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The Highway ProblemDef: Highway ProblemGiven:I a line graph G = (e1; : : : ; en) (highway)I subpaths D1; : : : ;Dm (drivers)I bj 2 Q�0 (budget)Find: tolls w : E ! Q�0 , max. the pro�t Xj:w(Dj)�bj w(Dj)
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Our ResultsTheoremThere is a (deterministi) PTAS for the highway problem.I Even O(1)-apx was open



PreproessingI By rounding: bj 2 f1; : : : ;m="2gI By total unimodularity, optimal weights w� : E ! Z+I By edge dupliation, w� : E ! f0; 1gI By dummy edges, W � :=Pe2E w�(e) = `, ` 2 N and = (1=")1=".
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Dissetion of the optimum solutionI Let w� : E ! f0; 1g optimum weight assignment
weight W �2bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc

I Iterate until paths have weight O(1).I We obtain a dissetion of degree  = (1=")1="
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Why is suh a dissetion useful?
: : : : : :P driver Djshortened driver DjP1 P2 : : : Pbc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bcI Driver Dj is good w.r.t. a weight funtion/dissetion if#(Pi � Dj) � 12"I For a good driverw(driver Dj)w(shortened driver Dj) = 1 +O(")TheoremWe an �nd a w : E ! Q+ in poly-time that maximizes pro�tfrom good shortened drivers.
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The Dynami programTable entries: For any subpath P � G, weights W 2 N�(P;W ) := maxdissetions of Pinstalling weight W on P � pro�ts from goodshortened drivers Dj � P �Computing �(P;W ):
: : : : : :P Dj good: W �#Pi � Djbj exeeded: 0bad: 0P1 P2 : : : Pbc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc bc
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A pathologial situationI Maybe there is no dissetion suh that most drivers aregood!
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bc bc bc bc bc bc bcweight (1=")y �W �I New randomized optimum solution!LemmaFor any driver Dj and the dissetion indued by the randomizedoptimum solution: Pr[Dj is good℄ � 1� 3".
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I Dj ontains � 1" � 1 � 12" smaller subintervalsI Pr[Dj rosses bigger boundary℄ � "



Extensions (1)TheoremThere is a PTAS for the generalization, where the input graphis a tree with O(1) leafs.
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Extensions (2)Def: Max Feasible Subsystem Problem ForInterval MatriesGiven: Interval matrix A = � a1:::am� 2 f0; 1gm�n(onseutive ones in rows aj), bounds `j ; uj 2 Q+ .Find: Vetor w � 0 maximizing the number of satis�edonstraints `j � ajw � ujExample: 0�2431A � 0�0 1 1 01 1 1 00 0 0 11A0BB�w1w2w3w41CCA � 0�8691AI APX-hard [Elbassioni, Raman, Ray, Sitters '09℄



Extensions (3)TheoremFor any " > 0, one an �nd in time poly(n;m; `max) weightsw � 0 with `j � ajw � (1+") � ujfor at least (1�")OPT onstraints.I Previously known: Multiriteria QPTAS, multiriteriapolylog-apx [Elbassioni, Raman, Ray, Sitters '09℄



Open problemsI Is there an O(1)-apx if G is a tree? (TollboothProblem) (until now O(log n= log logn)-apx)I PTAS for Unsplittable Flow Problem (on linegraphs)?
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Thanks for your attention


