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Chapter 1

Basics of Convex Geometry

The goal of this monograph is a introduction to high-dimensional convex ge-
ometry. As a basis we follow a selection of chapters of the excellent textbook
Asymptotic Geometric Analysis, Part 1 by Artstein-Avidan, Giannopolous and Mil-
man | |. However, in presentation we try a more geometric rather than
functional-analytic approach. We will avoid working with infinite-dimensional
vector spaces where ever possible. We will also make use of simplified proofs if
available. [ am in particular grateful to Victor Reis for proof reading this manuscript.

1.1 Basic Definitions

Aset ASR"is convexif 1-A)x+Aye Aforallx,ye Aand0<A<1. Let B} :=
{x e R" | | x|l < 1} be the Euclidean ball of radius 1 around the origin. Moreover,
we define S ! := {x e R" | | x|l» = 1} as the (n— 1)-dimensional sphere. More gen-
erally, we define the balls Bg = {xeR" | |xll, <1} where ||x], := (Z?zl |x;1P)V/P
for1 < p <ooand [|X]loo := max;=1, n|x;|. The Minkowski sum of two sets A, B <
R" is definedby A+ B:={a+b|ac A be B}.

0
A A+B

We denote int(K) := {x € K |3e > 0: x+ B! c K} as the interior of K. A convex
body is a convex set that is compact (= closed and bounded) and has a non-empty
interior. We say that K is (centrally) symmetricif K = —K.

[ ]
[ J=]

7
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A function F : R" — R is convex if
F(1-Mx+Ay)<(1-AN)Fx)+AF(y) Vx,ye R" VOo<A<l.

In other words for every x and y, the line segment between (x, F(x)) and (y, F(y))
lies above the graph. This is equivalent to asking that the epigraph {(x, t) € R"*! |
t = F(x)} is convex.

teR
F(x)

epigraph of F

The support function for a set K is defined by

hg(a) :=sup(a,x)
xeK
where a € R”. In other words, hg(a) is the minimal value so that (&, x) < hx(a) is
avalid inequality for K. If a € R" \ {0}, then

_ hix(a) + hx(—a) _ s {I(a,x>—<a,y>| :x’yEK}
lall, lall,

is the width of K in direction a. Geometrically speaking, wk(a) is the mini-
mal width of a strip with normal vector a that contains K. Note that for a con-
vex body, the supremum is always attained and in the definitions of ik (a) and
wg (a), we could replace the sup with a max.

wg(a):

A~~(a,x) < hg(a)

hx(@)+hkx(—a)

Tal, - Wk(@)

Let Vol (K) be the n-dimensional volume of a body K. We will study also other
measure for the “largeness” of a set. In particular for a non-empty convex set K
we define the mean width as w(K) := E,_gn-1[wk (x)]. Yet, a different measure is
the (standard) Gaussian measurey, which is defined as

1 Il
Yn(K)::fKW,e %1372 g
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By a slight abuse of notation, we will write y,(x) := (275",2 e 1%15/2 35 the den-
sity of this distribution. The distribution has many exceptional properties: it is
rotationally symmetric and drawing standard Gaussian x ~ y,, is equivalent to
drawing the coordinate entries xi,...,x, ~ y1 independently. Without making
the statement formal at this point, the Gaussian measure v, (K) is approximately
the volume ratio Vol ,, (K ny/nBj})/Vol,(B}). Arandom vector X = Ax+ b is called
a Gaussian random vector if x ~ y, and A € R"*" is a matrix and b € R". The
Gaussian is centered if E[X] = b = 0. Gaussians are universal in the sense that
adding independent random vectors together gives a distribution that converges

to the Gaussian with identical expectation and covariance matrix.
Lemma 1.1. The quantity a, := Ex~y, [l x2] satisfies /n -/ -5 < a, < V/n.

The upper bound follows from Jensen’s inequality and Ex~y,, [||x||§] =n—we
skip the lower bound calculations here. We will also later use the Gaussian mean
width

gK):= E [sup (a,x)

a~Ynl xeK
Note that in contrast to w(K) this is a “one-sided” notion of width, but g(K) =
% w(K) = 4 - w(K) where the multiplicative error goes to 0 as n — oco.

1.2 Norms, Polarity and dual norms

If V is an R-vector space (most of the time we will simply consider V = R"), then
amap | - || : R” — Ris called a norm if it satisfies

(i) subadditivity: [x+ yll < llx||+ |yl forallx,ye V
(ii) homogenity: |[Ax|| =|A|-||x|| for le Rand xe V
(iii) point-separation: |[x]| =0=>x=0

If we have a symmetric convex body K, then Minkowski norm is defined as
Ixllg:=minfA=0:x€ AK}

Indeed, one can check that this is a norm as the convexity of K implies the subad-
ditivity of || - [ x and the symmetry implies the homogenity. In fact, for any norm
|I-Il we can set K := {x € R" | |x|| < 1} as the unit ball of that norm, then || x| = || x| x
for any x. For example one has ||x|, = IIxIIB;;-

For K < R", let span(K) be the unique minimal subspace with K < span(K).
We now come to a very crucial concept in convex geometry:
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Definition 1.2. For a convex set K € R" with 0 € K we define the polar as
K°:={yespan(K) | sup{(x,y): x € K} < 1}
If K is a convex body with 0 € K then the definition simplifies to
K°={yeR"|(x,y)<1VxeK}.

Recall that K € R" is a polytope if K = conv(S) for a finite set of points S. Equiv-
alently K is a polytope if K is bounded and has a finite number of faces, i.e.
K={xeR":(a;,x) < b; Yi=1,...,N}. Any convex body can be arbitrarily well
approximated by a polytope. To gain intuition we discuss polarity for polytopes.

Lemma 1.3. Let K be a polytope with 0 € int(K).

(a) IfK = conv{a,,...,ay} then K° ={y e R" | (ay,y) <1,...,{an,y) < 1}.
(b) IfK={xeR"|{a,x)<1,...,{an,x) <1}, then K° = convia,,...,ayn}.

Moreover, in both cases K° is again a polytope with 0 € int(K®).

Proof. Note that the boundedness of K implies that 0 € int(K®).
For (a) we simply use the definition to get

KO

{yeR"|(y,x)<1 VxeK}

N N
{yeIR”:Z?Li(y,ai)sl VAEIRQO:ZA,-:I}
‘ i=1

=1
{yeR":(y,a;)<1Vie[N]}

Here we have used that any point y that satisfies the N linear constraints will also
satisfy any convex combination of them.

Now consider (b). First we prove C := conv{ay,...,an} S K°. Let A € IRQO with
Zﬁ.\i 1 Ai =1 be a convex combination. We have (a;,x) <1 Vx € K by assumption
andso (YN, A;a;,x) <1forall x € K. Thisimplies Y ¥ | A;a; € K°. 1f0 ¢ C then by
the Hyperplane Separation Lemma there is a direction x with {(a;, x) < 0 meaning
that K is unbounded in direction x. Hence 0 € C. Now consider a point y ¢ C.
Again by the Hyperplane Separation Lemma, there is a normal vector x € R” with
(a,x) < B <(y,x) forall ae C. As 0 € C we know that § > 0. So after scaling x
we may assume that (a;,x) <1 < (y,x) for all i € [N]. Then x € K and thisis a
certificate that y ¢ K°.

Part (b) also proves that the polar of any bounded polytope with 0 € int(K) is
bounded, which settles the “moreover” part. O
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More intuitively, Lemma 1.3 shows that when moving from K to the polar
K®, points turn to inequalities and inequalities turn to points. We would like to
mention that the polar is not invariant under translation.

One has the following useful fact:

Theorem 1.4 (Polarity Theorem). For a convex body K < R" with 0 € int(K) one
has (a) (K°)° = K and (b) if K is also symmetric then || x|l x = hg-(x) for all x € R".

Proof. We verify this at least for polytopes. Claim (a) follows from Lemma 1.3.
For (b) we write the polytope in the form K = {x e R" | (a;,x) < 1,...,(an, x) < 1}.
Then we observe that

x|l x = max{{a;,x):i=1,...,N}
while

hg-(x) = max{(y,x) |y € conviay,...,ay}} = max{{a;,x):i=1,...,N}

For anorm | - || in R", we define the dual norm as
Ixll := sup {(y,x): y e R" with ||yl < 1}
From the definition we observe the following immediately:
Lemma 1.5. Let K be a symmetric convex body. Then || - || g~ is the dual norm of
I llx-
Proof. Tt suffices to check thatfor || - || := || - [|x one has

Ixl.<1 o (y,x)<1VyeR"with|ylx<1
< (y,x)<1VyekK
& xeK°
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Another immediate consequence of the definition of the dual norm:

Lemma 1.6 (Generalized Cauchy-Schwarz). For x, y € R" and any symmetric con-
vex set K one has |[{x,y)| < x|k - |yl k-.

Proof. After scaling we may assume || x| g = 1. Then |{(x, y) | < ||yl k- by definition
of dual norm. O

Yet another useful observation is the following: For any x € R” and any norm
| - Ix there must be an element y with ||yllx- = 1 so that ||x[|x = {(x,y). In other
words, there is always a y so that the Generalized Cauchy-Schwarz inequality
is tight. Sometimes in proofs one aims at upper bounding | x|k, then it can be
helpful to instead upperbound (x, y) with | yllx- = 1. We call y the dual element
to x w.r.t. norm | - |[x. Geometrically, this dual element y is the point in K° that
maximizes the inner product with x.

ywith |[yllxe=1and (x,y) =1

x with ||x||g =1

Lemma 1.7 (Existence of Dual Element). Let K < R" be a symmetric convex body.
For any x € R" thereisay € R" with | (x,y)| = x|k -l ylx- and | yllx- = 1.

Proof. We know by Theorem 1.4 that || x||x = hg-(x) = max{{x,y): y€ K°}. The y
attaining this does the job. O

The following fact is also useful:

Lemma 1.8. Let K,Q < R” be convex bodies with 0 € int(K). Then (conv(K U
Q)°=K°nQ°.
Proof. Apply Lemma 1.3.(a). O

While most of the time we will use polarity for full dimensional convex sets,
we will have one application in Chapter 7 where the sets are lower dimensional.
For a subspace H < R" we denote the orthogonal projection into H by Py : R" —
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R” which is the unique linear map with Py (x+y) = x for x € Hand y € H'. We
will now see that projection and intersection are operations that are polar to each
other.

Lemma 1.9. Let K < R” be a symmetric convex body and let H < R" be a sub-
space, then (K N H)° = Py (K°).

KnH
///_\\\
d \
/
H 0 v ‘,K H
r ®
\ 7
n o~ _ _ -
32 -

Proof. Firstnote that both objects (Kn H)° and Py (K®) are both contained in the
subspace H and 0 is contained in the relative interior. It suffices to verify that the
support functions for directions y € H are identical. First we see that

H hm 1.
Wy ) = hie () T2 Iyl

as maximizing projection gives the same as maximizing over the original body
K® (this uses y € H). Next, we have

Th . H
hcom= ) 2 Iylknn *S ylk

and the claim follows. O
For a matrix A and a set K, by a slight abuse of notation we write A(K) = {Ax:

x € K} as the image of K under the linear map x — Ax. Then it will be useful to
understand how the polar of K changes if we apply a linear transformation to K:

Lemma 1.10. Let K € R" be a convex body with 0 € int(K) and let A € R™"*" be a
regular matrix. Then A(K)° = (AT)"1(K°) = (A1) T(K°).

Proof. We have

AK)>® PZ° {yeR"|(y,x <1 Yxe AK)}
{yeR"|(y,Ax)<1 Vxe K}

{yeR"|(ATy,x)<1 Vxek}
Defo

AhH 1K)

{AN 'y (y,x) <1 VxeK}
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The 2nd equation holds because (AT)™! = (4717, O

1.3 Distance measures for convex bodies

Loosely speaking, a distance measure for convex bodies is a quantity d (K, Q) that
is larger the more different the convex bodies K and Q are. But there are several
meaningful distance measures and which is the “right one” will be application-
dependent.

The Hausdorff Distance
We want to discuss several distance measures on convex bodies.

Definition 1.11. We define the Hausdorf{f distance of two convex bodies K, Q <
R" as

dp(K,Q) := inf{6=0|K<Q+6B}and Q< K +8B)}
= sup{lhK(u)—hQ(u)lIuES”_l}

Intuitively, dy is the minimum radius of a ball by which one has to enlarge
K and Q to include each other. Clearly dy (K, Q) = 0 for all bodies K, Q. It is not
difficult to check that:

Lemma 1.12. The Hausdorff distance is a metric and in particular dy(A,C) <
dy(A, B) + dy (B, C) for convex bodies A, B,C =< R".

—————————

Vs AN
/ \
P ~ \
7 \ |
/
! | B \ |
| |
|
- !
- !
- !
- !
! !
| \ A v
\ N o IL/
N /AT
¥ dy(A,B) ’

N —m—m—————

Finally we have the following useful compactness result:

Theorem 1.13 (Blaschke Selection Theorem). A sequence {K} jen of convex bod-
ies with K; < r B} for some fixed r has a subsequence that is convergent in the
Hausdorff metric.
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Proof sketch. W.l.o.g. suppose that K; < [0,1]" for all j. Partition the cube into
an equally-spaced grid so that each cube in the grid has diameter at most € > 0.
Then (v/n/€)" many cubes suffice, but we only need that this is a finite number.
Two convex bodies Kj, K that intersect the same set of cells have a Haussdorf
distance of at most €. Then from an infinite sequence one can iteratively filter
subsequences of bodies whose distance is getting shorter and shorter quite sim-
ilar to the proof of the Bolzano-Weierstrass Theorem. O

[0,11"

The geometric distance

The second distance measure that we discuss will allow some transformations to
the convex bodies. Formally, the geometric distance

: 1
dG(K,Q)1=mln{d-b|3x,y€|R":E(Q+y)§K+x§a.(Q+y)}

is the minimum factor s = 1 so that after translating and scaling with a scalar one
has Q < K < sQ. In particular the relative position in space does not matter for
this distance. This is a multiplicative distance measure with dg(K, Q) = 1 for all

K, Q.

The Banach Mazur Distance

The Banach-Mazur distanceis defined as dpy(K, Q) := min{ds(A(K), Q) | Alinear map}.
Phrased differently the Banach-Mazur distance is the minimum number s = 1 so

that Q <€ A(K) < sQ where A:R" — R" is an affine map. In Chapter 2 we will see

that by John’s Theorem indeed dgy (K, B}') < n for any convex body K. As before,

the Banach-Mazur distance is a multiplicative measure with dp;(K,Q) = 1 for

all K, Q. We can visualize the difference between the geometric distance and the
Banach-Mazur distance as follows:
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geometric distance dg Banach-Mazur distance dgy,

In most cases we are interested in the Banach-Mazur distance of a body K < R”
to the Euclidean ball. Hence we abbreviate dpy(K) := dpy(K,B}). f FER" isa
subspace of dimension k := dim(F), then KN F is a k-dimensional object. In this
case, we define dgp (KN F) := dgy (KN F,BY).

1.4 Useful Inequalities

In this section, we recall several inequalities that are particularly useful when
dealing with convex functions. We begin with one of the “work horses” in the
area:

Theorem 1.14 (Jensen Inequality for Convex Functions). Let X : QO — R be a ran-
dom variable and F : R — R be a convex function. Then F(E[X]) < E[F(X)].

The inequality follows immediately from the definition of convexity.

ELF(X)] |8
FEX) |orT o

Y

X1 E[X] X2
Example of convex function F and
distribution X over only two values x;, x»

If the function F is rather concave then convex, then the inequality holds with
reversed relation:

Theorem 1.15 (Jensen Inequality for Concave Functions). Let X : O — R be a ran-
dom variable and F : R — R be a concave function. Then F(E[X]) = E[F(X)].
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The next inequality is due to Young:

Theorem 1.16 (Young’s Inequality). For x,y =0 and 0 < A < 1 one has
Proof. Simply note that

Jensen+concavity of In

ln((l —)xa-D +/1y1m) > (1= ) In” 1Y) + AnHh
= In(x) +In(y) =In(x-y)

Another useful inequality is the AMGM inequality:

Theorem 1.17 (Arithmetic Mean vs Geometric Mean). Let a;,...,a; =0 and x1,..., X, =
0 and abbreviate §:=3." | a;. Then

a1X)+.. +anxn
p a

Proof. Let X be the random variable with Pr[X = x;] = % Then

An
. xn

n

(i% ):ln([E[XD] =" Elln(X)] :ZF Il(xi):ln(ﬁxf”/ﬁ)
=l =1 i=1

as In is concave. O

8

The inequality of Holder is basically a generalization of Cauchy-Schwarz to
general || - [| ,-norms:

Theorem 1.18 (Holder’s Inequality I). Let X, Y : Q — Rx¢ be jointly distributed
non-negative random variables. Then for all 0 < A < 1 one has F[X'"*Y*}] <
ELX]' A E(Y)M

Proof. Scaling X by s > 0 scales both sides of the inequality by the same factor
of s'~*. Hence we may assume w.l.o.g. that E[X] = 1; similarly assume E[Y] = 1.
Then applying Young’s Inequality gives
Yo
EXAYY s E[a-0)- )T 44 (0 M| =B - DX+ AY)
= (- AEXI+AEY]=1=EX]1"ELY)
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Often, Holder is stated in a different but equivalent form:

Theorem 1.19 (Holder’s Inequality II). Let X, Y : Q — R be jointly distributed ran-
dom variables. Let p,q = 1 be a pair with % + % =1. ThenE[|X - Y| <E[|X|P]VP-

E[|Y|9]V4.

We conclude with Minkowsi’s Inequality which in fact provides the proof that
the bodies B), are convex.

Lemma 1.20 (Minkowski’s Inequality I). Let 1 < p < oo and let X,Y be jointly
distributed random variables so that E[| X|”],E[|Y|P] < co. Then E[|X + Y |P]V/P <
E[NXIPIVP +E[Y|PIVP.

Proof. First note that |x+ y|P <27 -(|x|” +|y|P) and so E[| X + Y|P1YP < co. Now,

rescale the random variables so that E[|X + Y|P] = 1. Choose g so that % + % =

1©q:%.Then

1 = E[(IX+YIP] =E[IXI-IX + YIP ' +E[IV]- X+ YV|P7!]

sl 1/
HoserII ([E[|X|p]1/p+[E[IY|p]l/p).(E[|X+YIQ(P—I)l) q:[E[|X|P]1/p+[E[|Y|P]1/P

=1

asgqp—-1)=p. O

Lemma 1.21 (Minkowski’s Inequality II). Let 1 < p < oo, let||-||x be anorm and let
X, Y bejointly distributed random variables on R" so that[E[IIXIIZ],[E[II Y||1p<] < 00.
ThenE[| X + Y[R1YP <E[XIRIYP +EN Y R1YP.

Proof. Webound E[l| X+Y [R1YP < ENIX | x+ 1Y | cP1MP < ENX I RIVP+EINY 117
using the triangle inequality for | - | x and Minkowski’s Inequality I (Lem 1.20) for
the random variables | X || x and || Y| k. O

1.5 The Hahn-Banach Theorem and relatives

A simple, but powerful result is the following:

Theorem 1.22 (Separating Hyperplane Theorem I). Let A, B < R" non-empty dis-
joint convex sets where both A and B are closed and at least one of them is
bounded. Then there is a vector ¢ € R" and 6 € R so that

(c,x)>6>(c,y) VxecAVyeB
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Sketch. Let (x*,y*) € A x B be the pair minimizing the distance ||x* — y*||, (this
must exist for the following reason: suppose that A is bounded; then A is com-
pact. Then the distance function d(x) := min{||y—x/||» | y € B} is well-defined and
continuous, hence a minimum is attained on P). Then the hyperplane through
%(x* + y*) with normal vector ¢ = x* — y* separates A and B.

(¢, x)=0
O

The statement also holds for unbounded sets — as long as one is willing to
give up the strict separation:

Theorem 1.23 (Separating Hyperplane Theorem II). Let A, B < R" be non-empty
disjoint convex sets. Then there is a vector ¢ € R" and 6 € R so that

(c,x)=6=(c,y) VYxcAVyeB

A Banach space is a pair X = (V, || - ||), where V is an R-vector space1 and ||+ | :
V — Ry is a norm. Most of the time the vector space is simply V = R” but in
convex geometry we will find other infinite-dimensional vector spaces occuring.
For example X = (V,| - ) with V := {f : [a,b] — R | f continuous} and || f] :=
maxye(q,p | f(x)] is such a vector space.

Theorem 1.24 (Hahn-Banach Theorem). Let (V, || - ||) be a Banach space and let
U < V be a subspace. Suppose F : U — R is a linear function with F(x) < ||x| for
all x € U. Then there exists a linear function F : V — R so that

e F(x)=F(x) forallxe U.
e F(x)<|x| forallxe V.

Sketch. We will only prove the statement for the finite-dimensional case, i.e. V =
R”. Define K := {x € R" | || x|| < 1} as the unit ball of the norm || -||. Let A:={x €
U|Fx)<1lland B:={x€ U | F(x) > 1}. Then conv(K U A) and B are convex and
disjoint, hence there exists a separating hyperplane of the form (c,x) = 6. Scale
this one so that § = 1 (works as 0 € int(conv(K U A))). Then F(x) := {c, x) does the
job.

10ne can also consider Banach spaces with C-vector spaces, but for the scope of this text we
restrict to to R as the underlying field.
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(c,x)=1

1.6 Steiner symmetrization

There are several cases of inequalities for convex bodies K where the worst case is
attained for Euclidean balls. Then, one standard proof technique is to gradually
transform K into a ball. This is done by the so-called Steiner symmetrization. For
u € R" we define u' := {x € R" | (x, u) = 0} as the (n — 1)-dimensional subspace
that is orthogonal to u.

Definition 1.25. Let K £ R" be a convex body and u € $"~! a unit direction. The

Steiner symmetral S, (K) < R" of K in direction u is defined so that for every x €

u' one has

Vol; ((x + Ru) N K) = Vol ((x + Ru) N S (K))
where (x + Ru) N S, (K) is an interval centered at x.

The way to interpret this construction is as follows: take a body K and a point
x € ut. Then shift the interval (x + Ru) N K until it is centered around x. The new

body is then called S, (K). Note that in particular the body S,(K) is symmetric

w.r.t. the hyperplane u".

u x+Ru
A :
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The Steiner symmetrization has many useful properties. For example it pre-
serves volume and convexity. In particular:

Theorem 1.26 (Properties of Steiner Symmetrization). For convex bodies K, T <
R" and u € ™! one has

K convex = S,(K) convex.

ASy(K) = Sy (AK)

Su(K) + Su(T) S Su(K+T)

Sy is continuous w.r.t. Haussdorf distance.

Vol (54(K)) = VoI, (K).

0(S,(K)) < 0(K), where 0(K) denotes the surface area of K.
diam(S,(K)) < diam(K).

inradius(S,(K)) = inradius(K) and circumrad(S, (K)) < circumrad(K).

PN O LN~

Here inradius(K) is the largest r so that ¢ + r B} < K for some center c¢. More-
over, circumradius(K) is the minimum radius r so that there is a ¢ with K <
c+rBj.

To see convexity of the Steiner symmetral, we need to argue that the line seg-
ment between two points in S, (K) is again included in S, (K). We can write the
two candidate points as x+ s-u and y + - u with x,y € ut and s, € R. Let
Zx := Vol; (K n (x + Ru)) be the length of the interval of K intersected with the
line x + Ru. Then it suffices to check thatfor0 <A <1and z=(1-21)x+ Ay one
has /; = (1-A)¢x + A¢. And indeed this follows from the convexity of K itself.

The usefulness of the Steiner symmetrization is that we can use it to trans-
form every convex body into a ball. Formally, one can prove:
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Theorem 1.27. Let K < R" be a convex body and let r be the radius so that Vol,(K) =
Vol, (r B}). Then there exists a sequence of vectors u € S "~1 5o that the sequence
Kj:=Su;(Kj-1) with Ky := K converges to r B w.r.t. the Hausdorff metric.

1.6.1 Urysohn’s Inequality

We will now see a quick application of the Steiner symmetrization to prove Urysohn's
Inequality. Recall that for a convex body K and a vector u € R" with | u|, =1, the
support function is hx(u) = max{{u,x) | x € K} and wg(u) = hx(u) + hg(—u) is
the (geometric) width in direction u. Then the mean width is simply w(K) :=
E,-gn1 [wi (w)], where u ~ S""! picks a uniform random unit vector. Now we
will see the very intuitive fact that among all convex bodies of the same volume,
the ball minimizes the mean width.

Theorem 1.28 (Urysohn). Let K < R" be a convex body. Then

Vol (K) \l/n
K)z2 |——F——
Wi (Vol,,(Bg))
Suppose we scale K so that Vol (K) = Vol,(BJ). We could apply Steiner Sym-
metrization until the body converges to B) — all we need to show is that the
mean width is not increasing:

Lemma 1.29. Let K < R” be a convex body. Then w(Sg(K)) < w(K).

Proof. After rotation we may assume that 6 = e, meaning that the symmetriza-
tion happens for the last coordinate. We will write (x, t) € K where x € R”~! and
t € R. Observe that ((x, ;) and (x, &) € K) < (x, 152) € Sg(K). Then the support
function of the Steiner symmetrization is

-t
hspo@) = max{{(r,=—=),w) : (x, 1) € K and (x, 1) €K}
1
= - (maxi(e, ), w0 e, 1) € K + maxt(G,~ 1), ) : (5, 1) € K3
1
= 5 (hx + hic)

where we write u' := (uy,...,u,—1,—uy) as the vector u with flipped last coordi-
nate. Note that for u ~ S"! the expectation of hx(u) and hyg(u') is identical.
Hence E,,.gn-1[hsy k) (W)] < Ey-~gn1[hx(w)] and the claim follows. O
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1.6.2 Blaschke-Santal6 Inequality

The Blaschke-Santal6 inequality is another example where some quantity is max-
imized or mininimized for Euclidean balls.

Theorem 1.30. Let K < R” be a centrally symmetric convex body. Then
Vol,,(K) - Vol,,(K°) < Vol,, (B2,

The proof works again using Steiner symmetrization. By construction we
have Vol,(Sg(K)) = Vol,(K) for any direction 0 € $"71. The non-trivial part is
to prove that the volume of the polar does not decrease in one symmetrization
step:

Lemma 1.31. For any symmetric convex body K < R" and any @ € S""! one has
Vo, (K°) = VoI, ((Sg (K))®).

For a symmetric convex body K < R", we define the Mahler product as s(K) :=
Vol(K) - Vol,,(K®°). With this lemma we know that s(K) < s(Sg(K)) and hence by a
limit argument we can derive that s(K) < s(B}), which settles the claim. The
proof of Lemma 1.31 is not too hard but as we will see a structurally stronger
statement in Chapter 8 we skip it here.

1.7 Brunn’s Concavity Principle and Log-Concavity

In this section, we will discuss how the volume of slices of convex bodies be-
have. If U < R" is a subspace with dimension k = dim(U) and K < R”" is some set
then we denote Vol (K N U) as the k-dimensional volume of K N U that “lives”
inside the subspace U. More formally one could define this quantity by picking
any orthonormal basis u;, ..., uy for U and setting Volx (K n U) := Vol ({y € RX |
Zle yiu; € K}). Analogously, if U is an affine subspace.

For a subspace U € R" we write Ut := {x e R" | x L y Vy € U} as the (n -
dim(U))-dimensional subspace that is orthogonal to U.

Theorem 1.32 (Brunn’s Concavity Principle I). Let K < R" be a convex body and
let U < R" be a k-dimensional subspace. Then the function F : U+ — R defined

by
F(x):= Vol (KN (U + x)"'*

is concave on its support.
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x+U

Proof. We apply the Steiner Symmetrization for directions # € U and obtain a
limiting convex body K so that K n (U + x) is a k-dimensional ball of some ra-
dius r (x) and the volumes of intersections with translates of U have not changed,
meaning that Vol (K N (U + x)) = Vol (KN (U +x)) forall x € U+.

A u
K $ r(x) Ut
° >
W
Then by convexity of K, r(x) is concave and so is F. O

It will be useful to make the observation that the subspace that form the do-
main of F and the subspace used for slicing do not need to be orthogonal.

Theorem 1.33 (Brunn’s Concavity Principle IT). Let K <R be a convex body and
let U, W < R" be subspace. Then the function F : W — R defined by

F(x) := Vol (KN (U +x))"'*

is concave on its support, where k := dim(U).
U

V§
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A useful inequality for later will be that also the intersection of convex sets
behaves in a log-concave manner:

Lemma 1.34. Let K, L < R" be convex sets. Then the function F : R" — Rsq with
F(x) := Vol,,((x + K) n L)Y'" is concave.

x+K

o/x

N

Proof. We rewrite the function F as

F(x) = Vol,({yeR"| y—xEKandyeL})l/"
1 1/n 1 1/n
= —Vol,({(y—x,y)eKxL =—Vol, ({(Kx L)n (U + (—x,0))
Vol ({y-x.y b=Vl )
where we define a subspace U := {(y,y) | y € R} with dim(U) = n. By Brunn’s
Concavity principle, such a function is concave on its support. O

A function F : R" — Ry is called log concave if F(x) = exp(—G(x)) for some
convex function G : R" — RuU {oo}. Equivalently F is log-concave if In(F(x)) is
concave. A third definition is that

Fdx+(1-N)y) = Fx)* Fg)'

forall x,y € R” and 0 < A < 1. Log concave functions arise very naturally in the
context of convex geometry. For example, the Gaussian density function y,(x) is
log-concave. Log-concavity is actually a weaker property than concavity:

Lemma 1.35. For each function F : R" — R one has: F concave = F log-concave.

Proof. It suffices to verify this for n = 1 as the definitions are properties for lines.
Suppose that F is concave and w.l.o.g. suppose that F is differentiable. Then

F"(x) < 0forall x. Hence (InF(x))" = % - ?((;)22 <0 as well. O

For example, we have proven that the function Vol,,((x+K) N L)Y" is concave,
and so In(Vol,,((x + K) n L)''™) = LIn(Vol,((x + K) N L)) is concave. That means
the function Vol, ((x + K) n L) is log-concave without the need for the exponent
1/n.
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Corollary 1.36. Let K be a convex set, 8 € R” and define a function G: R — R
by G(t) := Vol,,(ix € K | {8, x) < t}). Then G(£)!/" is concave on its support and
G(¢) itself is log concave on its support.

Proof. W.lo.g. suppose [|0]2 = 1. If we set F(x) := Voln(Kn (x+{yeR":(y,0) <
0})) then by Lemma 1.34, F(x)!/" is concave on its support. Then the same holds
for G(t) = F(t0) which is the restriction to a line. O

We want to spent a few words on the behavior of log concave functions. For
the sake of simplicity, consider a 1-dimensional log-concave function G : R —
Ro. Then G needs not to be concave. But In G(¢) is concave. Hence for any fixed
point t* € R one has

G'(t%)

In(G(®) <In(GE)) + (£ —t7) - In(G(t™)) =In(G(t™) + (£ —t7) - G VieR

Now exponentiating this inequality gives the following useful estimate:

Lemma 1.37. Let G : R — R be log concave. Then for t* € R one has

G'(t*)
G(H)=G(t")- t—t") ———
(0= Gt -exp((t-1") G(t*))
In particular if we have any point t* with G'(*) < 0, then the log concave
function must be decaying at least at an exponential rate.

Nedt
)

G(t

Example: G(f) = e /2

I
I
1
l,*
L
v2n

Griinbaum’s Lemma

We want to show an application of Brunn’s Concavity Principle to prove a beau-
tiful lemma by Griinbaum:
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Any hyperplane through the barycenter of a convex body K < R" has
at least a % fraction of the volume on each side.

Recall that the barycenter of a set K is Ex~x[x] = m J; x X dx. In particu-

lar the barycenter is 0 if and only if [ - Vol,—;({x | (x,0) = t})dt = 0 for every
direction @ € S" 1,

Lemma 1.38 (Griinbaum). Let K be a convex set with Vol,,(K) = 1 and the barycen-
ter at0. Then for every @ € S"~! one has Vol,,({x € K | {(x,0) <0}) = %

Proof. After scaling we may assume that x € K = —1 < (0,x) < 1. Consider the
function

G(1):=Vol,({xe K| {x,0) < t})

Then by assumption G(-1) =0 and G(1) = 1. It is not hard to see that the deriva-
tive of that function is G'(¢) = Vol,,—; ({x € K | (x,80) = 1}). Next, we will argue that
the graph of the function G partitions the box [-1, 1] x [0, 1] into two parts of equal
area. Note that this is due to 0 being the barycenter.

Claim. One has [*, G(H)dt =1.

Proof of claim. As 0 is the barycenter we have

1
[t'G(t)]t=—1..1—f G(t)-1dt
_2,1._4 ]

1 . .

barycenter integration by parts

0 = f t-G(ndt =
-1

Rearranging gives the claim. O

It remains to show that G(0) = 1. The intuition for the proof is that if G(0) was

e
too small, then the area below the curve could not be as large as 1. By Cor. 1.36,
we know that the function G(¢) is log-concave. We can apply the upper bound

for log-concave functions from Lemma 1.37 for ¢* = 0 to obtain that G(#) < G(0) -

exp (% t] for all t.
G(0)-exp(£Q1)
I I 1_6w
} ° > 1
-1 1
L
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Then we upper bound the area below the curve G as

! L G'(0) B @ G0) 1
1 = f_lG(t)dtsf_lmln{exp(G(o) L‘),l}dt—G(O)f_lexp(G(o) L‘)dt+fa 1dt
—_———
=l-a
GO)  (G'(0) \1a
< GO)- [G,(O) exp O )] _+a-w
_ Go° (@-a)+(l—a)a::—g’%1+(e-G(0)—1)-@
- 70 ™G0 - G'(0)
Rearranging gives the desired claim of G(0) = % O

1.8 The Brunn-Minkowski inequality

One of the most often used inequalities in convex geometry is the Brunn-Minkowski
Inequality which gives lower bounds on the volume of the Minkowski sum. In the
most simple form it is as follows:

For any two sets A, B < R" with Vol,,(A) =1 = Vol,(B) and0< A <1
one has Vol,(AA+(1-A1)B) = 1.

It is remarkable that the inequality makes no restriction to the shape of A and B.
Note that, for example if A = B, then the inequality is tight. On the other hand,
for sets that have a very different shape the volume of the Minkowski sum might
be alot larger.

If A and B are not of identical volume, one needs to find the right normaliza-
tion. Formally one can state:

Theorem 1.39 (Brunn-Minkowski InequalityI). Let A, B < R" be non-empty com-
pact sets. Then for 0 < A < 1 one has

Vol,(AA+ (1 - V)B)Y" = A-Vol,, (A" + (1 - 1) - Vol,,(B)!'™.
One can also rewrite the inequality as

Theorem 1.40 (Brunn-Minkowski Inequality IT). Let A, B < R" be non-empty com-
pact sets. Then
Vol,(A+B)Y'" > Vol,(A)Y'" + Vol,,(B)!'".

Another more multiplicative form is:
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Theorem 1.41 (Brunn-Minkowski Inequality III). Let A,B < R" be non-empty
compact sets. Then for0 < A <1 one has

Vol,,(AA+ (1 - A)B) = Vol,,(A)* - Vol,,(B)' .

There is also a “fractional” or “functional” version of the Brunn-Minkowski
Inequality which is as follows:

Theorem 1.42 (Prékopa-Leindler Inequality). For0 < A <1, let f,g,h:R" — Rx
be measurable functions so that

hAx+1-Dy) = f@ gt vx,yeR”

fuw h(x)dx = (fwf(x)dx)l.(fw g(x)dx)l_;L

It might be worth noting that if the premise holds for a particular value of A
(even if not for all), then also the conclusion holds for that same value. One can
observe that the Prékopa-Leindler inequality is very similar to the multiplicative
version of Brunn-Minkowski (BM 3).

There is a simple proof for Brunn-Minkowski for the case that the sets A, B
are convex. Also historically, this was the first approach.

Then

Theorem 1.43. Brunn-Minkowski Inequality I holds for convex sets A, B € R".

Proof. We embed the sets A and B in the two parallel planes x,,+; =0 and x,+; =
1 of R"*1, resp. Then we consider K := conv((A x {0}) U (B x {1})) and the slices
Kit):={xeR":(x,t) € K}.

X1 =0 xp=1-1 Xpa=1

Observe that K(0) = Aand K(1) = B and more generally K(¢) = (1-1¢)-A+t-B. We
know from Brunn’s Concavity Principle that functions of the form ¢ — Vol,, (K (?))
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are log-concave. Then

Vol,,(K(A-0+ (1—A) - 1)) = Vol,,(K(0)* - Vol,, (K (1))~
=1A+(1-1)B A -B

and the claim follows. O

1.8.1 A proof of Brunn-Minkowski inequality III and Prékopa-
Leindler Inequality

We will now prove the Brunn-Minkowski inequality III and Prékopa-Leindler In-
equality together in several steps. Here we are taking a part of the proof from
Ball’s survey [ .
Claim I. Brunn-Minkowski Inequality I+1II holds for n = 1.
Proof of claim. Take compact subsets A, B < R. Translate the sets so that max{x €
A} = 0 = min{x € B} and abbreviate C := AA+ (1 - 1)B. Since 0 € An B, we have
AAc Cand (1-21)B < C and both sets AA, (1 — 1)B are disjoint (apart from {0}).
Hence

Vol; (C) = Vol (AA) + Voly (1 — 1) B) = Vol; (A)* - Vo, (B) ™4

using the inequality for Arithmetic Mean vs Geometric Mean. O
Claim II. BM III for n = 1 = Prékopa-Leindler inequality for n = 1.

Proof of claim. Take function f,g,h:R — R3¢ and fix some A with h(Ax + (1 -
Ny) = f(x)*g(»)'~* for x,y € R. We may assume that the functions are nor-
malized so that f(x),g(x), h(x) < 1. Observe that the assumption implies that
if f(x) = tand g(y) = ¢, then h(Ax+ (1 -A)y) = ¢. In particular the level sets of the
functions satisfy

xlhX) =z 2A-{xIfX)z3+QA-V)-{xlgx)=1} (%)

for all t. Then
1
fh(x)dx = f Vol ({x | h(x) = thdt
R 0
% 1
v f Voly(A-{x | £ 2 61+ (1= 1)+ x| g(0) = 1)) dit
0

BMI 1
> fo (A-Voll({xlf(x)zt})+(1—/1)-Vol1({x|g(x)2t}))dt

= )L-(fRf(x)dx)+(1—)L)-(ng(x)dx)
AMEGM (fRf(x)dx)A-(ng(x)dx)l_/l O
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Claim III. The Prékopa-Leindler inequality holds for every dimension n = 2.
Proof of claim. We prove the claim by induction over n. Fix 0 < A <1 and
functions f,g,h: R" — Rso with h(Ax+ (1 - 1)y) = f(x)*g(y)'* for all x,y €
R”™. We will write x = (X, x,,) with X € R”. We define 1-dimensional functions
FE G, H:R — R by letting F(x,) := fgn-1 f(X, Xx,)dx — similarly we define G and
H. Let us also write fy, : R"! — R., as the function with fixed last coordinate,
ie. fx, (%) := f(x,x,). Then the assumption carries over to

P+ (1-A)yy AE+ A=) = fr, @) gy, '™ Vxp, yn€R VE jeR™!

Then for a fixed pair (x,, y,) we can apply the (n—1)-dimensional Prékopa-Leindler
inequality to derive that

HAx,+(1Q=AVyn) = fRn_l Pax,+1-2)y, (X)dx

(n—1)-dim. PL A 1-1
= - (®)dx 7 dy
([, fooas) ([ &.5a5)
= Flx)* Gyt

That means we have satisfied the assumptions to apply the 1-dimensional Prékopa-
Leindler Inequality to the functions F, G, H and

1-dim PL A 1-1
h(x)dx = f Hixdx, = f Flp)dx) f Gxn)dox, )
R” R R R
Claim IV. Prékopa-Leindler inequality for dim. n = BM III for dim. n.
Proof of claim. Let A, B < R" be measurable sets and let 0 < 1 < 1. We will use
the characteristic functions f := 14, g:=1p and h := 1j4+0-2) 5 of the involved
sets. Now take x, y € R". We need to argue that

1 ifxeAandyeB

h(Ax+(1-AMy) = fx) gyt = { ,
0 otherwise

There is only something to show if the right hand sideis 1 —then Ax+(1-A)y €
(AA+ (1 - A)B) and the left hand side is 1 as well. Either way, we can apply the
Prékopa-Leindler inequality to get

PL A 1-1
Vol,(AA+(1—-)B) h(z)dzz( f(x)dx) (f g(y)dy)
R7 R7 Rn

Vol,,(A)*-Vol,,(B)!=* ]

Putting everything together, this proves both, the Brunn-Minkowski Inequal-
ity and the Prékopa-Leindler Inequality.
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1.8.2 The isoperimetric inequality

One of the few facts in convex geometry that are more widely known to non-
mathematicians is that among bodies with identical volumes, the Euclidean ball
minimizes the surface area. We abbreviate d(x, A) := inf{||x — yllo : y € A} as the
distance of a point x to a set A and we denote A; := {x € R" | d(x, A) < t} as its
t-neighborhood. If Ais compact, then A; = A+ th.

Theorem 1.44 (Isoperimetric Inequality). Let A < R" be a compact set and let
B :=rB]} be the Euclidean ball so that Vol,(A) = Vol (B). Then Vol,,(A;) = Vol,,(B;)

foranyt=0.

Ag

By

Proof. After rescalingboth sets, suppose that B = B is the unit radius ball. Using
the Brunn-Minkowski inequality we can bound

Vol,,(A;) = Vol ,(A+(B) = (Voln(A)” "4 Vol (B)Y ”)"

VolnZVeln®B) 1 L 17 Vol (B) = Vol,, (B;)

Then notice that the surface area of a compact set can be defined as

Vol (A+¢eB}) — Vol (A)
€

Vol,,_1(0A) :=1lim
e—0

hence B is the Euclidean ball with Vol, (A) = Vol,(B), then indeed Vol,,_; (0A) =
Vol,,_; (0B).

1.9 Polar coordinates and the inequality of Rogers and
Shephard

In many settings, it is desirable to have a convex body K that is also symmetric.
For example if we have symmetry, then we know that |- || ¢ is a norm. Also, we will
later see that covering numbers are easier to handle for symmetric bodies. That
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leads to the natural question whether there is a generic procedure of approximat-
ing an asymmetric convex body K with a symmetric body. In the next Chapter
on John's Theorem we will see that there is always an ellipsoid £ that after proper
translation of K satisfies %S c K < £. In terms of the volume this guarantees a
bound of Vol,(€) < n'* - Vol, (K). It turns out that there is a better approximation
of K with a symmetric body if we drop the first inclusion requirement.

For a convex body K < R"” we define K— K := {x—y | x,y € K} as the difference
body. Note that by construction K — K is centrally symmetric even if K was not.
Moreover, if 0 € K, then K € K- K.

We will next prove the inequality of Rogers and Shephard showing that K — K is
not much bigger than K in the sense that Vol,,(K — K) < 22" -Vol,,(K). We should
also remark that by Brunn-Minkowski we also know a lower bound of Vol,, (K —
K) =2"-Vol, (3K + 3 (~K)) = 2" -Vol,(K) for any convex body K.

Recall that the radial function of a convex set A is defined by

pA(B) ::max{t20| r0c Al 1fAsy12metr1c "0" VO Sn—l
A

To see the connection between radial function and Minkowski norm, note that if
04@) =t ,then|t-0ll4=1andso |0 4= % Geometrically speaking, p 4(0) is the
distance one has to walk from the origin in direction 8 until exiting the body.

We can use the radial function to rewrite an integral to an integral in polar coor-
dinates.

Theorem 1.45 (Integration in polar coordinates). For any integrable function f :
R"” — R and a convex body A < R" with 0 € A we have

pa®)
| redx=vol,rism- € [ [T ror0yrtar
A gesn-1 L Jo
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This also implies a convinient formula to express the volume of a body:

Lemma 1.46 (Volume in polar coordinates). For a convex body A< R" with0 € A
one has Vol (A) = Vol (B}) -Egegn-110a(0)"].

Proof. Integrating the characteristic function of A in polar coordinates gives

pa@)
Vol,,(A):f1dx:Vol,,_1(S”‘1)- E U r"ldr|=Vol,(BY) E [pa@®"]
A S—————" 05" 1 L Jo fesn-1
=nV01n(B2”)
=%PA(9)”

O

Theorem 1.47 (Rogers-Shephard). Let K < R" be a convex body. Then
2" Vol (K) < Vo, (K — K) < 2" - Vol,,(K).

Proof. We already argued the lower bound. To keep the calculations short we will
prove a slightly weaker upper bound of 42/ n. More precisely we will prove the
two (in)equalities (I) and (II) in
n
42n

2
0 YO ol () ()

0))] -
Vol, ()= E | [Volu(Kn(x+ K] = g s o

xeK

4211

Then rearranging gives a bound of Vol,(K — K) < =~ -Vol,(K). We define the
function f: K — K — Ry with

fx) = Vol,(Kn(x+K)""=Vol,({yeR" |yeKand y—xe K})""" (%)
_ n _f f 1/n
= Voln({yEIR{ |y 2€Kandy+2€K})

From the last representation in (**) we can also see that the function is sym-
metric with f(x) = f(—x). Observe that if f(x) > 0 then thereisa y with y e K
and y—x € K and hence x = y— (y —x) € K- K. So, indeed the support of f
is contained in K — K with f(x) = 0 for points x on the boundary of K — K. We
know from Lemma 1.34 that the function f is concave. Since f(0) = Vol,,(K)''",
we can use these insights to define a lower bound function g : K — K — R with

f(x) = g(x) for all x € K~ K by letting g(r-0) := Vol,, (K)'" - (1 - L),
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Note that geometrically, for a fixed direction @, the function g is linear in r. Then
using integration in polar coordinates we obtain

f Vol, (KN (x+K)) dx
K-K

(x)=g(x)
fx 2g X ]’ g(x)” dx
K-K
Pk-k(0)
Thm.145 o W(BD)- [f g(r0)" " 1dr]
GES” 1
Defg

= nVol,(B})-Vol,(K) E [prK(B) (1_;)” rn—ldr]
) o " gesi px-k(0)

pk-k(@)
nVoln(Bf).Voln(K) E [[4 1_;)", Fn-1 dr]

>
- Qesn-1 1 (0 _ (6) ——’
€ iPK-x(0) pKvK = > pr@)n!
>(1/4)"
> n-(1/4)%"-Vol,(K) - Vol (32 - px-x(0)"]

(- -

=Vol,,(K—K) by Lem 1.46

This shows (I). To show (II) we can use Fubini’s Theorem to swap the integration
order and get

f Vol, (K N (x + K)) dx = Vola,,({(x,y) | y € K and y — x € K}) = Vol ,(K)*
K-K

That settles (II) and hence the Theorem. O

We will also show an inequality that has a proof-strategy similar to Rogers-
Shephard, even if the statements sound quite different. Recall that for a subspace
F ¢ R", Ft is the complementary subspace and Pp. : R” — F* is the orthogo-
nal projection into the orthogonal complement of F. Note that for an arbitrary
k-dimensional subspace F, neither Vol (K N F) nor Vol,_(Pr.(K)) alone gives
much information on the size of K. But surprisingly it turns out that the prod-
uct of Vol (K n F) and Vol,,_ (Pr1 (K)) is a very good proxy for Vol (K). Note that
the factor of 27" in the following estimate can be improved to (Z)_l by doing the
calculations more carefully. As usually we prefer to keep the exposition simple.

Lemma 1.48. Let K < R" be a symmetric convex body and let F < R" be a sub-
space with k := dim(F). Then

- Vol (K) 5
~ Vol (KN F) - Vol,,_ ¢ (PpL(K)) ~
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Proof. We define the function G(x) := Vol (K N (F + x))"/*. Then by Brunn’s Con-
cavity Principle (Theorem 1.32), we know that G(x) is concave. As K is symmetric
we know that also G is symmetric, meaning that G(—x) = G(x) for all x. From this
it follows that G is maximized for x = 0. Then

~——

Vol,, (K) P2 f G(x)* dx < Vol,_ i (Pp (K)) - Vol (K N F)
xePp1 (K) oo

which shows the upper bound. For the lower bound, the crucial observation is
that by the concavity of G we know that for every x € %PFL (K) one has G(x) =
%G(O). Then only counting that part of the volume gives

1 k
Vol (K) = f G)*dx = f (—G(O)) dx
xeiP,1 (K) xeiP, | (K) \2

= (1/2)"F.Vol,,_r(PpL(K)) - (1/2)* Vol (K N F)

This finishes the claim. O

1.10 Exercises

Exercise 1.1.
Prove that for any symmetric convex body K < R” and any k-dimensional subspace F

k n-k k k
onehasVoln(K)z(l—ﬁ) (—) Vol (K N F)-Vol,,_ (Pp (K)).

n

Exercise 1.2.
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Let K be the set of symmetric convex bodies in R” and abbreviate A(K, Q) := In(dpp (K, Q)).
Prove that A is a pseudometric on /.

Exercise 1.3.

Let Spxp:= {A€ R | AT = A} be the vector space of symmetric matrices. Let 1;(A) be
the ith Eigenvalue of A. Consider B," = {A € S;xp | 11;(A)| =1 Vi € [n]} and B}™" :=
{A€ Spxn | X1, 11i(A)] = 1}. Prove that (BZS"")° = B{™" (using (A, B) f := l’.’zlz;’:lAijBij
as inner product).

Exercise 1.4.
Recall that the Generalized Cauchy Schwarz inequality says that |(x, y)| < Xl x - |yl ke
for a symmetric convex body K <R" and x, y € R".

a) Show that for any parameter p > 1 there is a symmetric convex body K < R? and
x € R? so that p (x,x) < || x| g - || x|l go.

b) Show that for any symmetric convex body K < R” there exists at least one non-
zero x* € K so that || x* ||§ =lx*l k- 1x* | ko

Exercise 1.5.
Let p, q € [1,00) with % + % = 1. Prove that (B}})° = BJ.

Exercise 1.6.

Prove the following Theorem of Bieberbach from 1915: Let K < R"” be a compact set.
Then

diam(K)"

Vol, (K) < Vol,(B}) - o

where diam(K) := max{|lx - yl>:x,y € K}.
Hint. Use Steiner symmetrization.

Exercise 1.7.

In this exercise we want to give a proof for Urysohn’s inequality using a different sym-
metrization strategy. You may use the following fact without proof: For every convex body
K ande > 0 thereisan N := N(K, €) and orthogonal transformations Uy, ..., Uy : R" — R"
so that the body Q := %(Ul (K) + ...+ Un(K)) satisfies (1 -€)RB) < Q < (1+¢€)RB} for
some R. Show the following for any convex body K < R" (without the help of Steiner’s
symmetrization):

(i) Anybody Q as above has w(Q) = w(K).
(ii) Any body Q as above has Vol (Q) = Vol,,(K).

(iii) Any convex body K has w(K) = 2( VOI"%(,,)) yin,
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Comment. One can prove the fact mentioned above by picking independent random
orthogonal transformations Uj,..., Uy for N large enough. But this is not part of the

exercise.

Exercise 1.8.
Let K < R" be a symmetric convex body and consider a strip S:= {x € R" | |(x,0)]| < s}

with @ € §"~!. Prove that Vol, (K N S) = Vol,,(K) - 3 (1 - (1 = 7:557)™).



Chapter 2

John’s Theorem

In this chapter, we will present a tremendously useful result of John with numer-
ous applications.

For any convex body K < R", there is an ellipsoid £ so that after proper
translation £ < K < n€.

In terms of the Banach Mazur distance, this means that dpy/ (K, B)) < n for any
convex body K. In many settings, John’s Theorem can give a quick estimate for
the desired quantity. For example, for the inequality of Rogers-Shephard, after
translation we can find an ellipsoid with £ € K < n€ and hence K — K < 2né.
Then we can conclude that Vol,,(K — K) < Vol,,2rn€) < (2n)" -Vol,,(K). We know
that this is not a tight bound, but helpful to understand the ball park of what
might be possible.
John'’s Theorem can be sharpened for symmetric sets:

For any symmetric convex body K < R", there is an ellipsoid £ so that

EcKcyn-€.

One consequence of this bound in particular is that for any norm || - | in R”,
there is a matrix A so that || x| x < [|Ax|» < v/n- | x| g for all x € R". The Theorem
of John is excellently described in the wonderful survey of Ball | ] and we
refer to it for more details.

We already mentioned ellipsoids without providing a formal definition so far.
Alinear map A:R"” — R” can be uniquely identified with the underlying matrix.
By a slight abuse of notation we write A € R"*" as the matrix so that A(x) = Ax.
Then for a bijective linear map A : R" — R" we call the set A(B}) = {Ax | x €
R" with || x||» < 1} an ellipsoid. Note that in our notation, an ellipsoid is always an
origin-centered convex body.

39
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We want to comment on the matrix representing the ellipsoid. Consider the
singular value decomposition A = Z?:l a;u; vl.T where {u;,...,u,;} and {vy,...,v,}
are two orthonormal bases and a4,...,a, > 0. Then
n

symmetry of B}
= {Z aiu; (u, y) [yl = 1} = B(B;
i=1

n
=

aiwi 0y, x) | I xl2 <1}
1
where B := Z?:l a;u; ulT is a symmetric PSD matrix. In other words, the matrix A
with £ = {Ax | x € B}'} is not unique but it can always be chosen to be a symmetric
positive definite matrix. Now suppose that B is indeed the PSD matrix as defined
above. Clearly Vol,(£) = | det(B)|- Vol (B}). Moreover,

Ez{xe[R”li
i=1

is an alternative representation that has a clean geometric interpretation: the
vectors uy, ..., U, are the axes of the ellipsoid and «; is the length of the ith axis.
aoU»

(%, u;)?

2
a;

<1}={xeR"|x"B2x <1} ={xecR" | |B 'xI} <1}

aiu

2.1 The most basic John’s Theorem

We will see that indeed the largest volume ellipsoid inside K has the property of
John’s Theorem. For proofs it will be easiest to argue if we apply a linear transfor-
mation so that that ellipsoid is the unit ball B}'. For that purpose, we say that a
convex body K is in John position if B} is an ellipsoid of maximum volume con-
tained in K (even if translations are allowed). The concept of a position is also
used in other contexts in convex geometry. The idea is always to apply a linear
transformation to a convex body so that some constraint is satisfied.

Theorem 2.1 (John’s Theorem for Symmetric Bodies [ 1). Let K be a centrally
symmetric convex body in John position. Then B} < K < /nB}.
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Proof. We have BJ} < K by assumption. Now suppose by symmetry reasons that
Re; € K where R > \/n. Then by symmetry conv{B) U{t+Re;}} € K. We consider

the ellipsoid
2 2

E:= {xeR"|—+Zb2_ }

obtained by stretching the ball by a factor a > 1 in direction e; and shrinking it
slightly to a factor b < 1 in all other directions. We pick b maximal so that the
ellipsoid just touches the body conv{Bé1 U{xRe;}} € K from the inside. It remains
to determine what constellations of a and b are feasible. Note that by symmetry
it suffices to consider the situation in a 2-dimensional plane spanned by e; and
one orthogonal vector. First we need a simple fact:

Claim. Suppose that the triangle with (., 0), (0, 8), (0,0) € R? S0 18 touching B:. Then
Proof of claim. Consider the following figure:

F-1

|
=

y

p

We derive that the hypothenuse has length \/a? + 82 = Va? — 1+ /% — 1 which
can be rearranged to § = \/% O

Now back to John’s Theorem. Consider the following two figures, where the
2nd one is obtained by shrinking the first one by a in the 1st coordinate and b in
the 2nd coordinate.

AN

A
L/

V/

L
b

Rey
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R2
R?-1
Substituting ¢ and rearranging gives

Using the claim we can infer from the 1st picture that > = and from the 2nd

2
picture we infer that (§)* = 6.

@ =b*+R*1-b%) (%)

Now suppose that R = vn+0 for a fixed 6 > 0. If we set b:=1- ¢, then we can
rearrange (¥) to a = V1+¢&-2-(R2—-1)+€2-(1-R?) =1+ (n—-1+0) £ —0O(e?)
where the O-notation hides factors dependent on n and 6. Moreover, the vol-
ume changes as

Vol (&)
Vol,(B)

mall

ab" ' =1+ (n-1+8)e-0@?)-(1-&)" ' =1+6e+ 0% > 1

O

One can check that the bound of /7 is tight, see for example the cube K =
[-1,1]" that indeed contains B) as largest volume ellipsoid. We will also state
the version of John’s Theorem for non-symmetric bodies. Again the bound will
be tight, see for example the simplex.

Theorem 2.2 (John’s Theorem for Asymmetric Bodies). Let K < R" be any convex
body in John position. Then B} < K < nBj.

The proof works similar to the symmetric case — if there is a point Re; € K
with R > n, then stretch the ball Bg into direction e; and shrink it in all orthog-
onal directions. The only difference is that now we also need to move the center
towards e;. We will skip the formalities here.

The maximum volume ellipsoid is always unique. We sketch the argument
but refrain from a formal proof:

Lemma 2.3. Every convex body K < R" has a unique maximum volume ellipsoid
EcK.

Proof. Existence follows from compactness arguments. For uniqueness, sup-
pose that there are two ellipsoids £4 = a + A(B}) and £ = b+ B(B}) contained
in K that have identical volume, say det(A) = det(B) as we can pick the matrices
to be PSD. If it happens that A = B then we can define an ellipsoid with center
%” that is slightly stretched in direction @ — b and hence has a larger volume. So
suppose that A # B. Then one can prove the following general inequality:

Claim. Let A, B € R™" be positive definite matrices. Then det(A+B)"" > det(A)!/"+
det(B)'". Equality holds iff the matrices are scalars of each other:

We skip the proof which consists of a smart way to integrate plus an application
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of Holder’s inequality. We can consider the ellipsoid obtained by averaging the

matrices!:
a+b

2
From the definition and convexity we see that £’ < %(5 4+ &) € K. From the
claim we see that Voln(% (Ea+ER)) >Vol,(€4) =Vol,(£p) which then is a contra-
diction. 0

&=

+{%(A+B)x|xeBg}

2.2 Contact points

If we consider a convex body K in John’s position, then it is not hard to see that
some points on the boundary of K must be touching the boundary of the ball B}
— otherwise would could have scaled BJ to obtain a larger ellipsoid. Formally
we call a point x a contact point of K is || x|l = | xllx = 1.

contact point

K

The next observation is that there must be contact points in “all directions” since
otherwise we would have freedom to scale B}’ orthogonal to the contact points
and again obtain a larger ellipsoid. In fact, we can formalize nicely what it means
that there are contact points in “all directions”:

Theorem 2.4 (John). Let B} be the maximum volume ellipsoid in a symmetric
convex body K < R". Then there are contact points xi,...,X;;, of K and B} for

m< [”;1) +1<n?+1andscalarscy,...,c, > 0 so that

m
T
I,=) cjxjx; (%)
j=1

In particularz;”=1 cj=n.

Proof. The condition Z;.”z , ¢j = n follows by just taking the trace of both sides of
(%), so we do not need to further discuss it. Let us abbreviate U as all the contact
points. Consider

C:={uu’ |lueU}

11t may be pointed out that in general the Minkowski sum of two ellipsoids is NOT an ellipsoid.
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which is the set of outer products of contact points. Suppose for the sake of
contradiction that no proper coefficients c; exist. Then I—,;’ ¢ conv(C) and by
the Hyperplane Separation Theorem (Theorem 1.22), there is a linear function
®:R™" — R so that

I, T
) - <rs=®xx’') VxeU (x%)

for some r € R. Recall that the function will be of the form ®(X) = (B, X) where
(-,-) is the Frobenius inner product. In fact, the matrices on both sides of (x*)
are symmetric and hence we may also choose B is symmetric. Moreover, the
matrices on both sides of (* ) lie all on the hyperplane (I,,, X) = 1 which implies
that one can subtract a multiple of the “normal vector” B to assume that (B, I,;) =

0. We summarize that the hyperplane satisfies (B, I,) = 0 < (B, uu’) forallu € U.
Consider the ellipsoid

Es ={xeR"| (I, +6B)x,x) <1}
for some tiny enough 6 > 0. Note that the volume of the ellipsoid satisfies

Vol (Es) 1 - 1 .
Vol,(B) ~ det(I,+6B)"/2 ~ (1Ty(I, + 5B)"2

where we use the inequality of the arithmetic-vs-geometric-mean to obtain det(4)/" <
%Tr[A]. We know already that the maximum volume ellipsoid is unique and we
get a contradiction. It remains to show that £ € K for small enough § > 0.

For a contact point u € U we have (I, + 6B)u, u) = |ull5 + 6 (B,uu’) > 1 and
in particular £ does not even touch any of the contact points. One can also argue
that every point x € S"~! that is very close to a contact point in || - ||, distance
still has some slack (we skip the standard calculation here). Then it remains to
consider V := {vr € §" ! | dist(v, U) = €} where € := m suffices. Here dist(v, U) :=
inf{||lv — ull» | u € U} is the Euclidean distance. But V is a compact set with a
positive distance from the boundary of K (the distance does not dependent on
d). Then it is clear that one can pick a small § so that 5 < K.

Vv /EU

Es
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n+1

5 ) +1 < n?+1 note that we need to find the convex

To get the bound of m <
coefficients satisfying

I
7” e conv{uu’ |ue U}
n (n+1

But this is a system in dimension (;) + n = (";") and the claim follows from
Caratheodory’s Theorem. O

We want to introduce a useful view on this result. Suppose that we take the
weights cy, ..., ¢y > 0 so that Z;."zl c jxjij = I,,. Let u be a probability distribution

that produces x € {x1,..., X;;} where Pr[x = x;] = % Then Ex~y xx7]=12 Sucha

n
distribution p is called an isotropic measure.
For the sake of completeness we state the corresponding result for asymmet-
ric bodies. Again we will be skipping the proof.

Theorem 2.5 (John). Let B}’ be the maximum volume ellipsoid in a convex body

K. Then there are contact points xi,...,xn, of K and B} for m < (”;1) +1 and
scalars cy,..., ¢,y > 0 so that

m m

— — . . T
Y ¢jxj=0 and I,= Zc]x]xj (%)
j=1 j=1

Note that the condition I, = Z;"zl cjx jij is invariant under flipping the sign
of one of the x;’s. For a symmetric body K, x is a contact point iff —x is a contact
point. But for asymmetric bodies it is clear that the contact points should not all
be on one side of a hyperplane — otherwise one could move the center and scale
the ball. Then Z;."z 1 ¢jxj = 01is equivalent to saying that 0 is in the convex hull of

the contact points.

We should also mention that the condition on the existence of the contact
points is actually equivalent to B} being the maximum volume ellipsoid. In other
words, one can use the contact points to prove that K is already in John position.
We just state the result due to Ball and skip the proof (which is somewhat reverse
to the one we have seen above)

Theorem 2.6 (Ball). Let K 2 B} be a centrally symmetric convex body. Suppose
there are cy,...,c,, > 0 and points xi,..., X, € 0K n S""! with X cjxjx].T =1I,.
Then B} is the maximum volume ellipsoid contained in K.
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2.3 Contact points and the Dvoretzky-Rogers Theo-
rem

Suppose now that K is a symmetric convex body in John position. Then we know

by John’s Theorem that for any unit vector x € S”~! one has | x| x = # On the

other hand we know that the set of contact points C := 0K n S""! is non-empty
and one has | x||x = 1 for all those points x € C. The question that naturally arises
is whether there is an orthonormal basis x;, ..., x, so that | x;||x = 1. In fact, this
is possible as we will see now. We begin by proving a simple lemma.

Lemma 2.7. Let K 2 B} be a symmetric convex body in John’s position. Then for
any matrix A € R"*", there is a contact point y € 9K n B so that (A, yy") = %.

Proof. As K isinJohn'’s position, we know by Theorem 2.4 that there is an isotropic
measure p on the contact points so that [EyNu[ny] = I—,;‘ Then Ey-,[{A, yyH =
(A, [EyNu[ny]) = %. Hence in particular there must be one contact point sat-
isfying this inequality. O

Now we will prove the Dvoretzky-Rogers Theorem which for a symmetric
body K in John position picks an orthonormal basis z,..., z, so that each || zx | x
is lower bounded. We will pick the vectors iteratively one after the other. In it-
eration k+ 1 we will pick that contact point that has the largest projection on
the orthogonal complement of span{z,...,z;}. Then we will see that || zi|x =

\/1- k;nl In particular the first couple of vectors have || zi||x = 1 — later the guar-

antee deteriorates and for the last vector we can merely prove that ||z, x = #
Theorem 2.8 (Dvoretzky-Rogers). Suppose that K < R” is a symmetric convex
body in John position. Then there exists an orthonormal basis z;, ..., z;, so that

k-1
1_75”Zk”1<5”zk”2:1 Vk=1,...,n

Proof. We select the vectors iteratively. Suppose we already picked z, ..., z. Let
F :=span{z,...,z} and let Flbethe subspace orthogonal to F. Define Pr. : R —
F1 as the orthogonal projection onto F*. In particular for x € F one has Py (x) =
0 and for x € F* one has Py. (x) = x. Then considering this as a projection matrix
one knows that Tr[P.] = dim(F') = n — k. We use the previous Lemma to find a
contact point y satisfying

2 projection last 1e>mma Tr[Pp.] ~1 k

IPeeI5" = (yy',Pp) = ——=z1-—
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zZ]

yedknS"!

Example for k=1

. . . p .
Then we normalize the projected contact point to zy; := L) and estimate

P2
its || - | gk-norm as

Cauchy-Schwarz (%) k
lZkr1ll - 1yl e > ¥, zk+1) = 1P D2 =1 - =
—— n

=1
Here in (*) we use that zj is the vector Pr. (y) scaled to unit length. O

In fact, with a small trick one can even pick an orthonormal basis so that
Ib;llxk =0©@1) foralli=1,...,n.

Lemma 2.9. Let K 2 B} be a symmetric convex body in John position. Then there
is an orthonormal basis by, ..., b, with i <|bjlg<lfori=1,...,n.

Proof. Consider again the sequence of orthogonal vectors z,..., z, from the pre-
vious lemma so that ||z;||x = % atleastfori=1,..., % In fact, we can sort the
vectors so that ||z, ||x = ... = ||z, ]Ik > 0. Now consider a pair (z;, 2,+1-i) where the
2nd vector is too short, say ||z,+1-illx < %. Then we can “mix” the pair to a new
pair of orthonormal vectors %fz(zi +z,:1-;). Then the || - || x-norm can be lower

and upper bounded by the triangle inequality

1 1 1 1 1
H\Tz(zl‘ﬂnﬂ—l)ﬂf 72(75‘1) =3

Overall that proves the claim. O

2.4 The Theorem of Kadets and Snobar

We will now see a beautiful application that can be derived from the existence of
contact points. Consider the space R” equipped with a norm |- ||x and let U < R"
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be a subspace. We call a linear map P : R"” — R" a projection onto U, if P(x) € U
and P(P(x)) = P(x) for all x € R". Equivalently, there is another subspace W with
W nU = {0} and span(U + W) =R" so that P(u+ w) =uforalluec U and w € w.
Such a linear map is an operator in the sense that it maps elements from the
space R" to the space R". The operator norm of P with respect to the underlying
norm || - [|x is the quantity
. 1P (x) 1l x n
I Pllop := sup{ PR (o)}

In other words, || Pllop gives the maximum “stretch” of any element x in terms the
underlying norm and it is the minimum number so that | P(x)[x < [|Pllop - | %l x
for all x € R". Observe that even in n = 2, the orthogonal projection can have an
arbitrarily large operator norm: x

But it turns out that there always exists a projection P so that ||P|, is even
bounded by V'k, where k is the dimension of the space U.

Theorem 2.10 (Kadets-Snobar). Let K < R" be a symmetric convex body and let
U < R" be a subspace with k := dim(U). Then there exists a projection P : R" — U
with operator norm || P| op < Vk.

Proof. Applying a linear transformation to K does not change whether or not
such a transformation exists. So, suppose that K n U is in John’s position (with
respect to the subspace U).

Then there are contact points u,,...,u;, € 0K n U of length |u;ll, = 1 and
coefficients c,..., ¢, = 0 with Z;."zl c¢j = k so that Z}":l cjuju]:.r = Iy, where Iy =
(Iok 8) is the identity matrix for the subspace U. Define the linear function F; :
U — R with Fj(x) := (u;,x) and note that F;(x) = (u;,x) < || x|k as [lu;jlg- = 1.
Then we use the Hahn-Banach Theorem (Theorem 1.24) to extend this linear
function to a linear function Fj (x) := (@j,x) with Fj (x) < |lx| g for all x € R",
Geometrically speaking, (i}, x) < 1 is a valid inequality for K going through the
point u;.
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Then we define a linear map

P(x):= ) cj(ij,x)u;
=1

Note that one has indeed P : R"” — U and for a point x € U one has

m
P(x)=) cj(@;,x)u;=x.
j:]- N !
=(u;,x)
[ —
=IUx

In particular P is a projection onto U. Next, let x* € K be the point attain-
ing the operator norm and in the following calculation we denote y* € (K n U)°
as the point that is dual to P(x*) in the sense that |P(x*)[x = (P(x*),y"), see
Lemma 1.7. Then

IPllop = sup [|P()llx =IP(x")lk=<(P(x"),y")

lxllx=1

m
Def P ~ % %
= Y cjlaj,x*y - (uj, y*)
j=1 S~
<1
m

= IR R AL WAV A )
j=1 j=1

Cauchy Schwarz m 172 n w2\ 1/2
(Zc]) -(ch(uj,y>) <Vk
j=1 j=1
—_—— [ —

=k =ly*l3=<1

where || y* |2 < 1 follows from (K n U)° € B N U. This shows the claim. O
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2.5 Auerbach’s Lemma

We want to state and prove a result due to Auerbach that sandwiches a symmetric
convex body between Bj' and BZ, rather than between B} and /nB}. Note that
the proof is more related to the one of Lewis’ Lemma that we will see later in
Section 6.2.

Lemma 2.11 (Auerbach’s Lemma — Geometric version). For any symmetric con-
vex body K < R", there is a linear map T : R" — R" so that B{' < T'(K) < B},

== n
BOO

Proof. Let ay,...,a, € K be points maximizing |det(ay, ..., a,)| (those exist due
to compactness). Let T : R” — R” be the linear transformation so that T'(a;) =
e; and let K := T(K) be the transformed body. Then ey,...,e, € K and hence
Bf cKk by convexity. Also, we can see that ey, ..., e, € K still form an optimum
solution to the optimization problem max{| det(d;, ..., d,)|: @,..., @, € K} (using
that det(T A) = det(T) - det(A)). Then by optimality we know that ||e;|| z = 1 for all
i € [n]. It remains to prove the following:

Claim. One has K < B.

Proof of Claim. Suppose for the sake of contradiction that there is a point x € K
with (e;, x) > 1 (the case {e;, x) < —1 is analogous). Then the vector d := x—e; has
d; >0and e; + 6d € K for all 0 < § < 1 by convexity. Let D := (0,...,0,d,0,...,0) €
R be the matrix that has the vector d as ith column and all other columns are
0. Then replacing e; by e; + 6d increases the objective function by

up to 62 terms

det(I,, + 6 D) — det(I},) = 0Tr[D] =6d; >0
Hence for 6 > 0 small enough, we get a contradiction to optimality. O

The result of Auerbach has also a functional-analytic form that can be easily
derived from the geometric statement above:

Lemma 2.12 (Auerbach’s Lemma). Let K < R" be a symmetric convex body. Then
there are bases {a;}ic(n and {b;}ie;n of R" so that ||a;|x =1 and || b;|lx- = 1 with
(aj,b;) =1 forallie€[n] and{a; b;)=0 foralli # j.
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Proof. Let A:R" — R" be the linear map so that B’ < A(K) < B/.. Let a; be
the ith column of A™! and let b; be the ith row of A. Then ||a;lx = |(A") |k =
IA " e;llk = lleill ax) = 1. Moreover || b;l| k- = | AT e;ll k- = lle;ll ary-1 (k=) = ll€ill ackre =
1. Also for any indices i, j € [n] one has (b;, a;) = (A;,(A"1)) = (AA™);; = (I));;
as claimed. O

Note that none of the bases {a;};c[n Or {b;};cn has to necessarily be orthog-
onal. The basis {a;} e[y is called an Auerbach basis for the normed vector space
(R™, ]I - k) (note that {a;} ;e uniquely determines the choice of {b;};cn)).

2.6 Exercises

Exercise 2.1.

Let K = {x e R" | |[{a;,x)| <1 Vi € [N]} be a symmetric polytope and suppose £ is the
maximum volume ellipsoid contained in K. Show that there is a subset of indices I < [N]
with |I] < n? + 1 so that & is still the largest volume ellipsoid in Q := {x e R" : |[(a;,x)| <
1Viel}.

Exercise 2.2.

For a matrix M € R"*" we define a quantity called y,-norm as y,(M) := infimax{|| A; |, -
B/, : i,ji|M=ABwith A€ R™*k B € R¥*" for some k} where A; is the ith row of A
and B/ is the jth column of B. Prove that for any matrix M € [-1,1]”" with k := rank(M)
one has y,(M) < Vk.

Hint. Consider the rank factorization M = AB. Then apply a linear transformation so
that conv{+ A; : i € [m]} is in John position. After this transformation how long can the
vectors A; and B/ be?

Exercise 2.3.

Let K € R” be a symmetric convex body and let £ be a minimum volume ellipsoid with
Kcé.

(i) Prove that ﬁé’ cK.
(ii) Show that there are points S € vert(K) (meaning extreme points of K) with |S| <
n?+1 so that £ is also the minimum volume ellipsoid with conv((-S) U S) € £.

Hint. Use polarity!

Exercise 2.4.
In this exercise we want to elaborate on an application that is due to Naor (2011).
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(i) Let K <R™ be asymmetric convex body with B} € K and suppose there are uy,..., u, €
S"1NoK with I, <Y ciuju] < (1+¢)I, for £ = 0. Prove that K < V(1 +¢)nBj.

A remarkable spectral sparsification result of Batson, Spielman, Srivastava (2008) says
the following (which you may use without a proof): Foranye > 0 and any vectors vy, ..., Uy, €
R" with ¥ viv] = I, there are coefficients s € RZ, with |supp(s)| < O(n/€*) so that
I, =< Z?il SiVj viT < (1+¢&)I,. Use this to prove the following.
(i) Let K ={x e R" ||{a;,x)| <1 Vi € [N]} be a symmetric polytope that is in John
position. Then there are indices I < [N] with |I] < O(n/€?) so that Q={xeR"|
|{ai,x)| <1Vie I}satisfies B} c Q< v(1+¢)nByj.

Exercise 2.5.

Suppose that K < R” is a convex body with the property that (i) [(01x1,...,0,xn)x =
x|k for all x € R" and all o € {—1,1}" and || (X;(1),--., Xz(m)) |k = x| g for all x € R” and
every permutation x : [1n] — [n]. Prove that for some r > 0, the body 7K is in John posi-
tion.



Chapter 3

Isoperimetric inequalities and
concentration of measure

Concentration of measure is a phenomenon that is tremendously useful in con-
vex geometry as well as other areas such as combinatorics. Here we will give
several inequalities in different settings. We begin with a concentration result
that has a nice geometric proof.

3.1 Concentration on the sphere

Recall that S"7! := {x € R" | || x||» = 1} is the sphere and o is the uniform measure
on S, Recall that a function f:R" — Ris L-Lipschitzif | f (x)— f ()| < L-lx—y 2
for all x, y. In case that f: S”"! — R is 1-Lipschitz, we will be able to prove that
Procgnt1[|f(x) — pl < 1] < exp(—O(°n)) where y is the median (and in other set-
tings we will be using the mean). Luckily, there is no need to handle the function
explicitly. Simply define A := {x € S"7! | f(x) < u} — which by definition is a
set with measure o (A) = £ — and consider the set A; := {x € "1 | d(x, A) < 1},
where d(x, A) :=inf{||y— x|l : y € A} is the Euclidean distance to A. Then the con-
centration inequality immediately follows from the pure geometric statement of
0(Ay) = 1—exp(—0(%n)). In other words, we need to show that most of the mea-
sure on a sphere cannot be too far from a set of measure 1/2.
We begin with a simple geometric argument for the ball:

Lemma 3.1. Let u be the uniform measure on the ball Bg and let d(A, B) be the
distance between A and B. Then for A, B € B}, then

min{u(4), u(B)} < exp| - g d(A,B)?)

53
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Proof. Letus abbreviate « := min{u(A), u(B)} and let p := d(A, B) be the distance.

2 2 2 2 2
la+blZ=2lal3+21bl2—la-bl%<4-p
—— N e —
<1 <1 >p2

Then for any a € A, b € B one has

using the parallelogram law. That means A;—B c4/1- ipz -BJ'. Hence

aBrunn-MSinkowskiu(A—;B) S( /1_%2);1 Sexp(_n.%Z).

usingv1-x<e 2 for0<x<1. O

One can also rearrange the statement of Lemma 3.1 to

d(A,B) < E-ln( - L )
n min{u(A), u(B)}

For example, if A, B < S with u(A), u(B) = Q(1), then d(A, B) < O(ﬁ).
We will now prove a measure concentration for the sphere:

Theorem 3.2. Let AC $"~! witho'(A) = § and abbreviate A, := {x € S : d(x, A) <
t}. Then for t > 0 one has

o(Ay) =21 -2exp(—0(t°n)).

Proof. Let B := S" 1\ A, be the points in the sphere that have distance bigger
than ¢. Define
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Then the distance of those sets is d(A, B) = % By the previous Lemma 3.1 we get
the inequality in (1 - 57)0(B) = u(B) < exp(-0(#*n)). Then we have our upper
bound on o (B). O

For x € S""! we define B(x,r) := {y € S" ! | |[x — yll2 < r} as the geodesic ball
of radius r (also called a spherical cap).

s"
\
\

r

It is known that spherical caps minimizes the “measure expansion”. We state
the result without a proof:

Theorem 3.3 (Lévy, Schmidt). For any set A< S n-1 take a geodesic ball B(x,r) <
S"! with r chosen so that o (A) = u(B(x,r)). Theno(A;) = o(B(x,1 + 1)).

For a function f: S"~! — R we abbreviate mean(f) := E[f(x)] and median(f)
denotes any median of f(x) under the distribution x ~ S~1. We state two more
results with explicit constants without detailed proof:

Theorem 3.4. Let f : S§" 1 . R be an L-Lipschitz function. Then for any t = 0,
Pr,_gn1[| f(x) — median(f)| > t- L] < 4e™"""/2.

See for example | ] for a derivation.

Theorem 3.5. Let f : S"~! — R be an L-Lipschitz function. Then for any t = 0,
Pr,_on-1[|f(x) — mean(f)| > r- L] < 64e™"10/64,

Proof. After scaling assume L = 1. Then using concentration one can show that
median(f) — mean(f)| < \1/—% (see exercises of | 1). First note that the claim

isvacuousift < 1—?1 as the right hand side is bigger than 1. Then for ¢ > % we get

IA

_Pr_ 1/ ~mean(f)| > 1 Pr [If(x) —median(f)| > ¢ - %]

x~S"-

IA

4exp(— n- (r— %)2/2) <64 exp(-nt/64)

as one can verify. O
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3.2 Isoperimetric inequality in Gaussian space

Next, we want to prove a concentration result for Gaussians. It turns out that
such a result has a rather short proof using the Prékopa-Leindler Inequality. We
take a small detour in order to spell out where the “magic” in the proof comes
from. For the sake of simplicity let us set 1 := % from here on.
Recall that the Prékopa-Leindler inequality says that for functions f,g,h

R" — Rxo with h(3x+ 3¥) = f(x)"/?>g(y)!/? for all x,y € R" one obtains a lower
bound on the integral of [ h(x)dx = (fgn f(%)dx)?(fpn g(x)dx)'/%. Now we are
interested in such an inequality for Gaussian space in the form of Ex-y, [2(x)] =
Ex~y, [f (%)]"/?Ex~y,[g(x)]'/2. Observe that the Gaussian density has the prop-
erty that the density )/n(%x + % y) is a lot higher than the product of densities
yn(x)Y2.y,, ("2 if x and y are far apart. One can use this to build in a “discount
factor” in the assumptions.

Lemma 3.6 (Prékopa-Leindler for Gaussian Space). Let f, g, h: R" — R5¢ be mea-
surable functions with

lx—yli3
xp - 2

1 1
h(Ex + Ey) =
Then
AUCIEN ftz. E [g(x)]“2
Proof. We will apply the original Prékopa-Leindler inequality for the functions
f@) =yn®)-f(x) and g&x)=y,(x)-gx) and h(x)=y,x) - h(x)

Then we can verify that

s
- 5 1)n/2 (e‘%”"”3)1’2(6_%”y”ﬁ)”zexp(”x;y”%)-h(%H%J’)
T
assumption ((an)n/Z o5 l1%13 .f(x))l/z(_(z;) niz e 2IyI3 .g(y))m
_ Fo2g(x)V2.

This means we can indeed apply Prékopa-Leindler to the functions f, g, 7 and

E [h(x)]

X~Yn

N h(x)dx = ( N f(x)dx)l/z( N g(x)dx)m

E [f(x)]'2 E [g(x)]'/?

X~Yn
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and the lemma is proven. O

Now we can prove that the Gaussian measure expands quickly:

Theorem 3.7. Let A <R" be a non-empty measurable set. Then

E [ed(x,A)2/4]< 1

X~Yn T ya(A)’

Proof. Define functions
f(x):=exp(d(x,A)?/4) and g(x):=1,(x) and h(x):=1

Then we verify that the assumption of Lemma 3.6 is satisfied. For x,y € R" one
has

FOV2- gy 2 1xYI3I8 = pd s 218 1 (1) IE-VIBB < h(%“ %y)

v~

2
< IxyI5/8

Here we use that for y ¢ A we have 1,4(y) = 0 and there is nothing to show, while
for y € A, we have the upper bound of d(x, A) < || x — yll>. Then by the Prékopa-
Leindler inequality for Gaussian space we get

o Lem 3.6 2
1= E [h@®)])° = E [f®]- E [gW]= E [exp(d(x, A*/4]- E [1ax)]
X~Yn X~Yn X~Yn X~Yn X~Yn
—_———
=Yn(A)
and rearranging gives the claim. O

It is actually a rather standard approach in concentration to first obtain an
upper bound on E[exp(distance of x to A)] and then derive that almost all points
x are not too far from A.

Lemma 3.8. Let A< R" be a set with 'y, (A) = %, theny,(A;) =1-2exp(—t?/4).
Proof. Simply write

d(x,A)2/4]

2 Markov [E[e Thm 3.7 2
pt214] Markov El D37, o124

2
Pr [d(x,A) = 1] = Pr |e@®A7/4> Ele”™ 1)
o e pl214

O

We also state the beautiful fact that among all sets of identical Gaussian mea-
sure, a halfspace minimizes the expansion. Again we omit a proof:
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Theorem 3.9 (Gaussian Isoperimetric Inequality - Borell, Sudakov-Tsirelson). Let
A R" be a measurable set and let H = {x € R" | (8,x) < A} be a halfspace with
Yn(A) =y, (H). Then for any t = 0 one hasy,,(A;) = y,(H;).

It is often convinient to state concentration with respect to mean instead of
median. Note that in an exercise we will see that for every 1-Lipschitz function
these differ by at most a constant and one could derive the following claim from
that (possibly with worse constants). Hence we will skip the proof.

Theorem 3.10. Let f : R” — R be an L-Lipschitz function. Then for any s = 0 one
hasPry y, [ f (%) = Ey~y, [f(P)]] = s- L] < 2exp(—s?/4).

3.3 Talagrand’s inequality

For this section, we follow the exposition from the book The Probabilistic Method
of Alon & Spencer | ]. Suppose that Q = Q; x... x Q, is a product space with
a product measure , meaning that x ~ p is a random vector from Q and every
coordinate is drawn independently from some distribution. Talagrand’s inequal-
ity gives a concentration inequality for every possible product distribution; in
particular the sets Q; do not need to come from R. This generality also comes
at a cost — the inequality is a bit hard to parse and to understand. For vectors
x,y€Q,let

1 ifx; #y;

unequal(x, y); :=

Then for x € Q one defines Uy (x) := {s € {0,1}" : s = unequal(x, y) for some y € A}
and
$a(x) :=min{[sll2 | s € conv(Ua(x))}

Note that ¢p4(x) is a distance function that is also called the convex distance in
the literature. For the sake of illustration fix an x € Q and fix the vector s €
conv(Uy(x)) attaining the distance. Then the definition provides the existance
of a distribution v over vectors in A so that for every coordinate i € [n] one has

Pry~v[xi Z Vil < si.

Theorem 3.11. Let Q = Q; x ... x Q,, be a product space with a product distribu-
tion p and let A < Q with u(A) > 0. Then

214)] <
(ELexp@a” /] ==
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Proof. We prove the claim by induction over the dimension n. For n =1 we have

1

1 211 - .0 1/4
o) - m e

as one can easily check.

Now we consider an (n + 1)-dim vector (x,w) € (1 x...x Q) X Q,4+1. To sim-
plify notation we denote u as the product measure in the appropriate dimension.
Let

Ay ={xeQ x...xQ, | (x,w) € A}

be the slices of A for a given last coordinate. Moreover, let
B:={xeQ;x...xQy,|dJwe Q1 (x,0) € A}

be the set that can be reached by changing the last coordinate.

Observe that in order to move from a random point (x,w) to conv(Ux(x, w))
we have two options: (A) change the last coordinate or (B) leave the last coordi-
nate unchanged. We use the fact that

(A) seconv(Ug(x)) = (s,1)€econv(Ua(x,w))
(B) teconv(Ua,(x)) = (£0)€conv(Us(x,w))

Pick the points s € conv(Up(x)) and £ € conv(A,, (x)) minimizing the length || - [|».
Note that for (A) we use the monotonicity in the definition of U, (x,w) as the
point s € conv(Up(x)) may have a component from A,,.

Then for any 0 < A < 1 we have

t A 1-M)t
A(i +(1-21) (0)=( s+(;t ) )ECOHV(UA(x,w))
wE Ql’l+1 A B (s) 1)
_ .
w))
[ [} (1 A) t
+ a— .
(x, ) A ) (1)
k!
[ ] (tro)
_ 0

xeQx...xQ,

Fig 1: Viewin Q) x ... x Q41 Fig 2: View in {0, 1}"*!
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Then we can upper bound the distance for a point by

2
pavw? = H(““jL Mt)H PO ) sk =D EIZ+ A2 ()
O S+ A= DR+ A2 UL 2+ (= A) - g ()2 + A2

We use the inequality (*) and average over the sampled point. Here it will be
crucial that we may choose A dependent on the outcome of w.

E [exp(igbA(x,w)Z)] (;) E e12/4[1|;[exp(igbB(x)Z)Aexp(i(pAw(x)z)l_A]]

(x,w)

o e exp L) oo o)
induction 1-1 A
el ) )]
ok 1 U(Ay)
E £ ﬁ( (B )]
_ 1 _(Z_M(A)): 1 .,u(A)_(Z (A)) 1
1(B) puB))  pu(A) u(B) p(B)’  pu(A)
slasogﬁﬁ—;‘;sl

Here we can justify (+*) as follows. For a fixed w, set r := £ ;6‘3“;) € [0,1] as the ratio

of the measures. Then

6/12/4( 1 )1—/1( 1 )/l: 1 e12/4r_(1 /1)< (2_"')
p(Aw) K(B) K(B) ,Lt(B)

if we choose

2In(}) ife2<r<1
Ar) ::{ ' 1/2

0 Osr<e”
This finishes the proof. O

If the product spaces is {—1,1}" we can simplify the statement of Talagrand’s
Theorem.

Corollary 3.12 (Talagrand on Hypercube D). Letu bea product measureon{-1,1}"
and let Ac {~1,1}". Then Ex~, [ exp(75d(x, conv(A))?)] < ”(A)

Note that the extra factor of i comes from scaling {0,1}" to {—1,1}" which
doubles each distance.
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Corollary 3.13 (Talagrand on Hypercube II). Let u be a product measure on {—1,1}"

2
andlet A< {-1,1}". Then for t = 0 one has Pry_, [d(x, conv(A)) = t] < W

Proof. Similar to earlier proofs we bound

E [ed(x,conv(A))Z/lﬁ] 5 exp(— 2/16)
e!?116 - w(A)
O

Pr [d(x,conv(A)) = t] = Pr[ed®A/16 > (1*/16] <
x~p

An application of Talagrand’s Inequality

Let f:R" — R be a function and p be a measure. A number median(f) is called a
median of f if
1 1
JCliru[f(x) > median(f)] = 3 and JCliru[f(x) <median(f)] = 3
Note that the median does not have to be unique.

We can also give one application that uses Talagrand’s Concentration inequal-
ity:
Theorem 3.14. Let f : R"” — R be a convex 1-Lipschitz function. Then
Pr [If(x) - median(f)| > t] < 4e~""'16
x~{=1,1}"
Proof. Let i, be the uniform measure on {—1,1}". For s € R, we define A :={x €

R"| f(x) < s}. Note that the sets A are convex. We prove the following:

Claim. For any s and t = 0 one has pin(Ass¢) = 1 — —L—e=1/16,

Hn(As)
Proof of claim. We have Pryc(_1 11 [d(x,conv(A;n{—1,1}")) < t] = l—me“z/16

by Talagrand’s inequality (Cor 3.13). So, fix an x € {—1, 1}"* satisfying this event. By
definition of the distance function, there is a y € conv(As N {—1,1}"") < A; so that
lx — yll2 < t. By the Lipschitz property f(x) < f(y)+lx—yl2 < s+ ¢. O

We will need the claim twice. Let us assume for the sake of a simpler notation
thatindeed g, (Amedian(f) = % First we can get that

Claim 1 2 P
ﬂn(Amedian(th) S |—o— = U6 _ 1 _9p /16
Hn (Amedian(f))
Next,
1 Claim 1 2
= = Un(Amedian(f)) = °/16

2 B - ,un(Amedian(f)—t)
which can be rearranged to £, (Amedian(f)-1) < 2e~ 116 Tt follows that tin(Amedian(f)+t\

_f2
Amedian(f)—t) >1—4¢ 116 ;
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3.4 The subgaussian norm

Frequently we will deal with random variables that are not necessarily Gaussian
but that have tails that decay at least as quickly as this is the case for Gaussians.
We will now discuss properties of such random variables in detail. For this sec-
tion we follow the exposition in Vershynin [ ]. Here we will focus on mean-
zero random variables as this suffices for our purposes (and we do not need to
tediously point out which condition works also for non-centered random vari-
ables and which one does not). First we want to elaborate what exactly we mean
by “tail bound”. Luckily, many possible conditions for tail bounds are actually
equivalent.

Lemma 3.15 (Conditions of Sub-Gaussian tails). Let X € R be a random variable
with E[X] = 0. The following statements are equivalent in the sense that if condi-
tion i holds with s; > 0 then thereisans; € [S—Ci, Cs;] so that also condition j holds
where C > 0 is a universal constant.

e Condition 1: One has Pr[|X| = 1] < 2exp(—t*/s?) forall t = 0.
e Condition 2: One hasE[|X|P]'/P < so/pforallp=1.

e Condition 3: One has E[exp(X?/s3)] <2.

e Condition 4: One has E[exp(AX)] < exp(s;A%) for all 1 € R.

The proof is a bit lengthy (though not difficult) so we skip it here. See [ ]
for details. So we could pick pretty much any parameter s; and use it to quantify
the tail bounds of a random variable. We pick Condition 3:

Definition 3.16. Let X € R be a random variable. We define the sub-gaussian

normas' as )

I Xlly, :=inf{s>0:E [exp(%)] <2}

Note that for X ~ N(0,02) we indeed have || X Iy, = ©(0) as expected. We
summarize a few useful properties — in particular the subgaussian norm is in-
deed a norm on the set of mean-zero random variables.

Lemma 3.17. In the following let X as well as X;,..., Xy be jointly distributed
mean-zero random variables.

(i) One hasE[max{|Xi],...,|Xy[}] = O(y/10g(N)) - max{|| Xy, : i € [N]}

The notation comes from the more general concept of an Orlicz norm.



3.5. KHINTCHINE'S INEQUALITY 63

(i) One has |t X|ly, =1t | Xy, forall t € R.
(iii) One has || X1 + Xz lly, < 1 X1lly, + 1 X2lly, (even if Xy, X, are dependent).

(iv) If Xi,..., Xy are independent then | Xi + ...+ Xnlly, = C- (XN, IIX,-II%I,Z)”2
for a universal constant C > 0.

Proof. We only prove (i) and (iv). For (i), we set 0 := max{l| Xlly, : i = 1,..., N}.
Then some constant Cy > 0 and all s =1 one has

Pr [ai € [N]:1X;] = Cos0y /log(N)] < N.e 25105  \1-25°

Then

[E[maxlXiI] < Coay/log(N)+S€Z"ZEI(1+3)C00\/Iog(N)-Pr[EIi€[N]:Xizcosm/log(N)]
\/7

Cooy/log(N) - (1+ Z (1+s)N1_252) < Cyo4/log(N)

S€Z>1
L.

IA

S

~
<constant

for some constant C; > 0. Note that this upper bound indeed does not require
independence?.
For (iv) we abbreviate o; := O(|| X;|ly,) as the value so that for A € R one has

E[e*Xi] < e?i* . Then one has
N N N
E [ exp ()L Y Xl)] = [JElexpA X1 <[] exp(a?)tz) =exp(llal51?)
l:]_ l:]_ l:].

which gives that | X; +... + X, lly, < O(lo|2). O

3.5 Khintchine’s Inequality

Consider independent random variables xi,...,x, € {—1,1} with Pr[x; = +1] =
Prix; =-1] = % for all i. Such random variables are also called Rademacher ran-
dom variables. Now, take a vector a € R" — say for the sake of simplicity normal-
ized so that || a|l; = 1 — and consider the outcome of the sum {(a, x) := Z?:l a; x;.

2A 2nd popular way of deriving the same bound is as follows: Let Y := (Xj,...,XN) € RN
and p := log,(N) and recall the useful estimate that || Y|, < [ Ylleo < 2[Yl,. Then E[|Y o] <
2ENY1,) = 2N, 1X:1P)YP) < 2N ENX1PDYP < 2(N - CoyP)YP < C34/log(N) using
Lemma 3.15.(II) and Holders Inequality in the form E[Z'/P] = E[1'"V/P ZV/P) <E[1]'""VPE[Z]V/P =
E[Z1YP for any non-negative random variable Z.
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Clearly E[{a, x)] = 0 and Var[{a, x)] = 1. We are wondering for fixed p > 0, how
the pth moment E[|{a,x)|P]"'? of that random variable is going to behave. If
p = (1), then also that moment will be constant. But if p is large, this puts higher
weight on outliers and if the a;’s are tiny we might get a deviation as we know it
from a Gaussian. On the other hand, if a; =1 and a; = 0 for i # 1, then the pth
moment is just 1. In fact, the Inequality of Khintchine provides us with upper
bounds and lower bounds on E[|{a, x)|"]'/P. This is a useful tool at numerous
places.

Theorem 3.18 (Khintchine). For n =1 and p >0 and a € R" one has

1 ifp=2 plVP Cyp ifp=2
{ C' if0<p=<2 } IIallexe{_[EM}n[lm,x)I ] < llall2 { 1 ifo<p=<2

where C,C' > 0 are universal constants.

Proof. W.lo.g. one can scale the coefficients so that ||all, = 1 and consider the
sum X := Y a;x;. Note that E[X] = E[(a, x)] = 0 and E[X?] = E[(@,x)*] = 1 and
X satisfies Gaussian tail bounds. That will be all we need. We distinguish several
cases.

Upperbound for p = 2. By Lemma 3.17.(i)+(iv) we have | X Iy, < C1 (X}, aZ | xi115,)!/* <
C, ||a||§ = C, for some constants C;,C, > 0. We conclude by Lemma 3.15 that
E[IX|P1MP < C,/p for some other constant C > 0.

Lower bound for p = 2. Then we use Jensen’s inequality with the fact that x— x’?
is convex as p/2 =1 to get E[| X|”] = E[(|1 X]*)"'?] = (E[|X[1>)P? = 1.

Upper Bound for 0 < p < 2. Now the function x — x”’2 is concave for 0 < x < co
and so E[|X|P] = E[(X?)"'?] < E[X?]P/? = 1 by using again Jensen’s inequality.
Lower bound for 1 < p < 2. We use Holder’s inequality to obtain

1=EDC =E[IXP2-0x1H" < £ [1X1)7° - [1X11] 7 < E[1x1])° - ccovah e

This can be rearranged to obtain E[|X|P] = E[|X]] = C’ > 0 for some universal
constant.
Lower bound for 0 < p < 1. Similar to the last case. O

3.6 Kahane’s Inequality

Suppose we consider ay,...,a, € R™ and we consider the random vector X :=
Z?:l x;a; where x ~ {—1,1}"" is drawn uniformly at random. Then what can we
say about the value of [E[IIXIIZ]”” compared to E[|| X| x], where | - | ¢ is an arbi-
trary norm? Clearly, for p > 1, an extra factor of O(,/p) will be needed even if the
a;’s are identical. And this turns out that this is the worst case.
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Theorem 3.19 (Kahane). Let K < R be a symmetric convex body. Then for p = 1
and ay,...,a, € R™ one has

]

Proof. We abbreviate X = Z” x;a; as the produced random vector. Then the
quantity o2 := max{Z" 1 {ai, b)” | b e K°} will be a good proxy for the variance of
I X x. Note that 02 would be in particular large if the a; are co-linear.

Claim L. The function f(x) := || Z;'l:l X;ja;llx is convex and o -Lipschitz.

Proof of Claim. Convexity follows from | - [|x being a norm. Next, take vec-
tors x,y € R" and let z be the dual element to Y7 | y;a;, i.e. X7 yiailx =
<Z?=1 yvia;,z) with | z|| g- = 1 (see again Lemma 1.7). Then

n
15wl T ]
i=1

1 n Cauchy-S. 1/2
O i 2| = Y il 21 " Iyl (Y (a0 21?)
i=1 i=1

i=1

]/pso(\/ﬁ) E |

xe{-1,1}"

leal

leal

xXe{— 1 1}

Reverse
trlangle

lf(x+y) —f(x)]

n
Z(xi + yia;
i=1

IA

-

v~

=0

We will also need an upperbound on the quantity o:
Claim II. One has o < C-E[|| X || x] for some constant C > 0.
Let b € K° be the element attaining the maximum that defines 0. Then

n 1/2 Khintchine
2
o = (E (a;i, b) ) <

i=1

i (a;, b) H

xe{ 1 117

Cauchy-S.
C-EIKX,b)]] = C'|E[||X”K'”b”K°] O
=1

The function f is convex and o-Lipschitz. Moreover by Markov’s inequality we
can get the rather crude bound of median(f) < 2E[|| X[ x]. Then by Talagrand’s
inequality (see Theorem 3.14) we obtain concentration of the form Pr[||| X[ x —
median(f)| > to] < 4e~""/16 Then using a calculation analogous to Khintchine’s
inequality we obtain

laim
E[IX12]""? < median(f) + O(y/p-0) = O(/P)-ElIXIK]

That shows the claim. O
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3.7 Log-concave measures

Recall that a function f :R" — R is log-concave if
FA-Nx+Ay) = fF@R" ! Vo<A<1 vVx,yeR”
Similarly a probability measure p on R” is called log-concave if
(A= A+AB) = (A um?

for all 0 < A < 1 and all measurable sets A, B < R”. In fact, these notions are
connected:

Lemma 3.20. If the density function p(x) of a measure is log-concave, then also
the measure p itself is log-concave.

The proofis a straightforward application of the Prékopa-Leindler Inequality.
Again, we have somewhat abused notation and used the same symbol u for the
measure and the density of the measure. One consequence is that the Gaussian
measure Y, is log-concave. Moreover any convex body induces a natural log-
concave measure:

Lemma 3.21. Let K < R" be a convex body. Then the measure u defined by
_ Voly(AnK)

p(A) == = is log-concave.
Proof. By Brunn-Minkowski III (Theorem 1.41) we have Vol,,(A-(AnK)+(1-A)-
(BN K)) = Vol,(An K)*-Vol,(Bn K)'~. O

We have observed earlier thatlog-concave functions have an exponential de-
cay. That leads to the suspicion that log-concave measures satisfy some form of
concentration. And indeed we can prove a rather general result (where we are a
bit loose with constants in order to simplify the exposition):

Lemma 3.22 (Borell). Let 1 be a log-concave measure and let A < R" be a sym-
metric convex set with ji(A) = 3. Then pu(t- A) =1-2"""? for t = 4.

Proof. First observe that

(%-(R”\tA)Jr(l—%)-A):((IR{”\ZA)+(1—%)A))§R”\A ()

——
<1

using the Reverse Triangle Inequality and that || - || 4 is a norm. Then

log concavity

1 o (2 2
CsuRM A Y pERN e+ (1-2)4) ST p®m e ey
4 t t —_——

=>(3/4)1/2
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which can be rearranged to p(R" \ tA) < (5 - (5) /9" = (1/2)"2. O
3.8 Exercises

Exercise 3.1.

Find a 1-Lipschitz function f : R” — Rso that Pry_(_1 1;2[| f (x) —median(f)| = c;n'/*] = ¢,
where ¢y, ¢, > 0 are constants, 7 € N is arbitrary and median(f) denotes the median w.r.t.
the distribution x ~ {—1,1}".

Hint. You may use the following fact without proof: For some small enough constants
c',c">0o0nehas Pry_ 11 [X) , x; =2 c'Vn]=c".

Remark. This exercise shows that the convexity assumption in Talagrand’s Theorem can-
not be dropped.

Exercise 3.2.

Let X : Q — Rbe arandom variable with the property Pr[| X—median(X)| = t] < c; exp(—c, t?)
for all ¢+ = 0 where c;,c; > 0 are constants. Prove that |median(X) — E[X]| < ¢3 where

c3 := c3(c1, ¢2) is a constant only dependent on ¢; and cy.

Exercise 3.3.
Let H < R" be a subspace with k:= dim(H) and let d(x, H) := min{||lx—y|l, : y € H} be the
Euclidean distance to H.

(i) Prove that Ex~—1,1;n[d(x, H)*] = n—k.
(i) Prove thatEx~(—1,y»ld(x, H)]<vn-—k.

(iii) Prove that Pry-;—11y2lld(x, H) —vn—k|l = t] < ciexp(—c; t?) for some universal
constants ¢y, c; >0 and any ¢ > 0.

Hint. You may use without proof the fact that for a R-valued random variable X one has
Imedian(X) — mean(X)| < C| X||y, for some constant C > 0. You may also use without
proof that for an R-valued random variable X with E[X] = 0 and any values u € R, s >0
and D; > 0 one has

(PriX-ul= 1< Dyexp(-£2/s) Vi=0) = Xy, <Dy-s
where D, > 0 is a constant that only depends on D;.

Exercise 3.4.
Let u be a log concave measure on R and let X ~ y be a random variable distributed
according to p.
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1. Prove that thereis a C:= C(u) > 0 so that Pr[|X| = t] <2~ /?forall t = C.

2. Find a log concave measure y so that indeed Pr[| X| = t] = 2% for all ¢ > ¢, for
some constants ¢y, ¢z > 0.



Chapter 4

Covering numbers

For two convex bodies A, B < R" we define the covering number N(A, B) as the
minimum number of translates of B necessary to cover A. In other words, the
covering number is the minimum number N so that there are points x1,...,xy €
R” with A< UY, (x; + B).

There is a natural relation between covering numbers and the volume of the in-
volved sets. In particular it is a simple observation that N(A, B) = Vol (A)/Vol, (B)
and this inequality could only be tight if A could be partitioned into disjoint
copies of B. But most of the time the shapes of A and B do not allow such an
efficient covering. For example one can have Vol,,(A) = Vol,(B), but still N(A, B)
can be arbitrarily large if A and B are “long and skinny” in very different direc-
tions. Nevertheless, one of the main insights of this chapter will be that for any
two convex bodies A, B < R" one has

g VOA=B) b ynVolu(A=B)
Vol,,(B) Vol,(B)

This is a surprisingly tight inequality showing that the relative shapes of A and B
matter very little.

69
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4.1 Afew basic results in covering numbers

We start discussing a couple of basic, but useful facts. Note that in the definition
of the covering number N(A, B), the centers x; might not be inside A. Hence,
a variant is N(A,B) :=min{N e N | 3x;,...,xy € A: A< Uﬁ\il(xi + B)} where the
centers of the translations have to lie inside of A. For some bodies B one can
have N(A, B) > N(A, B), but for example if B is a Euclidean ball the numbers are
identical.

There are a couple of facts:

Lemma 4.1. The following holds:

(1) For convex bodies A, B <R" one has N(A,B— B) < N(A,B) < N(A,B).

(2) For a convex body A and r >0 one has N(A,rBj) = N(A,rB}).

(3) For convex bodies A, B < R" and an invertible linear map T : R" — R" one
has N(A,B) = N(T(A), T(B)).

(4) For convex bodies A, B,C one has N(A,B) < N(A,C)-N(C, B).

(5) For convex bodies A, B € R" one has N(A,(A— A)n (B - B)) < N(A, B).

Proof. The claims (1)-(4) are very straightforward to show. But we will prove (5),
which an interesting claim as the set (A— A) N (B — B) is a symmetric convex set
that is potentially a lot smaller than B. W.l.o.g. assume that 0 € Aand 0 € B so
that A— A2 Aand B - B 2 B. So, suppose that A< Uﬁ.\il (x; + B). For a fixed index
i pick an element y; € (x; + B) N A (which should exist, otherwise that translate
was redundant). For z € An (x; + B) one can now see that |z — y;[la4—4 < 1 as well
asllz—yillp-p<1. Then Ac Ué\il(y,- +(A-A)n(B-B))).

O

Next, we will see that for ellipsoids, the reverse covering number equals the
covering number of the polars:

Lemma 4.2. For ellipsoids &1, &, one has N(&1,E) = N(E5,£7).
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Proof. After a linear transformation that does not affect the statement, we may
assume that &, = BJ'. In other words, it suffices to prove that N(&, B)) = N(B},£°)
for an ellipsoid £. Let T be the invertible linear map with £ = T(B}) and choose
orthonormal vectors vy,...,v, and A; > 0 so that T'(e;) = A;v;. Consider a cov-
ering y; + B},..., yn + B} of £ with N := N(£, B}') many translates. Consider the
inverse map T~ with T7'(e;) = /1% v;. Then we can cover T~(€) = Bj with trans-
lates T~ (y; + B = T~ (yi) + E°. O

yi+By T () +E°

T—l
-

We will now show a first relation between covering numbers and volume —
the big caveat is that the 2nd body T needs to be symmetric:

Lemma 4.3. If K is convex and T is convex and symmetric, then
Vol,, (K Vol (K + %)
Yol (&) _ ik, 1y <on 2t 2)
Vol (T) Vol,(T)

The first inequality also holds without the symmetry assumption.

Proof. The first bound is trivial and clearly holds even if T is not symmetric. For
the second inequality, select a maximum number of points x;,...,xy € K so that
the translates x; +§ are disjoint. Then K < Uﬁ.\i , (x;+T) since otherwise one could
have added one more translate. Next, observe that x; + % CK+ % and hence

disjointness Vol (K+ %) Vol,(K+ %)
< =
Vol,($) Vol,,(T)

N, T)=sN
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4.2 The Milman-Pajor Theorem

In this section, we will finally prove that indeed N(A4, B) = % for all convex

bodies. We begin with an estimate dealing with averages of log-concave func-
tions. Let A < R" be a measurable set (not necessarily convex), then the bary
center is bary(A) = Ex-alx] = m Jan % - La(x)dx. Similarly if F : R" — Ry is
just a non-negative function we can define a barycenter as

1
bary(F) = anxF(x)dx

Note that in this notation bary(A) = bary(1 4) as one would expect. For example
if the log-concave function is the density of the Gaussian restricted to A then the
picture might look as follows:

bary(y,-14)

O

Now suppose one is interested in the average value of a log concave function
F over some set A. By concavity one would hope that this average might be
bounded by the function value at the barycenter of F on A. And indeed, this
is true.

We will translate the set and the function so that the barycenter is the origin
(which simplifies the exposition).

Lemma 4.4. Let A < R"” be a measurable set and let F : R" — R, be log concave
on A. Then

E[x-Fx)]=0 = [ [F(x)]=<F(0)
x~A x~A

Proof 1. Let M := Ex~a[F(x)] be the quantity that we try to upperbound. More-

over, let u be the distribution with density Vi)frf&) . % Note that indeed this is a
F

density as fRn px)dx = mfAF(x)dx = 1. Also Ex~ylx] = Ex~alx- %] =0
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by assumption. Then

=0

——
In(F(0)) = In (F(xgu[x] ))
Jensen on p with In(F) concave
> JEu[hfl(l” (x))]
Def F(x)
i £ o)

1
- ngA[F(x) ‘In(F(x))]

Jensen on A with t— t1In(f) convex 1
> = E [F@]-In( E [F@)])=In(M)
M £~A x~A D
M -M
Rearranging gives the claimed bound of F(0) = M = Ex-a[F(x)]. O

For two convex sets K, L it can happen that the intersection KnL is very small.

In that case one can prove that K — L has to be quite large assuming they share
the barycenter.

arycenter

Theorem 4.5 (Milman-Pajor). Let K, L < R" be convex bodies with the same barycen-
ter. Then

Vol,,(K) - Vol,,(L) < Vol,(K - L) - Vol,,(K N L)

Proof. After translating both sets K and L by the same vector we may assume
that bary(K) = 0 = bary(L). For a vector v € R" we define

c,,::(\/EK—vm(\/ELw):{ueR”|u+ve \/EKandu—vex/EL}

as the shifted and scaled intersection.
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Note that there is a linear bijective map between pairs (x,y) and (u, v) which is
of the form
_xXty v:x—y o xo= u+v y= u-v
V2T V2 V2T V2
The determinant of this map is 1, which leads to a simple change of variables in
an integration while preserving the value of the integral.

We use this observation to rewrite the integral over a function f:R"” — R as

I(f) = foLf( \/Qy)dxdy
":zx}y_” =7 Rnf(v) -Voln({ue R” | u\;; € K and u\;; € L})dv

- f@®)-Vol,(Cpdv (%)
Rn

where in the 2nd step we made a simple change of variables. We choose set
Q=& fL as the scaled Minkowski difference of both sets. The crucial part of
the proof is to understand the function F(v) := Vol,(C,). Next, we prove that the
barycenter of the function F restricted to Q lies at the origin. For this same, we
apply (*) with the function f(v) := v-1¢(v) (note that the formula in (*) also
holds for vector-valued functions):

fw 1) -Vol,(Cy)dv pply(*)fKXL(x_y) | \/_y)dxdy

B i I

<

7z

- K x-y K-L

= xVol yEL— — yVol xeK:—e€——

e s [ vofeex 2
=Vol,,(1) Vol (K)

[ S ~

2 'g v

=0 =0
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We conclude that indeed bary(1¢-F) = 0. Now we apply () again — this time
for the function f(v) := 1o (v). Then

=1ifxeK and yeL

xX—Yy
Vol,,(K) - Vol,, (L) < f 1o|— dxd
KxL Q( V2 ) y
apply (+) with f:=1 f 10(¥) Vol (Cy)dv = Vol,,(Q) - [EQ [Vol,.(Cy)]
R” v~
Lem 4.4 K-L
< Vol,,(Q) - Vol,, (Co) = VOIH(W) -VOl,,(\/i (KN L))

= Vol,(K - L) -Vol, (KN L).
Here we use that the function F(v) := Vol,(C,) is log concave by Lemma 1.34. O

A useful consequence is the following:

Corollary 4.6. Let K < R" be a convex body with bary(K) = 0. Then Vol,(K N
(—K)) = 27""Vol, (K).

Proof. Applying the last Lemma with K and L:= —K gives
Vol,, (K)-Vol,, (-K) (2) Vol,, (K — (=K)) -Vol,,(Kn(-K)) = 2"-Vol, (K)-Vol,, (KN (-K))
N— ———
=Vol,(2K)

where we can apply Theorem 4.5 in (* %) as bary(K) = bary(-K). O

In particular, the corollary shows that any convex set K contains a symmefric
convex body as a subset that has at least a 27" fraction of the volume.
With Theorem 4.5 we can finally prove one of the main results of this Chapter:

Theorem 4.7. Let K, L € R" be convex bodies. Then

Vol (K=D) o gnVOln(K=1D)
Vol,, (L) Vol, (L)
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Proof. Translate L so that the barycenter of L is at the origin. The lower bound
on the covering number

<1
Rogers-Shephard =V Vol (L—L)
ogers-Shephard  —t— o) —
N(K,L) > N(K—L,L—L)-4_n-n—
Vol,, (L)
temss Voly(K=1) Volu(L=D) _ _,Volu(K—1)
= Vol,(L—I1) Vol L) Vol,, (1)

Here for the 1st inequality we use the Rogers-Shephard Inequality (Theorem 1.47)
as well as the following observation: If K Ué\i ,(xi + L) is an covering of K, then
also K—LcUN  (x;+(L-L)).

For the upper bound we simply use the best covering using the “symmetrizer”
S:=Ln(-L). Then

Lem 4.3 Vol (K +18) (« Vol (K — L
N(K, L) < N(K,§) 2 22 122 D pn opn YOE — L)
Vol (55) Vol (L)

where we use in (*) that (—%)S c L and Vol,;,(S) =27 "Vol,,(L). O

We also provide a useful estimate for the covering numbers between a convex
body K and its “symmetrizers” KN (-K) and K — K.

Lemma 4.8. Let K < R" be a convex body with bary(K) = 0. Then N(K - K,Kn
(=K)) <2°" and hence N(K — K, K) <2°" and N(K, K n (-K)) < 2°",

Proof. 1t suffices to estimate that

tems3 ,Voln((K—K) + 3 (KN (=K)))

Vol,, (K n (=K))

Thm. 1.47, on
Vol (K - K) Cor.46 ,p , 27"Vol, (K) _ 95n

Vol,(KNn(-K)) ~ 2-"Vol,(K)

N(K-K,Kn(-K))

non

O

4.3 The Primal and Dual Sudakov Inequality

Recall that the mean width of a convex body K is w(K) :=E,..gn-1[wg (a)], where
the width of K in direction a € S"~! is denoted as wg (a) := max{|(a, x) — (a, wl:
x,y € K}. The Sudakov Inequality relates the covering number to the mean width
of the body. To be more precise, we will see the “primal” Sudakov inequality
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which upperbounds N(K, B}') and the Dual Sudakov Inequality which upper bounds
N(B}}, K). Our proof strategy is to first prove the dual Sudakov Inequality (which

is actually due to Pajor and Tomczak) and then transfer the result to the pri-
mal setting. The statements assume that K is convex and symmetric, but at
least for the Primal Sudakov Inequality this is really without loss of generality

as w(conv(K)) = w(K) and w(K - K) =2w(K).

We begin with a well-known estimate how the Gaussian measure of a sym-
metric body behaves under translation.

Lemma 4.9. Let K < R" be a symmetric convex body. Then for any vector z € R"
one hasyn(K +2) = e 171272 .y (K).

Proof. We simply write

1

1 2
)/n(K-l—Z) = W‘[Kexp(_allx+z“2)dx

1 1
symmetry —f E [exp(——||0x+2||§)]dx
@2mn"'? Jxoei-1,13 2

Jensen 1 1 )
= (Zn)"/z‘[(eXp(_Ege{E,l} [||0x+z||2]l)dx

2 'g

=lxl5+lz3

= exp(—@)-)’n(m

using Jensen’s inequality with the fact that f(y) = exp(— % y) is convex. O

Theorem 4.10 (Dual Sudakov Inequality - Pajor-Tomczak). Let K < R" be cen-
trally symmetric convex body. Then for any t > 0 one has

N(B}, tK) < exp (O(n) _ ( W(fo) )2)

Proof. We can scale K and ¢ simultaneously until # = 1. Pick a maximal set of
points xy,..., Xy € Bé’ so that the translates x;+ %K are disjoint. Then by maximal-
ity, this indeed provides a covering of the ball in the sense that B} < Uﬁ.\i (X +K).
In other words, N(B),K) < N.
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It remains to bound the number N. For a parameter A = 0 that we determine
later, the Gaussian measure of these translates satisfies

megsure 7’”( Lljl/l. (xi + %K)) diSjoigtness iyn(/lxi + %K)
= =

1

Lem49 & 4202 Ay lxillzs1 a2 A
=

exp(1?/2)
A

This provides us with an upper bound of N < on the number of trans-

Ynl3y
lates.

Next, we need to relate the Gaussian measure of K to w(K°). We write

E 100 = X wk?), (+9)
e 2
:hKo(g)

E [lxllxl = E [lxl2]-
X~Yn X~Yn 0

see Lemma 1.1 and Lemma 1.4 (note that this is essentially an equality). Then ap-

plying Markov’s inequality to (x*) gives Prx,, [llx[lx = %] < Ex”}[—ﬁl;x”’d < ‘/Tﬁ w(K®)

and so for a choice of A := 2y/n- w(K°), we get yn(%K) > % Then for this choice

of 1 we get

exp(12/2)
Yn(EK)

as claimed. O

N(B},K)sN< <exp(®(n)- w(K®)?)

We note that the translates choosen in the proof have their centers in B/},
hence we have actually proven the stronger claim of N(B}, tK) < exp (O(n) (@)2)
In order to derive the “primal” Sudakov Inequality we need to have a rela-
tion between covering numbers N(K, B}') and N(B;,K°). Note that we anyway
have N(2¢BY, tBy) <297 and hence N(K, tB}) < 20" N(K,2tB}). However the
following lemma gives us a finer control where we might not have to pay that

exponential factor.
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Lemma4.11. Let K € R" be a centrally symmetric convex body. Then
t
N(K, tB}) < N(K,2¢B})- N(B}, §K°)

Proof. The claim is invariant under scaling, so it suffices to prove the claim for
t =1, ie. weshow N(K,B)) < N(K,2B})- N(B;, %K"). First observe that 2K N
3K° < BY as for x € (2K n5K°) one has [[x[3 = (x,x) < lxllx - lxllg- <2-1 = 1.
Then

2Kn$K°cBY 1 (%) 1 1
N(KB)) ‘s ° N(K,EK"OZK) < N(K,ZK") < N(K,2B})-N(2 Bl «)
—

=N(B},1K°)

Here we use in (x) that by Lemma 4.1.(5), for two symmetric convex sets A, B < R”
one has N(A,2(AnB)) < N(A, B). O

Now we can prove Sudakov’s inequality. Note that this inequality works also
for non-symmetric bodies:

Theorem 4.12 (Sudakov Inequality). Let K < R" be a convex body. Then for t >0
one has

N(K, tB)) < exp (9(”) ' (@)2)

Proof. Translate K so that 0 € K. Note that K <€ K- K and K — K is a centrally
symmetric convex body with w(K — K) = 2w(K). Hence it suffices to prove the
inequality for the symmetric case. So suppose that K is symmetric. First we ob-
tain that

L 4.11 t Thm 4.10
N(K,tBY = N(K,zth)-N(Bg,gK") S N(K,2¢BY) - eCre By

by applying the Theorem of Pajor-Tomjak to the body K° and using that (K°)° =
K. Let A:=sup,,{r*In N(K, tB})}. Note that this is the minimal quantity so that
N(K, tB}) < exp(A/ %) for all £ > 0. For the sake of simplicity suppose this sup is
attained. Then for this ¢ one has

Cn-w(K)? )

2 ) 2
A = PInNK,tB)) = 2 (InN(K,2¢B}) + =

1 2 n 2 A 2
= 7 @O°InN(K,2¢-B)) +Cn-w(K)* < 7+ Cn-w(K)

<A

!To see that this supremum is finite consider the following: Let r be the radius of K. Then for
t =r wehave N(K, tBZ”) =1<exp(A/ %) no matter what A = 0 is. On the other hand, for 7 < r we

can use N(K, an) < N(K, ng) . N(ng, tBZ") < exp(nc—tr).
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which can be rearranged to A < %C n-w(K)?2. This shows the claim. O

We should point out that Sudakov’s Inequality is only interesting for some
specific regimes. For example by volume arguments we know that for s = 1 one
has N(sB},B;) < O(s)". On the other hand, Sudakov’s Inequality provides us
with a rather disappointing bound of N(sB}, B)) < exp(0(ns?)).

4.4 Additional estimates on covering numbers

We want to discuss several other estimates on volumes and covering numbers
that will in particular useful in later chapters. First we show that covering conv(Ku
L) takes basically N(L, K) many translates of K, times a linear factor.

Lemma 4.13. Let K, L < R" be convex bodies where K is symmetricand L< 8- K
for some 3= 1. Then N(conv(K U L), (1 + %) -K)<2pn-N(L,K).

Proof. Suppose that L < Uﬁ.\i , (x; + K) is the minimal covering of L with translates
of K. We may assume that LN (x; + K) # @ and hence x; € L+ K < 25K. Then

conv(LUK) S | A +K)+(1-VK) = | Uxi+Kc | ()Lx,-+(1+%)l<)

i€[N], ie[N], i€[N],
0=<A<1 0=<A<1 0=<A<l,
N
AezTn
- — XTI T x T x T xT xT N
AR TN VAR AR VAR VARV AR VAR VA W
[ Lo Y S S B S ST
;0 ;X IOHHI\I\I\-X;Y\I
L i | 2 R R 2
i ; l | ‘\‘\.‘\:‘\1‘\1‘”‘\:1:
[ o - y -
/ / / / / / / / /
- ~- . 5. 8. 6.8 .8 &Y
1
U (Axi+K) U  (x+(1+-)k)
0=A<1 0sA<1Ae n
Here we use for the last inclusion that for |1 — A’ Iszﬁﬁone has |Ax; — AV'x;l| g <
1
1 O

n

We can easily turn the last estimate into a volume bound. Here it also be-
comes more clear that we were satisfied with the (1 + %)-blowup of K as this
means only a constant factor blowup of the volume.

Lemma 4.14. Let L, K < R" be a convex bodies where K is also symmetric. Sup-
pose that L < BK for some 8= 1. Then

Vol,,(conv(KU L)) <6fn-N(L,K) - Vol,(K).
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Proof. Using Lemma 4.13 we conclude that
Vol,,(conv(K U L)) < N(conv(K U L), (1 + +)K) -Vol,((1 + 1)K)

- -

<2fn-N(L,K) <3-Vol,(K)

We also prove two Lemmas that we need in particular in Chapter 8.

Lemma 4.15. For symmetric convex bodies K, P < R" one has
Vol,(K + P) < Vol,,((rBy nK) + P)- N(K, rB})

Proof. After scaling we may assume r = 1. Consider the set T'(x) := ((x + B}) N
K)+ P and notice that by the symmetry and convexity of K, B, B)’ we have % T(x)+
%T (=x) € T(0). Then by the Brunn-Minkowski Inequality, one has Vol (T (x)) <
Vol,(T(0)). Set N := N(K, B}') and consider the covering K < Uﬁ.\il ((x; + B}) N K).
Then clearly

N

K+P<|J(xi+BH)NnK)+P

i=1

hence Vol,,(K + P) < Zﬁ.\i , Vol (T (x;)) = N - T(0) which gives the claim. O

We will also need an extension of Lemma 4.14 for Chapter 8:
Lemma 4.16. Let K, P < R" be symmetric convex bodies with r B} < K for some
fp=1andr >0, then
Vol,(conv(K U rB}) + P) <6fn-N(rB},K) - Vol,(K + P).

Proof. After scaling, r = 1. We have seen in Lemma 4.13 that there are is a cov-
ering with N <2fn- N(BJ, K) points so that conv(K U B}) < Uﬁ.\il(xi +(1+ %)K).
Taking the volume of the Minkowski sum with P on both sides gives

Vol,,(conv(K U BY) + P) < iiwln((xi 1+ %)K] +P)=(1+ %)" .N-Vol,,(K + P)

=3
O

Finally we state a rather deep result without proof. It says that the covering
numbers N(K, B}) and N(B}, K°) are approximately equal:

Theorem 4.17 (Duality of Covering Numbers - Artstein-Milman-Szarek). For any

symmetric convex body K < R” one has N(BJ, 128K°)"/1° < N(K, B}) < N(B}, 25 K°)"°.

In fact, in Chapter 7 we will give a full proof for a similar relation that holds
even if B} is replaced by an arbitrary symmetric convex set and its dual.
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4.5 Exercises

Exercise 4.1.
Prove the non-trivial part of Lemma 4.1.(1): For any convex bodies A, B < R” one has
N(A,B-B)<N(A,B).

Exercise 4.2.
Prove Lemma 4.1.(2): For any convexbody A € R" and r > 0 one has N (A, rB}) < N(A,rBj).

Exercise 4.3.

Let A, B < R" be convex bodies where at least B is symmetric. Let x1,...,xy € A be any
maximal set of points so that the translates x; + B,...,xy + B are disjoint. Prove that
N(A,2B) < N < N(A,B).

Exercise 4.4.
Prove that any symmetric convex bodies A, B < R” satisfy N(A4, B) < (Cn)" - N(B°, A°) for
a universal constant C > 0.

Exercise 4.5.
Let K < R" be any convex body. Prove that N(K — K, K) < C" for some universal constant
C>0.

Exercise 4.6.
Let t > 0. What estimate does the Dual Sudakov Inequality provide for the quantity
N(BY, tBL)?



Chapter 5

Almost Euclidean Subspaces of finite
dimensional normed spaces

In this chapter we discuss a remarkable Theorem of Dvoretzky [ , ]
where the quantitative bound that we present is due to Milman | I:

For every symmetric convex body K < R" there is a subspace V < R" of
. ; 2

dimension Q(logf—m) log(n)) so that | x||x = (1+€)-R-|xll2 forallxeV

where R € R+ is a suitable radius.

For example the cube [—1,1]® intersected with a hyperplane already looks a little
more spherical:

We introduce some notation that we use later in the chapter. The M-value of
a symmetric convex body K € R" is
MK):= E [lxlk]
x~8n-1

Note that the bigger K is, the smaller is M(K). Also we should point out that this
is not actually a new quantity as 2M(K) = w(K®) by Theorem 1.4. But for the
purpose of this chapter, it will be more natural to use M(K) than w(K®).

83
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5.1 Dvoretzky’s Theorem

The overall strategy to prove Dvoretzky’s Theorem will be to take a random sub-
space V < R" of dimension k = ©,(logn) and then argue that V' N K is close to a
ball in every direction. In general, we say that a a symmetric convex body K < R”
is (1 + €)-spherical if ﬁllxllz < |lxllx < (1 +&)|x]» for all x € R". Moreover, we
say that a symmetric convex body K is (1 + €)-ellipsoidal if there is an ellipsoid
£ < R" with Flgllxllg <llxlg < (1 +é¢)lxl¢ for all x € R". Then our goal can be
rephrased to finding a subspace V so that V n K is (1 + ¢€)-spherical with respect
to the ambient space V.

The first ingredient that we need for the proof of Dvoretzky’s Theorem is the
existence of small e-nets. Here, we say that N is a e-net for S"~! if N < §"! and
for every point x € S”~! there exists a point y € N so that [|x — y|l» < €.

--~_EN
/’ N
/ \

! \
[ 0 \
e L4 ’
\ 1
\ /
N n—1

Y // S
°_ _»

Lemma5.1. Forany0 <& <1 thereisa&e-net N < S"1 of size |[N| < (%)”.

Proof. Pick any maximal set of points N € S n=1 that have | - ||»-distance at least €
to each other. Then N is a e-net. Moreover the balls x + 5 B} are disjoint for x € N
and contained in (1 + £)B}'. Hence

Vol (1+£)-BY)  (4yn
: <4
Vol,,(§ - B)) £
O

The next observation is that a body K is (1 + O(¢))-spherical as soon as the
condition T [|xll> < [ x] x < (1 + &) x|, is satisfied for all vectors in an &-net.
Lemma 5.2. Let || - ||x be a norm and let N be an €-net for € < i. Suppose that
(1-¢)'R<|ylxg<(Q+¢)-Rforeveryye N. Then | x| x € [1—-3¢,1+3¢]-R for all
xe S,
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Proof. Let x* € S""! be the point maximizing || - | x. Let y* € N be a point in the
net with ||x* — y*|l» < e. Then
Ix* e <y lx+1x* -y llk s RA+€) +ellx*lx
[ —
=ellx*lx

where we use that || v| g < [|v]2- [l x* | x for any v, by the choice of x*. Rearranging
gives [|x*[x < R-¥£ < R- (1 +3e).

_-__Y
»y ~e
, N xt
/ Q
[ 0 \
° ?
\ \ !
\ /
\
\.\~__,J'd x*—y*

lx*—y*ll2

For the lower bound let x** € S”~! be the vector minimizing ||-|x andlet y** € N
be a point with [|x** — y**||, < . Then very similarly

lx* g = ly* gk —lx* —y* llk=R-(1-¢)—eR(1+3¢) = R-(1-3¢)
—— ———
=ellx*llx

O

Next, we should discuss how one can actually generate a random subspace.
Recall that a matrix U € R""*" is called orthogonal if the column vectors are or-
thogonal unit vectors and the row vectors are orthogonal unit vectors. More-
over, recall that O(n) := {U € R"*"" | U is orthogonal} is the set of orthogonal ma-
trices, also called the orthogonal group. We write U ~ O(n) if we draw an or-
thogonal matrix uniform at random. Note that, if x € S"~! is any fixed unit vec-
tor and U ~ O(n), then Ux ~ S"! is uniformly distributed. More generally, if
el,..., e, € R" are the first k standard basis vectors, then for U ~ O(n) we know
that span{Ue;,...,Ue;} is a uniform random k-dimensional subspace. Recall
that M(K) = E,_gn1[lxlIx]. We also want to remind the reader of a concentration
result from Chapter 3, see Lemma 3.5. If f: S -l L Risa Lipschitz function, then
Pr,_gn1[]f(x) — ul > 1] < 64exp(—nt®/64) for any ¢ = 0 where p:= E,_gn1[f(x)].

Theorem 5.3. Let K < R" be a convex symmetric body with B} < K and let ¢ >0
be a small enough constant and abbreviate M := M(K). Let V <R" be a uniform

random subspace with dim(V) = k where k < cln‘i) nM?. Then

1
I;r 1-& -M-llxlz=lxllg=A+&)-M-lx|2 VxeV z5
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Proof. Consider the function f: S 1 — Roo with f(x) := |l x|[x. We can show the
following:

Claim. One has Pr,_g1[| f(x) — M| > £ M] < 64 exp(—ne*M?*/600).

Proof of claim. Recall that E,._gn-1[f(x)] = M. Next, we have B} € K and hence
f is 1-Lipschitz as one can easily verify: |f(x) — f(y)| < lx—ylk < llx—yl2. By
concentration (see Lemma 3.5)

Pr[1f () - MI>=M| <6dexp(-n- (%)2/64) O
x~Sn-1 3 3

Now, fix a dimension k. Let N be an %-net for R* with |N| < (12/¢)¥ by Lemma 5.1.
We write N = {y1,...,y|n;} where y; € span{ey,...,ex} and e; € R” is one of the
standard basis vectors. Let U € O(n) be a random orthogonal matrix. Then
we can sample the random k-dimensional subspace as V := span{Ue;,...,Uey}.
Then for each y; € N we know that Uy; is a uniform choice from $”~! and hence
using the union bound

laim

Pr[(1—§)Msf(Uy)s(1+§)MVyeN] “E™ 1~ |N|-6dexp (- n-e2M2/600)

event ()

1-(12/e)*-64exp (- n-e* M?/600)

M\ 1
. ) >
2

1—-64exp (kln(l—j) -n 500

where the last inequality holds for k < c% nM? for a small enough constant

¢ > 0. If event (*) happens, then by Lemma 5.2 we have that (1 -¢)M < ||x|x <
(1+¢&)M forall x e VnS™ ! which then gives the result. O

We should check what we can infer from the last estimate. Take a symmetric
convex body K and assume that it is in John’s position. Then B} < K < /nBj}

and hence M(K) = ﬁ Then even if we are satisfied with a modest choice of

£ = O(1), the condition from the last Lemma only works up to k = ©(%1In(1/¢)) =
©(1) which is a rather vacuous statement. The weakpoint in that argument is
that we used the simple estimate M(K) = ﬁ If that inequality was tight (say up
to constant factors), then this would mean that for a body K in John’s position
one might have Pr,cgn-1[pg (%) = Q(v/n)] = Q(1) where pg(x) is again the radius
of K in direction x. Indeed we can prove that this pathological situation cannot
occur:

Theorem 5.4. Let K < R” be a symmetric convex body in John’s position. Then

one has M(K) = Q(\/ log#)
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Proof. We apply the Dvoretzky-Rogers Theorem (Lemma 2.9) to obtain an or-
thonormal basis x,..., x; so that i <|lx;llx <1. Then

MK = E llald= E [|Yax| |- E o ]]
a~sn-1 i Z o Y UL Z B
2||6l]x] lx V]
(%% %) ” ” llxjllx=Q(1) [” ” |
= [E [ max aixi ] = E a
st Lj=1, TR a~sn-l

log(n))
vn'g~ n

=0(4/log(n)
where we use that randomly flipping signs of @ ~ ! is not changing the distri-

bution. We need to justify (* * *). First note that Esci—1,13[ly + oxllx] = || x|l x for
all x, y € R". To see this inequality write

: @(i) E (gl = 0
£

1 1 1 1
Ixlc = | ;0 +0-S0-0| = Sly+xlcsSly-xlxc=_E (ly+oxi

’

using the triangle inequality. To then finish (* = ), fix an outcome for a € 5!

and the index j € [n] that maximizes [|a;x;[ k. Moreover fix the signs €1,...,€j-1,€j41,...

andsety:=};;a;x; and x := a;x;. Finally we used that the maximum of a stan-

dard Gaussian in n dimensions is ©(y/logn). We take this as given for now and
will prove it in a later Chapter. O

In particular this implies that if K is a symmetric convex body in John’s posi-
tion, then arandom subspace of dimension k = @(ﬁ log(n)) is (1+¢€)-spherical
with high probability. Of course we also want to obtain almost-spherical sub-
spaces for bodies that are not in John’s position. Obviously we can apply a linear
transformation T to bring any body K into John’s position, but then a spherical
section of T'(K) only translates back to an ellipsoidal section of the original body
K. But there is an elegant way around this issue.

Recall that we can write any ellipsoid in the form £ = {x e R" | X[ <“l x> <1}

where uy,...,u, € R" are orthonormal and A4,...,14, > 0 are the axis lengths. We
will now see a surprising argument that any ellipsoid £ < R” contains a slice of
dimension n/2 where £ is exactly a ball. Consider for example a 2-dimensional

2 2
ellipsoid £ = {x € R? | % + % < 1} with 1; < 1 < A,. Then one can easily get a
1-dimensional slice that is a ball of radius 1.
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1 1
xl\/l—%—lzxg\/l—/l—%

Now the more general argument:

Lemma 5.5. For any (2k — 1)-dimensional ellipsoid £, there is a k-dimensional
subspace L so that £ N L is a Euclidean ball.

Proof. After translating, rotating and scaling we may assume that the ellipsoid
is & = {x e ReF-1 | y2k 1 x2/A% < 1} and the axis are sorted so that 0 < A; < A, <
... < Aox—1 where the middle axis length is A = 1. In order to generalize the 2-
dimensional argument we form pairs of a long axis and a short axis, for example
we can pair coordinate i with coordinate 2k — i, so that A; <1 < Ay_;. So we

define a subspace

L:= {erRZk_l |xi1 /%_lzka—i\/l_ﬁ Vizl,...,k—l}

Squaring and rearranging the ith constraint in the definition of L will provide

i 2k=i _ 2, .2
i 2k—i
Hence any point x € L that lies on the boundary of £ will have ||x||§ =1. O

Theorem 5.6. Let K < R" be a symmetric convex body and let 0 < € < % Then

there exists a subspace V of dimension k := @(logf%g) log(n)) sothat KNV is (1 +
€)-spherical.

Proof. Let T be alinear map so that T'(K) is in John’s position. We know by com-
bining Theorem 5.3 and Theorem 5.4 that for arandom subspace V of dimension
K, the section T(K)NV is (1+¢)-spherical with good probability. Then Kn T~} (V)
is (1 +¢€)-ellipsoidal. Now use Lemma 5.5 to extract a subspace of half the dimen-
sion that is spherical. O
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5.2 The critical dimension k(K)

For a convex symmetric body K < R" and 0 < p < 1we define the critical dimen-
sion k;, (K) as the maximum value so that

1
JBr [ Slllle MUK = Il < 20l - MK) Vxe V]2 p
dim(V) =k (K)

where V is a uniformly chosen subspace of dimension k,(K). We also abbreviate
k(K) := k1/2(K). In other words, k(K) is the maximum dimension so that most
k(K)-dimensional subspaces are 2-spherical. We should add that in principle a
section of a body could be spherical with respect to a different radius R, but as
this has to hold for most subspaces V, we know that R = (1 + o(1)) - M(K) anyway.

Also note that the definition of critical dimension does not contain the error
parameter € — but this is also not necessary. There is always a G)(logf—i/g) - k(K))-
dimensional section of K thatis (1 + €)-spherical. To see this, obtain first a k(K)-
dimensional space V so that KNV is 2-spherical. Then apply Theorem 5.3 again
with parameter ¢, using that M(K N V) = 0(1).

Reinspecting the proof for Theorem 5.3 for € := % we see that we actually have
a success probability of at least 1/2 and so:

Theorem 5.7 (Dvoretzky-Milman). If K = R" is centrally symmetric with b- B} <
K. Then k(K) = Q(n- (M(K) - b)?).

In particular every symmetric convex body K in John position has k(K) =
O(logn).

Somewhat surprisingly one can also prove that this is a tight bound for every
symmetric body. In particular the critical dimension is also upper bounded in
terms of M(K) (where we need a little slack for the proof).

Theorem 5.8. Let K < R" be a symmetric convex body so that B} is the largest ball
inside K. Then the critical dimension is k,(K) < O(n - M(K)?) wherep:=1- ﬁ

Proof. We abbreviate k := k,(K) and M := M(K) and assume for the sake of sim-
plicity that nis a integer multiple of k. Fix any orthogonal subspaces E',..., E”* ¢
R” with dim(E?) = k. Sample a random orthogonal transformation U € O(n) and
consider the obtained random k-dimensional subspaces U(E"),..., U(E™*). By
the union bound and the definition of k,(K) we know that with probability at
least 1/2, each section Krj U(E)) is 2-spherical, meaning that %M- Ixl2 < lxlg <
2\lx|l» - M for all x € U(E") and all i. Next, fix one transformation U where this
event happened.
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As Bj' is the biggest ball inside K, there is a contact point x with || x|, = [|x| x =

We can write x e R as x = Z”/ k x; with x; € U(E?). For this particular vector we
have

triangle 1nequa11ty nik nik
lxll2 = llxlx Y. lxillk <2M Z lxillz =2M ||x||2
——

i=1
=2M|x; |2

=V n/ %l
which can be rearranged to k < 4M?n. O
There is a useful corollary:

Corollary 5.9. Let K < R" be a symmetric convex body so that B} is the largest
ball inside K. Then M(K) > @(\/Lﬁ).

Proof. The Corollary follows from Theorem 5.8 by rearranging 1 < k,,(K) < ©(n-
M(K)?). However, one can also give a short self-contained argument. Take a
vector y with |yllxk =1 = |lyll2. Note that 1 = (y,y) < lyllx-llylxe = llylx- by
Cauchy-Schwarz. But as K° < B}, the inequality must be tight and indeed the
polar is touching K at y, i.e. | yllx- = 1.
y

So we can lower bound

_ Cauchy-Schwarz 1
MK)= E [Ixlgl = E 1[|<x,y>|]2§2(\/—ﬁ).

x~8n-1 x~S"
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The statement can be rephrased as follows:

Corollary 5.10. Every symmetric convex body K € R” contains @(m) -BJ.

Even if a symmetric convex body K is in John position, the largest 2-spherical
subspace we can guarantee has dimension ®(logn). Quite surprisingly, one can
prove that either K or the polar K° will have critical dimension Q(y/n).

Theorem 5.11 (Figiel-Lindenstrauss-Milman [ 1. Let K < R" be a symmet-
ric convex body in John position. Then k(K) - k(K®) = Q(n).

Proof. Note that by assumption we have B} < K < v/nB}. Next, the product of
the M-values of K and its polar can be lower bounded as

o (%) (%%)
MK)-M(K") = E lxlxl- E [ixllgel = E [v ||-7(«'||K'||-7<7||K°]2 =1
xesn-1 xesn-1 xeSn- T
=[X|[2=

Here we use Holder’s Inequality in (*) which says that for non-negative random
variables X, Y one has F[X]E[Y] = E[VXY]? (see Theorem 1.18 with A := %). In
(+*) we use Generalized Cauchy Schwarz in the form [(x,x) | < [ x| g - [ x| x-. As

1-B§§Kandﬁ-B§’§K°we obtain

k(K) - k(K®) = Q(n?)- (M(K) : 1)2 : (M(K°) : %)2 >Q(n)

using the Dvoretzky-Milman Theorem (Theorem 5.7). O

5.3 Number of Faces and Vertices of Symmetric Poly-
topes.

Now we come to an application in combinatorics. For a polytope P < R" let f(P)
be the number of facets and let v(P) be the number of vertices. It turns out that
almost spherical polytopes need to have a large number of facets. For example,
ifBjcPc nl/2-¢ - B} then the number of facets needs to be superpolynomial.

Lemma 5.12. Let P < R" be a polytope with m facets so that B} < P < a-Bj. Then
m = ;exp().
Proof. Wl.o.g. push the inequalities defining P inwards until they touch BJ.
Then we can we write P = {x € R" | (v;,x) < 1 Vi € [m]} for some vectors v; € R"
with ||v;ll» = 1.
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LetS;:={xeS" ! |(x,v;) = %}. As P < a-B}, the union of the “arcs” Sy, ..., Sy has
to cover the sphere S”~!. But by measure concentration, we know that the mea-
sure of each such cap is only Pr, _¢n-1[{v;, x) = %] <4 exp(—ﬁ), see e.g. Lemma 3.4.

Hence the claim follows. O

Now we can show that the critical dimension is at most logarithmic in the
dimension. For example this implies that any polytope P with n°" any facets
has a critical dimension of k(P) < O(logn).

Lemma 5.13. For any polytope P < R" one has k(P) < O(In(f(P))).

Proof. For k := k(P), consider a subspace U < R” so that P n U is 2-spherical.
Then by the previous Lemma and the fact that any facet in P n U corresponds to
afacetin P we get f(P) = f(PnU) = exp(0O(k)). Taking logarithms then gives the
claim. O

Now we can prove that any n-dimensional centrally symmetric polytope needs
to have either 22V?”) many vertices or facets. Note that this claim does not holds
for asymmetric polytopes — for example the simplex has n + 1 facets and n+1
vertices.

Theorem 5.14 (Figiel-Lindenstrauss-Milman [ ). Let P = R" be a centrally
symmetric polytope. Then

In(f(P)) - In(v(P)) = Q(n).

Proof. We can bring P into John position without changing the number of facets
and vertices. Then

polarity m. 5

In(FP) -InP) " Z n(rP) - In(F ) T ok k@) e Qm)

O
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5.4 The M-value for random subspaces

We would also like to discuss a result that is particularly useful in Chapter 7. First
of all, if F < R" is a proper subspace, then clearly E,. . g»-1 [l x| xnr] = 0o. Hence the
right definition of the M-value for a subspace is M(K N F) :=E,_gn-1~rll X xknF]-
Note that as we intersect K with a subspace F, it is not trivial how the quantity
M(KNF)=E,_gn-1~rllxllxknr] relates to M(K). Of course || x| xnr = | x|l x for ev-
ery individual point x € F, but as we are averaging over a different set, the value
M(K n F) might be either larger or smaller than M(K).

_--F:M(KnF)<M(K)

1
F:M(KNE)>MK)
However we can prove that M(K n F) is unlikely to increase more than a con-
stant factor:

Lemma 5.15. Let K < R” be a symmetric convex set and let k € {1,...,n}. Then
PrIM(KNF) = C-M(K)] < e ¥

where F < R" is a uniform random k-dimensional subspace and C is a large
enough constant.

Proof. We sample a uniform random k-dimensional subspace F < R", by picking

vectors 0y,...,0; ~ S ! independently at random and letting F := span{@,...,0}.

It will be useful to abbreviate the random variable X := % Zle |0;l k. Recall that

we always have the rather weak concentration bound:

Claim I. For any € > 0 one has Prg_gn1[||101lx > (1 + &) M(K)] < o0,

Proof of Claim. After scaling we may assume that B)) < K is the largest ball in-

side K. Then || - | ¢ is 1-Lipschitz and in Cor 5.9 we have seen that M(K) = Q(ﬁ).

The claim then follows from the usual concentration of 1-Lipschitz functions of

snL, 0
This concentration is being amplified as the subspace F is spanned by k vec-

tors:

constant. o

Proof of claim. We abbreviate X; := ||0; || x — M(K) where 8; ~ S~ ! so that E[X;] =

0. Note that X - M(K) = %Zle X; is also a mean-zero random variable. Com-

bining Claim I and Lemma 3.15 we see that || X;[ly, < O(1) - M(K). Hence by
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Lemma3.17 we have | X~ M(K)ly, < O(3)-(Xi_, 1 X;ll},)'"? < O()-M(K). Then
again applying Lemma 3.15 and choosing C > 0 large enough we have

Pr[X - M(K) > C- M(K)] < e~ 100k

which then gives the claim. O
Proof of claim. We can derive from Cor 5.9 also that for any 8 € S"~! 0 F one has
0<0lxnr < CVKM(KNF) — simply scale K until B} n F and K n F touch in
which case 0 < ||O||lkrrp <1< CV'k-M(K n F). Next, observe that

1 k
MKAP)= E (101 =E|7 3 16ilc| =ELX| 7

Since we see that 0 < X < O(V'k) - M(K n F), by a Markov-type inequality one
needs to have Pr(X = ;M(Kn F)] = Q(-x). O

Now we can put everything together. Recall that for arbitrary events A, B one
has the bound Pr[A] = };fr[é%] < Pﬁ%ﬂ]. Hence

cond.prob Pr[X=C-M(K)]

PrIM(KnF) =2C-M(K)] <
PriX=C-M(K)| M(KNF)=2C-M(K)]
-100k

Claim< TI+I1T e
e1/Vk)

Here we have implicitly used that conditioning on a subspace F, the distribution
of 0y, ...,0; are just independent uniform samples from FN S n-1 O

5.5 Euclidean Subspaces of £

Recall that Bl’,’ ={xeR"|lxll, <1} ={xeR"| X7 |x;|” =<1} is the £,-unit-ball.
Also note that 1 < p < oo, the set By is convex.

_4 n —
Byforp=3 By forp=4
sandwiched as B' < B, < B)’  sandwiched as B, < B;; < B,
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Depending on p, the balls Bj; have very large almost Euclidean sections. For
example the ball B{' of the || - |;-norm has critical dimension ©(n),

Theorem 5.16. For any fixed 1 < p <2 one has k(B))) = ©(n).

Proof. We first prove a variant of Holder’s Inequality:

Claim L For0<r <sonehas(+ ¥/ x|V < G X2, 1x 95

Proof of claim. Define f : Rsg — R with f(x) := x*” which is a convex func-
tion. Moreover let X be the random variable that picks a uniform element from

|x1l,...,1x,|. Then by Jensen’s inequality
12 sir 1Z
(=X l) = FEXD <ELFX == xl°
niz nizy

Applying (...)!* to both sides then gives the claim. O

|~

Claim II. For1 < p <2 and all x € R" one has (%)1_% Axly < lxll, < nP . lxll2.
Proof of Claim. Applying Claim [ with r := p and s := 2 gives # lxll, < # Ixll2.
On the other hand, setting r := 1 and s := p in Claim I we obtain % lx|l; < ﬁ %1l
Combining both inequalities finishes Claim II. O

Now we consider the body K := n%_% -Bj,. Then the upper bound in Claim II
guarantees that || x| x < [|x| > for all x and so B} c K.

Moreover
fM L1 Claimll 1_1 1_
ME"EY 0z E (Ixl,l = nZhenr e B [lxlh]=0Q)
x~§n-1 x~Sn-1
—_——
=0(vn)

Then the claim follows as k(K) = Q(n- M(K)?) = Q(n). O

It turns out that the hypercube BZ = [-1,1]" is one of the bodies minimizing

the critical dimension:

Theorem 5.17. One has k(BZ.) = ©(logn).
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Proof. The lower bound follows from Theorem 5.7 as B/}, is in John position. For
the upper bound consider a subspace F € R" so that B, N F is 2-spherical. We
can take a linear transformation T so that P := T'(B], N F) is sandwiched as Bé“ c
Pc 4B§. Every facet of P corresponds to a facet of B” and so e®® < f(P) <
f(BL) <2n by Lemma 5.13. Rearranging gives the claim. O

We can also rather precisely characterize the critical dimension for By if p >
2. The intuition s that if p grows, then the norm ||-||, puts more and more weight
on outliers and the norm isless similar to ||-||» which in turn means the maximum
dimension of almost spherical subspaces will shrink.

Theorem 5.18. For 2 < p < oo one has ©(n*'P) < k(B}}) < ©(p- n*'P).

Proof. First note that we have B)’ < B;,. Then for the lower bound it suffices to

1.1 1_1

prove that M(B)) = n» 2 as then n- M(B})*> = n- (n»"2)*> = n*P. To get this

estimate, we first use Claim I from Theorem 5.16 with parameters 0 <2 < p to
1.1

obtain [ x|, = n? 2| x| forall x € R". Then

1
2

1.1 1
M(B,',l) = E [lxllplznr 2- E [lxl2]=nr
x~8§n1 x~8§n1
=1
For the upper bound we prove the stronger property that any 2-spherical sec-
tion By NV has k:=dim(V) = O(p- n?/P) — not just most random sections. Let

U € R"** be a matrix so that the column vectors U, ..., U¥ form an orthonormal
basis of the subspace V, that means

R
3 Iyl < 1Oyl <2R-llyl2 (%)

for all y € R* where R is the approximate radius of the spherical section. If we fix
any index i € [n] and set y := U; in (*) then

5 n 1/p (%)
103 < (Y 1WU, U 1P) " = 10U, < 2RIU; 12
i'=1

and so R > m > 1 as ||U;|l» < 1. Then taking random signs y € {-1, 1}* gives

(1/4)P - kP2 = (R/I2P E [Iyl}]< E [”UJ’”Z]
yel-1,1k yel-1,1}
Khintchine

P2 (%)
) < (CyP)P-n

< cvpP S (10:13
(L]

=<1
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Here we apply Khintchine’s inequality n times to each coordinate contribution
Eyei—1,13% [I{Uj, y)|P]. Note that a matrix U whose columns form an orthonormal
basis (even for a subspace) has the property that each row i € [n] satisfies || U; || 2 <
1. Rearranging gives k < O(p - n?'P). O

Note that this bound does not give tight estimates for the whole range of pa-
rameters. While for the border case p = 2 it gives the obvious bound of ©(n) <
k(B}') < ©(n), there is a growing gap for larger p. Recall that the parameter range

p :=log,(n) approximates the cube well enough as %Bc’fo < B g, S B!L. For this
parameter, the theorem gives the bound of (1) < k(B o () < O(logn) and here

we know that the upper bound is tight and not the lower bound. In fact, [ ]
prove that k(B}) = ©(pn?'P) for 2 < p < ©(logn).

5.6 Kashin’s Theorem

We have seen that for a symmetric body K 2 BJ, the dimension of almost spher-
ical sections is controlled by the quantity M(K). However, a different quantity
that could be used is simply the volume of K. For the sake of argument suppose
that K is in John's position and we write Vol,(K) = a” - Vol (B;). Then we know
from John'’s theorem that 1 < a < /n. On the other hand it may very well be that
a is a lot smaller than this pathological upper bound, say a = O(1). In this case
we can see that the body has n/2-dimensional sections that are O(1)-spherical.

Theorem 5.19 (Volume Ratio Theorem - Kashin, Szarek, Tomczak-Jaegermann [

, 1). Let K < R" be a centrally symmetric convex body with B)} < K and
Vol, (K) = a" Vol (B})) for some a = 1. For k€ {1,..., n}, arandom k-dimensional
subspace F < R" has

BNFSKNF<(Ca)mk(B}NF)
with probability at least 1 — 2" where C is an absolute constant.

Proof. Recall that for a unit vector x € S"~!, the quantity pg(x) := =1 de-

notes the radius of K in direction x.

c Xy
r.' o-%“'

1
llxll &

~—
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Writing the volume of K in polar coordinates we obtain

Lem 146 Vol,(K) o
Vol,,(B})

]: E [pK(x)”]

x~Sn—l

E [ E [pK(x) "
Flx~8"-1nF

Then by Markov’s inequality with probability 1 —27", a random subspace F < R"
will satisfy

E [k ()" < a)" (%)

x~S"1n
So it remains to prove the following:
Claim. Any k-dimensional subspace F satisfying (x) has B)nF < KnF < (O(a)) =3
(By NF).
Proof of claim. Let x* € S"~! N F be point maximizing the radius px(x) and let us
abbreviate r := pg(x*) as that radius. We need to argue that there is a even signif-
icant fraction of points with high radius. Let B(x*, %) ={ye S InF||x* -yl <
%} be the spherical cap of radius z—lr Then

By<K 1 2
Iyl <llxlx+lx—ylx < ;+||x—yllzs;

which means that the radius is px(y) = 5 for all points y € B(x", ir) in the spher-
ical cap. On the other hand we have discussed earlier that the volume of a k-
dimensional spherical cap satisfies' o(B(x*, %)) > (é)k .

B(x* 1

37

On the other hand, we know that

Pr

x~S"1nF

pK(x)>£]-(r/2)”s E [px®)"] =2x)"

x~S"-1nF

Ir41 particular, the set A, /2 :={x € S InF| Pk (x) = r/2} has measure 0 p(A;/2) <
(=9)". Then

(8—1r)k SUF(B(x*,Z—lr)) B(x*yzlé)gAr/z op(A) = (2Ta)n

Then rearranging gives r < 8% . 2a)™Y "=k which then proves the claim. O

In Lemma 5.1 we have seen that S¥~! can be covered with at most (%)k many spherical caps

B(y,¢) and hence each individual cap must have a measure of o(B(y,¢)) = (%)k . The claim then

follows if we set € := %
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Next, we prove that for a symmetric body K 2 B} whose volume is not much
bigger than the volume of the ball, the intersection with a random rotation U (K)
is close to B;'. The intuition is that even if K has very long spikes, they will be few
so that the intersection cuts them off:

Theorem 5.20. Let K < R" be a centrally symmetric convex body with B} < K and
Vol, (K) = a"Vol(B}) for some a > 1. Then there is an orthogonal transformation
U € O(n) so that

B cKnU(K) cO(a®)-B)

Proof. For the sake of simplicity suppose n is even. We have seen in the last
theorem that a random subspace F ¢ R" with dim(F) = 3 has BynFS KnF ¢
O(a?)- (B} n F) with high probability. Note that also the orthogonal complement
F* is a random subspace with dim(F+) = 4. Let Py : R” — F be the orthogonal
projection into the subspace F. Then we define U(x) := Pr(x)— Pr. (x). Note that
if we write x = x; + x, with x; € F and x, € F*, then we have U(x; + x,) = x; — x;.
In particular from this we see that U is indeed an orthogonal transformation and
moreover, it has the useful property that U~! = U. Geometrically speaking, U is
the reflection w.r.t. the subspace FL. It remains to prove that ||x|2 = x| knux) =
Q(ﬁ) “lxll2 Vx € R". As B < K we also have B} € U(K). Then

BJ<KNU(K)

()
Ixla = Ixlkaueo = maxtlxlc 16luaot S maxil e U )
Def U () 1
= max{l|x; + x|k, %1 — %2l k} = 5(||x1||1<+||x2||1<)
(%) 1 1
=" 0(5)-Umlo+ %02 = (=) - 1%
a a

In (x) we use that x = AU (y) © U(x) = U lx) = Ay andso |xllyx = IU®) k. A
argument for () is the following: suppose that r := max{||x; + x| &, llx1 — %2 | x}
meaning that +x; + x, € rK. Then by convexity x;,x, € rK which implies that
max{[|x; |, %211k} < max{l[|x; + X2 [k + l%1 — x|k}
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For (* % %) we used that KN F < O(az)Bg‘ N F and hence || x;]2 = Q(é)llxl |k
— the same holds for x,. O

A particularly useful and instructive case is if K = B]’. We can then prove that
there is a matrix A € R?**" so that || Ax|; = ©(]|x|,) for every x € R":

Theorem 5.21. There are vectors y, ..., ¥2, € S ! so thatZ?Zl {x,¥)) | =0/n)-
x|, for every x e R™.

Proof. We know that B} < v/nB} and Vol,,(v/nB]") < O(1)"-Vol,(B}}) hence by the
previous theorem there is an orthogonal transformation U so that

Y Kei, x) |+ Y 1KU;, x| = |xll + 1Ux]; =0(/n) - %]

n
i=1 i=1

for all x e R”. O

A natural question is whether one can obtain a (1 + ¢€)-spherical section by
allowing more than one random orthogonal transformation. Indeed this is true.
For space reasons, we skip the proof which again is a concentration argument:

Theorem 5.22 (Bourgain-Lindenstrauss-Milman). Let K < R" be a symmetric con-
vex body so that B} is the largest radius ball contained in K. If we sample in-
dependent random orthogonal transformations Uy,...,U; where t = Q(WI(K)Z)’
then with high probability one has

M(K)
l+¢

< E [IU;®)k] <1 +e)-MK) VxeS"!
jm

5.7 Diameter of random projections

We will prove a result about the diameter of random projections of convex sym-
metric sets. This lemma will be useful later in Chapter 7. For a symmetric convex
body K < B}, we define the radius as radius(K) := max{||x||> | x € K}. Phrased
differently, the radius is the minimum number r so that K < rBj'. We claim that
a proxy for the radius of “round” convex sets should be the quantity M(K®°) =
%w(K). To justify this, suppose that K = rB}. Then M(K®) = Eyegn1[llxlge] =
Eyesn-1[max{{y,x) : y € K}] = r = radius(K). Of course in general, K could have
long spikes that do not contribute much to the average value M(K°). But it turns
out that random projections of symmetic convex sets are getting close to attain-
ing this value. Recall that for a subspace F < R", Pr : R" — F denotes the orthog-
onal projection into F.
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Lemma 5.23. Let K < R" be a centrally symmetric convex set with K < rB} and
letke{l,...,n}. Then

abr_ [PRE) S0 -max{M(KO), r\/%}] R

where F is a uniform random k-dimensional subspace.

Proof. After rescaling we may assume that r = 1. Recall that ik (a) := max{(a, x) :
x € K} = |lall k- is the support function of K. We have K < pBg iff hx(a) < p for
every a € S""!. For the projection Pp(K), the radius is then max ¢ gn-1~ hx(a).
Also the projection of K is convex and symmetric, hence from previous argu-
ments we know that if A is a %—net of Fn ™!, then the radius of Pr(K) is
O(1) -maxge N hi(a).

So, we fix a %—net/\/ of span{ey, ..., ex} of size || < 5%, Let U be a uniformly ran-
dom orthogonal transformation. As we did before, we set F := span{U (e,), ..., U (ex)}
as the uniformly sampled subspace. As K < B}, the function hy is 1-Lipschitz.
Moreover, E,._gn-1[hg (X)] = Ex_gn-1 [l X[ ko] = M(K®). Then by Lemma 3.5,

Pr [hK(x) > 10000 (M(K°) + \/%)] <64 exp ( —10n- (\/%)2) = 64 exp(~10k)

In particular we can apply the union bound over all points in the %—net to obtain

Pr [hK(U(x)) <10000- (M(K°) + \/%) Vx e/\/] >1-64e%k

If the latter event happens, the radius of Pr(K) is indeed bounded as claimed. O
5.8 Exercises

Exercise 5.1.
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Letay,...,a, € S" andlet cy,..., ¢, = 0 be coefficients so that Z;’il cia,-al.T = I,,. Prove

V1
that Eggn1[max;=1,. m|{a;0)] = Q(%(n))-
Hint. Use polarity and a result from this chapter.

Exercise 5.2.
Let N = 2. We say that points ay,...,ay € S™ 1 are 6-separated if | a; — a;l» = 6 for all
i # j. In the following you may use the following fact without proof?: For any % -separated
a polytope K := {x € R" | |{a;,x)| <1 Vi € [N]} where the points a;,...,ay € S""! are
% -separated.

(i) Prove that k(K) = Q(log(N)).
(ii) Prove that k(K) < O(log(IV)).

2We will prove this later in Chapter 9.



Chapter 6

Pisier’s Inequality and the
M M*-estimate

We have seen that for a convex body K < R” there is always an affine linear trans-
formation T so that T(K) approximates a ball up to a factor of n and this is best
possible in general, if we ask for an inclusion property of the form B} € T(K) <
nBj.

However, it turns out that there are “milder” properties where a convex body
can be drastically better approximated by a ball. Recall that w(K) := E,cgn-1 [wk (x)]
gives the mean width of a body. Suppose that we scale K so that Vol,(K) =
Vol,(By). Then from Urysohn’s Inequality we know that w(K) = w(B}) = 2. On
the other hand, w(K) can be arbitrarily large for example if K is long and skinny
in some direction. The main conclusion of this chapter will be a surprisignly
strong upper bound:

For any convex body K < R", there is a linear transformation T so that
Vol,(T(K)) = Vol,(Bj) and w(T (K)) < O(logn).

If K is symmetric and T is the linear map so that T(K) is in John position, then
we know that M(T(K)) - M(T(K)°) < y/n. This can be drastically improved:

M M -estimate: For any symmetric convex body K <R", there is a lin-
ear transformation T so that M(T(K))- M(T(K)°) < O(logn).

As w(K) =2M(K") this is equivalent to w(T'(K)) - w(T(K)°) < O(logn).

6.1 Pisier’sinequality

We will need to develop some machinery to achieve this result. In particular we
will prove Pisier’s Inequality which can be stated as follows: Consider the quan-
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tity Exeq—1,132 [l f (%) II%] 12 foran arbitrary function f: {—1,1}" — R™. If we replace
f(x) by its linear part then this quantity can only increase by a factor of at most
O(logm). This holds true for any norm || - ||x. To derive this result, we revisit the
concept of Fourier analysis.

6.1.1 Fourier analysis and the Rademacher Projection

For the remainder of this chapter, we will use p,, as the uniform distribution on
{~1,1}". For functions f,g:{-1,1}" — R, we abbreviate (f, 8, := Ex~-1,12 [f (%)-
g(x)]. In the literature, (-, ), is often called the expectation inner product. As the
name suggests, this is indeed an inner product — we will get back to that in a bit.
For any subset A < [n] we define the Walsh function w, : {-1,1}"" — {-1,1} by
wax):=[] xi
i€eA

Note that wg =1 is the constant-1 function. The following is a rather basic fact
in Fourier analysis:

Lemma 6.1. The Walsh functions have the following property:
(1) For A, B < [n] one has

1 ifA=B

(W, W)y, = {o ifA#B

That means {w 4} ac[n) forms an orthonormal basis of the 2" -dimensional
vector space of functions f : {-1,1}"* — R.

(2) Forx,ye€{-1,1}" one has

1 ifx=y
0 ifx#y

E [wa(x) wa(y)] = {

Ac[n]

(3) Everyfunction f :{—1,1}"" — R™ can be written uniquely in the form f(x) =
Y acin Wa(X) - ya for some y4 € R™. We call the vector f4 := y, the A-th
Fourier coefficient of f.

Proof. For sets A, B, let AAB be the symmetric difference. Then wa(x) - wg(x) =
[Ticaxi-Tlicg Xi = wanp(x). For S:= AAB one has

1 ifS=9
E lws@]=]] [x; ={

xe{-1,1} jesxel-1,17 0 ifS#9

=0
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which shows (1). For (2) note that w4 (x)- wa(y) = wa(z) where z:= x 0 y is given
by the coordinate-wise multiplication. Then

"z ifieA n zi ifieA 7 |1 ifz=(1,...,1)
Ag[E[n][wA(z) c [1:[{1 ifiGEA}] 1:[ g[E [{1 ifieiA}]_{() ifz#(,...,1)

=0if z;=—1,=11if z;=1

For (3), consider first the case that m = 1. As the Walsh function form an or-
thonormal basis, there will clearly be one unique choice for y4 and that choice

has to be the inner product with the Walsh function, i.e. y4 = (f, wa) ot For m >

1 we apply the same reasoning coordinate wise —in fact ya = ((fi, wal,,» -, {fm, wad,)
where we denote f;:{—1,1}" — R as the ith coordinate of f.

Apart from an inner product, we also want to define normsfor such functions.
If K <R is a symmetric convex body and f : {—1,1}"" — R™, then for g = 1, we
can define a norm

1/q
0z = E (17 0I])

In particular, the remainder of this section we will work towards understanding
the behavior of the norm of a function if we “wipe out” the non linear part of the
function. First we define formally what we mean with the “wipe out” part:

Definition 6.2. Let f:{—1,1}" — R™ be a function. Then the Rademacher projec-
tionRad, f: {-1,1}"" — R is defined by

Rad,f(®) =Y x; fii
i=1

Note that the Rademacher projection is a linear operator that maps a function
f to the function just consisting of its linear parts.
For a symmetric convex body K < R™ we define the convexity constant as

K(K): —Su}){”Radnf”’u —~ 1% | f:{-1, 1}" — R™ with ”f”N ~ 1% = 1}
n

Phrased differently, the convexity constant is the smallest value so that for any
n € N and any function f: {—1,1}"" — R"™ one has

Z xlf{l}

1/2

Huzdu@. E [||f(x)||i]

xe{-1,1}"

xe{— 1 11" [
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Note that we make no restriction on f whatsoever. For example f might not even
have any linear parts, i.e. it could be fi;; = 0 for all i. In this case, ||Radnf||un_)”_”§( =
0 while | f] n =112 could be arbitrarily large. In particular, this means that the
norm of the function can go arbitrarily down when wiping out non-linear parts
— however, we will see that the value cannot go up arbitrarily.

Next, we need another standard tool in Fourier analysis, which is the convo-
lution of functions.

Definition 6.3. For functions f: {—1,1}" — R™ and g:{-1,1}"" — R we define the
convolution as the function f * g: {-1,1}"" — R with

(frow:= E[froy -gy)] Vrei-11)"

Here (x © y); := x; - y; is the coordinate-wise product. Note that the convo-
lution is defined in an asymmetric way as the second function g is not vector-
valued. We show that the Fourier coefficients of the convolution are simply the
(scalar-)products of the Fourier coefficients of f and g. Note that f4 € R” is a
vector and g4 € Ris a scalar.

Lemma 6.4. For functions f:{-1,1}"" — R™ and g : {—1,1}" — R one has
F*gs=Ffa-ga VA<n

Proof. The prooffollows from writing out the definition of convolution and swap-
ping the order of the expectations properly:

Frga = xe{_[Ell}n[wA(x)-(f*g)(x)]

Def
xe{—1,1}"

ye{—[El,l}n [wa®)-f(xoy) -g(y)]]

E [wazoy) f@-fW)]]

ze{-1,1}"

E

ye{-1,1}"
E [wa® f@] E [wa®-g0)]=Ffa-ga
{=1,1}" yei{-

zE€ 1,117

where we replace z=x0y <& z0 y = x. Moreover we use that wa(zoy) = wa(z)-
wa(y). O

A useful insight is that the Rademacher projection can also be obtained by
convoluting f with the so-called Rademacher function graq(x) := X! | x; — the
reason is that the Rademacher function serves as a “filter” that precisely keeps
the linear part and removes the rest.
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Lemma 6.5. Define graq : {—1,1}"" — R by graq(x) := 7", x;. Then for any func-
tion f:{-1,1}" — R one has Rad,, f = f * gRad-

Proof. Tt suffices to check that the functions on both sides of the equation have
identical Fourier coefficients. And in fact, using Lemma 6.4 we see that for A <
[n] one has

N fa iflAl=1 S ~ a1 ifla=1
(Rad, f), = . and (f * grad)a = fa"8Rada = fa" .
0 otherwise 0 otherwise
In fact, both expressions coincide. O
We are still aiming to understand norms of the form || f| pn—I-12+ At least for

the Euclidean norm (i.e. K = Bé") we have an exact answer. The reason is clear:
one can consider || f]| pn—I-J2 A8 @ Euclidean norm on a 2"-dimensional space.
Then the length is invariant if we instead use the coordinates for a different or-
thonormal basis — and the Walsh functions do form such a basis.

Lemma 6.6. A function f :{-1,1}"* — R has

| /2
sz = E TP ( T 1)

Ac(n]

Proof. We can write the squared norm as

. 12
E 2 = E
M CIH LEL Agn] wa® fa)
Izll5=(z,2) .
2= E [( Y wa(x) fa, Y WB(x)fB>]
xE{—l 117 Ac[n] B<[n]
= oy <fA,fB> E (wa®- -wp@l= Y Ifal’
Ac[n] BS[n] xe{-1,1}" _ Ac(n]
=0 if A;éB,=1 0.W.
O
For a function g : {-1,1}" — R, we will also use 8l —11 := Exet-1,137 [1g(X)1]

as the expected absolute value. We have seen that Rad,, f = f * graq and so it will
be crucial to bound the || - || pn—I-12 -norm for convolutions.

Lemma 6.7. Let K < R be a symmetric convex body and let f : {—1,1}" — R™
and g : {-1,1}" — R be functions with g(x) = }_ ac;,y Wa(x)-c4 and c4 € R. Then
the following bounds hold:
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€Y ||f*g||’un_,||.||§( = IIfIINn_,”.”;(-IIgIINn_,|.|.
(b) ”f* g”lun_,”.”% < ”f”,un—>||~||§ ‘€]l oo-

(© IIf*gIIun_,”.”;( = ||f||un_,||.||§('”C”oo'dBM(K,Bzm)-

Proof. For (a) we bound

”f * g”u _,||.||2
Def =

(Bl 8 e slli])

MUEENITS Ig(y)I]] ]

triangle ineq. for ||| x
<

I [
x~{-1,1}" L y~{-1,1

Y (&l B lirwomzviEoT] e [VEDT])"
: (yN{_[ELl}nng(y)l-xN{jEM}n[IIf(xOJ’)IIKH) ( _ 1},,[lg(y)l])
(?) (YN{E,I}n Ig(y)l 'x~{£El,1}n [”f(x)”i”)l/z (yN{E'l}n [Ig(y)l])

= ”f”“n_,”.”%(' ”g”yn—>|-|

In (*) we use Cauchy-Schwarz in the form E[X Y] < E[X?]'/2E[Y?]'/? for the ran-
dom variables X := || f(xo y)lx+/Ig(y)l and Y := 1/|g(y)| (considering x as fixed;
note that one could also use Theorem 1.18 with A := %). Then in (**) we use that
for any fixed y € {—1,1}" the distribution x © y is still uniform from {-1,1}".

For (b), recall that the Fourier expansion of the convolution is of the form
(f * 8)(X) =X acny Wa(x) - ca - fa (see Lemma 6.4), hence

gl =( X teafald) <teloor (X 1£13)"

Ac(n] AC[n

S

—E ey [ 22

For (c), take a linear map T : R™ — R™ so that [[v|lx < T (W)l < d(K,B}") - vl
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for every vector v (we will use this twice in (* * *)). Then

1/2
1f* gl = E @)@ IE]

(k% %)
<

211/2
x~{E,l}” (I T((f * g (x))I5]

* is linear 211/2
= x~{£,1}” [T (f) * ) x)15]
(b)+Lem 6.6 . 5 1/2
= el (B (ITGGNIE])

(k% %)

1/2
= dn KB el E | (IFI3])

O

Overall, we already have enough machinery to show that x(K) < d(K, B}").
For this sake, take a function f: {-1,1}" — R™ and use again graa(x) := X1 | x; =
> acin Wa(x)cy for c4 € {0,1}. Then

Lem 6.7
”Radnf””n_,”.”%( = ”f* gRad”“n_,”.”%( = Irqré%{lCAl}'dBM(K; Bé") : ”f”ﬂn_’”'”%(

(S
=1

Surprisingly one can reduce that factor to O(logdp (K, B)")) using more clever
arguments.

6.1.2 Constructing almostlinear function g with bounded norm

The overall strategy behind Pisier’s proof is to find a function g : {-1,1}"" — R
where the linear part is graq(x) = x1 +...+ X, and then use the triangle inequality
to get

IRadn flly,— 2 = If * 8radlly,— iz = 1F * 8llyy,— g2 + 1 * (8 = 8rad)ll 12

In order to bound the first part we need that [ g||,,— is small and in order to
bound the 2nd part we need g to be almost linear with the linear part being x; +
...+ x,. In fact, such a function exists:

Theorem 6.8 (Pisier). For any n, ¢ € N with ¢ odd there is a function g : {-1,1}"" —
R so that one has:

() Bounded norm. One has ||g|l,,—|.| < 8¢.
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(II) Almostlinear. For A < [n] one has

0 ifA=¢
g4=<1 iflAl=1
0 if2<|A|l<?

and |84l < 2—5 forall |A| > ¢.

To get some intuition behind the construction, let us first understand why
we do not directly choose the linear function g(x) := x; +...+ x,. The issue is
that |glly,—) = Ex~—1,ynllx1 +...+ x5] = O(y/n) which is far too large. The next
idea is to set g(x) := 7:1 (1+é&x;) for some parameter 0 < ¢ < 1. In this case the
norm is small enough as [ g~ = ]'[7=1 Ex;~¢-1,13[1 +€x;] = 1. Buton the other
hand the Fourier coefficients are g4 = €4 which is not quite what we need, in
particular as g, = 1 while we need a 0. However it turns out that a weighted sum
over functions []7_, (1 + £x;) with different values of € works.

The first step will be to find a one-dimensional weight function that has the
properties that we need. At this point we deviate from the presentation of [
and instead use the more elementary and explicit construction of | .

Lemma 6.9. Let n,¢ € N with ¢ odd. Then there is a finite set X and functions
¢:X —Randh:X — [-3,3] so that
1 ifk=1

0)-h@)*] =
0[~EX[¢() ©)"] {0 ifke{0,2,3,...,0

and Eg-x[|p(0)]] <8¢,

Proof. We define ¢(0) := 452 . 5009) (@) := Lsin(@), I':= {k-2Z | k=0,...,40 - 1}

sin%(9)’
and X :=T"\{0,}. We claim that
2 ifk=1

6~T'\{0,7} 0 ifkef0,2,3,...,¢}

E |$©) ~sink(6)] = {

and Eg-~r\jo,71 [1¢(0)]] = 8¢ which will satisfy the claim.
We will use 3 simple facts:

e Fact 1. One has sin(x) = Im(e'*) = % for x € R.
42 lf a=yy 0

e Fact2. For a€ Z one has Y g e/ =
Oet 0 ifa#y0
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e Fact 3. One has Zf;é zl = Z;_‘f for ze C\ {1}.

First for k = 0 we have ¢(—0) = —¢(0) and so Egl¢p(0)] = 0 by symmetry. Next,
consider 2 < k < ¢. In that case
1 4¢ -2

E ©) -sin®(6) = _ sin(£0) -sin*~2(9)
9~T\{0, 7} [ ] -2 ¢ aer%;),n}
1
=Y sin(£0) -sin*2(0)
¢ 0el

sin(0)=0=sin(¢)

ei[@ _ e—i(@

1 i¢ _ ,—i0
29;( 2i )(e 2ie

Fact 1

k_zFath
) =

In the last step we use that multiplying out will result in a sum of terms of the
form Y ger e/9 where a € Z with a #4/ 0.
Next, we consider the case k = 1. Then

sin(£0) Fact1 1 eil0 _ o=il0

E [¢O)-sin@)] =

0~T\{0,7} 0 _ p—if

gervo,n SinO) Cperviom €
—i20\¢
y p-itc-vo (€77) -1

1260
0T \{0,7} e~ -1

y e—iw—ne[ile—izej

6el'\{0,m} j=0

Fact3

SNl ST

~| =

J/

=¢ forEE{O,n}

1 . -1
_ _(_MJF Z o~ i(0-1)0 e—zzaj)
¢ el Jj=

>

0

1 /-1 . . 1
= S(-2e+ Y YR )= S(-20+a0)=2
4 Jj=0 @€l 4
— ——
=40 if (-1+2j=4,0,=0 o.w.
where we use that £ —1 is even and so there is exactly one j sothat /—1+2j =4, 0.
Finally we bound the average size of the coefficients by

E [IpO)l] < M2 [
0~T\{0,7} B ¢ 9~1\{o,1) Lsin?(0)
in(@)=20 vo<0<Z _ -1
sin "l 7 40-2 E 21 ]Séz 1. oy
¢ o~T\{0,71} (%-6)2 ijl (%%1)2

Where we use symmetry of I' and sum 4-times over j =1,...,¢ — 1. O
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Now we can construct the near-linear function g: {—1,1}"" — R:

Proof of Theorem 6.8. Let X be the set and let ¢» and h be the functions from
Lemma 6.9. We choose the function g: {-1,1}"" — R with

n

E, 011 (1+r0)-x;)|

g(x):=
0~ j=1

Note we can easily read the Fourier coefficients g4 as they are simply the coeffi-
cients in front of the monomials []c 4 x; when multiplying out. In fact, for any
A< [n] we have

0 if|Al=0
§A:9EX[¢(6)-h(e)'A']: 1 if|Al=1
0 if2<|A|l=<¥?

as required. For | A| > ¢ we bound

8¢
N . Al
gal= E_|l9@)1- @)™ | < 7.

<o-1A

Finally in order to bound the average absolute value we use that always 1+ 1(0) -
Xxj>0and so

g, —1 = xN{ﬂEll}n[giEX[‘P(H)'ﬁI(Hh(H)'xf)H
, i<
< x~{£El,1}”[9iEX |<p(49)|-j]f[1 (1+1©)- )|
ingep

n
E [lp@)1- 1 £, [14h0)-x] | < E 1pO)] <8¢.

j:]fj~ -

-

'

=1

6.1.3 Proof of Pisier’s Inequality

Finally we come to the main result we have been working towards:

Theorem 6.10 (Pisier). There is a constant C > 0 so that for every symmetric con-
vex body K <R™ and f: {—1,1}" — R™ one has

”Radnf””n_,”.”?( = Clng(dBM(K, Bzm) +1)- ”f”#n—’”'”?(
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Proof. Let ¢ € Nbe a parameter that we determine later. Let g = graq + &rest be the
approximation of the Rademacher function from the previous Lemma 6.8 where
8Rad(X) = X1 +...+ X, is the linear part and grest(X) = X ac[n) CaAWa(x) with c4 =0
for |Al< ¢ and|ca| < g—f for | Al > ¢. Now fix any function f: {—1,1}" — R™. Then
IRady fll,— 12

Lem 6.5
= ”f*gRad”un_,”.”?(

triangle ineq

= ||f*g”un_,||.||§(+ ”f*grest”un_,”.”%(
Le126.7 d e Bm
= 1 gz N8Nyt + dmad (K BEY) - [ €llog I f 1L~
<8¢ <8¢/2¢
dBM(K’Bm)

then picking ¢ as the smallest odd integer with ¢ > log, (d(K, B)") + 1) gives the
claim. O

Phrased differently we have proven that x(K) < O(log, (dpm (K, BJ") + 1)) <
O(log(m)) for any symmetric convex body K < R™.

6.2 Trace duality

Let a:R™*™*" — R>( be a matrix norm, meaning that a is anorm on the set of n x n
matrices. In particular one has (i) (V) =0 & V =0; (ii) a(sV) = |s|-a(V) and
(iii) a(V + U) < a(V) + a(U) where V,U € R™" and s € R. Examples would be
the Frobenius norm |V|p = (X7, 7:1 Vl.zj)”2 or the Schatten-p norm ||V s, =
(02 o;(V)P)'P where o;(V) gives the ith singular value of V and p = 1. But
back to an arbitrary such matrix norm a. We can always define a dual norm by
setting
a*(V):=sup{Tr[VU] | U € R"*" with a(U) < 1}.

It turns out that for any matrix norm there is a matrix so that the norm and the
dual norm of the inverse are nicely bounded:

Lemma 6.11 (Lewis [ 1). For any matrix norm « : R™*"* — Ry, there exists
an invertible matrix U € R™" so that a(U) =1 and a* (U™!) = n.

Proof. We can split the proof into two parts.
Claim I. For any invertible matrix V € R"*" one has a(V) -a*(V™!) = n.
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Proof of Claim I. We can write

—1 vV Defdualnorm _1
Tr[I,,]:Tr[V LA <M v
aW)

no 1
alV)  a(V)

which can be then be rearranged to a(V)-a* (V1) = n. O
In order to find a matrix that attains equality we will use a variational argu-
ment. We choose

U := argmax{det(V) : V e R"*" invertible with (V) < 1}

Claim IL. One has a(U) =1 and a* (U™Y) < n.
Proof of Claim II. Clearly we have a(U) = 1 and det(U) > 0 as we could scale or
flip signs otherwise. It remains to be proven that for any matrix V € R"*" with
a(V)<1,onehas Tr[U V] < n.

So, fix an arbitrary V € R”*" with @(V) < 1. Then for a small enough € > 0 we
have

det(I, +eU™'V)'" = det(U ' - (WU+eV))"" (+)
U+eV \1lin

mult of det a(U+eV)-det(U‘l)””-det(—)
. a(U+eV)
<det(l)/" gy optimality

<1
@ is norm
< al)+ea(V)=1+¢
—— ~———

=1 <1
Considering the derivative of the determinant function® we see that

(%) _ up to O(e?) terms  Tr[U 1V
£ = det(I, +eU'W)Vn -1 P°7% e%

Then for € — 0 we obtain Tr[U 1 V] < n as needed. O

6.3 The /-norm

Let K < R" be a symmetric convex body. We define the ¢-norm of a matrix A €
R as

2 1/2
tx):= E [1axi]

(first introduced by [ 1). We can verify that ¢ is indeed a norm.

lConsider f(t):=det(I, + tM) with M € R"*", Then f’(0) = Tr[M].
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Lemma 6.12. /g is a norm.

Proof. We only verify the triangle inequality, meaning that for matrices A,B €
R**" we need to prove that £g(A+ B) < {x(A) + {x(B). Then
1/2 I-llxk norm

(x(A+B) = E [la+Bx|3]"? s LE [(1axlc+ 1Bxlx

n

)2]1/2

(*)

211/2
< x~[Eyn [1AxII%]

Y2 _ 01 (A) + 0 (B).

2
+ JCN[EYn [IBxIl%]
In (*), we use Minkowski’s inequality from Lemma 1.20 for p = 2 and the jointly
distributed random variables X := || Ax||x and Y := || Bx|| x where x ~ y,. O

To give some relation to known quantities, later we will argue that ¢ (I,) =
O(yv/n)- M(K). Recall that A > 0 means that A is symmetric and all Eigenvalues
are strictly positive. Then finding a matrix A with A > 0 so that g (A) - fg-(A™})
is small is essentially the same as finding a linear transformation T : R” — R" so
that M(T(K)) - M(T(K)°) is small. We can make this relation formal:

Lemma 6.13. Let K < R"” be a symmetric convex body and let A € R"*"* with A >
0. Then (i) £x(A) = € g1y (), (D) Cxo(AY) = € p-1xyy0 (I) and (iii) £ (A7) =
i )

Proof. We have ||Ax||x = |lx|l 41 which gives (i). Next, A %l ko = %] ake) =
%1l 4-1 (k) Proving (ii). For (iii) we have sup{Tr[A‘lU] k(M) <1} =sup{Tr[I,V]:
Cx(AV) < 1} = sup{Tr[I, V] : £ -1 (V) < 1} where we make the substitution V :=
A'lUsU=AV. O

The next step is to find a good candidate for the matrix A that has a bounded
value of £ (A) - {g-(A71).

Lemma 6.14 (Consequence of Lewis Lemma). For any symmetric convex body
K < R" there is a matrix A€ R™*" with A > 0 so that {x(A) =1 and é}‘((A‘l) =n.

Proof. As ¢k is a matrix norm, Lewis Lemma (Lemma 6.11) guarantees us a ma-
trix B € R™" with ¢x(B) =1 and Z;((B‘l) = n. But that matrix B does not have to
be symmetric. So we consider the singular value decomposition B= 3.} _, 0 xu,v ,{
where uy,...,u, and vy,...,v, are two orthonormal bases of R"”. We set A :=
Yo Okl u,{ which by construction is symmetric and positive definite. We note
that for x ~ v, therandom vectors Bx=Y.7'_, oty (v, x)and Ax =37 o uy (uy, X)
have identical distributions. Hence £ (A) = ¢x(B). Also reinspecting the proof
Lemma 6.11 we recall that B was chosen to maximize det(B), subject to £x(B) <
1. But det(A) = det(B) and so also A is a suitable choice. O
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The reader may have noted the crucial difference that the quantity ¢x(A)
is defined via a random Gaussian while the framework around the version of
Pisier’s inequality that we have presented, uses random variables from {-1,1}.
But we can use the Central Limit Theorem to approximate a Gaussian arbitrar-
ily well with sums of {—1,1}-random variables. For a large enough N, construct
a matrix B € R™¥*" which for any i € [n] contains N times the column vector
ﬁei. Then we know that By with y ~ {~1,1}"*" is a good approximation to the
standard Gaussian distribution y,. To be more concrete, we have a continuous
function F : R” — R and we need that Ex-y, [F(x)] = limy_ Eyer-1,1v [F(BY)].

However, the continuity is not enough. For example if n =1 and F(x) = ex3, then
Ex~y, [F(x)] = cowhile Eye(_; 1yv [F(By)] is finite (though growing in V). However,
it suffices to add as additional condition that that function increases moderately.
The version of the Central Limit Theorem that suffices for our purpose is the fol-
lowing:

Theorem 6.15 (Implication of the Central Limit Theorem). Let F : R" — R be a
continuous function with limyx, e F(x) - e ¥l = 0. Fix a matrix A € R"" and

let B € R™*" be the matrix that contains N column vectors of the form 4= for

VN
eachi € [n]. Then

E [F(Ax)|= lim E [F(By)]
X~Ynp N—>ooy€{_1’1}nN

Now we come to handle the main challenge: we know how to obtain a matrix
A with A > 0 so that £g(A) =1 and Z;((A‘l) = n. But what we really need is an
upper bound on £x-(A™!). This is the next step and this is the part where we
crucially rely on Pisier’s inequality.

Lemma 6.16. For any convex symmetric body K < R" and any matrix A € R™"
with A> 0 one has {x-(A™") < x(K) - (}(A7).

Proof. Following Lemma 6.13 we can replace K by K := A™!(K) and it suffices to
prove the claim £ g~ (I,) < x(K) - £} (I;). For a large enough N, we make the same

choice of B € R™*" which contains N copies of ;—]’T] as columns. We define a

function f:{-1,1}*V — R" with f(y) := By. Then we have

/2 (%) 2
l-(I)= E [Ix13.]"*%  E [l By I3
K> Un x~7n[ ] [l By Ik

]1/2
y~{-L1N
=f(

= 1 =12,

by the Central Limit Theorem (Theorem 6.15), where we can make the multi-
plicative or additive error in (*) as small as we like by choosing IV large enough.
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Next, we introduce a function h : {-1,1}*¥V — R" where for y € {~1,1}"V, we
choose h(y) as an element that is a multiple of the dual element to f(y) with
respect to the norm || - || x-. More precisely, we choose h(y) € R so that

. I3,
e = PN a o niy = TPl
LA =112, A =112

This choice is always possible, see Lemma 1.7. Then

1/2
Eye-1,um [1FD1%]
Rl e = lh(y)2]"% = L= - 1.
=l = ey [ Pl 1A 112,

Moreover
Ey~io1,nv [ F 115

=12,

<f)h>unN: :”f”,unN_’””io
In other words, the function £ is the dual element to f with respect to the

norm || - || fn— 112 We note that f is a linear function and the non-zero Fourier-
KO

coefficients are f; = B/. We want to remark that we do not know whether # is
linear. Let [nN] = J;U...UJ, be the partition of indices so that f{j} =B/ = ;—J’T] for
all j € J;. We note that h is symmetric in the sense that h(y) is invariant under
permuting indices j, j’ € J;. This implies that hj, = hy for all j,j' € J;. We

define a matrix C € R*" so that il{j} = for jeI; and i € [n]. Then

Cl
VN
his dual el.of f

U

Cxo (L) - Sl
> (fshs
scnN] | S—~—"

=0if |S|#1 as f linear

niN . .
= > (fuyphyp

n ; Cauchy-Schwarz
=" ) (e;,C") =Tr[I,C] < CxIy) -0k (O)
i=1

where we use in (* *) we use that each coordinate i appears N times. Then using
the Central Limit Theorem again

ZK(C) CLT

Zy]h{]}H | = IRadur (W) <601l

=1

yE{ 11}nN[

O
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Now we can finish the proof of the ¢¢°-estimate:

Theorem 6.17 (¢/°-Estimate [ 1). For any convex symmetric body K < R"
there is a matrix A € R"*" with A >0 so that {x(A) - {x-(A™!) < n-x(K).

Proof. We obtain a matrix A € R”*" from Lemma 6.14 with A > 0 so that £g(A) =
1 and ¢} (A™") = n where ¢} is the dual norm of /. Then applying Lemma 6.16
gives O (A7) =k (K) - £1(A™") =« (K) - n, which then provides the claim. O

6.4 The M M°-estimate

Recall that the M-value of a symmetric convex body K is

MK):= E_llxlkl

x~S"~

and the dual estimate is M°(K) := M(K®) (we however prefer using M (K°) to keep
notation ata minimum). More generally one can define M,(K) := Eyegn-1 [ x|l I’é] p ;
then one can in fact proof that M; (K) < M, (K) < v2- M; (K), which would imply

that

_ 1 211/2
M(K) —@(\/—ﬁ) - E [Ixl]

We prove this in more generality but without determining the exact constant.

Lemma 6.18. There is a constant C > 0 so that for p = 1 and any symmetric con-
vex body K < R" one has M, (K) < M,(K) < C,/p- M;(K).

Proof. 1f we define the random variable X := ||x| ¢ with x ~ S§"1 then the lower
bound is equivalent to E[X]” < E[X?] which holds true by Jensen’s inequality. For
the upper bound, we recall Kahane’s Inequality from Theorem3.19 which shows
that for A € R”*"™ one has

e ax]Z]" <owp)-

xe{-1,1jm xe{—ﬂil}m [”Ax”K]

Making the substitution from Theorem 6.15, the same inequality also holds for
Gaussians®. O

Theorem 6.19 (M M°-estimate). For any symmetric convex body K < R", there is
an invertible linear map T so that M(T(K))- M(T(K)°) < O(1) -k (K).

2Alternatively, the proof of Kahane's inequality could be easily adapted to directly hold for
Gaussians.
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Proof. We can apply alinear transformation to K'so that £ g (I,)-¢ x-(I,) < n-x(K).
Then k(1) = [Ex~y,,[||x||§<]l/2 = 0(Vn) - M(K) and lx-(I) = Ex~y, [l xl|5.]"* =
O(yv/n) - M(K°). Together that gives the claim. O

Recall that any symmetric convex body K with Vol (K) = Vol,(B}) must have
a mean width of w(K) = 1 (see Theorem 1.28). On the other hand, the mean
width can be arbitrarily high for a symmetric convex body. But it turns out that
there is always a linear transformation that achieves a bound of O(log(n)) as al-
ways k (K) < O(logn).

Theorem 6.20 (Reverse Urysohn Inequality). Let K < R” be a symmetric con-
vex body. Then there exists a linear map T so that Vol,,(T(K)) = Vol,(B}) and
w(T(K)) = O(x(K)).

Proof. We first prove a non-trivial claim:
Vol,, (B} ) 1/n

Claim. Let Q < R" be any convex body with0 € int(Q). Then w(K) = Z(W
Proof of Claim. Recall the quantities ho(0) = max{(0,x) : x € Q} and pg(0) :=
max{r >0]r@ € Q} for @ € S~ ! and the fact that h(0) = ﬁ. Then

-1/n (£%) (VOln(QO) )—l/n

_ (*) -n1-1/n _ o n
wQ =2 E [ho®)1=22 E [ho®) | —(BNEM[PQ G ]) Vol,,(B})

Here for the inequality (*) we can verify that for a positive random variable X one
has E[X] = E[X~ "]~/ since by H6lders Inequality (Theorem 1.18) we can bound
(ELX]-E[X~"%) 7T = E[X] 7T (X777 = E[X77 X" 77] = F[X°] = 1. Finally we
have used integration in polar coordinates from Lemma 1.46 to obtain (*x*). O
Now, using the M M°-estimate one can find a linear map T so that w(T(K)) -
w(T(K)°) < O(x(K)) (recall that w(Q) = 2M(Q°) for any symmetric convex body).
After scaling we may further assume that Vol,,(T'(K)) = Vol,(B}). Then

». Claim _¢ Vol (B}) Un
w(T(K)°) = Z(W) _
from which it follows that w (T (K)) < O(x (K)). O

We can also provide a result for non-symmetric bodies:

Theorem 6.21. Let K < R" be a convex body. Then there is a linear transforma-
tion T so that Vol, (T (K)) = Vol,(B}) and w(T (K)) < O(log(n)).

Proof. Since the difference body K —K is symmetric, we can use the last Theorem
and apply a linear transformation to K so that Vol,(K - K) =1 and w(K - K) <
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O(log(n)). We already noted in an earlier chapter that w(K — K) = 2w(K). More-
over, Vol,(K) = 47" -Vol,(K — K) by Rogers-Shephard inequality. Then scaling K
by some factor in [1,4] will satisfy the claim. O

6.5 A geometric interpretation of the /-position

We want to give a different geometric interpretation of the £-position that feels
a bit like a relaxed variant of the John position. We will see that every symmet-
ric convex body can be put into a position where it contains 90% of the sphere
$"~! while the polar of K contains 90% of the smaller sphere O (- gl(m )S"~1. The
constants are of course chosen arbitrarily.

4 N

o0 Sn—l

K
N /

More formally:

Theorem 6.22. For any symmetric convex body K < R", there is a linear transfor-
mation T : R" — R" so that

9 o 9
Pr [xe T(K)] = 1—0 and Pr 71[x€ T(K)]|=—

~Sqn-1 o1
x=$ x Clog(n)Sn 10

where C > 0 is a universal constant.

Proof. Usingthe M M°-estimate of Theorem 6.19, we may apply a linear transfor-

mation to the body K so that M(K) = li and M(K®) < 1_Co log(n) for some constant

C > 0. Then M(K) = Ey-gn1[lxllk] = 75 and by Markov’s inequality, Pr,_gn-1[x ¢

K] =Pr,_gn1lllxllg > 1] < 1—10. Similarly M(K®) = E,_gn-1[l%llge] < l—Colog(n) and
again by Markov’s inequality, Pr, _gn-1[x ¢ Clog(n)-K°] = Pr,_gn-1[l| x|l g > Clog(n)] <
1

i O

6.6 Computing the /-position

We want to briefly comment on the issue whether the ¢-position of a body is
computable in polynomial time. Let K be a symmetric convex body. Again, con-
sider the quantity £x(A) = Ex~y, [l Ax[%]'/? for a matrix A € R"*". Then with the
same arguments as in the beginning of Chapter 2we can replace A with a positive
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semi-definite matrix B so that £x(A) = £x(B). That means, finding the matrix A
for Theorem 6.17 boils down to solving the convex program

maxdet(A) (CP1)
211/2
LE [1axig] 1

IA

A

Y

0

Let A be the optimum solution. Now set K := A~!(K). We consider again the
convex program, but this time for K:

maxdet(B) (CP2)
211/2
LE [1BxI] 1

IA

B

Y

0

Note that | Bx| z = [|Bx|l -1y = [BAx| k. Then it is not hard to see that B = I,
is the optimum solution to (CP2). From the proof of Theorem 6.17 we know that
CxI;) =1and ¢ g.(I) < O(nlogdpp (K)). We can rewrite this as Fx-y, [IIxII?(]”2 =
1 and Ex~y, Xl z-] < O(nlogdppm (K)).

Exercises

Exercise 6.1.
Consider the Schatten-p norm a(V) := |Vl s, for V € R™" where p = 1. Find a matrix
UcR""sothata(U)=1and a*(U 1) =n.

Exercise 6.2.
For K := B[, compute (up to universal constants) the quantities £ (I,), £} (I,) and
EK" (I).

Exercise 6.3.
In the following let K < R" be any convex symmetric body.

(i) Prove that for any matrix A € R"*" one has l%aod(A) <x(K)- (l%ad) *(A).

(ii) Prove that for any convex symmetric body K < R” there is a matrix A € R"*" so
that £824(4) - %4 (A71) < - (K).

Exercise 6.4.
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Let nbe a power of 2. In this exercise we want to prove that K := B2, has x(K) = Q(y/log(n))
(which by the way is tight for unconditional norms). For a complex number z = a+bi e C
with a, b € Rwe denote R(z) = a and S(z) = b. Let d :=log, (n) and consider the function
h:{-1,1}¢ — R defined by h(x) := ST}, (1 + 24 - 1))

(i) Prove that |h(x)| < 0OQ1) for all x € {—1,1}4.

(ii) Prove that fz{j} = ﬁ forall j € [d].

Now consider f : {-1,1} — R where we index coordinates of the vector f(x) € R" by
fx)y for ye{-1, 1}4. For x, y € R% we denote x @ y € R? as the coordinate wise product,
that means (x® y); := x; - yj. Then define the function by f(x),:= h(x© y).

(iii) Prove that || f(x)[lco < O(1) forall x € {—1, 134 and ”f||ud—>|\-|\?,o <0().
(iv) Prove that f'{j} = ﬁ (V) yet—1,13a for all j € [d].
(v) Provethatforeveryx e {-1, 1}4 one has IRadg f (%) lloo = vd and ||Raddf||”d_,”.”§o =

V.
(vi) Conclude that x(BL) = Q(y/log(n)).



Chapter 7

The Quotient of Subspaces Theorem
and Linear Duality

Suppose that K < R" is a symmetric convex body. We denote radius(K) := max{| x|, :
x € K}. We want to revisit the question of finding O(1)-ellipsoidal slices of K.
We know already that there might not be any subspace A < R” with dim(A) =
w(log(n)) so that Kn A is O(1)-ellipsoidal. Also projections are not necessar-
ily better. We have seen in Lemma 5.23 that for a body K < B/}, a random k-
dimensional subspace A will have radius(P4(K)) < O(M(K®°) + Vk/n). Here it
might be helpful to recall that M(K°) = %w(K ). Again, if k > log(n) is large, this
bound might not be good enough. It turns out that we can prove a stronger re-
sult:

Pajor-Tomczak Theorem. Let K < R" be a symmetric convex set and
let F be a random An-dimensional subspace. Then radius(K N F) <
O(ﬁ) - M(K°) with high probability.

However, this result only gives a one-sided bound. It was Milman who proved
that the combination of intersection and projection indeed leads to near ellip-
soidal sets. In a simplified form one can prove that:

Milman'’s Quotient of Subspaces Theorem. For any symmetric convex
body K < R" there are subspaces B < A € R" with dim(B) = n/2 and
an ellipsoid £ < B so that £ < Pg(KN A) < 0(1)-€&.

Of course this is a high dimensional phenomenom — an attempt at a visualiza-
tion for K <R3 is as follows:

123
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K

Towards the end of the chapter we will prove another remarkable result that gives
a geometric duality-type relation between a body K and its polar:

Milman’s Linear Duality Theorem. For any symmetric convex body K
there is a subspace F < R" with dim(F) = Q(n) so that either radius(Kn
F) = 0Q) or radius(K° n F) < O(1).

7.1 Asimple bound on the radiusof KN A

First, we want to work towards the Pajor-Tomczak Theorem. The goal is to obtain
a bound that radius(K n A) < f (1) - M(K®) holds with high probability where A <
R’ is a random subspace with dim(A) = An. It is clear that for A — 1, one must
have f(A) — co. Note that later we will indeed have use for the regime where
A = 1. One can also see that the Pajor-Tomczak bound is optimal as for an (n —
0(1))-dimensional subspace it gives radius(K n A) < O(y/n) - M(K°) which is best
possible.
To warm up, we give a simple, yet suboptimal bound.

Theorem 7.1. Let K < R" be a symmetric convex body and let0 < A < 1. Draw a
random An-dimensional subspace A< R”". Then

Pr|radius(Kn A) < CY V. MK | =1-e7"

where C > 0 is a universal constant.

Proof. After scaling we may assume that M(K°) = 1. The idea is to apply the
Volume Ratio Theorem (Theorem 5.19) which guarantees that one has radius(K'n
A) < (0O(a))™ (=dim(D) yvith high probability, provided that B? < K and Vol,,(K) =
a' -Vol,(B}).

The firstissue is that K might be arbitrarily thin in some directions and hence
not contain B;'. We fix this by considering instead the enlarged set T := conv(K U
BJ}') which is again convex and symmetric.
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o T emuum

But potentially the larger set T has a larger M°-value and we need to show that
M(T*) is not too large. In fact

1 conv(KUB})SK+BJ 1 1 1
M(T°):5w(T) = 5w(K+B£1)= EW(K) +5w(B§):2

=M(K°)=1 =1
The next step is to obtain an upper bound on the volume of T. For this pur-
pose we make use of Urysohn’s Inequality (Theorem 1.28) to get

o 1 Urysohn ¢ Vol,,(T) \1/n
2=2M(T")=-w(T > —_—
(17 = 5w (Vol,,(B;l))

This can be rearranged to Vol,(T) < 2" -Vol,(Bj). Since now Bj < T, we can
apply the Volume Ratio Theorem and conclude that a random An-dimensional
subspace A < R” satisfies radius(T N A) < (c-2) 1n with probability at least 1 —
27" The claim follows from K < T. O

7.2 The Theorem of Pajor-Tomczak

Finally we show the radius result with the optimum dependence. We want to
recall Lemma 5.23 that we have proven in Section 5.7.

Lemma 5.23. For any centrally symmetric convex set K < t- B)}, a ran-
dom k-dimensional subspace A < R" satisfies

Pr | radius(P4(K)) < O(1) -max{M(K"), t\/g}] >1— e 20

We we state and prove the Theorem of Pajor and Tomczak-Jaegermann (fol-
lowing the later proof of | D:

Theorem 7.2 (Pajor, Tomczak-Jaegermann | ). Let K < R" be a symmet-
ric convex set and let 0 < € < 1. Then if we draw a uniform random (1 — ¢€)n-
dimensional subspace A, then

1
Pr|radius(K N A) < 0(7) -M(K°)] >1_ e ©OWen
€
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Proof. For alarge enough constant C > 0, we pick a parameter t:= Cv'1/e-M(K°)

and let V< K be a minimum cardinality ¢-net of K, meaning that K < Uyen (y +

tB})). Then Sudakov’s Inequality (Theorem 4.12) bounds the size of that net as
W= N(K,tB}) < exp (©(n) - (w(K)/1)?) < &1,

if C is chosen large enough, using that w(K) = 2M(K®).

The trick behind the proof is to study the the projection of K into A+ instead of
directly considering the intersection K N A. For a large enough constant C’, we
consider two events

1
A = IPaWe= S VE- Iyl Yy e N”
B := “radius(P,.(KNtB}))<C'-M(K®)"

which basically say that the projection of certain parts of Kinto A* is close enough
to the expected value.

At:dim=en

A:dim=(0-¢)n

Claim I. One hasPr[A & B] =1 — ¢ 9EM,
Proofof Claim I. First fixa unit length vector y € S"~!. Then one has E[|| P 4. (y) ||§] =
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dim(d) — €1 = ¢ Moreover, the function y — |P41(3)ll2 is 1- LlpSChltZ Hence

by the usual concentration argument Pra[|P . (y)ll2 = 3v/€l = 1 - e 10, As
INV| < e£™100 e obtain Pr[A] = 1 — e €™ from the union bound For event
B we invoke Lemma 5.23 to obtain that with probability 1 — e~®¢" one has

radius(P o (K N £B})) < O(1) - max{M(K ), 1/ dimA) )}s C'- M(K°)
h,—J
=C-M(K®)
if C' is chosen large enough. The claim follows. O

Claim II. If events A & B happen, then radius(K n A) < O( f) -M(K®).

Proof of claim II. Fix a pointxe Kn Aand let y € N be the net point with |x —
yll2 < t. Note that x — y € 2K by the triangle inequality and so x — y € 1B} N 2K
2(tB} N K). Then x € A means that P41 (x) = 0 and so

X n eventB o
IPoi(Mll2 =Py (x=)ll2 <2-radius (P4 (1B NK)) =  2C"-M(K®)

Then the length of x can be bounded as

triangle ineq.

1tz S o+ =y T Pl + 1= 0 =2) - M)
2 = Yi2 iz = NG At Wl + 1= NG

<t

as claimed. O

7.3 The Quotient of Subspaces Theorem

Recall that for a symmetric convex set K and the ball Bé’, the Banach-Mazur dis-
tance dpp(K, B}) is the minimum number R = 1 so that there is an ellipsoid
£ cR"so that £ < K < R-£. Note that always dpy (K, B)) < /n. An impor-
tant ingredient of the Quotient of Subspaces Theorem is the following “One-step
argument”. In particular it implies already that there are subspaces R” 2 A> B
with dim(B) = 5 where £ € Pg(K'n A) € O(logn) - £ for some ellipsoid £.

We also want to refresh a couple of facts on polarity. If K < Q are convex
bodies containing 0 in the interior, then K° 2 Q°. For any R > 0, the polar of the
radius-R ballis (R- B}))° = %an- Moreover, if K < R" is a symmetric convex body
and H < R" is a subspace, then (KN H)° = Py (K°) (see Lemma 1.9). Note that
here for the first time in this text we are using polarity for convex sets that are not
full-dimensional.

Theorem 7.3 (One-step Quotient Subspace). For every symmetric convex set K <
R" and 0 < A < 1, there are subspaces R” 2 A 2 B with dim(B) = A?n and an
ellipsoid £ <R" so that € < Pg(KN A) € O(27) - In(dpum (K, BH + 1) - €.
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Proof. The claim is invariant under linear transformations, hence we may as-
sume that the body K is in ¢-position, which according to Theorem 6.19 means
that M(K) - M(K®) < O(In(dpm(K, B}) +1). We sample a An-dimensional sub-
space A < R" and from Pajor-Tomczak (Theorem 7.2) we know that radius(K n
A) < O(\/ﬁ) M(K°) with probability 1—e~®“ This can be equivalently written
as

M(K®

KnAco| ( )]-(B;’nA) )
)

Taking the polar on both sides of the inclusion in (I) gives
VI=1

KnArX20(——2).Brna) (I

(KnAr20( =) BEnd D

We take again a A?n-dimensional random subspace B € A and again with prob-
ability 1 — e"®4°" the claim from the Pajor-Tomczak Theorem applies and
M((Kn A)O)O)) _ O(M(KHA)) < O(M)

Vioi Vioi Vi
Here we have used that ((Kn A)°)° = Kn A and by Theorem 5.15 also M(KN A) <
O(1) - M(K) with high probability over the choice of A. Then

radius((K N A)° N B) < o( (IID)

V-7 " (1D o D« M(K) n
@(W)-(BZOB) S (KnA’nB < Of _A)-(BZOB) (IV)

Taking the polars of (IV)! we obtain

vV1i-14
M(K)

M(K®)
vV1i-1
That means Pg(KnA) is near-spherical with approximation factor O(IE—A) -M(K®)-

M(K) < O(ﬁ) -In(dpm(K, B}) + 1) using that K is in /-position. The claim then
follows. O

o |- (BE By < Pk n A) <6 |- BEB)

Theorem 7.3 already provides the surprising claim that there are subspaces
R™ 2 A2 B with dim(B) = n/2 so that dgy (Pg(K n A), BY™P) < O(logn). How-
ever, we can improve the logarithmic factor to O(1) by iterating the argument. In
particular suppose we have a sequence R” 2 A2 By2 A;2B;2...2 Ay 2
Br_1 of nested subspaces and consider the iterate Ky, := Pp,(K; N A;) for ¢ €
{0,..., T—1}. Then there are also subspaces R” 2 A* 2 B* with dim(B*) = dim(Br-;)
so that the final iterate K7 can be obtained by a single intersection/projection,
i.e. K7 = Pp«(Kn A*). This follows from the following lemma:

INote that taking the polars of K; € K» € K3 means obtaining the relation K < K3 € K7; also
recall that we are using Lemma 1.9 here.
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Lemma 7.4. Let K < R" be a symmetric convex body. Then
(a) ForsubspacesR" 2 A2 B one has Pg(KN A) = Pg, 41 (K)NB.

(b) For subspacesR" 2 A2 B> C 2D onehas Pp(Pg(KNA)NC) =Pp(KNAN
Bh).

Proof. For (a), we can check that

Pp, a1 (K)NB = {x€B|x+y€KwithyJ_BandyJ_AL}

= {xe B|x+ye Kwith ye An Bt}

THYELIWNY e Bl x+ye Kn Awith y e BY} = Py(K N A)

For (b), we can see that

Pp(P5(KNANC) "2° Pp(Peypey(KnA)NC) 2 Pp(Pe((K N A)nBYY)
2 pp(knANBY
O
The full version of Milman’s Theorem | ] requires Theorem 7.3 plus 1-2

pages of calculations to get the tight estimates. Hence we prefer a weaker but
simpler-to-prove and more explicit bound that is sufficient for our later applica-
tions:

Theorem 7.5 (Simple Quotient of Subspaces Theorem). Let K < R" be a symmet-
ric convex body. Then there are subspaces R" 2 A 2 B with dim(B) = § so that

dpm(Pg(Kn A), By™®) < 0(1).

Proof. We will call Theorem 7.3 iteratively. We set Ky := K and Dg := dpy (K, B}).
In each iteration ¢ € {1,2,...} we will maintain a body K; < B;_; that is an iterated
intersection/projection of the original body K and B;_; is some subspace. As the
original body is full-dimensional we will have dim(K;) = dim(B;-;). We abbre-
viate D, := dpym (K, Bgim(m) as the Banach-Mazur distance of the intermediate
body. If that distance satisfies D, < 100C3 then we set T := ¢ and terminate the
procedure with K7 as final iterate; here C = 1 is the unspecified constant from
Theorem 7.3. Otherwise, if D, is above that threshold, then we apply the pro-
cedure from Theorem 7.3 to find subspaces A; 2 B; so that we can set Ky :=
Pg,(K; N A;). For any parameter 0 < §; < 1 that we choose in a moment, we have
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the guarantee that D;,; < \/Cé_ -In(10D;) and dim(K;41) = dim(K;) - (1 - ;). The

choice for parameters that we make is 6; := D% so that indeed

D;=100C3 1
Dy11 <C\/D;-In(10D,) ' < 5Dt

as D; was large enough. Note that 67-; = ﬁ < ﬁ. Also observe that the

0-values are geometrically increasing; more precisely we have 6 7_1 = 2675 =
4657_3=...227718,. The dimension of the body at the end of the procedure is

T-1 T-1 T-1
dim(Kr) = n[]A-6)= n-exp(—Z Z 6t) > n-exp(—26T_1 Z 2’)
=0 =0 i=0
~——
<2
57‘715%
> n-exp(-46r-1) = n-exp(-25)
The claim follows. O

We have so far avoided an explanation, why the Theorem of Milman is called
Quotient of Subspaces Theorem. Consider the normed vector space X = (R”, ||| k)
and take subspaces R"” 2 A 2 B. We can consider the quotient subspace A\ B :=
AN B* and equip it with the norm | - Il pgkna). Then Milman’s Theorem says
that there is a quotient subspace of high dimension that has a bounded Banach-
Mazur distance to the corresponding ¢,-space. However, we have prefered a ge-
ometric presentation of the topic.

7.4 The Bourgain-Milman Inequality

In Chapter 1 we have discussed the Blaschke-Santalé inequality which proves
that among all symmetric convex bodies K < R”, the Euclidean ball maximizes
the Mahler product

s(K) :=Vol, (K) - Vol ,(K°)

In other words, one always has s(K) < s(B}). It is somewhat surprising that this
is basically an equality in the sense that there is a small universal constant C >0
so that for every symmetric convex body K < R” one has

n

Vol,,(K) - Vol , (K°)
< <
Vol, (B})2




7.4. THE BOURGAIN-MILMAN INEQUALITY 131

That means Vol,,(K) determines Vol,,(K°) up to a factor of 2°U?. It might be
worth mentioning that the Mahler product is invariant under linear transfor-
mations, which means that for any bijective linear map A : R” — R” one has
S(A(K)) = s(K). We now show this result due to Bourgain and Milman which is a
nice application of the Quotient of Subspaces Theorem that we have just proven
(we will see a second proof in Chapter 8 using M-ellipsoids). Here we will use
repetedly (KN F)° = Pr(K®) from Lemma 1.9.

Theorem 7.6 (Bourgain-Milman | ). Let K < R" be a centrally symmetric
convex body. Then
Vol, (B})?

We proof the statement by an iterative / inductive argument over the quantity

S(K)
s(BZ”)

1/n
ay:= inf{( ) | K < R" is symmetric convex body with n < N}

Then the goal is prove that ay = Q(1). For the sake of simplicity suppose we
have a body K that attains this value for some n, i.e. a;, = (s(K)/s(Bg‘))””. We
use the simple version of the Quotient of Subspace Theorem from Theorem 7.5
to obtain two subspaces R" 2 A 2 B with dim(B) = 7 and dim(A) =: m so that
Pp(K N A) is within a factor Cy of an ellipsoid. As the claim is invariant under

linear transformations, so we may assume that
(ByNB) <= Pg(KNA) < Cy-(ByNB)
In wise foresight, we define lower dimensional bodies
Ki:=P,(K) and K,:=KnAnB*'.
Note that by Lemma 1.9,
K= (P4 (K)°=K°nAY and K =(KN(ANBb))® = P4pL(K°) = Pgi(PA(K®))
are the polar of K; with respect to subspace A and the polar of K, with respect

to subspace An B*.

The key ingredient for the proof is the insight from Lemma 1.48 that the vol-
ume of a symmetric convex body can be well approximated by taking the product
of the volume of an intersection and a projection into the complementary sub-
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space. We use this insight twice to estimate

Vol,,(K) ()

Lem 1.48 for K and subsp. A —on
> 277" -Vol,,(Kn A) - Vol -, (P 41 (K))

Lem 1.48 for KNA & s.p. Bt _4 1
> 27*"Vol,,/2(Pg(K N A))-Vol,_,2(KNANB Vol;,— 1 (P41 (K))
—_— N——’

2BJnB =Kz K1
—4n n/2
= 2 'VOln/Z (Bg ) 'VOlm—n/Z (K2) 'VOln—m (K1)

We apply the same line of arguments to the polar of K:

Vol,,(K®) (% %)

Lem 1.48 for K and subsp. A* _ o i o
> 272 Vol 1 (K° 1 AL) Vol (P4 (K?))

Lem 1.48 for P4(K°) &s.p. B _4n o 1 o o
> 2740l (K° 1 AY) Vol /2 (PA(K®) N B) - Vol 2 (Pgi (Pa(K®)))
=K} =(Pp(KNA))° =KS
= 27"Vol,, 1 (KT) - Cg ™? Vol 2(By'?) - Vol 2 (K3)
using that (Pg(Kn A))° = (KN A)°NB = P4(K°) N B by applying Lemma 1.9 twice.

Then multiplying the bounds in (*) and (**) and abbreviating the unit ball vol-
ume « ,, := Vol, (B;') we obtain

Vol, (K) - Vol ,(K®)

n
a (% * %)
" Vol,,(B)?
2
()4 (%) 87 e /2Kn/2
= 2 nCo " K_2 ‘VOln—m(Kl)V()ln—m(Kf) Vol 2 (K2) Vol 2 (KS)
n v v
=al G, zan’”’”/z-Kfn_mz
—8n -ni2( Kni2Km-ni2Kn-m\2 _ -
> 28nC0n/2( nizhm—n nm) .az manm n/2
Kn
>1
> 2—8n . Co—n/2 . OKZ/Z

Here we use that «;, must be monotonically non-decreasing. Moreover, we use
that satisfies x,4+s < x, -k for all r,s > 0 as one can easily see from the upper
bound of Lemma 1.48. Then rearranging (« * ) for a, gives that a, = 27'5C;!
which then gives the claim.

This brings us to a beautiful duality theorem for covering numbers:
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Theorem 7.7 (Duality of Covering Numbers — Konig-Milman [ 1). For every
pair K, T < R" of symmetric, convex bodies one has

27O N (T° K°) < N(K, T) < 2° ™ N(T°, K°)

Proof. Again we use that for symmetric convex sets S, Q one has N(S, Q) =200

Vol, (S+3 . .
YoLG+59 Then we get the relation between covering numbers and volume ra-

Vol,(1Q)
tios:
N K < 200 YOl(T"+ KT (9 o0 VOl (KN T)7)
Vol,, (K°) Vol (K?)
() om_Voln(K) (e 22 N(K, T).

Vol,,(KnT)

In (*) we use that T° + K° < 2conv(K° U T°) = 2((T°)° n (K®)°)° = 2(T n K)° by
Lemma 1.8. In (**) we use the inequalities of Bourgain-Milman (Theorem 7.6)
and Blaschke-Santal6 (Theorem 1.30). In (* * ) we use that Vol,,(KNnT)-N(K, T) =
Vol (K) because for symmetric convex bodies the intersection Vol ((x + T) N K)
is maximized for x = 0. O

7.5 The Linear Duality Relation

We have already proven earlier in Theorem 5.11 that for every symmetric convex
body K, a random subspace F of dimension dim(F) = Q(y/n) satisfies the fol-
lowing: either K n F or K° N F is O(1)-spherical. We will prove here that we can
improve the dimension of the subspace F to Q(n) if we are satisfied with a one-
sided bound that guarantees either K n F or K° N F to be contained in a ball of
radius O(1).

The Distance Lemma

We begin by proving a seemingly unrelated lemma that is called the Distance
Lemma. We know that for K symmetric and convexand x € S "1 we have || x|k -
lx] x> = {x,x) = 1 by Cauchy-Schwarz. The Distance Lemma on the other hand
will give us a upper bound on [|x| x and ||x| x-, depending on the radius and in-
radius of K. To get some intuition we first state a simplified version:

Lemma 7.8 (Simplified Distance Lemma). Let K < R" be a convex symmetric set
with 1B} c K < rBy. Then x| + | x4, < r*+1 forall x € S"~'.
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Clearly every individual term separately satisfies || x[|5 < r* and ||x[|%. < r* for

x € S""! — 50 the non-trivial claim is that their sum can never exceed r2 + 1.
We will now prove a more general version. It will be worth keeping the fol-
lowing pictures in mind:

1 1
allxllz = llxlx = 5llxll2 blixllz = lIxllk- < allxl2

Lemma 7.9 (Distance Lemma). Let K < R" be a convex symmetric set with % lx]l2 <
lxlgx < %lellg for all x € R". Suppose that there is an x € S~ with (bllxllK)2 +

lxllgo\2 _ a 1
(T) —t>1,then55ﬁ.

Proof. Fix the point x € S""! from the assumption and let y be the dual point,
that means || x| g = (x,y) and |yl ¢ = 1. Note that by assumption ||y, < allyllx =
a. We will argue only using points in the 2-dimensional plane span{x, y}. Con-
sider the line through the points —— and y and denote the point on that line

llxll &

that minimizes the || - [, norm by z = (1 + A)ﬁ — Ay for some A € R. Note that
lzll2 = (1+A)? - 21”(;”4—2/1) (x,y) + A%|lyl5 and from (x, y) > 0 we can see that 1 > 0.
We reproduce the figure of the book [ ] in a modified form:

x| x| xo

Next, note that || z| g = || (1+)L)m—/1y||1< >(1+A)-Allylg =(1+A)—A=1and
by assumption ||z]l» = bl|z| g = b. Note that we have two triangles in the picture
that are similar as their angles are both a, $,90°. Then the ratio of the length of
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the two sides incident to the 3-angle are identical, i.e.

Izll2=b lzll2 |z—0ll2 triangle similarity ||y — | X || xo X2
bl 72T R - Rl ez s
llxll & %l &
2 2
Phytagoras VIVIE = 202l e 13

Uyl5 = lxlxlgel3) + 5= = Xl xl g 13
2 2 lxllx 2

Iyla<a V@ =%l

1
V@ = 1312 + (e — %1202

V@ — |1 Xk
2 o lxlge 1
\/“ 2Teie t 1%

Squaring and multiplying both sides by m gives
K

2 _ 2
b - 1-(lxlg/a)

a* "~ a?)|x|% -2l xlklxlge +1

20xl i Il o —a® %1%
to

Multiplying by the right hand side denominator and adding

both sides gives (alb)?
Z_i = 1{("xcll’(°)2+(bnqu)z)f%(buan)@
=t
g 1—t+§((bIIxIIK)2+(”x”KO)2):1_t+t_b

~ J
2 'g

=t

where we use the AMGM inequality of a - § < 1 (a? + %). Rearranging gives

0<1—t+t—b—b—2—(1—é) (B—U‘—l))
- a a>
>0
hence one must have % —(t—1) =0 whichis % < ﬁ O

7.5.1 Radius of random sections — with a twist

Take a symmetric convex body K € R" and consider the quantity M((K nrB})°).
We know that this is a proxy for the radius of a ball that has the same average
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width as K nrBJ. For r — oo we expect that M((K nrBj)°) — M(K°) while for
very small r, one has M(K N rB})°) = M((rB}})°) = r. Hence forany 0 < a < 1,
there will be a value r* > 0so that M((KNr*B})°) =a-r*.

A e

M(K®) f==========——mm—m - - s~

r

r*

We can prove an interesting lemma where we get the intersection with r B} for
free — however, we seem to have little control on how large or small that ra-
dius r is going to be. In the statement of the lemma we use the unspecified con-
stant Cpt = 1 from the Pajor-Tomczak Theorem (Theorem 7.2) which guarantees
that Prlradius(KnF) < %M(K")] >1-e @0V for arandom An-dimensional
subspace. It was in fact proven by Gordon [ | that the constant Cpt can be
taken arbitrarily close to 1 if on the other hand 7 is at least a threshold that de-
pends on the target choice of Cpt and A. We will later take the liberty to pick Cpr
to be rather close to 1, without proving Gordon’s Theorem.

Lemma 7.10. Fix0 < A < 1 and let K < R" be a symmetric convex body. Let r >0
be a value so that M((KNrBJ)°) = & VCP_T -r. Then
Prradius(KNF)<r]=1-4exp(-0(1-71)-n)

where F < R" is a random An-dimensional subspace.

Proof. We apply the Pajor-Tomczak Theorem to K nrB} and with probability
1-4exp(—0(1 - A)-n), arandom An-dimensional subspace F will satisfy

Thm.7.2 Cpr choice of r 9
radius(KNrB)NF) < -M((KnrBj})°) —
vi-A 10
Expressed in terms of norms, the subspace F satisfies
1 1
max{ |l ~1%l2f = %l korpy = o~ I%l2 VxeF
r 2 9 r

But that means there is no point x € F where this maximum is attained for the
second term — hence || x| x = 10 1 ~ll x|l for every x € F. And that shows the claim.
O
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Note that the choice of the constant 5 was somewhat arbitrary.

7.5.2 The Linear Duality Theorem

Now we have everything for the final result of this chapter:

Theorem 7.11 (Milman | ). Let K < R" be a convex symmetric set. Then
there exists a subspace F < R" with dim(F) = Q(n) so that either radius(K N F) <
O(1) or radius(K° N F) = O(1).

Proof. Let 0 < A <1 be a small constant that we determine later. Let a > 0 be a
value so that M((KnaBy)°) = ” -a. Also let b > 0 be the value so that M((K°n

1 3B3)°) = \z/cp— . The crucial part of the proofis proving that a and b are not far
apart

Claim. One has% <10.

Proof of claim. Consider the set T := conv((K n aB}) U bBJ)). Note that by con-
struction bB}) € T < aBj'.

—_————_

/’/ \aB”
// ng AN
’ T
/ KRRt
W’
N ,/
N 4
o /,/
We know that
TDKrmB” ch01ce ofa 1-1

M(T) = ~M(KnaB})®)

T

Moreover we can use the fact that (An B)° = conv(A° U B°) in (* * %) to obtain

Tgconv(KUbB) . . 1 ° . m 1
MT) =z MiconvkubBy) "2 M((K°n-By) ) MUE T
PT

Then we can estimate that

o (e o R ) g

6
10 Cpr b 5

(=

*)
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if we choose Cpr = % and A:= 1—10.

That means the premise of the Distance Lemma is satisfied for the two av-
erages M(T) and M(T°). But it is not hard to extract a concrete point x* that
satisfies the premise as well. As bB)} < T, we know that the map x — | x| 7 is
b-Lipschitz and hence for a suitable choice of constant, the set A:= {x € S"™! |
lxll7 = M(T) - ©(7%)} has measure o(A) = §. Similarly, 7 € 7° and so x — [|x[ -
is %—Lipschitzwhich implies that B:={x € S xl o = M(T°)—®(a—\1/ﬁ) also has
0(B) = 3. Thenany x” € AnB satisfied (bl|x" [I7)*+ (511" 1-)* = 2-O(—=) = 1+15
for n large enough. Then by the Distance Lemma, we conclude that 7 <10. O

Now we go back to reasoning about the original body K. Consider a random

An-dimensional subspace F < R". We will do a case split, dependent on whether
the radius a is large or small.

e Case a < 1. Then we use the choice of a and apply Lemma 7.10 with body
Kandr:=atogetradius(KnF)<a<1.

* Case a > 1. Crucially in this case one has b = %. We apply Lemma 7.10

to K° with r = % and obtain that with probability at least 1 —4 exp(—O((1 -
A)n)) one has that radius(K° N F) < % < 10.

O
7.6 Exercises

Exercise 7.1.

(i) What upper bound on radius(B2, n A) does the Pajor-Tomczak Theorem provide
where A is a uniform k-dimensional subspace.

(ii) What upper bound on radius(Bj’ n A) does the Pajor-Tomczak Theorem provide
where A is a uniform k-dimensional subspace.

(iii) Consider the body K := r B}, for some r > 0. For which range of r is radius(Kn A) <
O(1) (for most subspaces A with dim(A) = 7; using the estimate of (i))? For which
range of r is radius(K° n A) < O(1) (again for most subspaces with dim(A) = § and
using the estimate from (i7))?

Exercise 7.2.

(i) Prove that for any subspace F € R” with dim(F) = k one has radius(B% N F) = V/k.



7.6. EXERCISES 139

(i) Prove that there are constants c,c¢’ > 0 so that for all n there exists a subspace
F < R" with dim(F) = cn so that radius(B{' N F) < ﬁ
Hint. Use the linear duality theorem (Theorem 7.11).
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Chapter 8

M-ellipsoids and applications

One of the most powerful results in convex geometry is the existence of the M-
ellipsoid. Tt implies that for many purposes of volume computation and covering
numbers, any symmetric convex body can be replaced with an ellipsoid while
only incurring a constant factor loss.

Formally, for a symmetric convex body K < R” and a universal constant C >
0, we say that an origin-centered ellipsoid £ < R" is an M-ellipsoid for K, if
Vol,,(K) = Vol,(£) and

_VoluK+P) _ oy VOly(K+P)
Vol,,(€ + P) Vol,,(E° + P)

—-n n

for every symmetric convex body P < R”. In this chapter we will show the result
of Milman that indeed every symmetric convex body K admits such an ellipsoid.
We will prove that such an ellipsoid £ has the property that the covering num-
bers N(K,&),N(&,K), N(K°,£°) and N(£°, K®) are all upper bounded by 2°? In
fact, the reverse holds in the sense that if all these covering numbers are upper-
bounded by 2 and Vol (£) = Vol,,(K), then £ is an M-ellipsoid for K.

For the existence of the M-ellipsoid, we will use the method of isotrophic sym-
metrization. The same method will also enable us to give a more intuitive proof
of the Reverse Santalo-Inequality due to Bourgain-Milman that we have seen in
Chapter 7. Recall that combined we know that:

Blaschke-Santal6-Bourgain-Milman Theorem. For every symmetric
convex body K one has

_ Volu(K) - Vol, (K°)

C'< <1
Vol,,(B})?

where C > 0 is a universal constant. The lower bound also holds also
for any asymmetric body with 0 € int(K).

141



142 CHAPTER 8. M-ELLIPSOIDS AND APPLICATIONS

Finally we will be able to proof that for any centrally symmetrix convex body K
there is a linear transformation U : R"” — R” with |det(U)| = 1 so that the Brunn-
Minkowski inequality with U (K) is appproximately tight.

8.1 M-position and equivalences

For the time being, we will restrict our attention to symmetric convex sets and
later in Chapter 8.7 discuss which results extend to the asymmetric case. It was
useful for example in Chapter 3 to introduce the notion of John's position for a
convex body. Similarly we want to introduce the following terminology:

Definition 8.1. We say that a centrally symmetric convex body K < R" with Vol,,(K) =
Vol, (rB}) is in M-position with constant C, if r B} is the M-ellipsoid for K, i.e. if
for every symmetric convex body P < R” one has

_ vOln(K:P) Con and e VWK P)
Vol (rB;' +P) Voln(%B5’+P)

—I’l< n

In particular we will later show that for every symmetric convex body K, there
is a linear transformation A so that A(K) is in M-position.

Remark 1. We should point out that alternatively in the definition of an M-ellipsoid
& we could have required that P may be an arbitrary convex body (not neces-
sarily symmetric). But these two candidate definitions are equivalent. To see
this recall that N(P — P P) < 2°" by Lemma 4.8. Then 27°"Vol,(K + (P — P)) <
Vol (K + P) < Vol, (K + (P — P)) for any two convex bodies K, P where K is sym-
metric.

A crucial fact is that K and £ have similar volume expansion, if and only if
one can cover one with few copies of the other. Note that in the following The-
orem one may have a loss of constants when moving between the statements
(A), (B),(C). Recall that N(K, &) is the minimum number of translates of £ to
cover K.

Theorem 8.2 (Equivalence for M-ellipsoids). Let K < R" be a symmetric convex
body and let £ € R" be an origin centered ellipsoid with Vol (K) = Vol,(£). Then
the following is equivalent

(A) One has

—-n n

_ VO (K+P) _ oy VO(K°4P)
Vol, (€ + P) Vol (E° + P)

for a universal constant C and every symmetric convex body P < R".
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(B) One has

max{N(K, &), N(&,K), N(K°,E%), N(E°,K°)} <207,

(C) One has N(K,E) <200,

Proof. After applying a linear transformation, we may assume that £ = B} = £°.
Then (A) is equivalent to the property that K is in M-position (with respect to
B}.

2
(A) = (B). From Chapter 4 we know that the covering number is bounded by
volume ratios and

1 1
Lem 4.3 VoI, (K + EBS) (é) Zg(n) VOln(Bgl + ngl) <

N(K,B}) "< - < - 200,
Vol,, (3 B} Vol,, (1B
272 272

The other 3 covering estimates work along the same lines.

(B) = (A). Suppose that N := N(K,B}) < 2900 Then there is a covering K <
Ué\i (i + B}') which means that for a convex body T one has K+ T < Uﬁ.\i (i +
BM)+ T. Hence Vol,(K + T) < 29U .Vol,, (B} + T). Again, the other 3 cases work
along the same lines.

(B) = (C). Obvious.

(C) = (B). This requires some non-trivial work. In particular we require the
Duality of Covering Numbers that we have proven in Theorem 7.7: For every
pair K, T € R" of symmetric, convex bodies one has 2~°"W N(T°,K°) < N(K, T) <
20 N(T°,K°). From the assumption N(K, B)') < 20", we then get N(B}',K°) <
200 We can the 3rd covering number by applying the volume ratio argument

o Lem 4.3 Vol,(K°+3B)) . Vol,(K°+B})
N(K°, BY) = T2 pom, 0D T o)
Blaschke<—Santalé ZO(n) Vol,, (B;l )
B Vol,, ((K° +B2”)°)

K° +B§ chonv(K"UBz”)
<

Vol,,(B2)
Vol ((conv(K° U B}))°)

n
conv(AUB)I*=A°NB®  ,0(n) M (2) 200 N(K, B})-
Vol, (K N B}) —_—

O(n)

Vol, (B])
Vol, (K)
—_——

<20 ~

In (x) we have used that Vol, (K n B}) - N(K, B}) = Vol,(K) as the intersection
volume Vol ((x + B}") N K) is maximized for x = 0. The last of the 4 estimates on
N(B}}, K) follows again from the duality of covering numbers. O
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We note that the equivalence with (C) requires the Duality of Entropy num-
bers (Theorem 7.7) which uses the Bourgain-Milman inequality (Theorem 7.6),
which in turn we had proven using the Quotient of Subspaces Theorem. In this
chapter we will see a more intuitive proof for the Bourgain-Milman inequality,
hence we will refrain from using (C) before finishing the reasoning of that alter-
native proof.

Again, by Remark 1 the equivalences in Theorem 8.2 are also true if P is any
(potentially asymmetric) convex body.

8.2 Isomorphic symmetrization

Now we come to a procedure that is called isomorphic symmetrization which we
have seen in a variant in Theorem 7.11. This procedure will be the key in prov-
ing the existence of an M-ellipsoid. The idea is to take an arbitrary symmetric
convex body K, intersect it with a large ball and add in the convex hull with a
smaller ball. The consequence is that we will obtain another symmetric convex
body K; that is “more round”. To get some intuition about the choice of param-
eters suppose that K is in ¢-position and we have scaled K so that M(K) =1 and
M(K®°) < O(logn). Then if we apply the procedure with parameter a := 1, then
it means we intersect K with a ball of radius M(K®°) < O(logn) and we take the
convex hull with the ball of radius 1. In turn we will end up with a body K that
has volume 279" < Vol,,(K;)/Vol, (K) < 22" while its geometric distance to the
Euclidean ball has dropped to dg (K, BY) < O(logn). Note that the choice of n'%
in the following assumption — BY' € K < n'® B} is somewhat arbitrary — any
polynomial relation to B} would suffice.

Lemma8.3. Let K < R" be a symmetric convex body —w B} < K < n'®B' so that

M(K) =1 and let 1 < a < n'’3. Define an inner radius of Rj, := é and an outer
radius of Ry := M(K°) - @ and consider

K = COHV((K N RourBy') U RinBy )

Then the following holds:
(1) One has
e—@(n/az) < Vol (K;) Se@(n/az) and e—@(n/az) < VOln(Kf) < On/a?)
Vol,, (K) VoI, (K°)

(2) For every symmetric convex body P <R" one has

exp(—0(n/a?) < Voln(Ki + P) <exp(©(n/a?))
P = Yol K+P) P
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(3) Itholds that dg(Ky, BY) < M(K)- M(K®) - a?.

e ———

1 \

&\\R& K

Proof. Note that since M(K) = 1 one has M(K°) = 1, and hence indeed Rj, <
Roye- Next, it is clear that the “moreover” part is true as dg (K1, B)') < Rout/ Rin =
M(K) - M(K®) - a®. The idea behind the main part of the analysis is that K; is
sandwiched between Euclidean balls of radius proportional to M(K) and M(K°)
and hence with Sudakov’s primal and dual Inequality we can obtain estimates on
how many copies a ball takes to cover K; similar for the polar. Then from those
covering numbers we get an estimate on the volume ratios.

ClaimI. One has N(K, Rou:B}), N(Ri, B}, K), N(K°, 7~ 1 B”) N(—B” K°) < exp(@®(n/a?)).
Proof of claim II. We begin by proving the 2 estimates for the coverlng numbers
involving K. First, by Sudakov’s Inequality (Theorem 4.12; recall that w(K) =
2-M(K®)), we only need few copies of the outer ball to cover K:

M(K°)\2 )
- |') = exp@nra®)
——

=1l/a

N(K, RoutB) < exp (@(n) : (

Secondly, by the dual Sudakov Inequality (Theorem 4.10) one has
M 2
N(Rin B}, K) = N(B},aK) < exp(0(n)- (%) ) = otme?

Now we discuss the polar. Again with Sudakov’s Inequality

and again with the dual Sudakov Inequality

1
Rout

N( B;’,K") = N(B}, RowK®) < exp (@(n) : (M(KO))Z) = Pl
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. —-0(n/a?) _ Vol (Ky) Onl/a?)
Claim II. One has e < —VOZ, ® =€ .

Proof of Claim II. We use the bounds on the covering numbers to obtain esti-
mates on Vol (K;). First, we obtain a lower bound on the volume of K; by

Vol,,(K)  ClaimI
>

Vol,(K7) =2Vol,,(KNRyyBY) =2 ————— = ex (—@(n/az))-\/ol (K)
n\\1 n outDo N(K,Routh) p n

For the upper bound we estimate that

A

Voly(Ky) = Voly(conv(K U RinBJ))

O(n)- n' . N(Rin By, K) - Vol,,(K) < 2"/ ® .Vol,, (K)

IA

. . 2 1/3
where we absorb the polynomial factor into the term e®/%") > (7™ 35 o <

n!/3. Here we use that for symmetric bodies K, L with L < K one has Vol (conv(KU
L)) = O(Bn)-N(L,K) -Vol,(K). Note that in our case RinBY c n'®Kasa=1. O

. —omla?) _ Yol(K]) _ omla?)
Claim III. One has e < VoL ® =€ .

Proof of Claim III. Now we discuss the volume for the polar. First, the polar has
the form

B L g

in

K; = (K N RoutB})° 1 (RinBf ) = conv(K° U

out

Then

1 Vol,(K°) ClaimI
Vol,,(Kf)zVoln(K°n—Bg)> n(KD) _Caiml —ewmrayg) (k)

Rin “/ " N(K°,z-Bj})
Similar to before, we obtain the upper bound

100

N(LB;’, K) Vol ,,(K°)

out out

Vol, (K7) < Voln(conV(K° U Bg‘)) <0(n)- n

out

<eO(nia?)

Again we use ﬁBf cK°. O

. _ 2 2 )
Claim IV. One has e ®"®) < % < P for any symmetric convex body
pP.

Proof of Claim IV. We will crucially use two lemmas on covering numbers and
volumes from Chapter 4. First we write
Vol,, (Kj + P) < Vol,(conv(K U RinB}) + P)
Lem 4.16 101 n
< 0" N(RinB},K)-Vol, (K +P)

< eOWa) gl (K + P)
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Here we use that K < n'% B} and we absorb the polynomial factor into the expo-
nential one. Conversely,

Vol,(Ki+P) = Vol,(conv((K N RoutB}) U RinB} |+ P
> Vola((KN RowBM) +P)
Lem>4.15 Vol,, (K + P)
= N RouBD)
> O ol (K+P) O
This concludes the Theorem. O

For the sake of completeness, we state the consequence for a body that is not
already in M-position:

Corollary 8.4. Let K € R” be any symmetric convex body let 1 < a < n'/3 be

a parameter. Then there exists a symmetric convex body K; < R” so that the
following holds:

(1) One has

Voln(Kl) VOln(Kf) VO].n(Kl+P) c e_@(n/aZ) e@(n/aZ)
Vol,,(K) " Vol,,(K°)’ Vol,,(K + P) ’

for every symmetric convex body P < R".
(2) One has dpp(K7) < O(a? -log(dpp(K) +1)).

Proof. Let A:R" — R" be a linear map so that A(K) is in ¢-position, scaled so
that M(A(K)) = 1. Recall that due to Theorem 6.19 this means that M(A(K)) -
M(A(K)®) < CyIn(dpp(K) + 1) for some constant Cy. Moreover, if we have a body

in ¢-position scaled so that M(A(K)) = 1, then from Cor 5.10 we know that @(ﬁ)B" c
A(K) and O( \/még(n))B" € A(K)°. Then Theorem 8.3 can be applied and (by a

slight abuse of notation) we obtain a body that we write as A(K) so that e=©"/@") <
% < 9@ holds and dp(Ky) = dpy (AKY)) < Coln(dpga (K) + 1) is true.
Importantly, alinear map does not change the ratio of volumes, hence also Yol,(Ky _

Vol,,(K) —
Vol (A(Ky)) : :
Vol (ATK) * The same reasoning holds for the other two properties. O
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8.3 Iterated Isomorphic Symmetrization

The next obvious step is to iteratively apply the Isomorphic Symmetrization to
a body K until we reach a body K with dpy;(K) < O(1). We can summarize the
properties as follows:

Theorem 8.5. Let K < R" be any symmetric convex body. Then there exists a
symmetric convex body K < R" with dgy;(K) < O(1) so that
Vol,(K) Vol,(K°) Vol,(K + P)
Vol (K)’ Vol,(K®)" Vol,(K + P)

for every symmetric convex body P < R".

Proof. Let Cy > 0 be the constant from Cor 8.4 so that dp;(K}) < C0a2~log(dBM(K) +
1). Consider the following iterative procedure:

(1) SetKp:=K
(2) FOR t=0TO co DO

3) IFdgym(Ky) = Cq:= IOOCS’ then set T := ¢t and return Kt
(4) Apply Isomorphic Symmetrization of Cor 8.4 to K; with parameter
a; = (dgp (K)Y* and let K, be the outcome.

We know that the Isomorphic Symmetrization decreases the Banach Mazur dis-
tance to the Euclidean ball to

Cor 8.4+
choice of a;

1
dpm(Kis1) < Coln(dpm(Ky) +1) - dpm(Ky) < 1_6dBM(Kt)

As this distance is strictly decreasing, the procedure will terminate and the final
iterate satisfies dpy/(K7) < C;. Moreover by the choice of the parameter a;, we
conclude that a;,; < 3, where the final parameter satisfies ar—; = (dgm (Kr-1))"/* =
1. The bounds on the loss in volume from Lemma 8.3 imply that in each iteration

te{0,...,T—1} we have

e—Omiad) Vol (K1) < gO/ad)
Vol (K;)

Then accounting the loss of volume over all iterations we get

i T-1 T-1
Vol, (&) _ Tt VoluKeun) _ T -etmraty _ exp (~O(n)-—
Vol (K) ~ ;4 Vol,(K) ~ ~p a

T-1
T-1 k=0

<1 <2

The upper bound can be obtained similarly; the same holds for the other two
ratios Vol,,(K°)/Vol,(K®) and Vol,,(K + P)/Vol, (K + P). O
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Note that actually O(log* (n)) many iterations suffice if one makes the choice
of a; := In(dpp(K;) + 1). However, the analysis is somewhat simpler with our
choice. The ellipsoid that is a O(1)-approximation to K will indeed be the M-
ellipsoid of K. In order to prove this, we first show the Bourgain-Milman In-
equality.

8.4 Another proof for the Bourgain-Milman Inequal-
ity

Recall the notation s(K) := Vol,,(K) - Vol,,(K°) and that the Blaschke-Santal6 in-

equality says that s(K) < s(B}") for any symmetric convex body and we have seen

the reverse approximate inequality by Bourgain and Milman in Chapter 7. Here

we can present an alternative proof that gives both directions of the inequality at
once and also provides a more intuitive explanation why the inequality holds.

Theorem 8.6 (Bourgain-Milman Inequality). Consider any symmetric convex body
K < R"™. Then one has (%)” < SS((TI?) < C", for some constant C > 0.

Proof. We would like to remind the reader that for any bijective linear map A :
R — R" one has s(A(K)) = s(K) as volume ratios do not change under a lin-
ear map since Vol,, (A(K)) = | det(4)|-Vol,,(K) and Vol ,(A(K)®) = rgziy; - Vol (K°).
Now, apply the Iterated Isomorphic Symmetrization of Theorem 8.5 to the body
K and let K be the result. As dpp(K) < O(1), we know that dg(K, A(BJ)) < O(1)

for some linear map. Then

Theorem 8.5
=

s(K) = Vol,(K)-Vol,(K°) 2790 .yol,,(K) - Vol ,(K°)
> 27902700 .y, (A(B) - Vol , (A(B)°) = 27000 . 2700 . 5By
the upper bound follows along the same lines. O

8.5 Existence of M-ellipsoids
Now back to proving the existence of M-ellipsoids.

Theorem 8.7 (Milman [ 1). Every symmetric convex body K <R has an M-
ellipsoid E.

Proof. Again, we apply the Iterated [somorphic Symmetrization from Theorem 8.5
to K and denote K as outcome. Let £ be an ellipsoid with Vol,,(£) = Vol,,(K) and
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£ c K< C-& for some constant C. Then

Q-

Lem 4.3 Vol (K + 3E) _ 00 Vol, (K +1€) _om Vol,(C-€ +18)

NKK&E) = < o < - =2°".2Cc+1)"

As C = O(1), this means N(K, &) < 29 Now we can apply Theorem 8.2.(C) and
infer that £ is indeed an M-ellipsoid for K. This reasoning has indeed used the
Bourgain-Milman inequality. O

8.6 The Reverse Brunn-Minkowski Inequality

Recall that the Brunn-Minkowski inequality says that for any measurable sets
K,Q <R" one has

Vol,,(K + Q)Y" = Vol,,(K)Y" + Vol,,(Q) 1"

Itis not hard to come up with examples of even symmetric convex sets where this
inequality is arbitrarily weak and Vol,, (K + Q) is a lot higher than the guarantee:

But it turns out that if both sets are in M-position, then the inequality is indeed
close to tight.

Theorem 8.8 (Reverse Brunn-Minkowski Inequality — Milman [ 1). For ev-
ery symmetric convex body K, there is an invertible linear map Uk : R" — R" with
|det(Ux)| = 1 so that the following holds: for every pair K,Q < R" of symmetric
convex bodies one has

1/
Voln(UK(K) +1- UQ(Q)) " <o) (Vo]n(UK(K))”" +t- Vol,,(UQ(Q))”") VE=0
Proof. We use the proof following | ]. Let £k be the M-ellipsoid for body

K. We pick the map Uk so that Ug(Eg) = rx - Bj' where r is the radius with
Vol (K) = Vol (rgB}). In other words, Ug(K) is in M-position. Note that the
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maps Uk do not change volume and in particular Vol (K) = Vol,,(Ug(K)). Let C
be the constant from the M-ellipsoid definition. Then

1/n  M-ellipsoid for K n 1/n

Vol (Uk(K) + - Ug(Q)) < C-Vol, (rk B} + - Ug(Q))
M-ellipsoid for Q 1/n

< C2-Voly(rkBf + - rqB})

= C2- Vol (ri BY)!!™ + - Vol (rg BY)''")

c2. (Vol,,(K)”” + t-Voln(Q)””)

8.7 Extension to the non-symmetric case

In this section, we discuss how some of the result that we have proven for sym-
metric convex sets, also extend to non-symmetric sets. First of all, the inequality
of Bourgain-Milman also applies to the non-symmetric case:

Theorem 8.9 (Bourgain-Milman Inequality for Asymmetric Convex Sets). For any
convex body K containing0 in the interior one has

Vol (K) - Vol,,(K°) > 9-0()
Vol,,(B})?

Proof. We define T := K — K which is a symmetric convex body with T 2 K. Then
using the inequality of Rogers-Shephard we know that Vol,, (K — K) < 4" -Vol,(K).
As T° < K° we obtain

Bourgain-Milman
with T symmetric

Vol,(K) -Vol,(K°) =4~"-Vol,(T) - Vol,(T°) > 2790 .vol,,(B)?
—_—— —

=4""Vol,(T) =Vol,(T°)

O

One should mention that the reverse of this inequality (that means the Blaschke-
Santal6 inequality) does not necessarily hold. Consider K := [-1, M] € R with M
large. Then K° = [-1,3;] and Vol, (K)-Vol; (K°) = (M—1)-(1—4;) = M/2 for M = 4.
Next, we can prove that the powerful duality result for covering numbers from
Theorem 7.7 extends to asymmetric sets:
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Theorem 8.10. Let K,T < R" be convex bodies, both having 0 as barycenter.
Then
279 N(T°, K°) < N(K, T) < 2°" N(T°, K°)

Proof. It suffices to prove one direction. We will use that we know the inequal-
ity for symmetric sets already from the Kénig-Milman Theorem (Theorem 7.7).
Then

monotonicity

N(T°,K°) < N(conv(T° U (-T7)°),K°n (-K)°)
Ko6nig-Milman o) o 010 o 040
< 29" N((K°n (-K)°)°, (conv(T° U (-T)%))°)
= 29U N(conv(K U (-K)), TN (-T))
< 200 . N(K-K,K)-N(K,T)- N(T, T n (~T))
N e’ —_—
<20(n) <20(n)

where in the last step we use Rogers-Shepphard (Theorem 1.47) and Milman-
Pajor (Theorem 4.5). O

In order to obtain an M-ellipsoid for a non-symmetric body K, the obvious
strategy is to try either the M-ellipsoid for larger symmetric set K — K or the one
for the smaller symmetric set K n (—K). Luckily in terms of M-position it does
not matter which one we use:

Lemma 8.11. Let K < R" be a convex body with barycenter at 0. Then K — K is
in M-position if and only if K n (=K) is in M-position (possibly with different
constants).

Proof. Follows from Kn(—K) € K—K and N(K-K,Kn(-K)) < 25" see Lemma 4.8.
Then the covering numbers N(K-K, rB}') and N(Kn(-K), r B}) differ by at most
a factor of 207, 0

Finally we can argue that after a translation, every convex set admits an M-
ellipsoid.

Theorem 8.12 (M-ellipsoids for asymmetric convex sets). For any convex body
K < R™ with barycenter at 0, there exists an ellipsoid £ so that

(A) One has

—-n n

_VOK+P) _ o V(K4 P)
Vol, (€ + P) Vol,(E° + P)
for every symmetric convex body P.



8.8. REGULAR M-ELLIPSOIDS 153

(B) One has
max{N(K,E), N(K°,E°), N(E,K), N(E°,K°)} <20M

Proof. Applying a linear transformation to K does not change the validity of the
statement and it also leaves the barycenter at the origin. Hence we may assume
that the symmetric body K — K is in M-position with respect to the ball B}. We
claim that then the properties hold for the choice of £ := B}. As K~ K is in M-
position we know that there is a constant Cy so that

Vol,(K+P) _Vol,(K-K)+P) __,
Vol,(B} +P) ~  Vol,(By+P) ~ °

for every symmetric convex body P. For the lower bound, suppose that K n (—K)
is in M-position with respect to the ball rj,B;’ and with respect to the constant
C1. Then in particular we have Vol (rintB;') = Vol ,,(K N (=K)) =4 "Vol,,(K - K) =
8~ ""Vol,(Bj) using the Milman-Pajor Theorem (Theorem 4.5 with Cor 4.6) from
which we conclude that § < rin¢ < 1. Then

Vol (K+P) _ Volu(KN (=KD +P) 1 Vola((K 0 (K)) + P)
Vol,(Bf +P) ~  Vol,(BI+P) Vol (rincB} + P)

> (1/4)"Ct

The volume bounds for the polar work similar, using the inclusions (K- K)° < K°
and (K N (=K))° 2 K°. For the covering estimates we have N(K, Bg) < NK -
K,By) <29 and N(B},K) < N(B}, K n (-K)) < 29" The other two estimates
follow from duality of covering numbers. O

8.8 Regular M-ellipsoids

We want to briefly mention a powerful extension to the concept of M-ellipsoids.
If £ is the M-ellipsoid for K, then we know that in particular N(K, £) < 29", But
this alone does not necessarily guarantee that the covering number is shrinking
substantially if the ellipsoid is scaled, i.e. it is not clear how large N(K, &) with
t > 1 would need to be. A stronger form of so-called regular M-ellipsoids pro-
vides such guarantees! exactly. Details can be found in the textbooks of Artstein-
Avidan et al [ | or Pisier [ ] or in the original work of Pisier [ I.

Theorem 8.13 (Pisier). Let 0 < p < 2 and let K < R" be a symmetric convex body.
Then there exists an ellipsoid £ < R" so that

N(K,t&),N(E,tK), N(K°,tE°),N(E°,tK°) <exp(Cn/tP) V=1,

where C:= C(p) > 0 is a constant only depending on p.
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Note that setting ¢ := (2Cn)"/? we have N(K, t€), N(E,tK) = 1 and hence
1€ c K c t&. From this one can see that the statement must be false for p > 2.
With some extra work, the concept of regular M-ellipsoids can be generalized
to non-symmetric convex bodies (where the constant of % seems unlikely to be
tight).

Theorem 8.14 (Vritsiou [ . Let0<p< % and let K < R" be a convex body
with 0 as barycenter. Then there exists an ellipsoid £ < R" so that

N(K,t&),N(E,tK), N(K°,tE°),N(E°,tK°) <exp(Cn/tP) V=1,
where C := C(p) > 0 is a constant only depending on p.

We note that an earlier paper by Klartag and Milman [ ] (Prop 2.2) al-
ready claimed the same result, but the authors later report that the proofis flawed.
However, parts of the proof strategy of Klartag and Milman turned out to be
sound. We refer to the work of Vritsiou [ ] for details.

8.9 Exercises

Exercise 8.1.

For any symmetric convex set K < R” there is a linear map A : R” — R” so that one has
max {N(A(K), Q), N(Q, A(K)), N(AK)*, Q), N(Q, A(K)")} = 201" where Q := —=BL is the

. 2

cube of side length T
Exercise 8.2.

Let K € B be a symmetric convex set contained in the unit ball. Then there exists an
M-ellipsoid £* of K with £* € CBJ where C is a universal constant.

Exercise 8.3.

There is a universal constant C > 0 so that the following holds for even n. Let K < B} be
a symmetric convex body and let 0 < § < 1 be so that Vol (K) = 6"Vol,(B;). Then there
is a subspace F < R" with dim(F) = n/2 so that Voln/z((5—C;Kﬂ F)nBj) = 2‘C"Voln(B£l).
Hint. Consider the M-ellipsoid for K and show that at least n/2 of the axes have length
at least ©(62). Choose F as the span of the n/2 longest axis. You may use the result from
the previous exercise.



Chapter 9

The Gaussian Approach

The goal of this chapter will be to develop a more fine-grained understanding of
the Gaussian mean width

g(M):=E [sup(t,x)]
X~Yn' teT

for a set T < R”. Recall that this is not really a new quantity as g(7) = % ~w(T)
where w(T) is the mean width of T and a,, = Ex~y, LIIxll2] is the expected length

of a Gaussian where /- /"5 < an < \/n, see Lemma 1.1.

So far we have mostly considered sets T that were convex bodies, but convex-
ity is not needed for the definition to make sense. In fact, we can even restrict to
the finite case whenever it is helpful:

Lemma9.1. Let T <R". If T is unbounded, then g(T) = co. If T is bounded, then
for any € > 0 there is a finite set T' = T with g(T) — ¢ < g(T') < g(7).

We leave the proof as an exercise. Throughout this chapter we use log(x) :=
In(x). Whenever we state an upper bound including a O(log(NN))-term the reader
should interpret this as O(log(2N)) to cover the case N = 1.

9.1 Gaussian Random Processes

It will turn out to be useful to discuss a more general concept. Unlike the other
chapters in this set of lecture notes, for the remainder of this chapter we will fol-
low the exposition in the recent textbook by Vershynin [ ]. First we want to
introduce Gaussians that are not necessarily “standard”. If M € R"*" is a symmet-
ric, positive-definite matrix, then we write N(0, M) as the distribution of a Gaus-

155
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sian random vector x ~ N(0, M) with expectation Ex~n(,m) [X] = 0 and covari-
ance matrix Ex-no,m) xxT] =M. Equivalently, for i, j € [n] one has Ex~n,am) [X; -
Xj] = M;j. We remind the reader that a random Gaussian x ~ N(0, I;;) can be
generated by sampling the coordinates xi,...,x, ~ N(0,1) independently. We
start with the following rather abstract definition:

Definition 9.2. A random process is a collection of random variables (X;) e on
the same probability space. A random process (X;) 1 is a Gaussian process, if
for every a: T — R with finite support, there isa o = 0 with ¥ ;1 a; X; ~ N(0,0?).
For such a Gaussian process we define a metric d by d(s, t) := E[| X; — X;|?]'/? for
s, teT.

For this definition we make no restrictions on the index set T. We would like
to mention that all Gaussians for the rest of this chapter are “centered”, which
means they have mean 0.

We give a name to the type of Gaussian process that corresponds to our geo-
metric setting:

Definition 9.3. For a set T < R", the random process (X¢) ¢ with X; = (x, t) for
x ~ N(0, I,) is called a canonical Gaussian process.

If T is finite then we call (X;);e7 a finite Gaussian process. We summarize a
few facts about Gaussians:

Lemma 9.4. The following holds:

(A) Let (Xy)ser and (Y;):eT be two finite Gaussian processes with identical co-
variance matrices (i.e. E[X;X;] = E[Y;Y,] for t,s € T). Then the distribu-
tions of (X;) ;e and (Yy) ;e are identical.

(B) Let(X,):er be a Gaussian process and let T' € T be a finite set with E[X; X;] =
O forallt,se T' with t # s. Then the random variables (X;) ;" are indepen-

dent.
1L (1 1,\,-s%/2 1 ,-s%/2
(C) Fors>0onehas 7=(; - gle <Pry nooy)lx =z -0l < Z=e

Typically (A) is proven by arguing that the Fourier transforms of both pro-
cesses are identical and then conclude that the distributions themselfs are iden-
tical. We skip the proof though.

It is useful to observe that the distance metric for a canonical Gaussian pro-
cess (X¢) e corresponds to the Euclidean distance of the vectors:

ds, 0 =E[|Xs-X[]"* = E [xs-0?]"

x~N(0,1,)

=|s—tll, Vs teT
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We will often work with a general Gaussian process as it gives us some more flex-
ibility — in some sense it is “dimension-free”. But it is useful to keep in mind that
at least for the finite case both concepts are equivalent:

Lemma 9.5. A Gaussian process (X;) e with finite T is always a canonical Gaus-
sian process.

Proof'sketch. Let M € RT*T be the covariance matrix of the Gaussian process,
meaning that M, = E[X;X;] for s, € T. Then M is positive semidefinite and
so there are vectors {u;};c7 with u, € R so that M ; = (us, u;). Now consider
the random process (Y;) ;e with Y; := (x, u;) with x ~ N(0, I,1)). Then E[Y,Y;] =
(us,u;) = My, for all s, ¢t € T, meaning that the Gaussian processes (X;);er and
(Y:)teT have the same covariance matrix. Then by Lemma 9.4.(A) the random
processes have the same distribution. O

Now we come back to our main task of understanding the expected supre-
mum of a Gaussian process which is

£[supx).

First, we want to emphasize that for independent Gaussians, the expected supre-
mum is rather easy to understand:

Lemma 9.6 (Geometric version of Lemma 9.7). Let T = {x,,...,xn} be pairwise
orthogonal vectors with A < ||x;|l» < B for all i € [N]. Then

O(Ay/log(\V)) < g(T) < ©(By/log(I\)).

Moreover, the upper bound also holds for non-orthogonal vectors.

We will prove this in the setting of Gaussian processes:

Lemma9.7. Let (X;) ;e be a finite Gaussian process where (i) one has A < [E[Xf‘] 12 <

B fort € T and (ii) one hasE[X; X;,] =0 for all ty # t,. Then

0(4/10g(ITD) <E| sup X,| <©(By/log( 1))

teT

and the upper bound holds without (ii).

Proof. It suffices to show the claim for |T| large enough. We also may assume
that for some 7y € T the lower bound on the variance is tight, i.e. A=E[X2]"2.
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Note that the assumptions tell us that (i) the standard deviation of the random
Gaussians X; is between A and B and (ii) the Gaussians X; are independent.

For the upper bound we simply observe that || X;|ly, < O(B) and so the claim
follows from Lemma 3.17.(i).

Now we come to the lower bound. Again using the estimate from Lemma 9.4.(C)
one can verify that for some small constant ¢, >0 and A := ¢» Ay/log(| T|) one has

PriX; =] = % for each t € T. Using the independence gives

ind
PriEce T: X, = A "= 1-[] (1-Prix, = 1))
teT >1"/|T|

—x/2 1
1 \IT| 1-x=e™¥*V0=<x<3 7|
> 1—( ) f1-e Tz

> l-e >

1
|T| 4

We are almost done with the analysis, but there is the slight issue that the ran-
dom variable sup, r X; might also be negative sometimes. But the negative con-
tribution can be loosely bounded by |E[min{0,sup,.r X/}]| < |E[min{0, X;}]| <

EIIX,, [ = /2 A. Then

2
E|supX;|=A-Pri3re T: X, > A —J;Az c3Ay/log(I T))

teT
as claimed. O
This leaves us with two main questions:
1. How can we show a lower bound on E[sup ;. r X;] without orthogonality/independence?

2. How can we get better a better upper bound than just using a union bound.

9.2 Slepian’s Inequality

We will now develop a tool to answer the first question. In a simple to state form,
we can prove the following:

Lemma 9.8 (Sudakov-Fernique Inequality — Geometric version). Let T = {x1, ..., XN}
and S = {yy,...,yn} be two sets of vectors with ||x; — xjll2 < |y; — yjll2 for all
i,j€I[N]. Then g(T) < g(S).
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X1X2X3 )2

/;.“‘\ J/l.,o\‘J’S
/ \ / \
1 \ 1 \

° 1 ° 1
|\ | |\ |

\ / \ /

~ 4 ~ 4

-~ -
g = g(s)

The idea behind the proofis to continuously “morph” the set T into the set S and
prove that along the way, the expected supremum is non-decreasing. Again we
use the probabilistic view for the proof.

9.2.1 Gaussian Interpolation

We show a few lemmas first that are fairly specific about Gaussians.

Lemma 9.9. Let f : R — R be a differentiable function. Then

X~Ig;:(0,l) [f (01 = X~zg(o,1) [X- f(X0]

Proof. Let y(x) := ﬁe‘xz/ 2 be the density function of the Gaussian and w.l.o.g.

assume that f(x) # 0= a < x < b for some bounded interval I = [a, b] = R. Then
for X ~ N(0,1) one has!

partial int.

ELf (X = ff’(x)~y(x)dx [f(x)-y(x)]Z—ff(x)-)/’(x)dx
1 D ——— 1

=0

() _flf(x).(_x.y(x)) dx =E[X- f(X)]

where we use in () that y'(x) = —x-y(x) as one can easily verify. O
Here is the multi-dimensional analogue (we skip the proof):

Lemma 9.10. Let f : R" — R be a differentiable function and let M € R™*" be a
PSD matrix. Then for X ~ N(0, M) one has

ELX- f(X0] = M EIVSX))
— ——

eRn ERT eRn

Recall that integration by parts gives fab fl)yx)dx + f: FX)Y' (x)dx = f(x) ')/(x)lg =0as
fla)=0= f(b).
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Note that writing this equation coordinate-wise gives
X: f(X)] = 2 M E|—(X

again with X ~ N(0, M).

Now we come to the Gaussian interpolation principle. The idea is that we
consider two Gaussian random vectors X,Y and a smooth interpolation Z(u)
between those where Z(0) = Y and Z(1) = X. Then we can characterize exactly
how E[f(Z(u))] changes as u increases. For example suppose that X ~ N (0, MX)
and Y ~ N(0, MY) are Gaussians where the covariance matrices MX and MY are
identical, except for a single entry (i, j) where M 5 = M}; + €. Then indeed

a2
[6 i0Xj

d
—Elf(Z)] = -(zw)

Lemma 9.11 (Gaussian Interpolation). Let MX, MY € R"*" be PSD matrices and
let X ~ N(0,MX) and Y ~ N(0, MY) be independent Gaussian random vectors.
Define the interpolation

Zw):=vVu-X+vV1-u-Y foruelo,l1].

Then for any twice-differentiable function f : R" — R one has

d LSt S0 X Y of*
4 - X_ MYy z
—ELf(Zw) = Z;E(M,J M) E| Teor, )]
Proof. Using the chain rule® we can write
d chain rule 1 9] f az;
L R Y g [T (zw)
» 1 qof i Yi
= -2 E—ZWw) |—=-
21:21 [dx,- “ (\/ﬁ m)]
ClamBl 1 ¢h¢n o x oy of?
m 2;;(1\% M) [E[axiaxj(Z(u))]
Here we use in (+) that ;f7 (VuX; + VI-uY) = ;1= X; - 5=,

Claim I. Conditionon Y. Then

iil—[E[Xl f(Z(u) ]:élM;.’ij[ jlzaf (Zw)]

2We use the following multivariate cham rule: let f:R” - Rand g: R — R” with g(u) =
(81(w),..., 8n(w)). Then & (f(g(u)) = X1 1ax L (g(w)- g ().
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Proof of Claim. We consider Y as fixed for the remainder of the proof of this
claim. Abbreviate g;(X) := g—j; (VuX++v1-uY). Then

1

7 [ )

u i=1X Xi

M=
=<
B}

%

>

~
Il
—

(X)]

M=
M=
E

I
- 2l -
\M

I (Va-x+Vizu- Y)- vl

Fs | ”X dxlax]
n o n 2f
_ ;;M E[axlax](zm))]

One can obtain an analogous expression for the Y;-term (we skip the proof).
Claim II. Condition on X. Then

£l 2]~ £ el E iz

i,j=1 !

9.2.2 Proof of Slepian’s Lemma

After the previous Lemma we can give a natural condition when the increase is
guaranteed to be non-negative. To get some intuition imagine we have a func-
tion f(x) = ap + Z?:l bixi+).ix;jcijxix; which is a degree-2 polynomial. Then
the expected function value is Ex~no,a [f(X)] = ap + Yi#j CijEx~No,m [Xi Xj]
meaning that in particular any linear term is cancelled out. Then if ¢;; = 0 and
we increase E[X; X;] = M}, then the expected function value would be increasing
(or remain the same).

Lemma 9.12 (Functional form of Slepian’s Lemma). Consider two Gaussian ran-
dom vectors X e R" and Y € R" with

E[X?]=E[Y/] Vie[n] and E[X;-X;|°l<ElY;-Y;|’] Vi, jeln]

Let f :R" — R be a twice-differentiable function with a;?ja];j =0 foralli # j. Then
Elf(X)] = E[f(Y)].
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Proof. Using the formula from Lemma 9.11. we get

d 10 Y afz
— ELf(Z(w)] _Zgg X M) [E[ax,-axj (Zw)|=0
{:0 ifi = j, 0 if i#]
>0 ifi#j

As the expectation is increasing in u, we can conclude that E[ f (Y)] = E[f(Z(0))] <
ELf(Z())] =E[f(X)].

O

Now we can provide the proof of Slepian’s Inequality:

Theorem 9.13 (Slepian’s Inequality). Let (X;);eT and (Yy) ;e be two finite Gaus-
sian processes so that

EIX71=ElY7] and ElX;-X9)’| <E(Y,~Y)?*] Vs, r€T
Then for any T € R one has

Pr[supX[ zr] sPr[squ[ zr].
teT teT

Moreover E[sup . X;] < E[sup;c Y]

Proof of Slepian’s Inequality. We set n :=|T|. For some parameter > 0, let us

define
1

l+exp(-B-(t—x+ ﬁ))

We make the observation that hg is strictly decreasing in x, at least twice differ-

entiable and for any fixed x one has limg_., hg(x) = 1j-c0 7).
A

hp(x) :=

1

1
|
L \Ps
|
I

0 >
T
We set fg(x) := H" 1 hp(x;) which is an approximation to the function Imayx,_, _,{x;}<r-

We can verify that for i#jandxeR"onehas

02
I8 - g -hy(xp) [T hx) >0

0x;0Xj N »_v_/ke[n]\{z /AN
<0 <0
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Then by Lemma 9.12 one has

Pr| max X;<7|= lim E[f3(X)] 2ﬁlim Elfg(Y)]=Pr| max Y;<7

i=1,..,n p—oo i=1,...,n

The “moreover” part follows from the integral identity. O

9.2.3 The Sudakov-Fernique Inequality

We have stated earlier the geometric version of the Sudakov-Fernique Inequality
(see Lemma 9.8) which only proves the “moreover” part of Slepian’s lemma, but
it allows that the variance of the random variables strictly increases. Now we give
the probabilistic version and the proof:

Theorem 9.14 (Sudakov-Fernique Inequality). Let (X;) e and (Y;) e be two fi-
nite Gaussian processes so that

Ell X, — Xs*1 <E[lY; - Y5l Ve#s

Then E[sup;cr X;] < E[supr Y:l.

Proof. After reindexing we have T ={1,...,n} and X; = (g, x;) and Y; =(g,y;) for
some vectors x; and y; and g ~ N(0,I,). Recall that the covariance matrix of
X is le’g = (x;,xj) = 5(Ix;13 + I x;15 — llx; — x;]3) and the assumption says that
lx; —x;jll5 < ly; — yjl3 for all i, j € T. As before, we set Z(u) := vuX +v1—-uY.
For a parameter 8 > 0 we define a function

fpz) = llog(iexp(ﬁzi))

ﬁ i=1

which is often called soft maximum function. This function is monotonically in-
creasing and at least twice differentiable with limg_., f5(2) = max;-,,... » z; for ev-

ery fixed z € R”. It will be convinient to abbreviate coefficients p;(z) := %.
k=1
Note that p;(z) = 0 and Z? , Pi(z) = 1. One can easily verify that that 2nd deriva-

tives of the softmax functions are

.....

azfﬁ (2) 2 azfﬁ(Z)
72 =B-(pi(z) - pi(2)°) and 52102, =-B-pi(2)-pj(2)
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We can simplify the contribution of X to the Gaussian Interpolation Formula as

‘ZZMZ%.@ZZOZ]- ﬁZlellelg ﬁzz<x1»x]>pzp]

i=1j=

n

Z illxi 15 - ﬁZZ(nxluﬁux]uz lx; = x;15) pi p;

i=1 i=1j=

n 9 2 n

Z ||xi||2—2-52pi||xi||22pj ZZplp]nxl x;jll5
: izl j

ll]

=1
[ S
v~

=0

for any vector z with p; := p;(z). Then using the Gaussian Interpolation Formula
we obtain

i[E[f (Z(w)] = fi(MX M-Y~)~[E[ s (Z(u))]
du P b | H 0z;0z;

N NI
||'M: )
[\’J:

(||xl~ — 13- lyi - y13) E| pi(Zw) - p;(Zw) | <0
~- ) T (S 0 J
<0 = >

As in a previous proof, this implies

,..., =1,...

—X —Y

9.3 Sudakovs’ Minoration Inequality

We can now give an answer to the problem of proving lower bounds on E[sup ;7 X;]
for non-independent Gaussian random variables. The beauty in the Sudakov-
Fernique Comparsion Inequality is that we can now analyze g(7) for non-orthogonal
vectors by comparing it with g(S) for orthogonal vectors S.

Lemma 9.15 (Sudakov’s Inequality — Geometric version). Let T = {x1,...,xn} be
vectors with A< || x; — xjll2 < B fori # j. Then

O(A,/log(\)) < g(T) < ©(By/log(\V))
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Lemma 9.16 (Sudakov’s Inequality). Let (X;) ;e T be a finite Gaussian process where
A<ElXy, — X,21V2 < B forall t; # t,. Then

0(Ay/log(T1) < [E[s.tgaxt] <0(By/log( 7))

Proof. We only prove the lower bound; the upper bound is already proven in

Lemma 9.7. Let (Y;);er be independent Gaussians with E[V?]!/? = \/%. Then

for s # t one has E[|Y; — Ys|?] = E[Y?] + E[YZ] = A* < E[|X; — X,|*]. By Sudakov-
Fernique Comparison Inequality (Lemma 9.14) and Lemma 9.7 for independent

Gaussians we have
E [ sup X;| > [ sup Y;| = Q[ 4/log(IT))

teT teT

A useful quantity in the study of Gaussian processes is the following:

Definition 9.17. Let X = (X;) 1 be a Gaussian process with distances d(s, t) :=
El1Xs — X;121Y2 and d(s, S) := inf{d(s, 1) : t € S}. For € > 0 we define

Ny (X):=min{|S|:ScTand Vte T:d(t,S) <&}

If X = (X¢) e happens to be a canonical Gaussian process with T < R” then
this definition corresponds to the covering number N, (X) = N(T, eBg) (where
centers need to be chosen from the set T). In that case we also use the notation
N (D).

Theorem 9.18 (Sudakov’s Minoration Inequality). Let X = (X;) ;e be a Gaussian
process. Then for any € > 0 one has E[sup,c7 X;] = Q(ey/log N (X)).

Proof. Pick a maximal set S< T with d(s,t) = € for s, € S. Then N (X) <|S] (as
d(t,S) <eforall t € T). Then applying the Lemma 9.16 to S we get

E [ Stlel%)Xt] =3 [stléEXt] Lo O(e4/log(1S)) = O(e1/log(N: (X))

(note that if S can be picked with |S| = oo, then E[sup ;. 7 X;] = 00). O

9.3.1 Application for Covering Numbers in R”

Now we can give a nice application to bounding the volume of a polytope with
few vertices. Intuitively the claim says that a polytope contained in B} needs
exponentially many vertices in order to cover a significant fraction of the volume
of B}

2
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Theorem 9.19. Let P < B} be a polytope with N vertices. Then

Vol,,(P) - (log(N))O(n)
Vol,(B}) n

Proof. Let x1,...,xy be the vertices of P, that means P = conv{x,...,xy}. Let
€ > 0 be a parameter that we determine later. We use Sudakov’s Minoration In-
equality to obtain

hm 9. % [lx;llo<1
Oey/logNe(P) = g(P) Y glixr,...xnh) 2 ©(/log(N) (%)

Here we use in (*) that a linear objective function over P is maximized at one of
its vertices. Rearranging ( *) then tells us that we can cover P with at most

Ng (P) < N®(1/€2)

many e-radius balls.

\s___’/

Then considering a covering of P with e-radius balls gives a volume bound of

Vol (P) < NOWeD) Vol (eBy) _ NOWED) n e::,/lcf(M/n(log(]\r))Cn
Vol,(BY) ~ Vol,(BY) B n

9.3.2 The Gaussian Contraction Principle

We want to state an inequality that is often useful. A function ¢: R — R is called
a contraction, if |p(x) — p(y)| < |x — y| for all x, y € R. For example the function
¢(x) :=|x| is a contraction.

Theorem 9.20 (Gaussian Contraction Inequality). Let P < R" be a bounded sym-
metric set and let ¢y,...,¢, :R — R be contractions. Then

igizi‘]

i=1

5 givitzn|| = E  [sup
o

E [sup
i=1 N@O,Iy) ! zep

8~N@O,I,) ! zep
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This result can be easily proven by applying the Sudakov-Fernique Inequality
in Theorem 9.14.

9.4 Dudley’s Inequality

In this section we will answer the question whether one can provide a systematic
upper bound on the supremum of a Gaussian process which is better than just
taking the union bound as in Lemma 9.7. In some sense we will show that Su-
dakov’s lower bound of ©(e/log N, (X)) is tight minus the issue that we need to
sum over the whole range of possible ¢’s.

Theorem 9.21 (Discrete version of Dudley’s Inequality). For any finite® Gaussian
process X = (X;)e7 one has

E[supX:| <0 ¥ &\/logNe().

teT ce2Z

Proof. Let Ty < T be minimal (%)k-nets of size | Tx| = Ny 9k (X). Forevery t€ T
we let 4 (f) € Ty denote the closest point, meaning that in particular d(¢, 7 (1)) <
(%)k. We fix a kmin € Z and kmax € Z so that | Ty . | =1 and | T, | = T and write
Tk, = tfo}. This construction induces a tree with leaves T and root 7y as depicted
below:
l
Thin /0\
Ti—

Ti—1(1)

T,  m(n)
T
t

Our goal is to find an upper bound on the quantity E[sup,r{X; — X4}] (which
is the same as E[sup,.r X;| as E[X;] = 0). Then E[sup,r{X; — X;,}] is upper

3In the available literature (see e.g. [ , 1) this inequality is usually stated for
any Gaussian process, not just finite ones. But that brings us to some subtle issues of how
the expected supremum is actually defined. For example [ | defines E[sup;cr X¢] :=

sup{E[sup;cs X;| : S © T with S finite}. Then indeed the bound proven for finite subprocesses
carries over.
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bounded by the maximum length of a path ¢ = my__ (1) — 7w, —1(0) — ... —
Tk +1(8) — Tk () = fp from a leaf to the root. To obtain Dudley’s Inequality
we will upper bound the expected maximum edge weight on every level which
then naturally implies an upper bound on the expected maximum weight of ev-
ery Ifp-t path.
We first bound the expected maximum stretch on one level:

Claim. For every k one has E[sup {1 Xx, (1) — Xn,_, (0} < O(1) - (3)%1/1og| T.
Proof of Claim. For a fixed t € T we have

Nk (1\k1 1\k

+|=| =4-(=].
2 (2 ) ( 2 )

A (0), mp-1(0) =d (1), 1) + d(mp-1 (1), 1) < (—

The number of different pairs (m(t), m-1(t)) is bounded by | Ty| - | Tk-1| < | T |2
Then using the upper bound from Lemma 9.16 we obtain

[E[Stgg{Xnkm ~ Xn y0}] =004 (%)k\/logum%

which is of the claimed form. O
Now we can finish the argument (using that E[X;,] = 0):

kmax

E [ sup{ Y Xn— Xne o }]

[E[sup{Xt—Xto}]

teT t€T " k=kmin+1
kmax
< Z E [sup{Xnk(r) - Xnk_l(t)}]
k=kpin+1 — t€T
kmax
< 0 ) (1/2)F /10N (X))
k=kmin+1
which is the desired bound. O

Theorem 9.21 can also be restated in the form E[sup 7 X;] < O(1)- J5~ v/log N (X)de
which is called Dudley’s Integral Inequality.

9.5 Generic Chaining and Talagrand’s Majorizing Mea-
sure Theorem
While for many settings, Dudley’s chaining argument gives already a tight bound,

we will see a construction in the exercises where the gap between Dudley’s bound
and the real expected supremum is unbounded. To get some intuition where
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Dudley’s argument is potentially loose, consider a random process X = (X;)ser
and the tree that we have used to prove Theorem 9.21. For Dudley’s bound we
have upper bounded the maximum weight of edges separatedly on every level.
Butitis not hard to see that in general the combination of those maximum weight
edges do not form a path from a leaf to the root!

lo

Tiin / .\
Tk

Ti-1(2)

T, mi(D)

T
t

We will now discuss a refined bound due to Talagrand. Again we use the no-
tation d(t,S) :=infcsd(t,s) forasubset Sc T.

Definition 9.22. Let T be a set with metric d. We call a sequence (T%) k=0
T < T an admissible sequence if

o With

.....

ITol=1 and [Ty <22 Vke{l,2,..}
Then

o0
— : ki/2
YZ(T, d):= (T)k ;élnflissible { stlelll“) ];)2 au Tk)}

Intuitively the bound says that we can select a “net” T and we need to pay
for the maximum sum of distances of any ¢ to all the nets, weighting the distance
to Ty by 2K12 1f X = (X})se7 is a Gaussian process then we write Y, (X)) := y2(T, d)
where d(s, t) := E[| Xs — X;|?1"/? is the usual metric. We can now prove that the
quantity y, (X)) is an upper bound on the expected supremum:

Theorem 9.23. Let X = (X{) (e be a Gaussian process. Then
E [ supXt] < 0(1) - 72(X).
teT

Proof. Fix an admissible sequence (T})k=o,.. .o With Ty = {fo} and let m(¢) € T
denote the closest point to t.
Claim I. For u = 10, one has

(+) 1= Pr [ SUP | Xigy(0~ X, ()] < Cu®ed(mi(8), me 1 (1)) Wk €N| = 1-2exp(-u?)
teT
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Proof of Claim I. For a fixed k and ¢ we have by Lemma 9.4.(C) that
Pr {1 X, (1) — X e-1)| > Cu2®? . d(mp(0), mpy (t))] < 2exp(-8u?2")
for some constant C > 0. Then we can bound

() |Pionpoun 5 Y Pr[IXs, — Xyl > Cu2M? - d(sy, 5)]

k=1s1€T,52€T)_1

(0]
= | Tyl -| Ty | -2 exp (- 8u?2F) < 2exp(—u?)
=1
S22k+1
if, say u = 10. So the claim is proven. O

Now fix a value of u and suppose the event in Claim I happens. Then

o0 o0
sup|X;— Xg| = sup| ) Xp.n— Xnk,lm)‘ <sup ) | Xn,(t) — Xnpy 0|
teT teT ' f=1 teT k=1

< sup Y Cu2?.d(mi(t), mr-1(2)) < Cu-y2(T)
teT fe=1

If we think of u as the random variable that gives the smallest possible value that
makes Claim I true, then clearly E[u] < O(1) and the claim follows. O

The amazing result (again due to Talagrand) is that y» (X) is always a constant
factor approximation to the real expected supremum for any Gaussian process.

Theorem 9.24 (Talagrand’s Majorizing Measure Theorem | D). Let X = (X{)ter
be a Gaussian process. Then

C172(X) <E [sup X[] < Coya(X)

teT

for universal constants C;,C, > 0.

The proof of the lower bound is rather involved and we will have to omit it
here.

9.5.1 Approximating symmetric convex bodies

We want to describe a geometric implication of Talagrand’s Majorizing Measure
Theorem that can be tremendously useful. We can prove that for every symmet-
ric convex body K there is an included body W < K that has only few constraints
that are close to the origin.
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Theorem 9.25. For any symmetric convex body K € R" with Ex-no,1,)[IxIx] =1,
there is a symmetric convex body

W:={xeR":|(d,x)|<C-2"?VkeNVde D;} c K

. k . )
where Dy < $"~ with |D| <22 and C > 0 is a universal constant.

Proof. We write K = {x e R" | (a,x) <1Va e T} with 0 € T (one can choose for
example T := K°, but our argument does not need convexity, so in case K is a
polytope, T can be chosen as the facet normal vectors plus the origin). Consider
the Gaussian process {X4}q4c7 With variables X, := ({(a, g)) where g ~ N(0, I,).
The distance metric of that Gaussian process is simply d(a, b) = E[| X, — Xp|?]'/2 =
la— bl,. Note that ||x|lx = E[sup,ct{a,x)]. We apply Talagrands Majorizing
Theorem (Theorem 9.24) and obtain an admissible sequence { T} k=o,... 0o With

(i) Ty Tforall ke Zsg, (ii) To=10}, (iii) |Til<22 forkeN

so that

& Thm 9.24 assumption
sup{ ) 2"2.d(a, T} = O(l)-[E[suan] <o)
acT " =0 acT

For each a € T, let m;.(a) € T; be the closest element in Ty, i.e. d(a,ni(a)) =
d(a, Ty). Now we have everything in place to define the body W that approxi-
mates K. We set

W= {xelR”:I(a—b,x)l <C-2"2|a-b|l, VkeNVaeT,Vbe Tk_l}

where we will choose C > 0 small enough. We want to prove that W < K. First
note that for any a € T we can write

a=) (@) -7 (a@).
k=1
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Now fixanyx€ W and a € T. Then

o0
a,x)| = {mi(a) = i1 (a), %) |
k=1
WS & C small
<Y c2Mdma), ni @) < 0C)- Y 2M2d(a, Ty < 0(C) S 1
k=1 <d(a,T)+d(a,Ty_,) k=0 ,

55(1)

and hence x € K. It remains to bring the constraints of W into the claimed for-
mat. We set Dy := {ﬁ ca€ Ty,be Ty} for ke N. Then |Dy| < |Ty| | Ti-1| <

k k- k . .
2222 < 22" and the claim is proven. O

By arranging the sets Ty, T1, T»,... as one sequence of vectors a;, ay, as, ...
Theorem 9.25 can be conviniently rephrased as follows:

Corollary9.26. For any symmetric convex body K < R" there is a sequence {a} pen <
§"~1 of unit vectors so that

C/log(2¢)

Ex~noo,1,,) [ X1 k]

W:={xeR":[(asx)| <BsVleN} with f;:=

satisfies W < K. Here, C > 0 is a universal constant.

We want to emphasize that this result in Cor 9.26 is so tight that the body
satisfies Ex~no,1,) [l xXllw] = O(1) - Ex~neo,1,) [l Xl x]. Even stronger, simply by ap-
plying a union bound over all the constraints defining W, one can derive that
E[IXw] = O1) -Ex~no,1,) [ x|l x] for any subgaussian random vector X.

9.6 Subgaussian random variables and Talagrand’s Com-
parison Inequality

The reader should observe that many of the upper bounds on E[sup ;. X;] which
we have seen so far, only use the fail bounds that we know for Gaussian ran-
dom variables X;. This applies for example to the upper bound in Lemma 9.7,
Dudley’s Inequality (Theorem 9.21) or Theorem 9.23. In turn this means that the
same bounds would apply to any “non-Gaussian” random variables as long as
these satisfy Gaussian tail bounds. At this point we recommend the reader to
review the subgaussian norm introduced in Section 3.4.

For example we can use Dudley’s bound or Talagrand’s bound (Theorem 9.23)
to upper bound E[sup .y X;] in terms of the || - |, -norms. But often this is still
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tedious! Amazingly we can simply upper bound E[sup,. X;] by the value of a
dominating Gaussian process.

Theorem 9.27 (Talagrand’s Comparison Inequality). Let (X;) ;e be a mean-zero
random process and let (Y;) e be a Gaussian random process. Assume that

1Xs = Xelly, SE[NYs— Y212 Vs, teT

Then
E [supX[] <C-E [sup Y[]
teT teT

for a universal constant C > 0.

Proof. We abbreviate dx (s, 1) := | Xs— X¢lly, and dy (s, ) := E[| Ys— Y¢|*]"/* for s, 1 €
T. First we make the observation that the proof in Theorem 9.23 only uses tail
bounds for Gaussians and applies as well to the random process (X;) e, mean-
ing that E[sup,c7 X;] < y2(T,dx). Next, the assumption tells us that dx(s, ) <
dy(s,t) for all s,¢ € T and so by monotonicity we have y,(T,dx) < y»(T,dy). Fi-
nally Talagrand'’s Majorizing Measure Theorem [ ] shows that up to a con-
stant factor, y»(T, dy) is also a lower bound on E[sup,.; Y;]. We summarize this
to

Theorem 9.23 monotonicity
[E[SUPXt] < Cy-v2(T, dx) < C1‘Y2(T,dy)SC1C2-[E[sup Yt]
teT teT
for some constants C;, C» > 0. O

We would like to point out that this is an incredibly powerful principle. While
we will only see two such application of Talagrand’s Comparison Inequality here,
the book of Vershynin [ | has several more.

9.6.1 The inequality of Maurey and Pisier

We prove a variant of an inequality due to Maurey and Pisier [ .

Theorem 9.28 (Maurey-Pisier). There is a universal constant C > 0 so that the
following holds: For any symmetric convex body K < R" one has

E ik <C-

E .
E Ll

y~N@©,I

Proof. We note that for any vector b € R" and some constant Cy > 0 one has
I <b, x) ly, < Collbll2 (Where x ~ {~1,1}") as one can easily derive from Lemma 3.17.
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We can write K = {x e R" | {a;,x) <1 Vi € T} for some index set T. Consider the
mean zero random processes (X;);er with X; := (a;,x) and x ~ {—1,1}" as well
as the Gaussian process (Y;);jer with Y; := (Cpa;,y) and y ~ N(0,1,). Then for
indices i, j € T we have

1X; = Xjlly, = I {a; — aj, %) lly, < Colla; — a;jll2 = E[lY; - Y;1*1"/2

Then by Talagrand’s Comparison Inequality (Theorem 9.27) we have

E lxld=_ E [suptam| = & E - [supcGoany)
x~{-1,1}" x~{=L1}" L jeT Yy~NOI) b jeT
= GG E [yl
y~N(0,I,,)

9.7 Concentration for Gaussian Random Matrices

The goal for remainder of this chapter is to prove the tight bound of Dvoretzky’s
Theorem. The key tool is a very tight — and very flexible — deviation inequal-
ity for random matrices. We write N"*"*(0,1) as the distribution over Gaussian
random matrices A € R™*" where all entries are drawn as A;; ~ N(0,1) indepen-
dently. Recall thataset T is symmetricif -7 =T.

Theorem 9.29. Let K < R be a symmetric convex body with %B’" € K and let
A ~ N™"(0,1) be Gaussian random matrix. For any symmetric set T < R" one
has

E [ sup|l Axlc - E[ 1 4xlk]|] < O - g(T)

xeT

Proof. By scaling K and T we may assume that b =1 and so B} < K. For x € R"
we define the random variable

Xy = lAx|x —E[l Ax| k]

The claim is that E[sup,. r | Xx|] = O(g(T)). We note that (X)xe 7 is not a Gaussian
process, but at least E[X,] = 0 for all x. Moreover, we should explain why each
random variable X} is sub-gaussian. As B)" < K we know that the map y — ||yl x
is 1-Lipschitz and for a fixed vector x € R” we know that Ax ~ | x|[2N(0, I,,).
Then by Theorem 3.10 this means that in our recently developed notation one
has | ||Ax||1<||w2 < C||x||, for some constant C > 0.

Now back to the actual proof. We will compare the mean-zero random pro-
cess (Xx)xer and with the canonical Gaussian process (Yy)xer defined by Yy :=
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C-(g,x) where g ~ N(0, I;) and C is a large enough constant. Assuming that we
can indeed prove that

to prove! /
IXe=Xylly, = Clx=yla=E[IYx=Y,P]"*  VxyeRr”
then by Talagrand’s Comparison Inequality (Theorem 9.27) we can conclude that*

supl(g, 01| ~E U O(e(TY).

| ] Talagrand
xeT

<" 0 [sup| Vel = 01 E
xeT gN hAn

E [ sup | Xx
xeT
The first step is to analyze the subgaussian norm of individual random variables

more carefully:

Claim 1. Fix a € R"™, s = 0 and consider the random variable f(b) := |la + sbl| x
whereb ~ N(0,I,). Then | f(b) —E[f (B)]lly, < O(s).

Proof of Claim I. By Theorem 3.10 it suffices to prove that the function f is s-
Lipschitz. And indeed for b, b’ € R™ one has

B'cK
|f(b)— f(B")| =|lla+sbllix—lla+sbllk| <slb-b'lx < slb-b'l,

Next, we show the required claim for unit length vectors.

ClaimII. Forx,y € S" 1 one has || Xy — Xylly, = Cllx—yl2 for alarge enough con-
stant C > 0.

Proof of claim. Define u := % and v := % We keep inmind thatx =u+v,y =
u—v. Note that u 1. v and so Au ~ ||ul2N(0,1,,) and Av ~ ||v|.N(0,I,,) are
independent random vectors. In the following we write we write | - [ly,u) for
the subgaussian norm of a random variable where we have conditioned on the

outcome of° Au. Then conditioning on any outcome of Au we have

a.=Au,
|l A+ Aviix — E[| Au+ Avlk | Aul IIWZ(AM) =" |la+sbli—Ella+sbl] ||1,,2
Claim I
< O(llvli2)

Analogously we have

Il Au— Avllx — E[l Au - Aviix | Aul|,,, 4, < OCIVll2)

4Here we have the small technicality that we have | - | on the left hand side. That means we are
actually interested in the expected supremum of the random process (+ Xx) xe 7. Using Talagrand
we can relate this to the expected supremum of the Gaussian process (+ Yx) xe7 which is the same
as the expected supremum of (Yy)xeT because we assumed that T is symmetric.

5Which does not mean that we have conditioned on the outcome of all of A.
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In fact the random variables Au + Av and Au — Av have identical distributions
(regardless whether we condition on Au) or not. Then using the triangle inequal-
ity (Lemma 3.17.(iii)) one has

[1Au+ Av| k- “Au_Av”K”wg(Au)

= H(||Au+Av||K—[E[||Au+AvnK | Au)) - (| Au— Avx —Elll Au— Av| | Au])] ot
2

Lem. 3.17.(iii)
<

< ‘MAu+Amm—EWAu+Amm¢Am‘
< O(llvll2)

ot H | Au - Avlx — Ell| Au— Avl|x | Au]]

w2 (A V2 (Aw)

Since this is true for every conditioning Au it must also hold unconditioned (one
can derive this easily from the definition of y»). Hence

llAxlx ~ Il Aylk],, = [l Au+ Avix -l Au— Avik],, < Olvl2) = OUlx - yl2)

which finishes Claim II. O

Now we consider the case for arbitrary vectors x,y € R”. By symmetry we
may assume || x|z = [|yl.. Also we have already argued that || Xy|ly, < O(lx2)
which covers the case | yll, = 0. Then after scaling we may assume that ||x|l, = 1
and [|yll2 = 1. We write x = sx with s = ||x||» and || x|, = 1. Then X = s- Xz and so

1Xe=Xyly, = =D Xet (Xe=Xply,
Lem. 3.17
< (= DI Xelly, + 1 X = Xy ly,
< 0W-(s-D+1E-yl.)
= 0 (Jx=Ely+ |-yl

=lx-yl2 <lx-yl2

= om)-llx—yl2
gn-1 gy
0 o/ o\ —e X
That finishes the proof. O

We would like to point out that this theorem can be proven not just for norms
but also for the more general class of positive-homogeneous, subadditive func-
tions. Again, see | ] for details.
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9.8 The tight version of Dvoretzky’s Theorem

Recall thatin Chapter 5 we have proven the following version fo Dvoretzky’s The-
orem:

Theorem (Theorem 5.6). Let K < R" be a symmetric convex body andlet0 < ¢ <
%. Then there exists a subspace V of dimension k := @(log‘i—im log(n)) sothat KNV
is (1+ €)-spherical.

It turns out that the dependence on ¢ is not tight and with some work one can
remove the log(1/¢)-term. Now that we are closing in on the proof of Dvoretzky’s
Theorem we want to discuss how we actually generate a random k-dimensional
subspace F € R”. In Chapter 5 we have typically selected a matrix U € R**F so
that the columns are orthonormal. This had the benefit that Fn S""! = {Ux :
x € S¥=1} are precisely the unit vectors in that subspace. On the other hand, the
machinery that we developed here only applies to random Gaussians. Hence we
want to draw a Gaussian random matrix A ~ N"*%(0,1) and use the subspace
F := span{Ax | x € R*} spanned by the columns of A. Note that by rotational
symmetry this is again a uniform k-dimensional subspace. Consider the map
T:R* - R" with T(x) := a—lnAxwhere an :=Ey~no,1,) [IlYll2] = v/n,seeLemmal.l.
Then for each fixed x € S¥~1 we have F4[|| T(x)|l2] = 1. While some deviation is
possible we will be able to argue that T(Béc) is approximately S~ n F.

First, we prove a little helper lemma:

Lemma 9.30. Let T : R¥ — R” be an linear map, let K < R" be a symmetric convex
body and let0 < £ <1 and r > 0. Consider the subspace F := {T(x) | x € R¥}. If
1T (x)|lx —r|<erVxe S, then(1-€e)r-(KNF) < T(Béc) c1+8r-(KnF).

Proof. After scalingassume r = 1. By convexity, for the 2nd inclusion it suffices to
prove that T(S*"1) ¢ (1+¢€)K. And indeed for x € S*~! one has || T(x)[|x < (1+€) by
assumption. Now suppose that thereisa y € F with ||yllx<1—-¢cand y ¢ T(Béc).
We can scale y down until y € 6T(B§) and still [|yllx < 1—¢€. Butif y lies on
the boundary of T(Béc) then also y € T(S¥~1). Again the assumption tells us that
lyllx — 1| < € which is a contradiction. O

Lemma 9.31. There is a constant ¢y > 0 so that forn e N and € > 0 and k < cye®n

the following holds: Draw A ~ N™k(0,1) and consider the map T: R* — R" with
T(x):= ;- Ax and F := span{Ax: x €R"}. Then

Pr|(1-¢)-(BYnF)< T(BY) < (1+e)(BINF)|=0.99.
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~_

Proof. We apply the Matrix Concentration Theorem 9.29 and

[E[ sup

xeSk-1

I Axllo - EllAx]2| | < 0) - g(s*~) < 0V

=dapn :ak

Then dividing by a,, and choosing the constant ¢y small enough gives

| Ax|2 €
[E[ sup a—n—IH <0(v k/ﬂ)Sﬁ

xeSk-1

Then with probability at least 0.99 one has

Ax
| A s
xesk-11 Qn
Using Lemma 9.30 this then shows the claim. O

Now we come to the tight version of Dvoretzky’s theorem which was proven
first by Gordon.

Theorem 9.32 (Gordon [ ). Let € > 0. For every symmetric convex body
K < R" there is a subspace F < R" with dim(F) = k =: ©(e?log(n)) so that dgp;(Kn
EBNM<1+e.

We already know that for any symmetric convex body K we can find a Q(logn)-
dimensional 2-spherical section. Then after scaling it only remains to prove the
following:

Theorem 9.33. For a universal constant ¢y > 0 the following holds: Let K be a
symmetric convex body with %B" € K<2B} andlet0 < ¢ < 1. Then thereis a
subspace F € R" with dim(F) = k := cye’n so that

(1-¢)-(BYyNnF)SKNFc(1+¢€)-(BynF)
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Proof. We draw a Gaussian random matrix A ~ N¥*(0,1) and consider the sub-
space F := {Ax : x € R¥} spanned by the columns of A. Note that with probability
1 one has dim(F) = k. We define amap T : R* — R” with T(x) := alnAx. Note that

for a fixed x € S*°! one has Eall Axllx] = Ey~no,1,) 1Ykl = @n - Ey-gn-1[llyllx] =
an - M(K). Then using Theorem 9.29 we get

[E[ sup

xeSk-1

| Axllc—E[14x] ] |] = 0 g(* )
—_—— —
=apM(K) =ag
Then by Markov’s inequality the left hand side expectation is at most 100 times

the right hand side with probability 99%. We fix a matrix A where this indeed
happens and the event from Lemma 9.31 happens. Then dividing by a, gives

|WumK=MmﬂsogQ:®b@Eﬂs§Mm)(ﬂ
n

sup
xeSk-1

using M(K) = 1/2 as K < 2B; and using that k = coe?n with a small enough con-
stant ¢y. Then combining (*) with Lemma 9.30 we know

(-3 e (143
1—5)-M(K)-(K0F)§T(Bz)§(1+§)'M(K)‘(KﬂF) (%)
and from Lemma 9.31 we know that also
(1—5)-(B”nF)cT(Bk)c(1+f]-(B”nF) (5 % *)
3 2 = 27 = 3 2

Combining (**) and (* * *) we obtain

E E
3 .on l+3
(BYNF)SMEK)- (KNP S (B nF)

E E
1+3 ~3
~—~— ~—~—
>1-¢ <l+e¢
as desired. O

9.9 Exercises

Exercise 9.1.
Let T < R". Prove that if T is bounded, then for any € > 0 there is a finite set 7’ < T with
g —-e<g(Th=<g.

Exercise 9.2.

Consider the Gaussian process X = (X;)en of independent Gaussians with [E[Xt2
1

\/1+10g2(t))'

]1/2 —
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(a) Prove that E[sup,yn X;] is finite.
(b) Prove that Dudley’s upper bound is unbounded®.

(c) Give an admissible sequence which shows that y, (X) is finite.

Exercise 9.3.
Prove that for any symmetric set T < R” and any symmetric convex body K < R™ one
has

sup (4x, ) - g(K) - | 11| | < O(g(T) -radius(K)

[sup sup

E
A~Nm<n 1) L xeT

Hint. Use Theorem 9.29.
Remark. This is known as “Two-sided Chevet’s Inequality” or “General Chevet Inequal-

ity”.

Exercise 9.4.

Let T < S"! be a symmetric set and draw A ~ N"*" where g(T) < Cy/m for a small
enough constant Cy. Then with probability at least 1/2 one has T nker(A) = @.

Hint: Apply Theorem 9.29.

Remark: This is known as the “Escape through a Mesh Theorem”.

Exercise 9.5.

Let S € S"7! be a finite set of points. Let k := % log(]S]) for a large enough constant C.
Show that for a Gaussian random matrix A ~ N¥*"*(0, 1) with probability at least 1/2 one
has (1-¢g)arllx—yl < |Ax— Ayl < 1 +¢&)arllx—yl, forallx,y € S.

Hint. Apply Theorem 9.29.

Remark. This is known as “Johnson-Lindenstrauss Lemma’.

Exercise 9.6.

Prove that for a large enough constant C the following holds: A random matrix A ~
N™"(0,1) with m = Cn has 3v/m < 0(A) < 2/m for all i € [n] with probability at least
1/2.

Hint. Recall that o;(A) gives the ith largest singular value of A. In particular o,(A4) =
maX,egn-1 |Axl|l; and 0, (A) = mingegn-1 || Ax|l». Use again Theorem 9.29.

6In the proof of Dudley’s upper bound we have made the assumption of a finite Gaussian
process but the bound indeed holds in the infinite case too.



Chapter 10

Volume distribution in convex bodies
and the isotropic position

In this chapter we will discuss the distribution of volume in a convex body. For
this sake we are introducing another “standard position” for a convex body where
we ask that the mass of a body is as normalized as possible. This position will turn
out to be helpful for many types of such volume considerations.

10.1 Introduction

Before we begin, recall that we say a body K is centered, if bary(K) = Ex~x[x] = 0.
The central definition is as follows:

Definition 10.1. A convex body K < R" is in isotropic position, if the following 3
conditions are satisfied:

I Vol,(K)=1.
(I) The barycenter of K is the origin.
(I) One has Ex-x [xx!] = a- I, for some a > 0.

Another way to see this is that if we sample x ~ K uniformly, then the 1st and
2nd moment of x are identical to a scaled standard Gaussian. The constant «
from (III) is going to be of particular interest to us:

Definition 10.2. For a convex body K < R” that is in isotropic position we define
the isotropic constant as the number Lg € Rx satisfying Ex-x [xx”]| = L% - I,,. For
a convex body K that may not be in isotropic position we set L := L7x) where
T is a volume-preserving affine map' so that T (K) is in isotropic position.

1Recall that T : R"® — R" with T(x) := Ax + b with A € R"™*" b € R" and |det(A4)| = 1 is affine
and volume-preserving in the sense that that Vol (T (K)) = Vol (K) for any measurable set K.

181
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We will see later in Sec 10.3 that the map T putting T (K) in isotropic position

is unique up to rotations and so this definition is well-defined. It is worth noting

. . Ean 211/2
that for an isotropic convex body K one has Ly = =X——2° [x)

somewhat proportional to the average length of points in K. We will see that al-
ways Lx = Q(1) and L is indeed minimized for the Euclidean ball (see Sec 10.4).
On the other hand, upper bounds on Lk are a lot less understood. It is easy to
derive from John’s Theorem that at least for symmetric convex bodies one has
Lk < O(v/n) and with a bit more work one can prove that Ly < O(n'*log(n)),
which is due to Bourgain (see Section 10.8). But it is indeed conjectured that a
constant upper bound on Lk is possible. This can be phrased as a conjecture in
various different forms:

meaning that Lk is

Isotropic Constant Conjecture 1. One has Lx < O(1) for any convex body
K.

Isotropic Constant Conjecture II. For any convex body K < R" in isotropic
position and any direction y € S"*~! one has Ex-x[{x, y)?] < O(1).

Slicing Conjecture I. For any convex body K in isotropic position and any
direction 8 € S"! one has Vol,,_; (KN 0+) = Q(1).2

Slicing Conjecture II. For any centered convex body K with Vol,(K) =1,
there exists at least one direction 8 € $"~! so that Vol,,_; (KN 8+) = Q(1).

L7 0

We will later give formal statements and prove that in fact all these conjectures
are equivalent. The chapter will then close with a proof of Bourgain’s upper
bound of Lx < O(n'’*log(n)); a key estimate that we need towards that goal is
that for any convex body K in isotropic position and any direction 8 one has
Vol,,(fx € R" | (x,0) = t- Lg}) < exp(—0(t)) for any ¢ = O(1). In particular from
this one can see that the isotropic constant Lx controls how much volume non-
centered slices of K may contain.

2\We abbreviate 8-+ := {x € R" | x L 0} as the (n— 1)-dimensional subspace that is orthogonal to
the vector 6.
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10.2 The basics

To get some intuition we want to discuss at least one concrete example. Con-

sider the cube K := [-3,3]" which has Vol,(K) = 1 and is centered. Moreover
Fx-x[xx’] = a- I, where a = [ExN[_%,%][xZ] = 4. Hence we know that K is in

L

NevL Next we will formalize a claim that we made

isotropic position and Lx =
earlier:

Lemma 10.3. IfK < R" is in isotropic position then [ExNK[Ilelg] = nLi andEx-xllxl2] <

vn-Lg.

Proof. Simply write

2 Jensen linearity
E [Ixl2]° < E [Ixl5]= E [Tr[xxT]] = Tr[ E [xx"] ] =I4n
x~K x~K x~K x~K
—_——
=151,
where Jensen’s inequality applies as y — y? is a convex function. O

We show a useful lemma which implies that in order to check isotropy of a
body it suffices to verify a 1-dimensional integral.

Lemma 10.4. Suppose that K < R" is convex with bary(K) = 0 and Vol,(K) = 1.
Then the following is equivalent:

e K is isotropic with constant L.

e One hasEx-x[(x,y)°] = L% ||yl for every y € R".

Proof. Abbreviate M := Ex.x[xx”]. Then Ex-x[{x,y)?] = (M, yy’). We can now
see that (M, yy”) = L2 |lyll5 Vy e R" iff M = IA I,. O

Phrased differently, for any convex body K in isotropic position, the random
variable (x, y) with x ~ K has a standard deviation of exactly Lk for any direction
y € S""1. We want to restate the first two conjectures that we mentioned in the
introduction:

Conjecture 1 (Isotropic Constant Conjecture I). Thereis a universal constant C >
0 so that Lx < C for any convex body K < R".

Conjecture 2 (Isotropic Constant Conjecture II). There is an absolute constant
C > 0 so that every convex body K < R" in isotropic position satisfies

E (x,y)’1=C* VyeS"!
x~K
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Then from Lemma 10.4 we see that these two conjectures are equivalent and
indeed the best achievable values of C are the same in both.

10.3 Existence and uniqueness of isotropic position

It still remains to justify that any convex body K can be brought into isotropic
position and that the position is unique up to rotation.

Lemma 10.5. Let K < R" be a centered convex body. Then there exists a bijective
linear map T :R" — R" so that T'(K) is isotropic.

Proof. Consider the matrix M := [, xx” dx. Then by construction, M is symmet-
ric and positive definite and hence it has a square root M'/? > 0. Consider the
map T (x) := M~'/2x. Then we can verify that for every y € R” one has

f (x,y)* dx
T(K)

det(M‘”Z)f (M 2x, 9y’ dx
K

det(M—l/Z)L<xxT,(M—1/2y)(M—1/2y)T> dx

using an integral transformation. Then a scaling of T (K) will be in isotropic po-
sition. O

Next, we can prove that the isotropic position is unique up to orthogonal
transformations. In the same proof we will learn that the isotropic position arises
as a solution to a minimization problem. To be more precise, the isotropic posi-
tion will be the one that minimizes the average || - |I§ -length of points in K.

Lemma 10.6. Let K < R" be a centered convex body with Vol,,(K) = 1. Define
B(K):= inf{fT(K) ||x||§ dx|T:R" — R" linear map with |det(T)| = 1}
Then a position Ky = T(K) (with Vol,,(Ky) = 1) is isotropic if and only if
f I3 dx = B(K)
T(K)

Moreover, if K; and K, are isotropic positions of K, then K, = U(K;) for some
orthogonal transformation U : R" — R".
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Proof. Let Kj be an isotropic position of K. Then | K xxT dx = a- I, for some
a > 0 and le IIxIIde = Tr[fKl xx" dx] = an. We need to prove that no other
transformation could achieve a smaller value.
For this purpose, fix any linear map A : R" — R" with |det(A)| = 1 and esti-
mate that
f ||x||§dx:f ||Ax||§dx:f Tr[A” Axx"]dx
A(KY) K Ky

linearity

a-Tr[ATA] = an

here we use that AT Ais a symmetric PSD matrix with det(A” A) = 1 and so Tr[AT A] =
n by the arithmetic-geometric mean inequality. Moreover, the only case where
one has equality is if AT A = I,, which means that A is an orthogonal matrix. That
concludes the uniqueness proof. O

We can also give an alternative variational argument. We restate the part of
the claim that we reprove:

Lemma 10.7. Suppose that K is a centered convex body with Vol,(K) = 1 and
the property that I, is an optimum for the minimization problem. Then K is in
isotropic position.

Proof. Take any linear map A : R” — R” with det(A) = 1. Let € > 0 be small
enough so that I,, + €A is invertible and consider the matrix B := %.
Then by minimality

f Ixl2dx
K

IA

flleIl%dx: f||x+sAx||§ dx
K K
1

1+ Z£Tr[A] + O(e?) fx

det(I, + eA)?/n
(103 + 26 (x, Ax) + O(e) dx

Then rearranging, and comparing the derivative w.r.t. € at € = 0 (which makes
the O(¢?) terms disappear) we obtain

lTr[A]-f ||x||§dxsf (x, Ax)dx (%)
n K K

Repeating the argument with —A we obtain that the inequality (*) holds with
equality; after rearranging we obtain
f lxl5dx = L[ (x, Ax)ydx = L%‘[ xx'dx, A)
K Tr{A] Jx Tr[A] Jk
for all invertible linear maps A. The only way that the right hand side expression

is constant over all A is if [, xx”dx = alI, for some @, which means K was in
isotropic position. O
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The discussion above leads to an alternative characterization of Lg (which
also could be used as a definition):

Lemma 10.8. Let K < R” be a convex body with bary(K) = 0. Then

1 Ex~70 [1X]12]
Lic = (% min { Exruollxla]

1/2
Vol (T (K27 | T bijective linearmap})
n

Proof. Applying a linear transformation to K does obviously not change the right
hand side, hence we may as well assume that K is in isotropic position. Then by
Lemma 10.6 the minimum is attained for the identity 7' (x) = x. Then

1 1/2 cor103 ( 1 1/2
(= E i3] 2 (S onid ) = L
nx~K

as claimed. O

This characterization is useful because for any centered convex body K < R”

and any linear map T with Vol, (T(K)) = 1 we obtain an upper bound of Lx <

Ex-raollIxl1351"/?

Vn

10.4 Lower and upper bounds on Lg

Interestingly one can prove that the Euclidean ball is the body that minimizes the
isotropic constant and hence Lk = (1) for any convex body K.

Lemma 10.9. Every convex body K < R" has Lx = Lp» = ¢, where ¢ > 0 is an
absolute constant.

Proof. The isotropic constant Lk is invariant under linear transformations, so
me may assume that K is in isotropic position. We pick r so that the ball B := r B}
has Vol,,(B) = 1. Note that also B is isotropic. Observe that Vol,, (K \ B) = Vol (B \
K), but the vectors in K \ B are longer than the ones in B\ K.

\B

B\K
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This insight alone implies the statement as “moving” mass from K\ B to B\ K can
only decrease the average || - ||§—length. More formally one can verify that

Kisotropic (1 1/2 1 1 1/2

Le DUEPC (= f lxi3dx) "= (= [ ixiddx+— [ fxidx]
nJg nJknB nJk\B

1

1
2 2
> (—f ||x||2dx+—f llxll5dx
n Jxkns n Jpk

We have already justfied earlier that Lg» = ¢ for some universal constant ¢ > 0.
O

1/2 B isotropic
) E L

In fact, there is no convex body K known where even Lx > 1. We can obtain
a first rather weak upper bound on Lk using John’s Theorem. Recall that dp;;(K)
is the Banach-Mazur distance of a body to B'.

Lemma 10.10. Let K < R" be a centrally symmetric convex body. Then Lk <
O(dpm(K)) < O(Wn).

Proof. Apply a linear transformation to K so that Vol,(K) = 1 and rB} € K <
rdpm(K)Bj. Clearly r < ©(y/n) because Vol,,(©(/n) - B}) = 1. We cannot guaran-
tee that K is now in isotropic position, but still by Lemma 10.8 we can obtain an
upper bound of

1 1/2 1 1/2
Le= (= B3] = (=0 dan(K0)?) = Ol (K))

O

One can prove that in order to solve the isotropic constant conjecture one
can restrict the attention to symmetric bodies. The proof is a bit more involved
and we simply state the result which uses a construction of Keith Ball:

Theorem 10.11. For every convex body K < R", there exists a centrally symmetric
convex body Q €R" so that Ly < C- Lo where C > 0 is a universal constant.

10.5 Moments of Inertia and maximal hyperplane sec-
tions
Let K < R" be a centered convex body with Vol,,(K) = 1. We define the matrix of

inertia of K as
Mg:= E [xx”]
x~K
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Then Mk is a positive definite matrix by construction and hence there is a pos-
itive definite square root My'*. As usually we also denote Mg and M;'/? as the
linear maps that are described by the matrices Mg and MI}” 2, We define the
Binet ellipsoid of K as

Ep(K) := MM*(B)) = {Mg'"*x | x € By}

Then the norm induced by that ellipsoid satisfies
1/2 T 1/2 21)Y/?
IVenio = WMyl = " My = E [(x)°])

This means that for any y € S, the standard deviation of the random variable
(x,y) with y ~ K is given by || y |l £, x). From what we know already it follows that:

Corollary 10.12. Let K < R" be a centered convex body. Then K is in isotropic
position if and only if Eg(K) = L - By.

Geometrically one may imagine that £5(K) behaves “inverse proportionally”
to K:
E5(K) = 7B} Ep(K)

=T =< /_—\

\

/

A

~ - N -

—_——

K in isotropic pos. K not in isotropic pos.

As we mentioned earlier, a linear map T : R"” — R” with |det(T)| = 1 is volume
preserving. We will now prove that Vol, (£ (K)) = Vol ,,(Ep(T(K)) by showing that
Ep(K) is a function of the isotropic constant L.

Lemma 10.13. Let K < R" be a centered convex body with Vol,(K) = 1. Then
Vol, (€p(K)) = Vo, (B)) - L

Proof. One can easily check that for any bijective linear map A : R" — R”, the
matrix of inertia changes as Myx) = AMxA” when applying a linear transfor-
mation. Then let A be the map with |det(A)| = 1 so that A(K) is in isotropic po-
sition and so £(A(K)) = L}lBZ”. We know that M) = AMx AT, but these two
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matrices have identical determinant. Then

Lol (Bp) TEPE Yol (E5(AK))

Vol. of ellipsoid -
= Vol,,(By) - | det(M k)|

- Vol,(B) - | det(My)| /2

L. of ellipsoid
Vol. o e:1p501 VOln(EB (K)

O
We can now derive that every convex body has a “thin direction” depending

on its isotropic constant. Interestingly for this statement, the body K does not
need to be in isotropic position.

Lemma 10.14. Let K < R" be a centered convex body with Vol,(K) = 1. Then
there exists a direction y € S"~! so that

W2l <12
xiEK[<xJ’>]< K
y

Proof. Recall that for a symmetric convex body Q, the radius in direction y is
denoted by pg(y) = max{r = 0| ry € Q}. Integrating in polar coordinates (see
Lem 1.46) gives

Vol,,(Q)

Vol,,(BJ)

Applying this to the symmetric convex body £5(K) gives

E_ Q"= E_ lpew"]=

integrating in
polarcoord Vol,,(£5(K)) Lem 10.13 , _

no L
- Iyl Vol,,(BY)

Hence there must be at least one vector y* ~ S~! where indeed | y*|| 0 =< Lk.
We discussed earlier that [|y* || ¢, k) = Ex~x [(*, ¥)*1'/* which proves the claim. [

In the proof we used an average argument over an inverse quantity. And indeed
for along and skinny body suchas K:=[- N] x X 5o X almost all of the vectors
y will have Ex-x [(x, y)?] > L%.

We want to eventually prove that for a convex body in isotropic position, ev-
ery slice K N @ has the same volume — up to a constant factor. For this goal, we
need a couple of technical estimates.

2N’
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10.6 The Maximum of Log concave functions

Next we show an important inequality that relates the maximum of a log concave
function with its bary center. Recall that a function f : R" — [0,00[ is centered if

Jenx- f(x)dx=0.

Theorem 10.15 (Fradelizi). Let f : R" — [0,00[ be a centered log-concave func-
tion. Then sup{f(x) : x € R} < e”"- f(0).

Proof. Let us scale the function so that [, f(x)dx = 1. Then we can interpret f
as the density function of some distribution p. Note that the property that f is
centered means that Ey..,[x] = 0. We will show that for a fixed x* € R” one has

In(f(x*) 2 E (In(f)] +n < In(FO) +n

In fact, we can see (**) from

JE, [In(f)] e, (f(x[gu[x] )) = In(£(0))

——
=0

where we apply Jensen inequality with the fact that In(f(x)) is concave. Recall
that for a concave function g(x) := In(f(x)) we always have the upper bound

gx*) < g(x)+{(x* —x,Vg(x)).
,8x) +(—x,Vg(x))

g() =In(f()

: : R"
@ *—>
*

X

. . x
Then averaging over x gives (*) as

In(f(x*) < E [1n(f(x))]+ E [<x*—x,Vg(x)>
X~p X~

J/

(*:k(*)

It remains to show that (x * ) = n. Recall that Vg(x) = Vfﬁ’?

from the average to the integral view gives

(***):f fx) (x* - f];())>d f(x Vf(x))dx f (x,Vf(x))dx n
[Rn

=0 =—I’l

. Then switching
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Here we use the following:

Claim. Let f : R" — [0,00[ be an integrable function withlim x|, —oo | XII5 f (X)dx =

0 and [gn f(x)dx = 1. Then [g. (x,Vf(x)) dx = —n.

Proof of Claim. First consider a 1-dimensional function i: R — R>o with lim| | [ X
h(x)| = 0 (i.e. quickly decaying). Integration by parts gives [ x-h'(x)dx = x-h(x)—

J h(x)dx. So

fx-h'(x)dx [x-h(x)]1%, fh(x)dx
R
Now consider the function f. Then

[, (3 g rw)as
Z - l(f xl.aixif(x)dxildx_i :—nfRnf(x)dx:_n

=— [p f(X)dx;

f (x,Vf(x))dx
Rn

where x_; € R""! is the vector x without the ith entry. O

We can now get a nice application out of this theorem. If we take (n —1)-
dimensional slices of an arbitrary convex body, then the maximum volume slice
might not go though the barycenter — but one can prove that no slice is more
than a constant factor larger than the one through the barycenter.

Lemma 10.16. Let K < R" be a centered convex body with Vol,(K) = 1. Fix a
direction @ € ™! and consider the function f(t) := Vol,_1 (KN {x € R" | (x,0) =
t}). Then for all t € R one has f(t) <e- f(0).

max. volume slice slice through barycenter

Proof. By Brunn'’s Concavity Principle, the function f is log-concave. Moreover,
as K is centered, also f is centered. Then applying Theorem 10.15 with n =1
gives f(t) <e- f(0) forall t e R. O

Now we can summarize a few useful properties of log concave distributions:
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Theorem 10.17 (Properties of Log-Concave Distributions on R). Let X be an R-
valued continuous random variable with E[ X] = 0 so that the density function f :
R — [0,00] is log-concave. Then the following holds for some universal constants
C1,Cy>0:

(A) OnehasPr[X=0]=1.
(B) One has f(t) <6f(0)-2711O/2 forany t e R.
(C) The standard deviation of X sat1sﬁes S <E[x?)12 < fC—

§i0)
(D) Forany A =0 one hasPr[|X|= A 40-271,

o)) S

Proof. Claim (A). The claim is already shown in the proof of Griinbaum’s Lemma
(Lemma 1.38).

Claim (B). By symmetry it suffices to consider the case ¢ = 0. Fix a value s >
0 so that f(s) = % f(0) (after a small perturbation, f would be continuous and
such a value exists). In particular f() = 1 f(0) for 0 < r < s and hence s < %
as [ f(H)dt = 1. On the other hand, f is log concave and so for ¢ > s one has
2£(0) = f(s) = f(0'" f(1)*'" which can be rearranged to f(1) < f(0)-27"/S <
ORRERES

f0)
1

.
>

N

For 0 < t < s we use the estimate f(f) < 3f(0) from Fradelizi’s Theorem (Theo-
rem 10.15). Both cases are dominated by the upper bound f(¢) < 6£(0)-277/ /2,
Claim (C). Again we use the upper bound || f ||OO < 3f(0) from Fradelizi’s Theorem

(Theorem 10.15). This implies that Pr[|X| = 51> 1— ﬂ?(lgj = ; Then we can
lower bound the standard deviation as E[X? = (2 Tz (0))2 = 57 f(O) For the
upper bound we use the exponential decay from (B) to derive that

16 1 600
In(2)3 f(0)3 B f(O)2

12 f(O)
]1/2

)1/2

[E[XZ]Zf 2f(ndr 2 2. 6f(0)f 22702 g1 =12 £(0)-

Claim (D). By symmetry it suffices to prove that Pr[X = )Lm] <20-2*. We ab-

breviate s := A-2. Then

N

2-6

2—Sf(0)/2 < 20 . 2—/1
ln(2) N

Pr[X =1] = ff(t)dt<6f(0)f 27002 gy =
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10.7 Slices of isotropic bodies

Now we can prove that for a convex body in isotropic position, every slice though
the origin has approximately the same volume of @(ﬁ). Recall that we abbrevi-

ate @ = {x € R : x 1 0} as the (n — 1)-dimensional subspace orthogonal to 6.

Theorem 10.18. Let K < R" be an isotropic convex body. Then for every direction

0 € S ! one has c

c
L <Vol,.,(KnoH) ==
Lg Lk
where c1, ¢, > 0 are absolute constants.

Proof. We fix a body K in isotropic position and a direction 8 and abbreviate
f() :=Vol,_1({x € K | {(x,0) = t}) as the function that gives the volume of the
slices in direction 6. Recall that f is log concave. Consider the random variable
(x,0) for x ~ K which has f as density function. Then

1/2 ThmlO.l7.(C)[ Ci G ]

Lg= E [(x,60)° —
o= B | fO) f(©)
Rearranging gives the claim. O

This brings us to the following conjecture (also called the Slicing Problem or
the Hyperplane Conjecture):

Conjecture 3 (Slicing Conjecture I). For every convex body K < R" in isotropic
position and any direction @ € S"~! one has

Vol,_1(Kn8+) = C,
where C; > 0 is a universal constant.

Conjecture 4 (Slicing Conjecture II). For every convex body K < R" with Vol,,(K) =
1 and bary(K) = 0, there exists a direction 0 € S"" ! so that

Vol,_1(Kn@+)=C,
where C, > 0 is a universal constant.
We will now show these conjectures are equivalent:

Lemma 10.19. Isotropic Constant Conjecture I < Slicing Conjecture I < Slicing
Conjecture I1.
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Proof. We prove the equivalences in several steps:
Claim. Isotropic Constant Conjecture I < Slicing Conjecture 1.
Proof of Claim. From Theorem 10.18 we know that for a convex body K in isotropic
position one has Vol,,_; (K n@+) = @(ﬁ) for every @ € S"7!. O
Claim. Slicing Conjecture II = Slicing Conjecture 1.
Proof of Claim. Suppose K is in isotropic position. Then by Slicing Conjecture II
there is one direction 8 with Vol,,_; (K n8+) = Q(1). Then by Theorem 10.18 we
know that this holds for every slice. O
Claim. Isotropic Constant Conjecture I = Slicing Conjecture II.
Proof of Claim. Let K be any centered convex body with Vol, (K) = 1. Then by
Lemma 10.14 there is a direction 6 € $"~! with Ex-x[(x,8)*] < L4. Again con-
sider the function f(¢) :=Vol,—; ({x € K | {x,0) = t}) which is the density function
of the random variable (x,8) where x ~ K. Then

C; Thm 12.17.(0

o

Rearranging gives f(0) = Q(ﬁ) and the claim follows. O

E [(x,0)%]"* <Ly
x~K

10.8 Bourgain’s upper bound for the isotropic con-
stant

The best bounds known on the quantity Lx are O(n'/4In(n)) due to Bourgain
and O(n''*) due to Klartag as well as a very recent bound of Chen [ ] which
shows that Ly < n°V, We will prove the weaker bound of Bourgain; here in the
exposition we will follow the simple proof of Dar. First, we need an estimate
about the distribution of volume:

Lemma 10.20. There is a constant C > 0 so that the following holds: Let K < R"
be an isotropic convex body. For a direction @ € S"~! one has

Pr |[(x,0)|=A-C-Lg| <40-27"
x~K

forall A =0.

Proof. For a fixed direction 8 € S~! we can consider the random variable X :=
(x,0) with x ~ K and its log concave density function f(¢) := Vol,_;({x € K |
(x,0) = t}). By isotropy of K and Theorem 10.17.(C) we have Lg = E[X?]'? €

[%, %}. Then by Theorem 10.17.(D) we get
2 7 Thm10.17.(D)
] <

2
Pr |X|zA—LK] sPr[IXIzA— < 0272
C f(0)
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O

This can be understood that for any isotropic convex body and any direction
0, at least 99.9% of the volume lies within a slab of width O(L—lK). We would like
to point out that the concentration from Lemma 10.20 is tight, at least when one
requires it to hold for every direction 6. To see this, consider K := ©(n)-B{' where
the constant is chosen so that Vol,(K) = 1. Then L; = ©(1) as one can verify and
the decay in any of the standard basis directions 0 € {ey, ..., e,} decays as in the
statement of the Lemma. That being said, for a random direction 0 the decay
would be a lot stronger. There is a rather simple consequence of this lemma.

Corollary 10.21. Let K < R" be an isotropic convex body and let 0;,...,0y € gn-1
be directions. Then

E | max [(0;x)|| < O(LgIn(N)).
x~K li=1,..,N

Proof. For each i € [N] and k = 1 one has Pr[|(8;,x) | = kC'In(N)] < ﬁ for some
constant C' > 0. Then apply union bound and sum up contributions for k = 1.
The calculation is very similar to Lemma 3.17.(i) and we omit the details. O

We need a decomposition argument that is similar to the one from Dudley’s
Theorem from Chapter 9.

Theorem 10.22 (Dudley-Fernique Decomposition). Let K < R" be a convex body
with 0 € K and let r > 0 be a parameter. Let m be so that K < r2™ - B}'. Then for
all je{1,...,m} there are sets Z; < 3r -2/ - B} of cardinality

w(K))Z)

|Zj| < exp(O(n) . ( 7

so that the following holds: for every x € K, there is a decomposition x = w + z; +
...+zy wherezj € Z; and | w|» < 2r.

Proof. By Sudakov’s Theorem (Theorem 4.12), we can cover K with balls of radius
2/r where the centers N; < K satisfy |N;| < exp(O(n) - (%Iro)z). Here one can

2
choose N, = {0}. For j = 1, we define
Z;:=(Nj—Nj+1)n(3r2/By)

as the set of difference vectors between step j and j — 1 that are short enough.
After adapting the constant, we still have | Z;| < exp(O(n) - (% -w(K))?). Now fix
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x € K. Let y; € N; be the point with [|x—y;|l2 < r2d, Setting z; := y; — y;j+1 where
Ym+1:=0and w:= x — y; gives a decomposition of

x=x-y)+n-y2)+Q@2—y3)+...+ (Ym—Ym+1)
—_—— ——— N — e

=w =21 =2 =Zm

Yo

Visualization for m =2

y1

Note that indeed [|wllz < 2r and ||zjll2 < lx - yjll2+ |x— yjala < 7- (27 +2/H) <
3r-2/sothatzj € Z;. O

Now we can give the result of Bourgain, where we use the proof of Dar:
Theorem 10.23 (Bourgain). Let K € R" be a convex body. Then Lg < O(n''*In(n)).

Proof. Wl.o.g. assume that K is in isotropic position. Let T : R"” — R" be the vol-
ume preserving linear map from the ¢¢°-estimate from Chapter 6, which means
that w(T(K)) < O(v/nlog(n)) and Vol,, (T (K)) = 1. Recall that the underlying ma-
trix T can be chosen to be symmetric and positive definite. As K itself is in
isotropic position we have Ex~ xlxxT] = L§<I »- Then

E | max (x, y>] = E [0 T0]=(E [ex"], 1) = [} TT 2 L ()
ye

=121,

where we use that det(T) = 1= Tr[T] = n.

We can apply the Dudley-Fernique Decomposition from Theorem 10.22 to the
body T'(K) with a parameter r > 0 that we determine later. We will use that every
vector y € T(K) can be decomposed into y = w + z; +... + z,, where |wll, < 2r
and z; € Z; with ||z] |l <3r- 2J and |Zj] <exp(O(n)- (W(T(K))) ). For a vector z, we

r2J
abbreviate Z := =~ > as his normalization. Then we can continue the bound from
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(%) to
m
LZn < E | max (x,y)]sz E |max{(z,x)|+ E [ max (w,x)
x~K LyeT(K) j=1x~K z€Z; x~K Ulwl2=2r
m .
< Y3r-2 E [max@o|+2r E (Ixlo]
i=1 x~K | zeZ; x~K
bound b};(Cor 10.21 <v/nLk by Lem 10.3
m .
< Y 3r-2/-0(LkxIn(Z;) +2rvnLg
j=1
mn ; w(T(K))\2
< ZSrZJLK-O(n)-(M) +2rynLy
j=1 r2J
O(n?log?(n mo
< —( g( ))LKZZ_] +2r\/ﬁLK
r £
j=1
1

We divide the obtained relation by Ly and choose r := n3/4log(n) to balance the
terms and get

O(nlog®(n)) 2r
< ——+

Lk ; 7 < 0(n'"*log(n))

O

Gaussian tails. It is also possible to obtain concentration with Gaussian-type
tails for volumes in isotropic bodies, not just the exponential tails as in Lemma 10.20.
We state the result without proof:

Lemma 10.24. For any convex body K < R" in isotropic position one has
Vol,({x € K | |xll, = CynLg - A}) < 2e™*

for any A = 0, where C > 0 is a universal constant.
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Chapter 11

Projections and sections of cubes

We have met cubes B/} as fundamental, yet very simple convex bodies. It turns
out that projections and sections of cubes have interesting properties that we
want to discuss in this chapter.

11.1 Introduction to zonotopes

Given vectors ay,..., a,, € R", the set
m
K:=conv{—ay,+a;} +...+convi—a,,, +a;} = { Z Aia;:A,..., Ay €1, 1]}
i=1

is called a zonotope. The 1-dimensional parts conv{—a;, +a;} are called the seg-
ments defining the zonotope. In our definition, a zonotope is always a compact
symmetric convex set. The easiest zonotope is certainly the cube B/, itself. Here
is a zonotope in R? defined by 3 segments:

More generally, a zonoid is any body that can be arbitrarily well approximated
by zonotopes. Formally speaking a symmetric convex body K < R” is a zonoid
if there is a sequence {K;};cn of zonotopes so that lim;_., dy(K, K;) = 0 where

199
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dy is the Hausdorff metric (see Chapter 1.3). It turns out that for all p = 2, the
balls By, are zonoids while for 1 < p <2, the balls B}, are not zonoids. For more
fascinating details on zonotopes and zonoids we refer to the article of Bourgain,
Lindenstrauss and Milman [ .

Recall that the support function kg : R” — R of a convex body K is hg(a) :=
Sup,cx (@, x). We will see that the support function of zonotopes has a neat
expression. For this it will be notationally convinient to think of the vectors
ai,...,a, as the rows of a matrix A € R™*",

Lemma 11.1. Consider the zonotope K = {37 y;A; | y € [-1,1]""} where A €
R"", Then the support function is hg (x) = | Ax||, for all x € R".

Proof. We verify that

hi(x) =max{ )" yi (4,2 : e [-1L,1} = ) 1(45,2) | = | Axl);
i=1 i=1

O

If we consider the linear map T : R”* — R" with T'(y) = AT y then the zonotope
K= {Z;?il yiAilye[-1,11""} is of the form K = T(BZ}), which means that one can
think of zonotopes as projections of cubes. Note that here “projection” does not
necessarily mean “orthogonal projection”.

We want to at least prove that B} is a zonoid. In fact, we will even prove a
rather strong quantitative bound on the number of segments required for an &-
approximation. This will also provide us with some motivation for the topic of
the following section.

Theorem 11.2. Let0 < ¢ < % Then there is a zonotope K < R" with O(;) many
segments so that(1—-¢)-K< B} <(1+¢)-K.

Proof. This will be a quick application of the incredibly powerful and flexible
concentration inequality of Theorem 9.29. Draw a Gaussian random matrix A ~
N™<1(0,1). We verify that for each x € "1 we have E4[[| Ax| ;] = MEa-No,1,) [l (@ x)]] =

2 _. 1
m\/; =: u. Note that —=B/"" < B{"". Then

NG
Th 9.29 ~ €
[E[ sup |||Ax||1—u|] o oWm)-g(S" Hh<ownmy<=-pu
A xesn-1 N—— 2
=0Wmn)

where in the last stepweuse m = C E% for alarge enough constant C > 0. Then if K
is the zonotope generated by the m vectors %, oo AT’" then the support function
satisfies |hg(x) — 1| < % for all x € S”~! and so K satisfies the claim. O
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Note that for a weaker bound of O(log(%) . g%) it suffices to use an e-net argu-
ment. Considering that a ball B}’ can be approximated with a zonotope with only
linear in » many segments, we might be wondering how well an arbitrary zonoid
can be approximated. We will answer this next.

11.2 Approximating zonotopes with few segments

In this section we will prove that every zonoid can be approximated surprisingly
well with only a few segments. We provide the proof of the best known bound
which is due to Talagrand:

Theorem 11.3 (Talagrand 1990). Let 0 < € < % For any zonoid K < R" there is a

zonotope Q with (1 -¢€)Q € K < (1 +€)Q so that Q has at most O(”l(;%(”)
segments.

) many

It is not known whether the log(n) term can be removed (even if one would be
willing to pay with a higher dependence on ¢). By definition we can approximate
the initial zonoid arbitrarily well with a zonotope K = X vidilyel[-1,11".
Then the support function of that zonotope is hz(x) = ||Ax|; and our goal is
to approximate that support function with hq(x) = || Bx|; where the number of
rows of B is at most O(%) (as that number corresponds to the number of
segments of Q). We will do exactly that in an iterative process.

11.2.1 Reducing the number of segments by a constant factor

Before we come to the main technical lemma, we need to review some more lin-
ear algebra. Consider a matrix A€ R"*" with r := rank(A) and let A=Y} _, oz v
be the Singular Value Decomposition where uy,...,u, € R and vy,...,v, € R"
are both orthonormal. Then the Frobenius norm is |Alr = (Z;’Zl 1A/ 1512 =
(X7, 1A 115)12.

We define the pseudo-inverse of A as A" := 22:1 Ulk Ui u,{ e R Now, let us
assume that the matrix has full column rank, i.e. rank(A) = n (which means in
particular that m = n). Then it is worth noting that

T
k

)

n
T T T
k=1

n n
ATA=) )
k=1¢=1

k
l

S

using orthonormality. On the other hand, AA™ = Y}_, uy u,{ is a symmetric m x
m matrix with n Eigenvalues that are 1 and all other Eigenvalues 0. In particular
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the column lengths satisfy Zl'.'i L (AAH)! II% =||AA" IIfD = n. Hence on average the
columns of AA* have length E;~ ([l (AA™H)! II§] = % Now we come to the main
technical lemma where we show how to reduce the number of rows by a constant
fraction while approximately preserving the norm | Ax||; for all x.

Lemma 11.4. Let A € R™*" be a matrix with rank(A) = n. Then there is a matrix

Be [RZ%’"X” so that
Bx|; - ||Ax nlog(m
sup||| =1 HllsO( g( ))
xeR" |Ax|; \/ m

The overall proof strategy is simple: for every row index i flip a fair coin and
with probability 5 we double the row and with probability  we replace it with
0. The first problem is that some rows might be more important than others, for
example if some row A; happens to be orthogonal to all others, then in order to
have a relative error < 1 we definitely need to keep that row. We solve that prob-
lem by simply fixing the rows that are long in carefully defined sense. Another
problem is that the absolute error that we allow for a vector x actually depends
on the quantity || Ax|; which is inconvinient.

Proof. See Talagrand. O

11.2.2 Finishing the proof of Talagrand’s bound

As discussed earlier to obtain Talagrand’s result from Theorem 11.3 it suffices to
prove the following:

Lemma 11.5. Let 0 < € < % and n € N. Then for any matrix A € R"™*" with

rank(A) = n there is a matrix B € R™*" so that m < O(%) and

I Bxlly — I Ax[l _
xeR™ Ax[ly

Proof. Let C; > 0 be the implicit constant from the claim of Lemma 11.4. We
abbreviate the initial matrix by A© := A € R"0*" More generally for ¢ > 0 we will

have a matrix of the form A®Y) € R™*"_ Aslong as we have m, > % for alarge
enough constant D > 0, we apply Lemma 11.4 and find a matrix AUtV g R™+1%7
with m.1 < 3m; rows so that

A xl = 1A x|l -C nlog(m;)
= 1 -
xeR" IADx] my
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Let T be the first index that satisfies mr < w. Then for any fixed x € R" \ {0}
we have

AD x r-1 nlog(m;)y (x) nlog(mry_
| i ”151_[(1+C1 g( [))51+C2 g( T1)51+€
1AQx|; — = my mr—y

- Dnlog(n)
22

as mr_ = and D is large enough. Note that the crucial point for (*) is

that the terms 4/ ”l%(tm”) are geometrically increasing and hence are dominated

Ty . )
by the last term. The lower bound on ||||i(0);||||11 is analogous. Then B := A" satis-

fies the claim. O

11.3 Vaaler’s Theorem

Now we switch topics and talk about sections of cubes rather than projections.
Consider the cube B/, and a d-dimensional subspace H < R". We are wondering
what lower bound one can prove on Vol, (BJ, N H).

“l BinHJ|-

If H happens to be spanned by d coordinate directions e;, then clearly Vol (B, n
H) = Voly(B%) = 2¢. A beautiful theorem of Vaaler tells us that this indeed is the
minimal volume for any subspace H. We will prove this result in the form of

Vol, ([—%, %] "N H) = 1 which is notationally more convinient.

11.3.1 Comparision of distributions and Kanter’s Lemma

A crucial ingredient in the proof of Vaaler’s Theorem will be the following notion:

Definition 11.6. Let v and u be distributions on R”. We say that u is more peaked
than v if
v(K) < u(K) Vsymmetric, closed, convex K € R”

We write v <peaked M-

Intuitively, if v <peaked 4 then the mass of p is closer to the origin.
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N(0, s2)

A

0 0
Fig: Two 1-dim Gaussians where N(0, s1) <peaked N (0, s2) for s1 = s,.

.
>

In the following, for a compact set Q < R", let Uniform(Q) be the uniform distri-
bution on Q. Recall that for s > 0, N(0, s?) is the 1-dimensional Gaussian distri-
bution with density function ﬁ -exp(— %).

We state a few convinient facts without proof (we will not even need all those

facts for our purpose):
Lemma 11.7. The following holds
(i) If A,B € R"™*" are matrices with 0 < A< B then N(0, B) <peaked N(0, A).
(ii) For two symmetric convex bodies K < Q one has Uniform(Q) =peaked Uniform(K).
(iii) One has N(0, %) =peaked Uniform([—%, %]).
(iv) Forany s> 0 one has N(0, 25?) <pcakeqd Uniform([-s, s]).

For (iii) note that the density functions of N(0, 5-) and Uniform([-3, 3]) both

have value 1 at the origin, hence the constants we have chosen are tight.

Pl‘xN[_%,%] [x €[t ¢t]]

: Prxqv(o,%)[xe [—¢,1]]

L

1
2
We will crucially rely on the following lemma due to Kanter:

Lemma 11.8 (Kanter 1977). Let vy, 1 be log-concave distributions on R™ with
V1 =peaked t1 andlet vy, u» belog-concave distributions on R with vy < peaked 2.
Then the product distributions v, ® v, and i ® Uy are log-concave distributions
onR™ ™ and (vi ® V2) <peaked (1 ® [12).
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A proof can be found for example in Chapter 4 of [ ]. Note that in particu-
lar Uniform(K) is log-concave for any convex body K and for A > 0, the Gaussian
distribution N(0, A) is log-concave.

11.3.2 Proof of Vaaler’s Theorem

Now, we are ready for the main proof.

Theorem 11.9 (Vaaler 1979). For any subspace H < R" with d := dim(H) one has
Voly([-3,31" N H) = 1.

Proof. Our strategy is use the notion of peakedness and compare the volume
with a corresponding Gaussian measure. First, recall that \/% “N(0,1) =peaked
11

Uniform([—7, 5]) by Lemma 11.7.(iii) and so by Kanter’s Lemma this also holds

202
for the n-fold product measure, i.e. \/Lz_n - N(0,1;,) =peaked Uniform([—3,11™). It
will be convinient to abbreviate v := \/% -N(0,I,) and p:= Uniform([—%, %] ™. Re-

call that by a slight abuse of notation, the density function of v is v(x) = exp(—n ||x||§).
Next, let B € R™*" be an orthonormal basis of R” so that the first d columns are
also a basis of H, i.e. H = span{B',..., B%}. Take a tiny value of £ > 0 and consider
the intersection of strips

ngz{xeR”:I(Aj,xHSg Vj:d+1,...,n}

Then using that Q, is a symmetric closed convex set we have

n—d m Vﬁpeaked” E n—d
" Noly(BENH) 2 Q) = vQ)= P [Iyle=z| =" p(0)
ko, T2 SE

Here the multiplicative error in both approximations “~” goes to 0 as € — 0. Then
rearranging and sending ¢ — 0 gives the desired inequality of Vol ; ([ %, %] "NH) =

1. O
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