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◮ NP-hard to distinguish OPT ≤ 2 or OPT ≥ 3
[Garey & Johnson ’79]

◮ First Fit Decreasing [Johnson ’73]: APX ≤ 11
9
OPT + 4

◮ [de la Vega & Lücker ’81] :
APX ≤ (1 + ε)OPT +O(1/ε2) in time O(n) · f(ε)

◮ [Karmarkar & Karp ’82]: APX ≤ OPT +O(log2 OPT ) in
poly-time
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◮ Feasible patterns:

P =
{

p ∈ Z
n
≥0 |

n∑

i=1

sipi ≤ 1
}

◮ Gilmore Gomory LP relaxation:

min 1Tx

∑

p∈P

Ax ≥ b

xp ≥ 0 ∀p ∈ P

◮ Can find x with 1Tx ≤ OPTf + δ in time poly(‖b‖1, 1δ )
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Main result
◮ The O(log2 OPT ) bound of [Karmarkar & Karp ’82] is

based on:

Fact: Any feasible system (b ∈ R
n)

Ax = b, x ≥ 0

has a solution x∗ with |supp(x∗)| ≤ n.
b x

∗

Ax = b

◮ Probably too weak for stronger bounds!

Theorem (R. ’13)

There is an OPT +O(log n · log log n) algorithm for Bin
Packing instances with si ≥ 1

n
with running time O(n6 log5(n)).

⇒ Discrepancy theory
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⇒ Entropy method / Partial coloring method

◮ Initially non-constructive!
Recent algorithms by [Bansal ’10, Lovett-Meka ’12]



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

0 1
0

1



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m

x

0 1
0

1



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi

x

vi

0 1
0

1



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0

◮ | 〈vi, y − x〉 | ≤ λi ∀i

x

vi

0 1
0

1

λi



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0

Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi ∀i

x

vi
b y

0 1
0

1

λi



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0 s.t.
∑

i e
−λ2

i
/16 ≤ m

16
. Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi ∀i

x

vi
b y

0 1
0

1

λi



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0 s.t.
∑

i e
−λ2

i
/16 ≤ m

16
. Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi ∀i

◮ Algorithm:

(1) Perform Brownian motion
with std. deviation 3 in each
direction

x

0 1
0

1



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0 s.t.
∑

i e
−λ2

i
/16 ≤ m

16
. Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi ∀i

◮ Algorithm:

(1) Perform Brownian motion
with std. deviation 3 in each
direction

x

0 1
0

1

b
y



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0 s.t.
∑

i e
−λ2

i
/16 ≤ m

16
. Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi ∀i

◮ Algorithm:

(1) Perform Brownian motion
with std. deviation 3 in each
direction

x

0 1
0

1

b
y



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0 s.t.
∑

i e
−λ2

i
/16 ≤ m

16
. Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi ∀i

◮ Algorithm:

(1) Perform Brownian motion
with std. deviation 3 in each
direction

x

0 1
0

1

b
y



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0 s.t.
∑

i e
−λ2

i
/16 ≤ m

16
. Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi ∀i

◮ Algorithm:

(1) Perform Brownian motion
with std. deviation 3 in each
direction

x

0 1
0

1

b
y



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0 s.t.
∑

i e
−λ2

i
/16 ≤ m

16
. Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi ∀i

◮ Algorithm:

(1) Perform Brownian motion
with std. deviation 3 in each
direction

x

0 1
0

1

b
y



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0 s.t.
∑

i e
−λ2

i
/16 ≤ m

16
. Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi ∀i

◮ Algorithm:

(1) Perform Brownian motion
with std. deviation 3 in each
direction

x

0 1
0

1

b
y



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0 s.t.
∑

i e
−λ2

i
/16 ≤ m

16
. Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi ∀i

◮ Algorithm:

(1) Perform Brownian motion
with std. deviation 3 in each
direction

x

0 1
0

1

b
y



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0 s.t.
∑

i e
−λ2

i
/16 ≤ m

16
. Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi ∀i

◮ Algorithm:

(1) Perform Brownian motion
with std. deviation 3 in each
direction

x

0 1
0

1

b
y



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0 s.t.
∑

i e
−λ2

i
/16 ≤ m

16
. Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi ∀i

◮ Algorithm:

(1) Perform Brownian motion
with std. deviation 3 in each
direction

(2) If hit hyperplane, stay on it x

0 1
0

1

b
y



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0 s.t.
∑

i e
−λ2

i
/16 ≤ m

16
. Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi ∀i

◮ Algorithm:

(1) Perform Brownian motion
with std. deviation 3 in each
direction

(2) If hit hyperplane, stay on it x

0 1
0

1

b
y



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0 s.t.
∑

i e
−λ2

i
/16 ≤ m

16
. Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi ∀i

◮ Algorithm:

(1) Perform Brownian motion
with std. deviation 3 in each
direction

(2) If hit hyperplane, stay on it x

0 1
0

1

b
y



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0 s.t.
∑

i e
−λ2

i
/16 ≤ m

16
. Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi ∀i

◮ Algorithm:

(1) Perform Brownian motion
with std. deviation 3 in each
direction

(2) If hit hyperplane, stay on it x

0 1
0

1

b
y



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0 s.t.
∑

i e
−λ2

i
/16 ≤ m

16
. Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi ∀i

◮ Algorithm:

(1) Perform Brownian motion
with std. deviation 3 in each
direction

(2) If hit hyperplane, stay on it x

0 1
0

1

b
y



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0 s.t.
∑

i e
−λ2

i
/16 ≤ m

16
. Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi ∀i

◮ Algorithm:

(1) Perform Brownian motion
with std. deviation 3 in each
direction

(2) If hit hyperplane, stay on it x

0 1
0

1

b
y



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0 s.t.
∑

i e
−λ2

i
/16 ≤ m

16
. Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi ∀i

◮ Algorithm:

(1) Perform Brownian motion
with std. deviation 3 in each
direction

(2) If hit hyperplane, stay on it x

0 1
0

1

b
y



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0 s.t.
∑

i e
−λ2

i
/16 ≤ m

16
. Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi ∀i

◮ Algorithm:

(1) Perform Brownian motion
with std. deviation 3 in each
direction

(2) If hit hyperplane, stay on it x

0 1
0

1

b y



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0 s.t.
∑

i e
−λ2

i
/16 ≤ m

16
. Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi ∀i

◮ Algorithm:

(1) Perform Brownian motion
with std. deviation 3 in each
direction

(2) If hit hyperplane, stay on it

◮ Analysis:
◮ Pr[hit 〈vi, y − x〉 = λi] ≤ e−Ω(λ2

i
)

x

vi

0 1
0

1

b yλi



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0 s.t.
∑

i e
−λ2

i
/16 ≤ m

16
. Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi ∀i

◮ Algorithm:

(1) Perform Brownian motion
with std. deviation 3 in each
direction

(2) If hit hyperplane, stay on it

◮ Analysis:
◮ Pr[hit 〈vi, y − x〉 = λi] ≤ e−Ω(λ2

i
)

◮ E[# constraints hit] ≤ m
16

x

vi

0 1
0

1

b yλi



Constructive Partial Coloring Lemma

Lemma [Lovett-Meka ’12]

Given x ∈ [0, 1]m, unit vectors vi, parameters λi ≥ 0 s.t.
∑

i e
−λ2

i
/16 ≤ m

16
. Then one can find y ∈ [0, 1]m with

◮ yj ∈ {0, 1} for at least half of the indices j

◮ | 〈vi, y − x〉 | ≤ λi · ‖vi‖2 ∀i

◮ Algorithm:

(1) Perform Brownian motion
with std. deviation 3 in each
direction

(2) If hit hyperplane, stay on it

◮ Analysis:
◮ Pr[hit 〈vi, y − x〉 = λi] ≤ e−Ω(λ2

i
)

◮ E[# constraints hit] ≤ m
16

x

vi

0 1
0

1

b yλi



The algorithm – a first attempt

(1) Compute a fractional LP solution x

(2) FOR log n iterations DO

(3) run the constructive partial coloring lemma to make half
of the variables integral
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Hölder

≤
√

‖vS‖∞
‖vS‖1

· ‖vS‖1
︸ ︷︷ ︸

.k



Applying the Partial Coloring Lemma

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...
1
0
0
0
0
0
0
0
1
0
0
0

0
0
0
0
0
0
0
0
1
1
0
0

0
1
0
0
0
0
1
0
0
0
0
0

0
1
0
0
0
0
0
0
0
0
0
1

0
0
0
0
0
0
1
0
0
0
1
0

1
0
1
1
1
1
0
0
0
1
0
0

0
0
1
1
1
1
0
1
0
0
0
1

0
0
0
0
0
0
0
1
0
0
1
0

...

...
groupssubgroups

log2 n many

G

S

rest

◮ Can get

‖vS‖2
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Bad case:

same item Ω(1)

pattern p: xp > 0

1
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xp =
1
q

si

ksi

q items

1 item

k · si
Observations:

◮ Doesn’t change feasibility or objective function
◮ Any solution to new instance induces solution to original

one
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The complete algorithm

(1) Compute a fractional LP solution x

(2) FOR log n iterations DO

(3) round x s.t. xp ∈ Z

log4 n

(4) apply gluing lemma
(5) run the constructive partial coloring lemma to make half

of the variables integral
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per iter.:

1
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1
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1
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1
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O(log log n)

Cost of solution: OPT +O(log n · log log n)
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Thanks for your attention


