pr.,ble , $hich is desigied to
Dnke use ol alL ol thc "qlepi.

\lilj0ize ml1xi.l - 3rr 7:r': + 3.j, 1 l.L, 12, I zrrl

subjr(1i to ri > 0, ., + 2tr! ,r < 0 and(11 l

.., + x! .ri : -1.
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'

ir-i

,l
i-'ti

, rl

rur): (-:.r,0.3,0 0 0,:t, fLrt: i0 0 0.0,r, !,r,0)

I!;. 2

$iLeu (11) i6 e)tpres"ccd in lorr)r I, one obtains tf. nrst tableau of l.j!..2.
Tal)lcrui Subseqrently cslculated bJ tlre olsor;tirnr hai-e beerr rbbrcriated
by gi\irrg orly the nntrjr and the corrcspordjlg pe lutaftnl. (,, denores
ihc pcmutatiorr yicldhg the ,l1r tablc:rr, x'hi]," r: l/n... /i, L^ ,.. 1,--.i ueans tr(1) :,(1.r(2) - /i!. etc.) The pil.()i dorrxlt leadiDs
1.o thc rlcIt represexixtjoD Las bccl markcd in eacll cssc bv parenitreses.
Thc trbloau llhich \rould appear;rr thj lrLst prrt of Stcp 1.3, rtter pi\otirq
b('i bcnne jnterch:ii{airg collur|s, |ns been oDri ed rit $nrtd lje bet$,ecn
iLc flfth and si-\1,1r). The firul ir:presertation is rcsolrcfr and frrnjstrN rho

- L r, l,. 0, r rr' rr'rr"' u. .1.
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