The Subspace Flatness Conjecture

Thomas Rothvoss

Abstract. The covering radius p(A, K) of a convex body K C R™ with respect to a full rank lattice A C R"
is the minimum scaling needed so that translates of K placed at every lattice point cover the whole R™. A question
going back to work of Kannan and Lovasz (1988) is how well the covering radius is described solely by the volume
of K and the density of the lattice, after projecting both into a suitable subspace. We report on significant
progress on this question due to Regev and Stephens-Davidowitz (2016) who resolve this problem for ellipsoids
and Reis and Rothvoss (2023) who cover the general case. We also survey applications of these results that give
near-optimal bounds on the flatness constant as well as a (log n)o(")—time algorithm for solving n-variable integer
programs, following work of Dadush (2012).

1 Introduction. A lattice A is a discrete subgroup of R™. Any lattice can be written as an integer linear
combination of its basis B, i.e. A := A(B) := {Bx : x € Z*} where B € R"** is a matrix with linearly independent
columns. The number k denotes the rank of the lattice and we say that a lattice has full rank if k = n.
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Figure 1.1: Lattice of rank 2 with basis B

Lattices are the central objects of study in the geometry of numbers with many applications for example to
number theory. One classical application among others is Dirichlet’s Theorem which says that for any real vector
a € R™ and any bound @ € N, one can find a rational approximation % with p € Z™ and ¢ € {1,...,Q} so that
12 —alles < ﬁ. We recommend the wonderful textbook of Matousek [22] for background.

Arguably the most important algorithm in the area of lattice is the LLL-algorithm by Lenstra, Lenstra and
Lovasz [19] which finds an approximately orthogonal basis for a given lattice in polynomial time. One of the
applications of this algorithm is a polynomial time 2"/2-approximation algorithm for the problem of finding a
(nonzero) shortest vector in a lattice.

One major application of lattices in computer science lies in lattice-based cryptography. Cryptosystems based
on the hardness of factoring (such as the RSA cryptosystem) or the hardness of taking discrete logarithms (such as
the ElGamal Cryptosystem or the Diffie-Hellman Key Exchange) have the disadvantage that they are vulnerable
to quantum computers. In contrast, for lattice-based cryptosystems no such advantage for quantum computers is
known. In fact, lattice-based cryptography admits certain provable security guarantees that other systems lack.
One crucial aspect of a public key cryptosystem is that one of the involved parties generates a private and a
public key at random and then shares the public key. This makes it neccessary to generate instances for a rather
structured problem that should be computationally hard. But random instances for problems could be easy even
if the problem is hard in the worst case. One illustrative case is the one of Knapsack-based cryptosystems which
as the name suggests relies on the hardness of Knapsack which is an NP-hard problem. But the distributions
over Knapsack instances used in the cryptosystem can be solved in polynomial time — in fact using the LLL-
algorithm that we mentioned earlier. We recommend reading the fascinating work of Odlyzko [26] on this. This



is the situation where lattices can provide an advantage. Regev [30] introduced the lattice-based Learning with
Errors public key cryptosystem. Crucially [30] could prove that if one could decode an LWE message (with
respect to random keys) then one would also be able to solve certain lattice-problems efficiently in the worst-case.

The purpose of this article is to survey recent progress in lattice theory that has applications to optimization.

1.1 Basics of lattices. Before we continue, we want to review a few more basic objects related to lattices.
The fundamental parallelepiped of a lattice A with basis B € R™*F is the polytope

P(B) :={Bz:x €[0,1)*}

see Figure 1.2.
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Figure 1.2: Fundamental parallelepiped

While the geometry of the fundamental parallelepiped depends on the choice of basis, the volume does not and
it forms an important invariant of a lattice, called the determinant which we denote by det(A) := Vol (P(B)).
In the full rank case one also has det(A) = |det(B)|. A convex body K C R™ is a set that is (i) convex, (ii)
bounded, (iii) closed and (iv) full dimensional. A set K is symmetric if K = —K. We abbreviate the unit ball of
the || - [|,-norm by B} := {z € R" | [|z|, < 1}. For any full rank lattice A and any symmetric convex body K

one has!
Vol,, (rK)

det(A)

as r — 0o. In other words, det(A) is a measure for how dense (or sparse for that matter) a lattice is.

[rK NA| =

1.2 The covering radius. Now we come to the central quantity of this survey. For a full rank lattice
A CR™ and a convex body K C R™ we define the covering radius as

p(A,K) :=min{r>0|A+rK =R"}

As it is the case with most lattice-related problems, computing u(A, K) is a computationally difficult problem.
We note that
wWA,K)<r <= VereR":JyeA:zecy+rK

That means in complexity-theoretic terms, the question whether u(A, K) < r sits on the second level of the
polynomial hierarchy (see [2] for background). In fact, even for K = B%, computing u(A, K) is II5-hard [1].
Besides the computational aspect, for general convex bodies, one might be worried how much of the (potentially
very complicated) geometry of K needs to be considered to determine u(A, K). Hence it would be desirable to
approzimate the covering radius by a quantity that is simpler — both algorithmically and geometrically. In fact,

it is not too difficult to come up with some naive lower bound:

det(A) )1/n

Fact 1.1. For a full rank lattice A CR™ and a convex body K C R™ one has u(A, K) > (Voln(K)

To see this, note that one needs at least a scaling of r := (Vdoi((j}g))l/ " so that a point taken at random from a

sufficiently large ball is on average contained in at least one translate of A +rK. However, this lower bound is too

1Here ~ means that the ratio of the sides approaches 1 as r — co.



simplistic and may be arbitrarily far off the real covering radius already in dimension 2, see for example A = Z?
and K = [—4, 47] x [- M, M] with M — co. But we can add in one more observation: for any subspace W C R"
one has pu(A, K) > u(Ily (A), Hw (K)). Here, Iy is the orthogonal projection into W, i.e. for all z € R™ one has
(i) Ow (z) € W and (ii) (z — I (x)) L Iy (). Importantly, the volume/density lower bound from Fact 1.1 can

be larger for the projection than for the original.
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Figure 1.3: Left: Lattice A with convex body K. Right: projection attaining pxr, (A, K).

This is an idea that goes back to Kannan and Lovész [16]. We define the best lower bound obtainable in this
way by?

det(ITy (A)) \1/d
AK) = Voly(y (K))/)
MKL( ’ ) WQspanI&BS)éubSpaCC <V01d(HW (K)))
d:=dim(W)

In fact, Kannan and Lovész [16] were able to prove that the gap between the covering radius and this lower bound
is bounded:

THEOREM 1.2 (Kannan and Lovasz [16]). For any full rank lattice A CR™ and any convezr body K CR™ one
has

prr(A K) < p(A,K) <n-pgr(A K).

On the other hand, no example is known where the gap between (A, K) and px (A, K) is even close to the
upper bound of n. The largest known gap is only ©(logn) which can already be found in the work of [16].

LEMMA 1.3 (Kannan and Lovasz [16]). There is a convex body K C R"™ so that p(Z",K) > O(logn) -
prL(Z", K).
Proof. Let a € RZ; be a vector with a; > ... > a, > 0 and E?:l a; = 1. Now consider the simplex

K = {z € R%, | Y\ aiw; < 1}, see Fig 1.4. The covering radius with respect to the integer lattice
is u(Z",K) = 1. Now, consider the proxy uxr(Z",K). Not unsurprisingly one can argue that regardless

of the concrete values of the a;’s, the subspace attaining the maximum must be among W1,...,W,, where
Wi = span{ei,...,ex}, i.e. for some k we project on the shortest k sides of the simplex. We note that
det (I, (Z™)) = det(Z*) = 1. Setting a; := ﬁ = @(m) we can see that
1
Voly,(Iy, (K)) = Vol (conv{o, e 6—‘“}) - —H!
ai ag k! Hi:l a;
and hence uKL(Z”,K)ZHLn z@(loén). O

Dadush [11] conjectured that this construction already provides the worst case, at least asymptotically:

2Technically speaking if we allow W to be an arbitrary subspace, then Ily,(A) may not even be a lattice. For example if
W := span{ (\}5) }, then the set Iy (Z?) is infinitely dense and not a lattice. But for such cases one could just define det(ITy (A)) := 0.
Or one restricts W to subspaces spanned by vectors from the dual lattice A* which in turn is equivalently to ask that W= is spanned
by vectors in A. For details, see e.g. [16].
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Figure 1.4: Simplex K = {z € R%, | Y31, a; <1} for n =2

CONJECTURE 1.4 (Subspace Flatness Conjecture [11]). For any full rank lattice A C R™ and any convez body
K CR"™ one has
prr(A K) < p(A, K) < O(log(n)) - prL(A, K).

In fact, in his PhD thesis, Dadush [11] proved that assuming an affirmative answer to Conjecture 1.4, one could
solve general integer programs in a dramatically faster time of (logn)?(. We will later describe Dadush’s
algorithm in Section 5.2.

On route towards Conjecture 1.4 it appears natural to start with simpler convex bodies, for example ellipsoids.
Both quantities u(A, K) and pgr (A, K) are invariant under application of some linear map 7' : R™ — R"™ to both
A and K. Hence the case for ellipsoids is equivalent to settling the case for the Euclidean ball. In particular the
projection of a Euclidean ball is again a Euclidean ball which allows to simplify the function px. However, this
case turned out to be still exceptionally difficult. Dadush and Regev [10] made some progress and showed that
the question for Euclidean balls reduces to a rather deep open question concerning lattices which they termed the
Reverse Minkowski Theorem. This conjecture was eventually proven by Regev and Stephens-Davidowitz [31, 32]
which in turn settled the case for Euclidean balls and ellipsoids. In fact the current upper bound for ellipsoids is
better than the lower bound for simplices from Lemma 1.3.

THEOREM 1.5 ([31, 32]). For any full rank lattice A CR™ one has

We will explain this connection in Section 3. In regard of Conjecture 1.4, one could say that the work of Regev
and Stephens-Davidowitz [31, 32] takes care of the difficulties arising from the lattice A. Then the difficulties
arising from the convex body (also in respect to the lattice) were finally resolved by Reis, together with the author
of this survey.

THEOREM 1.6 (Reis, R. [33]). For any full rank lattice A C R™ and any convex body K C R™ one has
prr(A K) < p(A, K) < O(log®(n)) - uxr (A, K).

2 Preliminaries. For quantities A and B we write A < B if there is a universal constant C' > 0 so that
A< CB. We write A < B, if A< B and B < A.

2.1 Convex geometry. We begin by reviewing facts on convex geometry that can all be found in great
detail in the wonderful textbook by Artstein-Avidan, Giannopoulos and Milman [3]. The reader may note that
some quoted results will only hold if the convex body K is symmetric. This will create some problems later in
Section 4. But we cross that bridge once we get to it.

For a convex body K C R™ that contains the origin in its interior, we define the polar as K° = {z € R™ |
(x,y) < 1Vy € K}. Note that (K°)° = K. One could think of K° as the set of feasible inequalities for K and
vice versa. Intuitively, whenever K is small, then K° is large which one can quantify as follows:

THEOREM 2.1 (Blaschke-Santalo-Bourgain-Milman). There are universal constants Co,C1 > 0 so that for
every symmetric convexr body K C R™,

1/n<g
- n

% < (Vo (K) - Vol,,(K®))



We write N (0, I,,) as the standard Gaussian distribution on R"™. For a measurable set A C R™ we define its
Gaussian measure as Y, (A) = Pryuno,1,)[r € Al = W fA e~1Iz13/2dz. While the volume of a convex body is
a very natural quantity, for many applications it is not the right value to consider. The f-value of a symmetric

convex K C R"™ is defined as

le= B [ellZ]"?
xz~N(0,I,)

One may think of ¢ as the “average thinness” of K. We note that for any ¢ > 0, one has {;x = %é k- For example

for the Euclidean ball the (-value is {5y = Eynn(o,1,)[[|#]13]'/% = v/n. One of the deepest and most powerful tools
in convex geometry says that any symmetric convex body can be linearly transformed so that its ¢-value and the
{-value of the polar are almost as small as for the Euclidean ball.

THEOREM 2.2 (Figiel and Tomczak-Jaegermann [12], Lewis [21], Pisier [28]). For any symmetric convex
body K C R", there is an invertible linear map T : R™ — R"™ so that {p k) - £ir(ky)e < O(nlog(n)).

We will also say that K is in £-position if £k - {xo < O(nlog(n)).

-

Figure 2.1: Visualization of bringing a symmetric convex body K into ¢-position (see Theorem 2.2).

If the ¢-value of K° is small, then K itself cannot be too large and we can bound its volume:

Lyco
e

LEMMA 2.3. For any symmetric conver body K CR™ one has Voln(K)l/" <

This lemma is a consequence of Urysohn’s inequality which denotes the fact that among convex bodies of the
same volume, the Euclidean ball minimizes the mean width. Again, we refer to [3].

2.2 Lattices. For a full rank lattice A C R™ we define the dual lattice as A* = {x € R" | (x,y) € ZVy € A}.
Note that det(A) - det(A*) =1 and (A*)* = A. The shortest vector in a lattice is denoted by A1 (A) := min{||z||2 :
x € A\ {0}} and more generally \;(A) := min{r > 0 | dim(span(A N rBY)) > i} denotes the ith successive
minimum, see Figure 2.2. For a symmetric convex body K C R"™ we also write \;(A, K) as the ith successive
minimum w.r.t. norm || - || x.
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Figure 2.2: Visualization of shortest vector and successive minima.

For a parameter ¢ > 0 and z € R™ we let p;(z) := exp(—n||lz/t||3) and we abbreviate pi(A) := > pe(2)
which is also called the discrete Gaussian weight of A.
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Figure 2.3: Discrete Gaussian of lattice Z for t = 1/2 and t = 2.

The discrete Gaussian weight allows for powerful reasoning about the lattice. For lack of space, we can only
state a few needed facts, for proofs and more details we recommend the excellent notes of Regev [29]. We can
observe that the origin will always contribute a value of 1 to p;(A). One can prove that if A* is so sparse that the
non-zero lattice points contribute little to p;/,(A*), then A is so dense that p;(u 4+ A) is approximately invariant
for any shift u.

THEOREM 2.4. Let t >0 and let A CR™ be a full rank lattice with py;;(A* \ {0}) < 1. Then for any u € R"
one has $p(A) < pe(u+ A) < py(A).

This claim can be derived from the Poisson Summation Formula which relates the discrete Gaussian weight of
the primal lattice A to the discrete Gaussian weight of the dual A*. In fact, more generally it says that for any
“nice enough” function f : R™ — C one has f(A) = det(A*) - f(A*) where f denotes the Fourier transform of
f. Another result by Banaszczyk [4] is that a symmetric convex body K with say £x < 0.01 is so huge that it
contains most of the discrete Gaussian weight of any lattice. For example a Euclidean ball with radius C'y/n for
where C' > 1 will have an ¢-value of say 0.01.

THEOREM 2.5 (Banaszczyk [4]). For any € > 0, there is a & > 0 so that the following holds: for any
symmetric convex body K C R™ with {x < §, any full rank lattice A C R™ and any shift u € R™ one has

pr((u+A)\K) <e-pi(K).

This result is an elegant combination of the fact that sampling a lattice point proportional to p;(z) gives a
distribution that is O(1)-subgaussian in any direction with Talagrand’s Majorizing Measure Theorem.

Consider a full rank lattice A C R™. A sublattice which is of the form A N W for some subspace W is
called primitive. Similarly, a lattice subspace W is a subspace with span(A N W) = W. For a lattice A and
a primitive sublattice A’ C A, we define the quotient lattice as A/A" 1= Tlgpanarye (A), see Figure 2.4. In
many ways one can imagine that the quotient operation factors A into two lattices A’ and A/A’. In particular
det(A) = det(A’) - det(A/A).

span(\A’)J—

TA/A'

Figure 2.4: Lattice A with sublattice A’ and quotient sublattice A/A’.



A lattice A C R™ is called stable if det(A) = 1 and det(A’) > 1 for all sublattices A’ C A. Intuitively, a stable
lattice does not contain any sublattice that is denser than the lattice itself. For example Z" is stable as well as
the 2-dimensional lattice depicted in Figure 1.1. One might get the impression that stable lattices are very special
and as we are aiming to prove a statement for arbitrary lattices, stability might not look useful to us. But it turns
out that every lattice has a decomposition into stable lattices! To see this, let A C R™ be any lattice. Consider
the 2-dimensional point set

Q := {(rank(A’),In(det(A"))) | sublattice A’ C A}

Next, consider the extreme points of the lower envelope of the convex hull conv(Q). Each extreme point must arise

from (at least) one lattice. Let us denote those lattices as Ay, ..., Ak, sorted by increasing rank, see Figure 2.5.
A In(det(A’))
A=A
conv(Q)
rank(A’)
Ao = {0}
Ay
Ay

Figure 2.5: Canonical filtration

Clearly, by construction each A; is the densest sublattice among all rank(A;)-dimensional sublattices of A. The
sequence Ag, ..., Ay is also called the canonical filtration. These lattices have a number of wonderful properties:

THEOREM 2.6 (Canonical filtration). Let Ay, ..., Ay be lattices corresponding to extreme points of the lower
envelope of conv(Q) as defined above. Then:

) ver y e.%'lf? eme p()me on t € lower enve ()Pe arises from a U”une Sub attlce of A\.
17 2 € 4115 1C m C 5 1.€. — 0 C Cc...C k = .
h l t €S JO1 a halIl € 0 1& A 1& 1&
211 € normaltize 81&87 mznants Ty = et 7 7— N N satis < ... < k-
(3 ac qu()tlent attlce - 7 §— 1S Slfal) €.

Much of these statements follows from the fact that the log determinant function is submodular. To be precise,
for any two primitive sublattices A, A” C A one has

In(det(A" N A”)) + In(det(A” + A”)) < In(det(A")) + In(det(A")).

Item (#i7) on the other hand is equivalent to the fact that the slopes of the segments defining the lower envelope
of conv(Q) are increasing.

For the original work of these claims, see [14, 37, 13]|. For a more recent exposition with detailed proofs we
refer to [32] or the thesis of Stephens-Davidowitz [36]. Another useful fact will be the following:

LEMMA 2.7. If A is stable then also A* is stable.

Finally, it will be convenient to have a triangle inequality for the covering radius. Note that K may not be
symmetric and so || - ||k is not a norm. Still the following holds true where int(K) denotes the interior of K:

LEMMA 2.8 (Triangle inequality for covering radius). Let A be a full rank lattice and let K C R™ be a convex
body with 0 € int(K). Then for any lattice subspace W C R™ one has

p(A, K) < p(ANW, KN W) + p(Iy- (A), My (K))
See [33] for a proof.



Figure 3.1: Voronoi cell of A and the induced tiling.

3 Subspace flatness for Euclidean balls and the Reverse Minkowski Theorem. Next, we want to
explain why Theorem 1.5 is true and what goes into proving it. To be more precise we want to show that for any
full rank lattice A € R"™ one has

(3.1) (A, By) < polylog(n) - (A, By),

where for the moment we are not further concerned what polylogarithmic factor we obtain. As we have just seen,
the canonical filtration {0} = Ag C Ay C ... C Ar = A provides us with a decomposition of A into stable lattices.
In the case of the Euclidean ball, this can be used to bound the covering radius as

k
p(A, BE)? <> p(Ai/Ai1, BS')?
=1

where d; := rank(A;/A;—1) and all the quotient lattices are scalars of a stable lattice. We will not justify
this inequality here further, but we take it as motivation to restrict our attention to the case where A was
already a stable full rank lattice. Even under this assumption how would one then go on proving (3.1)
in the first place? Suppose W C R™ is the subspace attaining pxr (A, BY) where d := dim(W). Then
Volg(ITyy (B5))Y/¢ = Volg(B$)V/?¢ < ﬁ. Moreover for the determinant one has det(Ily (A)) = m <1
since projection and intersection are dual operations and since A* is also stable (see Lemma 2.7). That means
the optimal choice for the subspace must be W := R", in which case pxr (A, BY) < /n. Hence proving (3.1) for
a stable lattice boils down to proving that u(A, BY) < polylog(n) - v/n. This however turns out to be a rather
challenging problem which requires the breakthrough result by Regev and Stephens-Davidowitz.

THEOREM 3.1 (Reverse Minkowski Theorem [31, 32]). Let A CR"™ be a lattice that satisfies det(A’) > 1 for
all sublattices A" C A. Then for a large enough constant C' > 0 and s = C'log(n) one has p;/,(A) < %
This beautiful result was presented by Oded Regev at ICM 2022 and here we will be satisfied with a very rough
sketch of the rather miraculous proof. In the following we will interchangingly interpret a matrix 7' € R"*™ also

as the corresponding linear map 7' : R” — R” with T'(z) = T'z.

Proof sketch of Theorem 3.1. By using the canonical filtration one can reduce the claim to the case of stable
lattices. Hence it suffices to prove that p;/,(A) < % for a full rank stable lattice A C R™. First, consider the
Voronoi cell

1
V(A) = {z e R"| () < Syl ¥y €A}

which is the set of points that are closer (or at equal distance) to the origin than any other lattice point, see
Figure 3.1.
We note that V(A) is a centrally symmetric convex body. It is not difficult to prove that

(3:2) p1/5(A) -7 (Vs - V(A)) < L.



That means in order to prove an upper bound on the discrete Gaussian weight it suffices to prove a lower bound
on the Gaussian measure of the Voronoi cell of a stable lattice. It will be convenient to fix an upper bound N
and prove by induction over n € {1,..., N} that

n
Yn(t - V(A)) > exp ( — W)

for any full rank stable lattice A C R™ where t = ©(log N) with a large enough implicit constant. Doing the
induction in this non-standard way we can avoid having to change the parameter ¢ as we recurse. So, for a
given n, fix a stable lattice A C R™ (which exists for compactness reasons) that minimizes the Gaussian measure
(4 - V().

If there happens to be a sublattice A’ C A with det(A’) = 1 then one can argue that both A’ and the quotient
lattice A/A’ are stable as well. Hence one can apply induction and obtain

Wt VA) = gt VA)) -t V(A/N))

2H0) (- P (- )

induction

> eXp(—

and we are done.

So in the remaining case one may assume that det(A’) > 1 for any proper sublattice A" C A. Now we want to
exploit a variational argument. For concreteness, let B € R™*™ be the basis of A. Recall that det(B) = 1 because
A is stable. Consider the sets of matrices

X = {A € R™™ | det(A)
Xtable := {A € R™*" | det(A)

=1 and det(A") > 1 for all A’ C A(A)}

where A(A) is the lattice linearly transformed by A. Note that A € Xgaple if and only if A(A) is stable.
Then trivially I, € Xgtable € X as A is stable. We want to understand what happens as we vary the linear
transformation A near I,,. Consider the function

t

1
G) =ty (5 VAW

By the choice of A, I, is a global minimum of G|x_,,,., which is the restriction of G' to Xsaple- But none of
the det(..) > 1 constraints were tight and so I,, must at least be a local minimum of G|x. But X only has a
single constraint of det(A) = 1 and so the gradient of G at I,, must be some scalar multiple of the gradient of the
determinant function. That means

(Va(G(A))jacr, = - Va(det(A))jazr, =a- Iy

for some a € R, see Figure 3.2 for a poor attempt of a visualization.

Figure 3.2: Schematic picture of manifold X and Xgtaple



Doing some more careful analysis (which we skip here) one can then derive that
(3.3) / pe/t) () - wxdr =B 1,
V(A)

for some 5 € R. Then (3.3) means that the Voronoi cell V(A) is in Gaussian isotropic position (w.r.t. to the
Gaussian density pe(1/4)). Now we need a few deep tools from convex Geometry:
Fact I (Bobkov [6]). If K C R"™ is a symmetric convex body in Gaussian isotropic position
(W Jx e~ I25/200T 4o = BI,, for some B € R), then v, (K) > yn(T(K)) for any linear map T with det(T) = 1.
Fact II (Figiel, Tomczak-Jaegermann, Lewis, Pisier). For any symmetric convex body K C R™ with
Vol,,(K) =1 there is a linear map T with det(T) =1 so that v,,(©(logn) - T(K)) > 2.
Fact III (Boosting). For any symmetric convex body K C R™ with v, (K) > 3 and rBY C K forr > 0 one has
m(2K) > 1 - exp(~0(r?)).

Note that the linear map 7" guaranteed in Fact II is the one from Theorem 2.2. Then we can derive that

t V(A Faétl t TOV(A Fac>tHQ
(5 VW) 2 (s TvA)) =2
using that the Voronoi cell of a stable lattice has indeed Vol,(V(A)) = det(A) = 1. But this probability is
not quite enough for us, hence we now apply boosting. Since A is stable, the shortest vector must have length
A1(A) > 1 and so $B% € V(A) which in turn means that £BY C LV(A). Then

Bt -VA) 21— exp(-0(2) = e (1)

and we are done®. 0

As mentioned earlier, already Dadush and Regev [10] found a reduction from (3.1) to the statement in
Theorem 3.1 but at the time they did not go via the canonical filtration. On an intuitive level one can understand
the Reverse Minkowski Theorem as the fact that a stable lattice does not have too many short vectors, as any
short vector would contribute significantly to p;/s(A). More precisely, Theorem 3.1 implies the following:

COROLLARY 3.2. For any stable lattice A CR™ and any r > 1 one has |[ANrBY| < 90(log? n)-r?

In particular the number of lattice vectors of length at most some constant is at most quasi-polynomial in n —
any previously known argument would have only provided an exponential bound. Though in regard of proving
that u(A, BY) < polylog(n) - v/n, we would need to argue that a stable lattice is sufficiently dense everywhere
while the Reverse Minkowski Theorem appears to prove the opposite. But then again, if A is stable then the dual
lattice A* is stable as well (see Lemma 2.7) and Theorem 2.4 provides the crucial connection.

THEOREM 3.3. Let A CR"™ be a full rank stable lattice. Then the following holds:
(i) One has u(A, By) < O(logn - v/n).

(ii) Let K be a symmetric convexr body with {x < ¢ where ¢ > 0 is a small enough universal constant. Then
H(A, K) < O(logn).

Proof. We note that (ii) = (i). Hence we prove (i7), which is more general but only needed later in Section 4.
Let s := O(logn) be the parameter from the Reverse Minkowski Theorem (Theorem 3.1). We assume for the sake
of contradiction that p(A, K') > s. We make three observations:

3Note that we were forced to use two different scaling factors of ¢ and % It might be possible to combine Fact II and Fact III
into the following statement to avoid this. Conjecture. For any symmetric convex body K C R™ with Vol,, (K) =1 there is a linear
map T with det(T) =1 so that yn(t - T(K)) > 1 — e—c1t? for any t > c2log(n) where c1,c2 > 0 are suitable constants. This seems
plausible to the author of these lines but he is not aware of a proof.

It may also appear odd that we start out with a stable lattice A that minimizes the Gaussian measure of V(A) and then conclude via
Fact I that the Gaussian measure is mazimized! But the minimum is attained with respect to V(A(A)) where A is a volume-preserving
linear map and the maximum is for T'(V(A)).



(A) The assumption pu(A, K) > s means that there is a large hole in the lattice and for some shift u € R™ one
has (u+ A)NsK = (.

(B) The dual of A is stable and hence by the Reverse Minkowski Theorem one has p;/5(A* \ {0}) < 1. Hence
by Theorem 2.4, ps(u+ A) > 2ps(A).

(C) The body K is so large that by Banaszczyk’s Theorem (Theorem 2.5) it contains most of the discrete
Gaussian weight, i.e. ps((u+ A)\ sK) < eps(K) where we can make € > 0 as small as needed by adjusting
c.

But (A4), (B), (C) contradict each other as
B) (A) (©)
2Ps(A) < ps(u+A) = ps((u+A)\sK) < eps(A).

ifwepick0<5<%. O

The bound stated in Theorem 3.3.(i) then suffices to derive the inequality (A, By) < O(log®?(n)) - px (A, BY)
for stable lattices and then in turn for arbitrary lattices. This is the bound that was originally stated in Regev and
Stephens-Davidowitz [31, 32]. But [31, 32] also provide a different line of arguments to upper bound the covering
radius of a stable lattice. Assuming Bourgain’s Slicing Conjecture, [31, 32| prove that even p(A, BY) < O(y/n)
for any stable lattice A. In the meanwhile, Bourgain’s Slicing Conjecture has indeed been proven by Klartag and
Lehec [18] which then implies the following:

THEOREM 3.4 ([31, 32, 18]). For any full rank stable lattice A C R™ one has p(A, BY) < O(y/n).

Using Theorem 3.4 instead of Theorem 3.3.(i) one obtains the bound of u(A, BY) < O(y/log(n)) - pxr (A, BY) for
any lattice as claimed in Theorem 1.5.

4 The general case of Subspace flatness. In this section we want to prove main result of this survey,
Theorem 1.6 and the inequality
w(A, K) < polylog(n) - uxr(A, K)

for a full rank lattice A C R™ and an arbitrary convex body K C R"™. The first issue is that much of the tools that
we plan on using only hold in the presence of symmetry. Hence we temporarily need to replace K by a symmetric
body. One (of the two) canonical choices is as follows: translate K so that its barycenter m S dx (or
centroid) lies at the origin; then set @ := K N (—K). A classical result by Milman and Pajor [25] says that
Vol,,(Q) > 27"Vol,,(K), meaning that @ is not actually that much smaller than K.

Figure 4.1: Inner symmetrizer Q@ = K N —K.

Another challenge is the following: even for a well-scaled symmetric convex body such as the cube, if we
consider the volume Voly(ITy (B2 ))'/¢ of the projection into a d-dimensional subspace W, then this quantity
can — dependent on the choice of W — vary by a factor of the order y/n/d. We would like to fix this issue by
restricting our attention to subspaces of dimension d > 5. But then the actual covering radius u(A, K) might
be genuinely controlled by some low dimensional subspace which we could not capture. The solution is to upper

bound only the covering radius for half the dimensions as well:

PROPOSITION 4.1. For any full rank lattice A C R™ and any convezx body K C R™ with the barycenter at the
origin, there is a primitive sublattice A" C A with rank(A") > % so that

1(A, QN span(A)) < O(log?(n)) - px (A, K).



where Q := (-K)NK.
This is the main technical contribution of [33] and we attempt to sketch the proof.

Proof Sketch. We know from Theorem 3.3 that in order to obtain a good upper bound on the covering
radius we need an upper bound on the ¢-value. On the other hand in order to obtain a good volume upper
bound, by Lemma 2.3 we need an upper bound on the ¢-value of the polar. Hence we bring ) into ¢-position
using Theorem 2.2 (and apply the same linear transformation to the lattice A). From now on we assume that
Lo -Lgo < O(nlogn). Let {0} = Ag C Ay C ... C Ax = A be the canonical filtration of our lattice. We abbreviate
the dimensions and normalized determinants of the corresponding quotient lattices by

di = rank(Ai/Ai,l) and Ty = det(Ai/Ai,l)l/di

for © = 1,...,k. From Theorem 2.6 we know that r1 < ro < ... < ri. But we do not know by how much
those normalized determinants increase. However for indices ¢ < j with r;; < %J < r; we can replace the
quotient lattices A;/A;_1,...,A;j/A;—1 by A;j/A;—1. The quotient lattice A;/A;_1 is not exactly the scalar of a
stable lattice but satisfies an approximate such notion. Then the covering radius bounds from Theorem 3.3 still
hold with a constant factor loss. To simplify notion here, let us assume that the normalized determinants were
geometrically increasing in the first place, i.e. 7, < %'I"»L'JFQ for all ¢; for a rigorous justification see the work of
Reis and Rothvoss [33]. Next, let i* € {1,...,k} be minimal s.t. rank(A;-) > 4. Then we make a choice of
A’ := A;+. Intuitively, this means in the claim of Prop 4.1 we are upper bounding the covering radius for the
densest 5-dimensional sublattice of A. The analysis breaks into two parts.

Upper bounding the covering radius p(A;«, Q@ Nspan(A;«)). The covering radius satisfies a triangle
inequality in the form

(4.1) p(As, @ Nspan(Ai)) < Y u(Aj/A; 1, Q)
j=1
Thm 3.3 ”
< O(logn) - er g,
=1 ~~
—— <o
<O(ri=)

< Ologn) -Lg -1

One can prove via Lemma 2.8 that the right bodies @; to use in that triangle inequality are Q; := Ilspan(a, )+ (@nN
span(A,)). The ¢-value cannot increase when projecting or intersecting with a lower dimensional subspace and so
Lg,; < {g. We also have used Theorem 3.3 with the fact that %(Aj/Aj_l) is stable.

Lower bounding pxr (A, K). The first crucial step is to make a choice for the subspace W that provides
a good enough lower bound on prr(A, K). We set W := span(A;_1)*. We note that d := dim(W) > % and
Iy (A) = A/A«_1. Note that d = d;= +. ..+ dj. Intuitively our choice for W groups the sparsest n/2 dimensions
of quotient lattices from the canonical filtration together. The determinant of the projected lattice is

k
N\ 1/d
(4.2) det(A/Ap 1) = ( H T?]) > 1y
j=i*
because the geometric average of the numbers r;«,...,r, must be at least r;«. For the volume of the projection

we can upper bound

() ,n\6 Lem 2.3 ¢, logn
(4.3) Volu(Tw (K 5 (2) Vola(Mw (@) "5 =2 < o(=E2)
d d lo
——
<o(1)

We want to explain why (%) holds. Here we want to compare the volume of Iy (K) with the volume of the
smaller set TTy (Q). Without the projection we know that Vol, (Q)Y/" > Vol (K )™ by the classical inequality
of Pajor and Milman. It turns out that this inequality can be generalized to projections of convex bodies where



the loss is polynomial in dimT(W), see the recent work of Vritsiou [38]. Hence the lower bound on the proxy that

we obtain from our choice of W is

(4-2)+(43) /det(A/A—1)\1/d 1 «
(4.4) prr(A, K) 2 (W) 2 Q(m) i AQ

Overall, adding the upper and lower bounds from (4.1) and (4.4) together gives that
p(Mi-, Q@ Nspan(A-)) < O(logn) - £g - 13- < O(log” n) - (A, K)

as claimed. 0

Now we can prove the main result which we restate for convenience:

THEOREM 4.2 (Theorem 1.6 restated). For any full rank lattice A C R™ and any convex body K C R™ one
has

prn(AK) <p(AK) < O(log?’(n)) ~prr(A K).

Proof. Denote the implicit constant in Prop 4.1 by C' > 0. We prove by induction over n that
u(A, K) < Clog’(n) - prcr (A, K)

After translating we may assume that the barycenter of K lies at the origin. Again, set @ := K N (—K) and
let A’ C A be the sublattice guaranteed by Prop 4.1. We abbreviate W := span(A’). Then using the triangle
inequality for the covering radius we can bound

p(AK) < p(ANW,QN W)+ p(Ily . (A), Uy (K))

(%x) 3
< Clogz(n)-,uKL(A,K)—i—Clog(g) i (Mo (A), My (K))

<wrxr(AK)

S C’logg(n) . ,LLKL(A,K)

In (x*) we use Prop 4.1 on the left side and induction on the right. Finally note that projections can only decrease
the covering radius proxy prr. This concludes the argument. O

5 Applications

5.1 Bounds on the flatness constant. In this section, we explain another application of Theorem 1.6.
One additional ingredient that we require is arguably the most classical result in the geometry of numbers:

THEOREM 5.1 (Minkowski’s First Theorem). Let K C R™ be a symmetric convex body and let A CR"™ be a
full rank lattice. Then there is a vector ¢ € A\ {0} of length
det(A) \1/n
o ()
Iellse <2 \or, )

A convex body K C R" is called lattice-point free, if K NZ™ = (). It turns out that a lattice-point free convex
body must be flat in some lattice direction. Let us define the flatness constant in dimension n as

fit(n) := sup min  max {c’ (z —y): v,y € K
KCR"™ lattice c€Z™\{0} { }
point free

Khintchine [17] was the first to prove that flt(n) is indeed finite, providing a bound of flt(n) < (n + 1)!. Until
recently the best known upper bound was O(n*/3+°(1)) due to combined work of Rudelson [35] and Banaszczyk,
Litvak, Pajor and Szarek [5]. On the other hand, the best known lower bound is flt(n) > (2 — o(1))n due to
Mayrhofer, Schade and Weltge [23].



<fit(n)
° ° ° hyperplanes
[ ] [ ] ]
[ ] [ ] [ ]
[ ] [ ] L]

Figure 5.1: Lattice point free convex body K with (not neccessarily optimal) lattice direction c.

Now we can derive a near-optimal upper bound of fit(n) < O(nlog®(n)). We reproduce an argument of
Dadush.

THEOREM 5.2. Let K C R™ be a convex body that is lattice point free, i.e. K NZ"™ = (. Then there is a
c e Z™\ {0} so that
max{cl(z —y): 2,y € K} < O(nlog®(n))

Proof. As K is lattice point free, we know that p(Z", K) > 1. Then by Theorem 1.6 one has pxr(Z", K) >
Q(log%n) Now consider the difference body @@ := K — K which is a symmetric convex body that contains some
translate of K. A classical estimate by Rogers and Shephard [34] shows that @ is not much bigger than K
volume-wise, i.e. Voln(Q)l/ ™ < 4-Vol, (K )1/ ™. The same applies to projections of K and the difference body and
50 prn(Z", Q) < prr(Z", K) > Q(log%n) Now we prove the conclusion for the larger body Q. Let W C R9 be
the subspace attaining pxr(Z", Q) and let d := dim(W) be its dimension. Our strategy is to find a suitable vector
c € Z" NW in that subspace satisfying the claim. Note that intersection and projection are polar operations
and so (Z")* N W = Iy (Z™)* as well as Q° N W = I (Q)°. Combining this with the volume inequality from

Theorem 2.1 we have
(det((Z”)* N W))l/d . (Vold(HW(Q)))l/d B d
Volg(Q° NW) - det(ITy (Zn)) T k(77 Q)

Then by Minkowski’s Theorem (Theorem 5.1) there must be a non-zero ¢ € (Z™)* N W so that ||c||gerw <
O(dlog® n).

< O(dlog®n)

Figure 5.2: Difference body Q = K — K for body K from Fig 5.1

Again by polarity

el genw = max{| (c,z) | : # € T (Q)} “S" max{| (c,2) | : # € Q}

This completes the claim as d < n and (Z™)* = Z". O



In a more general notation, the same result can also be stated as follows:

THEOREM 5.3. For any convex body K C R™ and any full rank lattice A C R"™, one has
H(h, K) - M (A%, (K — K)°) < O(nlog*(n).

52 A 1og(n)o(”)-time algorithm for integer programming. One of the most versatile problems in
discrete optimization is integer programmaing which is

max {ch | Az <b, ze€Z"} (IP)

The seminal algorithm by Lenstra [20] showed how to solve (IP) in time 20("*) by using an approximate version
of the flatness bound based on the LLL-algorithm [19]. This running time was later improved by Kannan [15] to
n°™ and then by Dadush [11] and by Dadush, Eisenbrand and Rothvoss [9] to 2°(™n". Now using Theorem 1.6
we can show a significant improvement:

THEOREM 5.4. Given A € Qm*", b€ Q™ and c € Q", the integer linear program max{c'x | Ax < b,z € Z"}
can be solved in time (log(n))°™ times a polynomial in the encoding length of A, b and c.

In fact, the algorithm we are going to present does not need that the feasible region is polyhedral and moreover the
objective function can be eliminated using a standard binary search argument. Hence it will be more convenient
to rephrase the problem we are about to solve as follows:

Given a full rank lattice A C R™ and a convex body K C R™, find a point in KNA or decide that there
18 none.

We reproduce the algorithm that already appeared in the PhD thesis of Dadush [11]; the only previously
missing ingredient was a proof of Theorem 1.6. First, we need an upper bound on the number of lattice points in
a convex body:

PROPOSITION 5.5 (Dadush [11]). For any full rank lattice A CR™ and any convex body K CR™ one has

Vol,,(K)
< 9n n P\
|[K NA| <2"max{u(A, K)", 1} det(A)

We refer to [11] for the proof. Now suppose we are given K and A and we want to find a point in K N A. Let
us assume for the sake of simplicity that p(A, K) > 1, that means K is not so huge that always K N A # 0
(we could shrink K otherwise without loosing feasibility). Let W be the subspace attaining prr (A, K) and let
d := dim(W'). Moreover, we abbreviate X := ITyy (K) NIy (A) as the points in the projection, see Fig 5.3. Then
by combining Theorem 1.6 and Prop 5.5 we can bound the number of points in the projection by

det (T (A)) < (logn)°@

| X] < 29 max{p(w (A), M (K))?, 1}

<p(AK)d

This suggests a recursive strategy to find points in K NA: we enumerate all the points in X. Then for each y € X
we are searching for a point in

(K NIyt (y) N A

which is an (n — d)-dimensional integer program. If we denote T'(n) as the number of recursive calls that this
strategy requires, then we obtain the recursion

(5.1) T(n) < (logn)°D . T(n—d)+1

Regardless of the value of d € {1,...,n}, (5.1) is satisfied by T'(n) := (logn)°™.



Figure 5.3: Dadush’s algorithm

The only remaining gap in our argument is the question how to enumerate X in the first place. We note that
finding a point in X is a d-dimensional integer program and as we are designing a recursive algorithm, it would
be natural to just use that same algorithm on X. But there is a problem with this approach! It could be that d
is as large as n and then we would not actually recurse. Fortunately, Dadush [11] has a solution for this dilemma:
Compute an ellipsoid & so that N (P, ), N(E, P) < 294 where P := Il (K) is the projection. Such an ellipsoid
is also called an M -ellipsoid [3]. Here, for two convex bodies A, B C R™, N(A, B) denotes the minimum number
of translates of B to cover A. Consider the covering of P with N(P,£) many translates of £.

Figure 5.4: Covering of P with N(P, ) translates of £.

For each translate of & enumerate all the IIy (A)-lattice points in it using the Voronoi cell algorithm by
Micciancio and Voulgaris [24], paying a running time of 20(d) per point. Then keep the points that lie in P.
Because Prop 5.5 also proves that every translate of P contains few lattice points and 29(4) translates of P cover
£, we know that for any shift v one has |(v 4+ &) NIy (A)| < (logn)°@. Another technicality that we skipped
over so far is that for an algorithmic application we need to be able to construct the subspace W guaranteed
by Theorem 1.6. In particular this requires computing the canonical filtration. While no single-exponential
time algorithm is known to compute the canonical filtration exactly, a O(logn)-approximation can be found in
time 240(") due to Dadush [8]. This provides a constructive Theorem 1.6 when replacing the factor O(log3 n) by
O(log™ n).

5.3 Covering radius of the difference body. Our final application deals with the difference body K — K
that we have already used in Section 5.1. While K — K is larger than K we can now prove that its covering radius
cannot be much smaller.

THEOREM 5.6 ([33]). For any full rank lattice A C R™ and any convex body K C R™ one has

M(A,K - K) < M(A,K) < O(IOgg(n)) 'N(AaK - K)



Proof. We set Q := K — K. It suffices to prove the second inequality. Let W be the subspace attaining
,LLKL(A,K). Then

n(A, K) 3 prr(A, K) 3 Volg(Ilw (@)) \ /4 3
< O(log”(n)) - —————~-<0(og"’n) - | ——-2% < O(log”n
whg) < O1oE" ) LR gy < 008’ (g myry) < O™
where we use the same subspace W to lowerbound pxr (A, Q) and use again the inequality of Milman and
Pajor [25] in the last step since Iy (Q) is the difference body of Iy, (K). O

6 Open problems. We discuss a few problems that are open at the time of this writing. Let us denote
Ckr(n) as the smallest parameter so that

prn(A K) < p(A, K) < Ckr(n) - pxr(A, K)

for all full rank lattices A € R™ and all convex bodies K C R™. Then from Theorem 1.6 and Lemma 1.3 we know
the ©(logn) < Ckr(n) < O(log® n) and the obvious open problem is to narrow that range.
Next, for the Reverse Minkowski Theorem the parameter of s = O(logn) might not be tight.

CONJECTURE 6.1 (Tight Reverse Minkowski Theorem). Let A C R™ be a lattice that satisfies det(A’) > 1
for all sublattices A" C A. Then for a large enough constant C > 0 and s = C/log(n) one has p1/5(A) < 3.

In the afﬁrmative2 case, Conjecture 6.1 would imply that for any stable lattice A C R™ and any r > 1 one has
|A NrBY| < n°) which is tight already for the integer lattice Z™. A related question is whether the ©(nlogn)
factor from Theorem 2.2 is tight.

CONJECTURE 6.2 (Optimal ¢-position).  For any symmetric conver body K C R™, there is an invertible
linear map T : R™ — R™ so that Lp(x) - Liriryye < O(ny/log(n)).

The quantity of O(n4/log(n)) would be best possible. To see this, consider the cube K := B and its polar
K° = Bf. Then lx < Egun(o,1,)ll7|loc] < /log(n) while Ezno,r,)[l|#|l1] < n and the product does not
decrease under rescaling. Also note that one of the tools used in Theorem 2.2 is Pisier’s proof that the K-
convezxity constant for any symmetric convex body is at most O(logn) [27]. However, that inequality is tight as
proven by Bourgain [7].

Inspecting the proof of the Reverse Minkowski Theorem (Theorem 3.1) one can learn that the log(n) factor
is indeed solely due to an application of Theorem 2.2. In fact, Conjecture 6.2 implies Conjecture 6.1. As we
are separately using Theorem 2.2 in our bound of Ck(n) < O(log3 n), an affirmative answer to Conj 6.2 would
imply that Cxr.(n) < O(log? n).

As we discussed in Section 3, the resolution of Bourgain’s Slicing Conjecture improves the covering radius
of a stable lattice w.r.t. BY from O(y/nlogn) to O(y/n). However, this does not immediately appear to
have implications for arbitrary convex bodies. We leave it as an open question whether and to what extend
Theorem 3.3.(ii) can be improved.

QUESTION 6.3. Is it true that for any symmetric conver body K C R™ and any full rank stable lattice A C R™
one has p(A, K) < O(lk)?

Finally there is also an important algorithm question concerning the complexity of integer linear programming,.
A conjecture popularized by Fritz Eisenbrand is the following;:

CONJECTURE 6.4. Given A € Q™*", b€ Q™ and c € Q", the integer linear program max{c'z | Az < b,z €
Z"} can be solved in time 20(") times a polynomial in the encoding length of A, b and c.

Currently no plausible approach to achieve this bound is known to the author.
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