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Chapter 1

Introduction to boolean functions

This course deals with the analysis of functions of the form f: {+1}" — R. The
main tool will be Fourier analysis and we will see a rich set of applications to
theoretical computer science and combinatorics. The main source for these notes
is the terrific textbook by Ryan O’Donnell [ ] which is available for free on
Arxiv'. The book was first published in 2014 and we add some more recent results
that appeared later. Another excellent source are the lecture notes of Hamed
Hatami?.

Inspiration for the selection of additional material comes from the course
Analysis of Boolean Functions by given by Avishay Tal in Spring 2023 at UC Berke-
ley® as well as the Spring 2021 course Topics in Combinatorics: Analysis of Boolean
Functions given by Dor Minzer at MIT*. Moreover, we rely on the survey by Arturs
Backurs®.

1.1 The basics

As mentioned earlier the goal is to study functions of the form f: {+1}" — R.

ISee https://arxiv.org/abs/2105.10386

2See https://cs.mcgill.ca/"hatami/Boolean_function_analysis.pdf.

3See https://www.avishaytal.org/cs294-analysis-of-boolean-functions
4Seehttps://ocw.mit.edu/courses/18-218-topics-in-combinatorics-analysis-of-boolean-functions-s
5See https://www.scottaaronson.com/showcase2/report/arturs-backurs.pdf


https://arxiv.org/abs/2105.10386
https://cs.mcgill.ca/~hatami/Boolean_function_analysis.pdf
https://www.avishaytal.org/cs294-analysis-of-boolean-functions
https://ocw.mit.edu/courses/18-218-topics-in-combinatorics-analysis-of-boolean-functions-spring-2021/
https://www.scottaaronson.com/showcase2/report/arturs-backurs.pdf
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For two such functions f, g: {+1}"" — R we define an inner product

1
fogp= EIf0-gl)=2 {;} fx)-g(x)
that is sometimes called the expectation inner product and we use the unusual
notation -, -) g to remind ourselfs of the factor Zln that is not present in the stan-
dard inner product. Here we write x ~ {—1,1}" to indicate that x is a vector that is
drawn uniformly at random from {—1,1}". For a set S < [n], consider the special
function
xs: {1} — {1} with ys(x):=]]x; Vxe{-1,1}"
ieS

The function yg is also called the character function. We denote SAT := (S\ T)u
(T'\S) as the symmetric difference of sets S, T < [n]. We show a convinient fact for
these special character functions:

Lemma 1.1. For S, T < [n] one has

( , QU ifs=T
X XTE = 0 otherwise.
Proof. We write
( ) E  [xs(x)xrx)] E [ (x)] l_[ E [x] 0 if|SAT|>0
) = X)- X — x)] = il =
XS XT)E x~{£1}" Xs\x)-xr (a1} XSAT AL B 1 ISAT] =0

Here we use that ys(x) - y7(x) = ysat(x). We also use that for independent ran-
dom variables X and Y onehasE[XY] =E[X]E[Y]. O

We note that the set
Vi={fIf:{z1}" - R}
is a vector space of dimension 2” and Lemma 1.1 says that the family of 2" many
functions {y s} sc[n) is pairwise orthogonal and even orthonormal. Hence {} s}sc(n
must be an orthonormal basis for that vector space. It then makes sense to con-
sider the coordinates that an element f : {+1}" — R has with respect to that basis:
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Definition 1.2. For f: {+1}"" — R and S < [n] we denote the S-th Fourier coeffi-
cient as

FO=asdp= E_1f)xs):
x~{£1}n
By orthonormality we know the following:

Theorem 1.3 (Fourier Expansion Theorem). For every function f : {+1}" — R
there is a unique linear combination in terms of the character functions which is
JX) =X [(S)- xs(x) for x € {+1}".

We make the following definition.
Definition 1.4. For f:{-1,1}" — R we define the degree as® deg(f) := max{|S]| :
f(S) #0}.

Theorem 1.3 represents f as a multivariate multi-linear polynomial and deg( f)

denotes its total degree. The following can be obtained by applying Theorem 1.3
and using the orthonormality of the characters.

Theorem 1.5. For any f, g : {+1}" — R one has
(i) Plancharel’s Theorem: {f,8)r = Y sc(n| f(9)-8(9)

(i) Parsival’s identity: {f, f)p =X scn f(8)?

Proof. For (i) we use Theorem 1.3 and linearity of ., -) g to write

=Y Y FOD s xryg = Y. F(9ES)

Scn] T<[n) — Scin]
=1if S=T,=0 o.w.

Then (ii) is a special case of (i). O

One should think of Plancharel’s Theorem as the basic fact that for two el-
ements f and g in a vector space one can obtain their inner product by sum-
ming up the coordinate-wise products with respect to any orthonormal basis.
That brings us to the question why actually we have picked {ys}sc[, as a basis
and not any other basis such as the standard basis which in this case would be
ey: {~1,1}" — {0,1} with

. 1 ifx=y
ey(x):=
Y 0 otherwise.

The answer is that the Fourier basis takes the geometry of the hypercube into ac-
count and many statements become easier when being considered in the Fourier
basis.

5We can make the convention that the zero-everywhere function has degree —1.
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1.2 Fourier weights

For afunction f : {-1,1}" — {-1, 1} we know by Parsival’s identity that }_gc f(8)2=
Ex~(—1,7[f(x)?] = 1. So it makes sense to think of the values f(S)? as a probabili-
ties:

Definition 1.6. For f : {~1,1}" — {~1,1} we denote Sy as the distribution that
returns a set S < [n] with probability f (S)2. We call S r the spectral sample for f.

Often it will be important whether most of the Fourier weight of a function f
lies on large sets S or on small sets.

Definition 1.7. For f:{-1,1}' - Rand k € {0,..., n} we define the Fourier weight
at level k as

LAY (O

Scinl:|Sl=k

We also define f~* as the part of f coming from level k, i.e.

=Y Foxs@

ISI=k

1.3 Relationship of {-1,1}" to {0, 1}”

In many settings it would be more natural to study functions of the form g :
{0,1}" — {0,1}, rather than f : {-1,1}"" — {-1,1}, for example when we want to
work with addition modulo 2 or subspaces in [F;. But one can always map a vec-
tor x € {0, 1}" to the vector ((-1)",...,(=1)*") € {—1,1}" and then do the analysis
in the {—1,1}" cube where the addition modulo 2 (denoted by @) is replaced by
the coordinate-wise multiplication ®. Mathematically speaking, for each coordi-
nate we have the two 2-element groups ({0, 1}, ®) and ({—1, 1}, ®©) and we map the
neutral element of one to the neutral element of the other (and the non-neutral
element to the non-neutral element).

We should remark that the book by O’Donnell | | rather freely switches
back and forth between both cubes. Instead we will for the most of it stick with
the {—1,1}"-cube which possibly helps reduce confusion while it means we will
work with somewhat less intuitive notions of convolution and {—1, 1}-linearity.

Still, we want to give some background on functions on the {0, 1}"-cube. We
will aim to use g as symbol for such functions while we reserve f for the {+1}"-
cube. We will leave the proofs for some of the stated claims as an exercise.

Any multilinear polynomial F : R” — R is of the form

Fx)= )Y as[]xi VxeR” (1.1)
Sc(n] i€eS
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We know that there is a unique choice for the parameters as which are the Fourier
coefficients F(S) = Ex~ie137 [F(x) - xs(x)]. But that means we have expressed the
numbers ag in terms of the function values on {+1}". So the first question should
be: how can the numbers ag be expressed in terms of the function values on
{0,1}7"2

Proposition 1.8. For a function g : {0,1}" — R, there is a unique choice of values
{as}scin) SR so that

gy =Y as[]y: Vyeio,1}"

Scinl  ieS
In fact, the values are
as=Y -DMgarp) (1.2)
T<S

where 17 € {0,1}" is the characteristic vector of set T.

For a multilinear polynomial F : R” — R as in (1.1) we know that the degree
max{|S| : as # 0} coincides with the degree deg(F) as defined in Def 1.4. The
degree is invariant under shifts:

Proposition 1.9. Let F : R” — R be a multilinear polynomial. Then for a,f € R
with f #0 let G:R" — R be defined by G(x) := F(a + Bx). Then G is a multilinear
polynomial with deg(F) = deg(G). Moreover for all S < [n] with |S| = deg(F) one
has G(S) = BISIE(S).

In particular we can consider a function f:{-1,1}" — Randlet g: {0,1}" — R
be the function defined by g(xT“) := f(x) for x € {—1,1}"*. Then both functions
will have the same degree.

1.4 Convolution

For two vectors x, y € {+1}" we write x ® y € {+1}" as the vector with entries (x ®
¥)i = x;-yi. As explained above, the ©-operation is the analogue to addition in
Fs.

Definition 1.10. For functions f,g:{-1,1}" — R we define their convolution as
the function f * g:{-1,1}"" — R defined by

(f * 8)(x):= E [fxoy)-g»] Vxe{-1,1}"
yN_y n

We want to describe an important application of convolution.
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Definition 1.11. A function f:{-1,1}"" — R s called a (probability) density func-
tionif f(x) =0forall x€ {—1,1}" and Ex~(—1,12[f (x)] = 1.

Note that for a probability density function f, according to our definition one
has } ye—1,13» f(x) = 2" which might be somewhat unintuitive but this scaling
will work well for us.

Proposition 1.12. If f, g : {—1,1}" — R are density functions, then also f * g isa
density function. Moreover if x ~ f and y ~ g independently then (x©y) ~ f * g.

Proof. Clearly
(f*x= E | E }n[f(xcay)]-g(y)]: E [gm=1
y~

E
x~{-L1}" y~{-L1" "x~{-1,1 {-1,1}"*

~~

=1
and so f * g is indeed a density function. For the moreover part, for any fixed
z€{-1,1}"" we have

Pr [xoy=2z]= Z Pr[x]Pr(zox] = L E [f(x)gzox)]= i-(f>x< )(2)
fymg D xe(-1,1}m & "2 8 TS

as claimed. O

For the sake of completeness we want to mention that forall f, g, h: {-1,1}" —
R one has commutativity in the form of f * g = g * f and associativity, i.e. f * (g *
h) = (f * g) *» h. Finally we will prove the important fact that the Fourier coeffi-
cient of the convolution is simply the product of the two Fourier coefficients of
the original functions.

Theorem 1.13. For all f,g : {-1,1}" — R and S < [n] one has (f * §)(S) = f(S) -
().

Proof. We have
f+g©S = E[(f*@x)-xs)]
x~{-1,1}"

x~{E,1}" [J’N{—IEl,l}"[f(y) gyl XS(X)]

x E [f1-g@ xsyo2)]
yz~{-1,1}"

= E [fO-xs]- E [g@ xs(@]=F(S) &)
y~{=1,1}" D f~{—1,1}”

¥ J

~js) =£(9)
In (*) we make the substitution z := x ® y and we use that for fixed y, x© y is
uniform from {-1,1}". O
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1.5 Restrictions

For a set J  [n] of coordinates we will denote the complement as J := [n] \ J.

Definition 1.14. For a function f : {-1,1}" — R, an index set J < [n] and z €
{~1,1}/, we define the restriction of f to J using z as the function fy;:{-1,1}/ - R

with fy.(y) := f(y, 2).

Intuitively speaking [, is the restriction of f to a subcube. It will be useful to
determine the Fourier coefficients for the function fj; : {-1,1}/ — R in terms of
the original Fourier coefficients.

Proposition 1.15. Let f: {-1,1}" - R, J< [n] and z € {-1, 1}7. Then forany Sc ]
one has (f72)(S) =X rc; f(SUT) - xr(2).

Proof. For each U < [n] there is a unique decomposition as U = SUT with S< J
and T < J. Morever we can decompose x € {—1,1}" as x = (y,z) with y € {-1, 1V
and z € {~1,1} so that yy(x) = ys(») - x7(2).

This can be used to write

= =f@=Y fWqum=Y (X fEuD- @) x5

Uc(n] ScJ] 1]

Then by Theorem 1.3, the term }_ j f (SuT)-xr(z) has to be the Fourier coeffi-
cient (f72)(S). O

We could also ask how the Fourier coefficients (m) (S) change as we vary z.
Proposition 1.16. Let f : {—1,1}"" — R and let S < J < [n]. Define
F:{-1,1¥Y =R with F(2):=(f)(S)
Then the following holds
(@) OnehasF(2) =Y 1c; f(SUT)-x1(2).
(b) Forall T < J onehas F(T) = f(SUT).

(c) Onehask,__, ,;[F(2)] = f(S).
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(d) OnehasE,_,_, ,/[F(2)*1 =¥ ¢ f(SUT)?.
Proof. From Prop 1.15 we know that indeed

F@2) ==Y fSuT-yr(
TS]

which gives (a). Then again by Theorem 1.3, the Fourier coefficient }5 (T) hasto be
Y rcj f(SUT) which gives (b). For (c) we use thatE,_,_, ,,;[F(2)] = F(®) = f(S) us-
ing (b). For (d) we use Parsival’s Inequality (Theorem 1.5) togetE,__, , .;[F (2)?%] =
Y 7¢j F(1)? = ¥ ;<7 f(SU T)? making use of (b). O

1.6 Norms for functions on the hypercube

Occasionally it is useful to use £,-norms for boolean functions. Traditionally one
would treat a function f : {—1,1}" — R simply as an 2"*-dimensional vector and
define || 1 := (T xer-1,1yn | f(01P) P for1 < p <ocoand | flleo := maxye(-1,137 | f(X)].
Standard comparison estimates give that for 1 < p < g < oo one has || f]l4 <
Ifll, < (2")1/p_1"7||f||q. But since as inner product we use (-,-)p, it will make
sense to define an ¢,-norm using the expectation as well:

Definition 1.17. For f:{-1,1}"" - Rand 1 < p < oo we define

1

£z, p :=x~{gEmn[|f(x)|P]“” = Gt 11y

and || fll g0 = | flloo-

Then we obtain the following comparison inequality:

Proposition 1.18. For1 < p < g <oo and f:{-1,1}" — R one has

1\1l/p-1/q
(52)  1flBg<Nflsp<1flq

2n
Proof. We fix 1 < p < g < co. It will be convinient to prove the upper bound

I flEp < Ifllg,q and thelower bound in the sum form || fIl; < || f | ,. For the upper
bound we can see that

Jensen
<

/
IF1E,= E. 1AC1 L R S (VCOT R V%

where we use Jensen’s inequality (Theorem 1.45) together with the fact that the
map z+— z9'P is convex as % >1.
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Next we prove the lower bound. We can scale both sides of the inequality and
just prove that || fll, =1= [ fllg < 1. From || ]|, = 1 we know that || f|loc < 1. Then

Iflg="> If@lf< Y If@P=1

xe{-1,1}n xe{-1,1}n
because for 0 < z <1 one has z7 < zP. O
Similarly we can consider #,-norms of the Fourier coefficients:

Definition 1.19. Let 1 < p < co. The Fourier p-norm (or spectral p-norm) of f :
{-1,1}" - Ris

iflp=( X2 |f(8)|”)”p

Scinl
Moreover ﬂfﬂoo :=maxscn | f(S)I.

A A

For example by Parsivals Theorem we know that || fllg2 = [ fll2.

1.7 Noise stability

A recurrent theme in analysis of boolean function is to analyze how functions
change under perturbations.

Definition 1.20. For -1 <p <1and x € {-1,1}" we write y ~ N, (x) if y € {-1,1}"
is a random vector so that independently for each coordinate i € [n],

{xi with probability 5 + &
Yi=

—x; with probability 1 - £

It is useful to note that for 0 < p < 1 we could have equivalently defined

L with probability p
| uniform from {-1,1} with probability 1 — p

Forall -1 < p <1 one has

O o |
y=Ny( e

In other words, the correlation between x; and y; is exactly p. We also call (x, y)
with x ~ {-1,1}" and y ~ N,(x) a p-correlated pair. One can think of y as a per-
turbation of the vector x.
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Definition 1.21. For f:{-1,1}" - Rand —1 < p < 1 we define the noise stability

Staby(f1:= _E [f(x)-[(y)
y~Np’(x)

In other words, the noise stability tells how much the function value at x
correlates with the function value at a perturbation y. If f:{-1,1}"" — {-1,1}
is boolean, then it is useful to note that

Stab, [f] = 2xN{E’1rl}n [f)=fN-1
y~Np(x)

and —1 < Stab, [f] < 1.
For example for the character functions we have

Stab,[ysl= E . [Hxiyi]:]_[ E n[XiJ’i]ZP|S|
x~{=1,1}", ticg jiesx~{-1L1}",
y~Np(x) y~Np(x)
[ —
=p

That means for 0 < p < 1, the smaller |S] is the higher the stability of ys.

Definition 1.22. For —1 < p <1 we define T}, : V;, — V}, as the linear operator that
maps a function f: {~1,1}" = Rto T, f : {~1,1}"" — Rwith

Tpf= E )[f(y)]

y~Np(x

Intuitively, T, f is perturbed version of f. As usually we describe the Fourier
expansion of T, f:

Proposition 1.23. For f:{-1,1}' - R and -1 < p < 1 one has

(T, =Y o7 xs0 =Y o*f* )
k=0

Sc(n]

Proof. Since T, is a linear operator, it suffices to verify the claim for ys with S
[n]. Indeed for any x € {—1,1}" one has

(Toxs) =[] E [yil=]]ox)=p"" xsx)
iesy~Np(x) i€S

=pXi
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In other words, the operator T, “dampens” the Fourier coefficients and the
effect is stronger, the larger |S| is. We can use the operator to express the stability
of a function in terms of its Fourier coefficients.

Proposition 1.24. For any f:{-1,1}"* —= Rand —1 < p < 1 one has

Stab,[f1= Y p¥f(9)?
Scin]

Moreover, for f: {~1,1}" — {~1,1} one also has Staby[f] = Es-s, [0"*'].

Proof. Using the T, operator we can write

Def stability
Stab = .
aby (/] Bl E o]

Def T

lancharel A o =, o Prop 1.23 - .

rangarel Y 29T NE) =T Y F8)-f(8)-pl

Sc(nl S<(n]
Then the “moreover” part is clear. O

From this claim we can draw the conclusion that the stability of a function f
is high if much of its Fourier weight lies on the lower levels. Also we can see that
forany f:{-1,1}"" = Rand 0 < p < 1 one has Stab,[f] = 0, which is not obvious
from the definition itself.

Noise sensitivity. We also introduce somewhat opposite quantity to stability:

Definition 1.25. Let f:{-1,1}" — {-1,1} and 0 < § < 1. Draw x ~ {—1,1}" and
obtain y by flipping each bit independently with probability 6. Then the noise
sensitivity of f is defined as

NSs[f1:=Pr[f(x) # f(P)]

One can see that the distribution (x, y) that is produced in the definition cor-
responds to a p-correlated pair if 6 = % - g © p =1-26. Moreover if for a boolean
function one has Stab, [f] = 1 then this corresponds to NS5[ f] = 0. The exact de-
pendence is as follows:

Lemma 1.26. For f:{-1,1}" — {-1,1} and 0 < § < 1 one has

1 1
NS§[f] = E — Est&bl_g(g[f]
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1.8 Derivatives and Influences

We want to introduce the notion of a derivative for a function f:{-1,1}" — Rin
the coordinate directions. For a vector x € {—1,1}" and b € {-1, 1} we define

i—b) . _
x( )-_ (xl)'-')xi—l!b)xi+ly---yxn)

as the vector x where the ith bit is set to b (no matter what it was before). We also
define
x® = (X100 Xim1, = Xi, Xig1,-0+» Xn)

as the vector x where the ith bit is flipped.

Definition 1.27. For i € {1,...,n}, we define D; : V,, — V,, as the operator that
maps a function f: {+1}"* — R to the function D; f : {#1}"" — R with

1 . .
(D; f(x):= > (f(xl—»l) —f(x’H‘l))

Intuitively this gives the change of f at x in coordinate direction i. As always
it will be usful to know the Fourier expansion of D; f in terms of the Fourier coef-
ficients of the original function f. Note that by construction, (D; f)(x) does not
depend on x; and hence we already know that (55‘ )(S) = 0 wheneveri € S.

Proposition 1.28. For any f :{—1,1}" — R and coordinate i € [n] one has

DiNH =Y FO xsusx) Yxe{-1,1}"

{iteSc(n]

Hence for S < [n] one has

B = 0 ifie$
' C\fsuty ifies

Proof. One can check that for any S < [n] one has

(Diys)(x) =

)(s\{i}(x) ifieS
ifi¢S

Then by linearity

DiNH =Y FO - Dixs)®= Y F(S sy

Sc(n] Sc(n):ieS
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Summing up the squared change gives another useful quantity called influ-
ence.

Definition 1.29. For a function f: {—1,1}"" — R and a coordinate i € [n] we define
Inf;(fl:== E [ N =1Diflg,
x~{=1,1}" ’

as the influence of coordinate i.

Often we are interested in boolean functions with values in {—1,1} in which
case the derivative and influence notions simplify:

Lemma 1.30. For a function f: {-1,1}" — {—1,1} one has

1 iff(xi) # fixi—h

0 otherwise.

(D; f)(x)* = {

Moreover

Infi(fl= Pr [fe0# fx®)]

In other words, for a function f : {-1,1}" — {-1,1}, the influence Inf;[f] €
[0,1] gives the fraction of edges of the hypercube with direction e; where both
endpoints have different values.

Definition 1.31. For f:{-1,1}"" — R we define the total influence as

I[f]:= ilnfi[f].
iz
Note that for a boolean function f: {—1,1}"" — {-1,1} one has 0 < I[f] < n.
Theorem 1.32. Let f: {—1,1}"* — R. Then
(i) Foranyi € [n] one has Inf;[f] = ¥ sc(npics f (S)?.
(ii) One has I[f]=Y.sc;yISI- f(S)%.

Proof. For (i) we apply Prop 1.28 to get
. ~o Prop 1.28 p
Inf;[f1=0D;f15 =7 Y, f(87
Sc(nl:ieS
For (ii) we sum over all coordinates to get
n . n
A=Y mkAZY ¥ fs2= Y 18£8
i=1 i=1Sc[nl:ieS scin]

as the double sum counts every set S exactly |S| times. O
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For later use we record the fact that low degree bounded functions have a
small total influence:

Lemma 1.33. For any f :{-1,1}" — [-1,1] one has I[f] < deg(f).

Proof. Abbreviate d := deg(f). We verify that

Thm 1.32 2 Parswal 2
I = S S d S <
[f] Y ISI-f(9%*<=d Y. £ E [f(x)7=

scin] seml x -Lyn

<1

O
p-stable influence. We introduce a concept that connects noise stability from
the previous section with influence:

Definition 1.34. Let f: {-1,1} = R, 0< p <1 and i € [n]. Then the p-stable
influenceof i on f is
()
Inf”’[f]:= Stab,[D; f]

Moreover, I?[f] := " Infgp )l f11is the p-stable total influence of f.

These quantities might be less intuitive, but we can also obtain their Fourier
representation:

Lemma 1.35. For any f:{-1,1}" - R and 0 < p < 1 the following holds:
(i One has Inf” [f] = ¥ scinies 05 F(S)2.
(i) One has I'P[f] =Y gc(n 1S10'57 1 £(8)2.
_d
(iii) One has I'P[f] = 4pStabp[f1.

Proof. For (i), we use that

It 1% stab, (D 1% Y oS DO TR Y oIS frsuin?
Scn] Sc[n):i¢S

We leave (ii) and (iii) as an exercise. O

Degree-d influences. We make another definition:

Definition 1.36. For f:{-1,1}" — R and d € Z-( we define the degree-d influ-
ences as

Inf=4[f] := > f(8)?

S<(n):ieS and |S|<d
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One can think of the degree-d influences as an alternative to the p-stable
influences. In the former we cut off any coefficients larger than d, in the latter
we just discount those at an exponential rate. We record a lemma for later use:

Lemma 1.37. For f: {+1}" — [~1,1], d € Zsg and e > 0 let I := {i € [n] | Inf:%[f] =
€} be the influential coordinates. Then |I| < %.

Proof. We have

n

elll <) InfF[f1=) Y f&*= Y f(8)? 18 =d

i=1 i=1Sc[n):ieS and |S|=d IS|=d P
~——— =
<1
which can be rearranged to |I| < g. O

1.9 Variance of functions
Occasionally the following notion will be useful:

Definition 1.38. For a function f: {—1,1}"" — R we abbreviate Var[ f] as the vari-
ance of the random variable f(x) where x ~ {—1,1}". In other words

._ 21 _ 2
Var[f] := x~{E,1}” [f(x)?] x~{_[EM}n[f(x)]

Lemma 1.39. For any f: {-1,1}" — R one has Var[f] =} ycscn f(S)Z.

Proof. Follows from Parsival’s identity and the fact that Ex~{—1,132[f(x)] = f ().
OJ

1.10 Useful inequalities

We collect a few standard inequalities that will turn out to be useful during this
course.

1.10.1 Probabilistic inequalities

Lemma 1.40 (Reverse Markov Inequality). Let 0 < X < M be a random variable.
Then Pr(X = 1] = EZL,
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Proof. We have

E[X]<t-PrX<t]+M-Pr[X=¢f]<t+ M- -Pr[X=1]
1
Rearranging gives the claim. O

Lemma 1.41 (Paley-Zygmund). Let X be a real-valued random variable with X =
0 and 0 < E[X?] <oo. Then forany0<t<1,

ELX]?
Pr(X > tE[X]] = (1 - t)Z[E[XZ]
Proof. We bound
ELX] = ELX - Lxerpp] +EX-Lsrgig] e tELX]+v/EIX2] -PrIX > (ELX]]
<tE[X]
Rearranging gives the claim. O

Theorem 1.42 (Hoeffding Inequality). Let X;, ..., X,, be independent random vari-
ables so that a; < X; < b; foralli € [n] and let X = %(Xl +...+ X}). Then for any
>0,
Pr{lX — E[X]| 2 £] = 2exp 2n°E )
SOOI b —a?

1.10.2 Combinatorial inequalities

Theorem 1.43 (Generalized Binomial Theorem). For any x, r € R with |x| < 1 one
has

1+x)" =Y (r)xk
=o\k
where

r| r-(r=1-...-(r—k+1)
k| k!

1.10.3 Analytic inequalities

Next, we derive a few analytic inequalities.

Lemma 1.44 (Cauchy-Schwarz). For any real-valued random variables X,Y one
has
ElX- Y[ < VEIX?]E[Y?]
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We will actually prove a more general statement later.

Theorem 1.45 (Jensen Inequality for Convex Functions). Let X : Q — R be a ran-
dom variable and F : R — R be a convex function. Then F(E[X]) < E[F(X)].

The inequality follows immediately from the definition of convexity.

E[F(X)]
F(E[X])

Y

X1 E[X] X2

Example of convex function F and
distribution X over only two values x;, x»

If the function F is rather concave then convex, then the inequality holds with
reversed relation:

Theorem 1.46 (Jensen Inequality for Concave Functions). Let X : Q — R be a ran-
dom variable and F : R — R be a concave function. Then F(E[X]) = E[F(X)].

The next inequality is due to Young:

Theorem 1.47 (Young’s Inequality). For x,y =0 and 0 < A < 1 one has
x-y<(1-2) xHA-A +)L-y1/’1

Proof. Simply note that

Jensen+concavity of In

ln((l—/l)x“(l_’l)+/1ylm) > (1—xl)ln(xl/(l_’“)+Mn(y”’1)
= In(x) +1In(y) =In(x- y)

O

The inequality of Holder is basically a generalization of Cauchy-Schwarz to
general | - || ,-norms:

Theorem 1.48 (Holder’s Inequality I). Let X,Y : Q — Ry be jointly distributed
non-negative random variables. Then for all 0 < A < 1 one has E[X -y <
E[XT' " E[Y]A
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Proof. Scaling X by s > 0 scales both sides of the inequality by the same factor
of s'=*. Hence we may assume w.l.o.g. that F[X] = 1; similarly assume E[Y] = 1.
Then applying Young’s Inequality gives

EXIYY R E[a-n- (YR A o] =B - X+ AY)
= (A-AEX]+AE[Y]=1=E[X]'"*E[V)

An equivalent statement is as follows:

Theorem 1.49 (Holder’s Inequality II). Let X, Y : Q — R be jointly distributed ran-
dom variables. Let p,q = 1 be a pair with % + % =1. ThenE[|X- Y| <E[|X|P]VP-

E[|Y|9)V4.

Theorem 1.50 (Littlewood’s Inequality / L,-interpolation inequality). Let X be a

random variable. If p,q,r =1 and 0 < 0 < 1 are values so that% =04 %, then

q
ENXIP1YP <E[1 X999 g x40

Proof. We can write

1/
[E[Ile]l/p — [E[(|X|q)p0/q(|X|r)p(1—6)/r] p

. 1/
Holéierl ([E [leq]pB/q[E [|X|r]P(1—0)/r) p

_ [E[|X|q]9/q'[E[|X|r](l_0)/r

Here we crucially use that 0 is chosen so that %9 + M =1 in order to apply

Holder’s Inequality I (Theorem 1.49). O

We note that necessarily p needs to lie between g and r so that 8 € (0,1). We
would like to remark that Littlewood’s Inequality can be restated as follows:

Theorem 1.51 (Littlewood’s Inequality II). Let X be a random variable. Then the
function ¢ : (0,1] — Rxq with ¢(#) := E[| X|"]? is log convex.

Proof. Lett=0a+(1-0)bwitha<t<b. Thenp::%zl, q:=

Then % = %+ %. Hence

> 1.

Q=

=>1,r:=

Sl

b <d@? - d)? = EIXIPIVP <ENX1199 +E[1 X100

which is exactly the statement in Theorem 1.50. O
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This can be conviniently rewritten for the norm of functions:

Theorem 1.52 (Littlewood’s Inequality III). Let f : {+1}" — R. If p,q,r = 1 and

0 <0 <1 are values so that% = % +¥, then

1 lEp < UF1S, - 11D
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Chapter 2

Linearity testing

Recall that a function F :F} — [, is linear if F(x® y) = F(x) ® F(y) forall x, y € F7.
The following topic is typically phrased using the cube [} but as we explained
above, we prefer not to have to switch back and forth and will do the exposition
and proof fully with the cube {-1, 1}".

We say that a function f:{-1,1}"* — {-1, 1} is {—1, 1}-linear if

fxeoy=fx)-f( VYxye{-1,1}"

We have already seen that for any S < [n] one has ys(x© y) = ys(x) - xs(y) for all
X,y € {£1}", meaning that the character functions are {—1, 1}-linear. In fact, one
can show that the character functions are the only {—1, 1}-linear functions, which
we leave as an exercise.

In 1990, Blum, Luby and Rubinfeld | ] studied approximately linear func-
tions. In particular they considered the following test which can be done using
only query access to 3 random points.

BLR LINEARITY TEST

Input: Query access to a function f: {-1,1}" — {-1,1}
(1) Draw x,y ~ {—1,1}" independently at random.
(2) Acceptif f(xoy) = f(x)- f(y).

Suppose this test passes with 99%, then would this imply some structure on f?
Still, f might not be an actual {-1,1}-linear function but maybe it is close to
one. In fact, it will be within 1% of a character function. Here, for functions
f,g:{-1,1}" — {—1,1} we define the distance between them

dist(f,8):= _Pr [f(x)=g(x)]

Note that always 0 < dist(f,g) < 1.

27
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Theorem 2.1. Suppose a function Let f : {+1}"" — {+1} be a function that passes
the BLR Linearity Test with probability at least % +efor0<e< % Then there is a
set S < [n] so that f(S) = 2¢ as well as dist(f, ys) < % —€.

Proof. We write

1 1
2¢ = (54-8)—(5—8)
BLR test
< E [f(xopy) - fx)-f]
X, y~{x1}"
Thm 1.3 E [( 3 f(S)}(s(XQy))( Y f(T))(T(x))( > f(R)XR(y))]
Xy~EL I gcn) T<(n] Rel[n]
Xs(xey)=§s(x))(s(y) Z f(S)f(R)f(T) E [)(S(x)'XS(J/)'XT(X)'XR(.V)]
S, T.R<(n) Xy~
indep. Y fOFMFR E [xs@yr®] E lxs0)xa()]
S, T.R=[n] x~£1" _y~iEnt ,
=1if S:?, =0 o.w. =1if S:E, =0 o.w.
= P IOK
S<(n]
< max{f(S)}- Y. f(8)?
Scn] Sg[n]
S —
=(f.frg=1
< F(S
< grgl'%{f( )}

Now fix the set § maximizing £(S). Then

2e < f(S) = (f, xs)p =1 - 2dist(f, xs)
which can be rearranged to dist(f, xs) < % —€. O

The original result is due to | ] while we have presented a later proof
due to Bellare.



Chapter 3

The Goldreich Levin algorithm

In this chapter we discuss boolean functions from the view point of learning the-
ory. In general terms, there is a function f : {-1,1}"" — {—1,1} and we want to
learn certain facts about it. For example we could be interested in learning the
large Fourier coefficients of f. The only access that we have to the function is via
function values f(x) at a few points x. In principle there are three ways how this
access could be given:

» Adaptive queries: We compute a sequence of points x,...,xy € {—1,1}"
and an oracle gives us the values f(x;),..., f(xy). Here x; can depend on
the previous queried values f(x1),..., f(x;_1).

* Non-adaptive queries: We compute a sequence of points xi, ..., xy € {—1,1}"
and an oracle gives us the values f(x;),..., f(xy). Here x; may not depend

on f(x1),..., f(xi-1).

* Random examples: An oracle draws xy,...,xy ~ {—1,1}" uniformly and in-
dependently. Then we are provided with the pairs (x1, f(x1),..., (xn, f(xN)).

We note that adaptive queries are more powerful than non-adaptive queries which
in turn are more powerful than random examples. When designing a learning al-
gorithm, there are 3 often conflicting goals that one might want to achieve:

» Use an oracle that is as weak as possible.

* Minimize the number of queries.

* Minimize the running time.

29
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3.1 Estimating Fourier coefficients

To warm up, we discuss how to estimate a single Fourier coefficient using ran-
dom examples.

Lemma 3.1. Given S € [n] and §,¢ > 0 and access to N := @(EL2 -log %) many ran-
dom examples from f : {—1,1}" — {—1,1} one can compute a value a € R so that

Pr|f(S)—al<el=1-6

Proof. Note that f(S) =Ex~—1,132[f(X) - xs(x)]. So if we draw x;,...,xy ~ {—1,1}"
and set X; := f(x;) - xs(x;) then -1 < X; <1 and E[X;] = f(S). Our estimate is
@ := 4 XN, X; and by Hoeffding’s Inequality (Theorem 1.42), N = ©(%log(3))
samples suffice. O

Next, we will extend this argument and show that also “groups” of Fourier
coefficients can be estimated. For a vector a € {0, 1, *}" we define

Wa(f):= Y f9?
S<[n]:
a;=0=>i¢S,
a;=1=ieS

Here one can think of a as a pattern and W,(f) is the sum of the squared Fourier
weight over all sets S that match the pattern.

a

(000011 1 1 % % % * * %

I 2 oo n
matchingsetS [e o ‘o o. o o

That means if a contains kK many placeholders *, then W,(f) is the sum over
2% many squared Fourier coefficients of f. In particular, for all S € [n] one has

.....

1. Of course one could estimate W, (f) via Lemma 3.1 by estimating each Fourier
coefficient separately. But then the running and number of samples would be
polynomial in 2%, It turns out that this can be done much more elegantly:

Lemma 3.2. Given a € {0,1,*}" and &,0 > 0, with N := @(glzlog%) many non-
adaptive queries to f :{—1,1}" — {—1,1}, one can produce a value f € R so that

Pr|Wa(f)-Bl<sel=1-06

The running time is polynomial in n, % and log(}s).
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Proof. Let [n] = [(UI;UI, be the partition of the coordinates according to where
ahas 0’s, 1'sand #’s. Let F: {—1, 1}/ — R be the function which for z € {—-1,1}!* is
defined as
F2):=(fon) = E  [fh2xn0)] &
yN{—l,l}IOUIl

Here we use the notation of restrictions from Section 1.5. Then we can express

wa()  E Y fun?

T<I,

Par%ival E (F (2)2]
Z~{—1,1}I*

(%) 2

2k | B [fea ol
ZN{—I,l}I* y~{—l,1}10U11

= E | B [f0a 0 f0,2 0,00]|
ZN{—I,I}I* y,y’~{—l,1}10U[1

Here we use that for any random variable Y ~ D coming from some distribu-
tion D one has E[Y]? = E[Y]E[Y'] = E[Y - Y'] where Y,Y’ ~ D are independent
copies of that same distribution D. Similar to Lemma 3.1 we can draw indepen-
dent samples (z;, y;, ;) for i = 1,..., N and set § as the unweighted average of the
random variables X; := f(y;, z)xn (Vi) - f(¥;,zi)xr,(¥}). Again -1 < X; <1 and
E[X;] = W,(f) and so N = O(elzlog(%)) samples suffice. O

We would like to point out a subtle difference in the argument to Lemma 3.1.
We do not simply query f at 2N uniform random points because we need the
product f(y;, zi)- f (¥}, z;). That means we need correlated random samples where
pairwise the coordinates of I, are the same!

3.2 The Goldreich-Levin algorithm

Now we come to the main part of this chapter. Intuitively, the Goldreich-Levin
algorithm uses a bounded number of queries to compute the set F = {S < [n] |
| f (S)| = €} of large Fourier coefficients. Now, there is the slight technicality that
if | f (S)| = € then using an estimate as in Lemma 3.1 we could not be certain
whether the S-th Fourier coefficient was slightly above or below the threshold
of €. So the precise statement that we prove is as follows:

Theorem 3.3. Let € > 0. With N := ©(;log(7)) adaptive queries to a function
f:{-1,1}"* = {—1,1}, one can with high probability compute a family F < 2 of
size | F| < ;iz so that
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@ 1f(S)|=e=>SeF
(i) Se F=|f(S)|=E.

The running time is polynomial in n and %

Proof. We first state the algorithm formally:

GOLDREICH-LEVIN ALGORITHM

Input: Adaptive query access to a function f: {—1,1}"" —{-1,1} and € > 0
(1) Initialize F :={(*,...,*)}
(2) WHILE F contains a vector containing a * DO

(3) Select and remove a vector a from JF that contains a *; let i be the
index with a; = *

(4) Create two vectors a© := (ay,...,a;_1,0,aj+1,...,a,) and a'V :=
(a1,...,ai-1,1,ai+1,...,an)

(5) For ¢ €{0,1}, compute an estimate , € R with |[W ) (f) — B¢l < 54—2.
(6) FOR ¢ € {0,1}IF B, < % then discard a'©, otherwise add it to F.
(7) Return F

Note that the algorithm initializes F as a single “bucket” corresponding to the
pattern (*,...,*) containing all Fourier coefficients S < [n]. In each iteration we
remove a bucket containing more than one set S and split it into two buckets
containing half the sets. Then we measure its squared Fourier weight; if the mea-
sured value is below 82—2 then we discard it, otherwise we keep it. At the end all
remaining buckets will contain a single set S. If we run the test in Lemma 3.2
with accuracy €' := 84—2 (and high enough confidence 1 - §) then we know that no
set S < [n] with |f(S)| = € will ever be discarded and all sets that we have left at
the end have f(5)% = % - 54—2 = |f(9)] = £. The final set  returned in (7) only con-
tains singletons satisfying 1 = f (8)? = 54—2 implying that | F| < 54_2' One can arrange
the set of all considered vectors a as a binary (but not necessarily balanced) tree
which has O(giz) leaves and O(g%) nodes total'. Hence a confidence of § := @(%)
suffices.

2
10ne way to see this is by arguing that all interior nodes have a weight of at least & and the

total weight of nodes in the tree can be at most the depth which is .
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3.3 Application to List Decoding of the Hadamard Code

The Walsh Hadamard code is an error correcting code that maps S < [#n] to the
code words WH(S) := (ys(x))xe(-1,137- Note that this is an extremely inefficient
code as it encodes the n-bits represented by S < [n] with the 2"-bits needed to
encode the boolean function ys. But the code has man useful properties. Recall
that in the notation from Chapter 2 we write dist(f, g) as the fraction in which
boolean functions f,g : {—1,1}" — {—1,1} differ. First, note that distinct code
words differ in exactly half the bits:

Lemma 3.4. For all distinct S, T < [n] one has dist(xs, x1) = %
Proof. As used earlier dist(f, g) = % - % XS XT)p = % O

Then certainly, if we have a function f : {-1,1}" — {—1, 1} with mingc,; {dist(f, xys)} <

1 then by the triangle inequality there has to be a uniqueset S* < [n] with dist(f, ys+) <
%. But one can easily pick two distinct set S;, S, and construct f as the “mid
point” between ys,, s, so that dist(f, xs,) = i = dist(f, xs,). In other words, the
unique decoding property is lost once we reach a radius of i. But between dis-
tance ;11 and % —¢, the Walsh Hadamard code is still list decodable. In particular for

any given f and € > 0 there is a bounded number of sets S with dist(f, ys) < % —€

and one can even compute these efficiently.

Theorem 3.5 (List decoding of Walsh Hadamard). Given € > 0 and query access
to a boolean function f : {~1,1}" — {—1,1} one can compute a list F < 2" so that

(i) For all S € F one has dist(f, ys) < % - 5.
(i) Ifdist(f,xs) <3 —¢, thenS€ F.

The list can be computed from poly(n, %) many queries to f and | F| < O(Eiz).
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p—— e WH(S) all functions {—1,1}" — {-1,1}
AN
.}

]
\ e ; °
\J&F g

Proof. We use the Goldreich Levin algorithm (Theorem 3.3 plus removing those
sets S with negative f(S)) to compute a set F with | F| < O(elz) sothat f(S) =2 =
SeFand Se F > f(S) > ¢£. We consider the cases:

@i ForSe}"wehavedist(f,)(s):%—%(f,)(s)Es%—g.

(i) If 2 -1 (f, xs)p = dist(f, xs) < 2 — £ then f(S) = 2¢ and so by construction
SeF.

O



Chapter 4

Hardness of Approximation I (via
PCP Theorem + Parallel Repetition)

In this chapter we discuss a very important application of boolean functions to
derive hardness of approximation results. We will make a small detour and ex-
plain some background on the PCP Theorem and the Parallel Repetition Theo-
rem first (even if it does not contain any boolean functions). After that we prove
that for any € > 0, there is no (% + ¢)-approximation algorithm for maximizing the
number of satisfied linear equations in [, with 3 variables per equation. For this
chapter, we follow the notes of Minzer | ]. Much of the covered material
can also be found in Chapter 7 of O’'Donnell’s book [ 1.

4.1 Probabilistically checkable proofs

Consider a language L < {0,1}*. We are given an input x € {0,1}* and our goal is
to decide whether x € L or not. Suppose there is an all powerful prover that wants
to convince us of the former. The prover presents a proof string 7. But we cannot
read the whole proof, we can merely read a few randomly chosen entries of the
proof but it has to suffice to convince us that x should be accepted when x € L
while we should likely reject if x ¢ L. This is called a probabilistically checkable
proof.

Definition 4.1. Let Z be a finiteset, 1= ¢>s=>0. A PCPE;’S] (r(n), g(n))-verifier is
a deterministic polynomial time Turing machine V” (x, u) that receives an input
x € {0,1}* and uniform random bits u ~ {0,1}"!*) and can make non-adaptive
queries to ¢q(|x|) positions of a proof string 7 € Z*. More precisely, the Turing
machine can write indices iy,...,i4(n (17 :=|x|) on a special tape and then receive

35
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the symbols 7;,,...,7;,» — butit can make such a query only once, in particular
the queries are non-adaptive.
We say that such a verifier V" decides alanguage L < {0,1}" if

xelL = 3n: Pr [V™(x,u)accepts] =c
u~{0,1}7m

x¢L = Vm: Pr [V"(x,u)accepts]<s
Uu~{0,1}7

We also denote PCP){_’C(r(n), q(n)) as the set of languages that can be decided by

a PCPy“(r(n), q(n))-verifier.
proof m: .

Here c is the completeness parameter ans s is the soundness parameter. One
of the deepest results in all of theoretical computer science is the following:

q(n) queries

Theorem 4.2 (PCP Theorem — Arora, Feige, Goldwasser, Lund, Lovéasz, Motwani,
Safra, Sudan, Szegedy 1992'). There are constants € > 0 and |Z| so that one has
PCP."'~“/(O(logn), 0(1)) = NP.

The reader should appreciate at this point that it is mindblowing how just
checking a constant number of symbols could suffice for NP-hard problems. This
has dramatic consequences for the approximability of NP-hard problems as we
will discuss here. Proving Theorem 4.2 is far beyond the scope of this lecture.
For an excellent exposition of the original algebraic proof of the PCP Theorem
we recommend the notes of Minzer | ]. A more recent proof using a gap-
amplification argument was found by Dinur [ ]. The latter proof can also be
found in Chapter 22 of the textbook of Arora and Barak [ |. The weaker state-
ment of NP € PCPQ'I_E] (poly(n), O(1)) has a much simpler proof that be found
for example in Chapter 11 of [ ]. In fact, the proof is heavily based on the
linearity test that we have seen in Chapter 2.

First, it would be a simple observation that one can encode each symbol X by
bits and hence enforce that ~ = {0, 1}. But we will take a different route instead
that is more useful for hardness results.

IReally this is a combination of several works and we cite the set of authors that received the
2001 Godel prize.
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4.1.1 Constraint Satisfaction Problems

The following problem provides a useful alternative view of the functionality of a
PCP verifier.

Definition 4.3. The input to the constraint satisfaction problem CsPy, , consists
of a g-uniform? hypergraph H = ([n],£) and functions ®, : ¢ — {0,1} that de-
pend only on the values assigned to elements in e. An assignment x € X" satisfies
constraint e if ®.(x) = 1 (where we really mean ®.((x;);ce) = 1). The goal is to
find an assignment x € X" that maximizes the number of satisfied constraints
with ®@,(x) = 1. We write val(H) € [0, 1] as the optimum fraction of satisfiable con-
straints. We write CSP; ';] as the correspponding gap version of the problem were
one needs to distinguish whether val(H) = c or val(H) < s.

Example 4.4. Several well-studied problems appearing in combinatorial opti-
mization are in fact a CSP. For example for MaxCut one is given an undirected
graph G = ([n], E) and the goal is to find a set S < [n] maximizing the number
|6(S)| of edges crossing the cut. One can model this as a CSP by using the graph
as constraint graph (i.e. g :=2), using alphabet X = {0, 1} and using constraints

1 ifx, #x
D, (x) = u;é_v Ye={u,v}€E
0 otherwise.

We denote the Karp reduction between two languages by <,. More formally,
for two languages A, B < {0,1}* we write A <, B if there is a polynomial time
computable function f:{0,1}* — {0,1}* so that x€ A < f(x) € B.

Proposition 4.5. Let L € NP and fix~X and 1 = ¢ > s = 0. Then the following is
equivalent:

(A) LePCPZ*(O(logn), q)

(B) OnehasL<, CSP[ZC”;]
Proof. (A) = (B). Consider a PCP[ZC Sl(r, g)-verifier V7 (x, u) with a proof of length
|| = n. For each choice u € {0, 1}” of random bits the verifier reads g entries of the
proof; we denote those entries by e, € ([Z]). Let ®,, : 2 — {0,1} be the function
with ®, () = 1 if and only if the verifier accepts 7 in case the random bits are u.
Then we obtain a Cspy 4 instance ‘H whose value val(H) is exactly the maximum
probability that the verifier accepts any proof. Note that if r(n) < O(logn), then
the instance H has polynomial size.

2That means all edges e € £ have size |e| = q.
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(B) = (A). This reduction also works in reverse: suppose we have a polyno-
mial time reduction from a language L € NP to the gap version CSP | Thenif %
is the produced hypergraph with n vertices, then use 7 € X" as the proof string.
We define a verifier that picks a uniform random edge e ~ £ and accepts if and
only if ®,(r) = 1. Then thisis a PCP[ZC )S] (O(log|&)), q) verifier. O

4.1.2 Reducing to 2 queries

Next, we prove that in the PCP Theorem tfwo queries suffice, i.e. PCP[ZI,’I_el] (O(logn),2) =

NP (while PCP[C l(0(logn),1) = BPP for any 1 = ¢ > s = 0, meaning that single
query does not help).

Proposition 4.6 (2-query PCP Theorem). There are constant €' > 0 and |X'| so
that CspL;} ™" is NP-hard.

Proof. Consider a CsPy 4 instance H = (V,£). We define a bipartite graph G =
(VU Vg, F) with the original vertices V and a vertex v, for every original hyperedge
eel,ie Ve={v,:ec &} Weinsert an edge (v,v,) whenever v € e. We use
symbols X for V and symbols 27 for vertices in V¢ corresponding to assignments
to all the ¢ many original nodes. An assignment x : (VU U) — (XU X9) satisfies an
edge (v, ve) if (i) x(v,) satisfies e and (ii) the value of x(v) is consistent with the
entry in x(v,).

graph H
graph G

The following is simple and we skip the argument:

ClaimI. val(H) =1 = val(G) = 1.

The next claim is the more interesting part and we leave it as homework:
ClaimII.vaI(H)Sl—e:val(G)Sl—%. O
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4.1.3 Label Cover

Instead of working with CSPy , it is common to work with an different problem
that is equivalent in terms of hardness.

Definition 4.7. A label-cover instance ¥ consists of a bipartite graph G = (LUR, E),
an alphabet X = X;UXr and maps ®, : X — X for all edges e € E. The goal is to
find an assignment A: V — Z with A(u) € Z; for u € Land A(v) € Zp for v € R that
maximizes the number of satisfied constraints. Here a constraint e = (i, v) € E is
satisfied if ®.(A(u)) = A(v).

L R
° ° 2z 2R
[ )2 e o

RN

® ° map O,

graph G

We denote val(\W¥) € [0, 1] as the value of the instance, which is the maximum frac-
tion of satisfiable constraints. We would like to point out that the constraints ®,
with e = (1, v) are of a particular form in the sense that for any assignment for u
there is exactly one assignment for v that makes the constraint ®, true. This is
also called a projection constraint.

We write LABELCOVERECM_E] as the gap version of the problem where we have
to distinguish the cases val(¥) = 1 from val(¥) < 1 — € where V¥ has alphabet size
k.

Theorem 4.8. There are constants € > 0 and k € N so that LABELCOVERECM_S] i

NP-hard.

S

Proof. This follows from the NP-hardness of CsPs » with the following additional
observation concerning the proof of Prop 4.6: In the constructed CsPs »-instance
G = (Vu Vg, F) any assignment for v, that satisfies the constraint for e, allows ex-
actly one assignment to v that makes (v, v,) € F true. So indeed this is a projection
constraint (where L:= Vg and R:=V). O]

Naturally, for deriving hardness results it would be much more useful to have
NP-hardness for LABELCOVERECLE] for every constant € > 0 rather than hardness

for LABELCOVERECI'I_E] for sometiny e.
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4.2 The 2-prover 1-round game

LetW = (G, X =X UZR, {®,}ecg) be alabel-cover instance and consider the follow-
ing game: we have a verifier V that only has randomized polynomial time com-
putation available and two all-powerful provers P; and P,. The verifier draws
a random edge e = (u,v) € E, sends u to P; and v to P,. Both provers need
to output assignments a € Xy and b € Xy respectively without communicating
with each other and their assignments should satisfy the chosen constraint of
®,(a) = b. The goal of the provers is to maximize the probability to satisfy the
chosen constraint.

prover 1 verifier prover 2

Drawe= (u,v) ~ E

®
®/ \@
\@/
Accept if @¢(a) = p

projection game corresponding to ¥

It is an exercise to argue that this game is equivalent to label cover. This is the
reason the game is also called a projection game.

Lemma 4.9. The value of the game equals the value of the label-cover instance,
val(¥).

So by some abuse of notation we interpret val(¥) not just as the value of the
label-cover instance but also the value of the equivalent 2-prover 1-round game.
Now we want to generalize the game. Imagine the verifier wanted to increase its
chances and sample independently edges e;,...,e; ~ E where e; = (u;, v;), sends
ui,...,us to prover 1 and vy,..., v; to prover 2. Then prover 1 sends assignments
ai,...,a; € 2y and prover 2 sends assignments f1,..., B; € Zp to the prover. Then
the verifier accepts if @, (a;) = B; forall i = 1,..., . We call this the ¢-fold game
and denote it by Y.
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prover 1 verifier prover 2

Draw ey,...,e; ~ E
with e; = (u;, v;)

O

m@Aﬁ/)ﬁt
Accept if @, (a;) = B;

foralli=1,...,¢

projection game ¥’

Again one can show that this game corresponds to a label cover instance of size
n'. Clearly, val(W®") = val(¥)’ for all . One might suspect that in fact val(¥®’) =
val(¥)?, but that turns out to be false. However a weaker version holds.

Theorem 4.10 (Parallel Repetition Theorem — Raz [ 1). Foranyd >0 and |Z]
there is a constant® C > 0 so that: For any label cover instance ¥ with val(¥) <
1 -6 and any t € N one has val(¥®") <exp (- C- 1).

This is a fundamental result originally due to Raz | ] and while there are
several proofs known, they all are beyond the scope of this class. We recommend
the simplifications due to Holenstein [ ] and Rao [ ] as well as the work
of Moshkovitz [ ] which first modifies the game so that the modified games
indeed has val(¥®?) ~ val(¥)’. By going back to the Label Cover problem we
can now derive the statement which will be the starting point for our hardness
reductions.

Theorem 4.11 (Strong Label Cover Hardness). For each € > 0 there is a k € N so

that LABELCOVER%"?J is NP-hard.

4.3 The 3Lin problem

The target problem for our hardness proof will be the following:

30ne can choose C:= 0 (m‘;m)
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Definition 4.12. For a 3LIN; instance Z we are given m equations of the form
xei,l @ x6i’2 @ xei's = Cl

where e;1,e;2,€;3 € {1,...,n} are distinct indices, c; € F, and @ is the addition
modulo 2. The goal is to find an assignment x € [} that maximizes the fraction
of satisfied equations. We denote the optimum value by val(Z) € [0, 1].

If val(Z) = 1, then one can use Gaussian elimination to find a satisfying assign-
ment x. We also note that for any instance, a random assignment will satisfy half
the equations. In the remainder of this chapter, we will prove that remarkably
this is already the best possible approximation algorithm:

Theorem 4.13. For any constant € > 0 the following holds: Given a 3LIN; instance
7 itis NP-hard to distinguish whetherval(Z) =1 —¢ orval(Z) < % +E.

Similar to earlier chapters it will be notationally more convinient to work with
the {—1,1}" cube rather than {0, 1}".

Definition 4.14. For a 3LIN{_;; instance Z we are given m weighted equations
of the form
Xejy " Xejy " Xejz = Ci

where e;1,€;2,€;3 € {1,...,n} are distinct indices, ¢; € {—1,1} and w; = 0 is the
weight. The goal is to find an assignment x € {—1,1}" that maximizes the cumu-
lated weight of satisfied equations. Again denote the optimum value by val(Z).

In this formulation we admit weights, but one could “simulate” weights by
replacing each equation i with | Nw;] many unweighted copies where N is big
enough.

4.4 The Noisy Linearity Test

First we want to build up on the linearity test from Chapter 2.

Definition 4.15. A function f : {+1}" — {1} is called a dictatorship function if
there is an index i € [n] so that f(x) = x; = y;;(x) for all x € {-1,1}".

Note that there are only 7 dictator functions in dimension n. There is also a
coding-theoretic interpretation:

Definition 4.16. The long code in dimension 7 is the set LC := {(x;)xe(—1,137 | i €

(n]}.
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In other words, the long code contains the function tables of all the dictator
ship functions. In particular the long code is a subset of the Hadamard code
(see Section 3.3). The long code is called long code because — well — it is long.
It uses 2" bits to encode merely n code words (which could be encoded using
only log, n bits). But it has so much redundancy that it is quite useful. The idea
is that given a LABELCOVER instance and an assignment A : L — X for the left
hand side nodes, we will encode the symbol A(u) for u € L using the function
table (y au) (X)) ye(_1,1y21; @analogously for the right hand side nodes R. Before we
come to the actual reduction, we need to learn how to make use out of those
dictatorship functions.

We recall that in Chapter 2 we have proven that any function f: {+1}"" — {+1}
that passes the linearity test

fxoy=fx)-f(y) forx,y~{x1}"

with probability at least % + 0, must have a coefficient S < [n] with f (S) =26. But
every function ys with S < [n] passes this test with probability 1. Now we would
like to modify this linearity test so that it still accepts dictatorship functions but is
likely rejects functions ys with large |S|. It turns out that dictatorship functions
are less sensitive to noise than functions ys with large |S|. This is the crucial
property that we will use.

Definition 4.17. For 0 < £ < 1, we define the e-biased distribution D.([n]) as the
distribution over {—1, 1}" with independent coordinates so that

Pr [x;=1]=1-¢ and Pr [x;=-1]=¢
x~De([n]) x~De([n])

forall i € [n].

If clear from context, then we drop the set [n]. Note that E,p,[x;] = 1 - 2¢.

NOISY LINEARITY TEST

Input: Access to a function f: {+1}" — {+1}.
(1) Pickindependent random x, y ~{—1,1}" and a ~ D,([n])
(2) Acceptif f(aoxoy)=f(x)-f(y)

We will now analyze the Noisy Linearity test; the arguments will extend the proof
of Theorem 2.1.

Theorem 4.18 (Noisy Linearity Test). Let f : {+1}" — {1} and0 < ¢ < %

(A) If f is a dictatorship function, then it passes the Noisy Linearity test with
probability 1 — €.
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(B) If f passes the Noisy Linearity test with probabi]ity% + 6, then there is an
S< [n] so that (1 -2¢)S f(S) = 26 (in particular |S| = 29/2 and 7 (S) = 26).

Proof. For (A).If f(x) = x;, then for x, y ~ {—1,1}"* and a ~ D, one has
Prif(aoxoy) = f(x)f()] =Prla;x;y; = x;yil =Prla; =1l =1-¢

For (B). Now assume that f is an arbitrary function that passes the test with prob-
ability % + 6. We note that

[I{E 1}n[f(a®x®y)f(x)f(y)] =2Pr[flacoxoy)f(xX)f(y)=1]1-1=26
X, y~{% ~ ~ -
a~D, =21/24+6

Writing out the Fourier expansion (as we did in the proof of Theorem 2.1) we
obtain

26 < E [flaoxoy) fx)f()]

x,y~{x1}",a~D;

Thm 1.3 E [( > f(S)xs(aoxey))( > f(T)xT(x))( > f(R))cR(y))]
x,y~{£1}",a~De ' L scp) T<(n] R<(n]
"I Y FOFMI® E s@) o [xs@xre] E [rsxe)]
S, T,R<[n] QNDE ic"‘{il}n J!N{il}n ,
=1if S:E:O o.W. =1if S:E, =0 o.wW.
= ROMIE
—
:(1_25)IS\
< max{(l—Ze)'S'f(S)}- Y F(9)?
Scin] Sc(n]

S —
=1

Here we have used independence of x, y,a and the fact that ys(x o y) = ys(x) -
xs(y). O

4.5 A combined Noisy Linearity + constraint test

The next step is to develop a variant of the noisy linearity test that can incorpo-
rate one label cover constraint ¢ : £; — Zg. Recall that a pair (a,b) € £ x Xp
satisfies the constraint ¢ if ¢(a) = b. We encode a € Z; with a dictatorship func-
tion f:= yig 1 {-1, 1}*L — {+1}and b € 2y is encoded by the dictatorship function
g:= xp : {£1}*® — {£1}. In the instructive special case where ; = Xy = T and ¢
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is the identity, the right test would be to draw x,z ~ {—1, 1}* and w ~ D,(Z) and
check whether
flwoxoz)=f(z)ogl

The case where ¢ is an arbitrary function needs some modification. For x €
{~1,1}** we define ¢~ (x) € {~1,1}*! as the vector with ¢~ (x); := xp(; for i € Z;.
We also call ¢! the pull-back function of ¢.

o) ZIp ZR

|
-1 = -1
| —=

map ¢

Consider the following test:

NOISY LINEARITY + CONSTRAINT TEST
Input: Constraint ¢ : £; — Zp. Access to functions f : {+1}*! — {+1} and
g:{—1,1}%R — {+1}.

(1) Sample x ~ {—1, 1}*® and set yi= (,b_l(x)

(2) Sample z ~ {1, 1}*2 and w ~ D, (1)

(3) Acceptif flwoyoz): f(z)=g(x)

For aset S € X; we define

(pOdd(S) := {b € Zg | there is an odd number of a € S with ¢(a) = b}
2 2R

(podd(s)

map ¢

Actually the only propery that is going to be relevant from this definition is that
$°49(S) < ¢(S). We will now analyze the Noisy Linearity + Constraint Test.

Theorem 4.19. The Noisy Linearity + Constraint Test satisfies the following:
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(A) If f = xiay and g = xpy wWith ¢p(a) = b, then the test accepts with probability
1—e.

(B) Ifthe test accepts with probability at least % + 0, then

. In(1/6)
NS FANELe

Proof. For (A). In this case, the equation

flwoyoz) f(z)=wg Va zfl :waxbéxb:g(x)
N ——

=Xp =1

is true iff w, = 1, which happens with probability 1 — €.
For (B). As before in the proof of Theorem 4.18 we expand the bias of f(w ©
¥ © 2) f(2)g(x) into the Fourier basis and simplify the terms:

20 < E [flwoyoez)f(z)gx)]

X, )2, W

= E | ¥ fOrswoeyes ¥ fDyr@ ¥ gRxa()
LHoWtecs, TS, RS

= Y fOFMEB®  E _r®rsl  E _[xs@xr@] E_ [xsw)]
S,T,R x~{~1,1}*R 5~{—1,1}2L AW~D6(2L) .

:lifS:‘Y:,:OO.w. :(13@'5\

(;) Z (1 _2€)|S|f(s)2g(R) . E [XR(X)X(Podd(S) (JC)]

ScX;,RSSg x~{-1,1}*R

~ J
-

=1if R=¢°44(S),0 o.w.

= Y a-20978%8@°sS)

N3
Cauchy-S. n n 1/2
(X FOP Y a-2089 (978600 5)?)
N=X3 N =33
=1
N ~ 1/2
< (9?2 (1 -26)*S! g(¢p°9(5))% + (1 -26)2 £(5)2g(¢p°44(5))?
L SO ons 5 (o2 or)
|S|>ln(i/5) <0 by (+%) <1 |S|Sln(‘1g/6) =
%,1_/
~ 1/2
S D M (O (Tl O

. In(1/6)
SEZL.|S|ST
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Then rearranging gives ZngL:|S|sM f(S)2 -g(¢0dd(5))2 > (26)% — 6* = §2. Here
we use in (*) that ’

1s(y) = XS(([)_I()C)) = Hx(p(i) = Xgpodd(s) (x)
i€S

as pairs of distinct indices iy, iz € S with ¢(i1) = ¢(i2) have xy(;)) - X (i,) = 1. This is
the reason why we have the term ¢°39(S) appearing in the statement in the first
place. Finally note that in () we use that for |S| > w one has (1 —2¢)2I8I <
exp(—4¢S|) < exp(—4In(3)) = 6. O

In particular, Theorem 4.19 shows that if f and g pass the test with proba-
bility 1 + 8, then there is a significant Fourier coefficient f(S)?- g(¢°14(8))? for
small S. Intuitively this should be helpful to extract a good labelling from S. But
there is one obstacle for this in order to be useful. We need to make sure that the
large Fourier coefficient does not come from the set S = @. For that the following
definition will be useful:

Definition 4.20. A function f : {-1,1}" — {£1} is odd if f(—x) = —f(x) for all
xe{-1,1}".

In particular an odd function has the Fourier coefficient f (@) = Ex(_1,17[f(x)] =
0. Now, let us go back to the test where we have functions f: {-1, 1%L — {—1,1}.
Let H < {—1,1}*L be any subset of the hypercube so that each pair {x,—x} of
antipodal points has |H N {x,—x}| = 1. A canonical choice would be H := {x €
{=1,1}" | x; =1}

We can demand that the test only has a table for the partial function f: H —
{—1,1} and whenever the test adresses an entry f(x) with x € {—1,1}"\ ’H then we
define that entry as f(x) := — f(—x). This was we can enforce that the function f
is odd. Now we have all ingredients for a reduction.
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4.6 Hardness for 3LIN

Now we will reduce LABELCOVER to 3LIN{_; 1;. The crucial ingredient to that re-
duction is the fact that the equations f(w o y© z)- f(z) = g(x) from the Noisy
Linearity + Constraint Test are in fact 3LIN;_;,;-equations. Now we come to the
actual reduction:

Proposition 4.21. For any 0 < € < 1 there is a y := y(¢) > 0 so that the following
holds. Given a label cover instance ¥ = (G,X = X1 UZg, (D,.)ecg) One can con-
struct a 3LIN|_1 1, instance Z of size polynomial in | V| and 2'*! so that:

* Completeness: val(¥) =1=val(Z)=1-¢.
e Soundness: val(¥) <y =val(Z) < % + €.

Proof. We create a 3LIN_1,1; instance Z that contains a variable f;,(z) € {-1,1}
for all u € L and z € {—1,1}*L. Moreover we have a variable gyv(x) forall ve R
and x € {~1,1}*%. For each edge e = (u,v) € E in the label cover instance, each
x€{-1,1}%%, ze {-1,1}*L and a € {~1,1}*. we insert the equation

fulacyoz)- fu(2) gu(x)=1

where y:= ¢, ! (x). The weight of that equation is I%I times the probability/density

of the tuple (x, z, a), which is 27178l . 271%1l. (1 — g)#i:@i=1 . g#i:¢i==1 Note that the

sum of all the weights is exactly 1. As explained above, we enforce that the func-

tions f;, and g, are odd (which really means we only have half the variables that

we listed).

Claim L. One hasval(W)=1=>val(@l)=1-¢.

Proof of Claim I. Let A: V — X be a satisfying assignment for V. Then we set the

variables for u € L and v € L to the corresponding dictatorship functions f :=

XYiAw) and gy := x{aw);- As proven in Theorem 4.19.(A), for each single constraint

e = (u, v), the weight of the associated 3LIN{_; 1;-equations that are satisfied is at

least 1|_T|E Here we also use that dictatorship functions are odd. O
Now we can prove soundness:

Claim II. Foranyd,€ > 0, thereisay :=y(8,€) > 0 so thatval(Z) = %+6 = val(¥) =

Y.

Proof of Claim II. We fix the functions f;, and g, that satisfy a % + 6 fraction of

equations. For an edge e = (u, v) € E we abbreviate

8e:= E [ful@aoyoz)- fulz) gy(x)]

x,2,a,y:=¢5 (x)

Equivalently, the fraction of equations in Z that arise from e and are satisfied
is % + %. One should think of §, as the advantage that the functions f,, and g,
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provide over a random assignment (which would satisfy half of the equations).
Note that val(Z) = % + %[Ee~5[6e] > % + 6 and so E.~g[0.] = 20. We call an edge e
good if 5, = 6 and denote those good edges by Egood := {e € E | e is good}. By the
Reverse Markov inequality (Lemma 1.40) we know that | Egood| = 6|E|. So we have
a constant fraction of edges where f,,, g, provide a constant advantage.

Next, we construct an assignment A: V — X that satisfies a constant fraction

of good edges. For each vertex u € L we consider the function f: {+1}*L — {+1}
thatis supposed to encode the label for u. Recall that }_gcx, fu(8)?=1. Wedrawa
set S, © ¥; at random with probability f,,(S)2. Then we draw A(u) ~ S,, uniformly
at random. Similarly we assign labels to vertices on the right: for v € R we draw
Sy, € Zg with probability g,,(S)Z and then sample A(v) ~ S,. It remains to prove
that this is a decent assignment:
Subclaim IL.A. For each e € Egyoq One has Pr 5[ A satisfies e] = ﬁez.
Proof of Subclaim II.A. Let e = (i, v). First let us condition that we choose a set
Syand S, := <pgdd(su). If these events have happened with positive probability,
then f,(S,)? >0and g, ((/bgdd(S,,))2 > 0. Since by construction f;, and g, are odd,
we know that S;, # @ and <pgdd(sy) Z@. Any b e ¢gdd(s,,) has atleastone a € S,
so that ¢.(a) = b. Hence the probability to satisfy the edge e is

1 1p294(S,)I<ISyl 1
> N
|Sul - 1p294(S,)| HE

IZr [A satisfies e| Sy, and S, := $294(S,)] =

Now, let us uncondition. Then only summing over the small sets S, guaranteed
in Theorem 4.19.(B) we get a lower bound of

A 1 252
PrAsatisfiese] > Y fu(98 (@297 — =——
A S5 :|Sl< n0/0) S| In(1/6)
cEpSl=s=— ~—~—
~ - £2

>62 by Thm 4.19.(B)

That finishes Subclaim II.A. Since at least a §-fraction of edges is good, we have
that val(¥) = %62 and Claim II follows. O
For the conclusion we can set for example € := 6. O
1-¢,3

o2t is NP-hard:

We can conclude that gap version 3LIN,_, 1,

Theorem 4.22. For any constant € > 0 the following holds: Given a 3LIN_1 1} in-
stance 7 it is NP-hard to distinguish whetherval(Z) =1—¢€ orval(Z) < % +¢€.

Proof. Follows from combining the hardness of LABELCOVERE’Y] forany y > 0
(with k := k(y) large enough) from Theorem 4.11 with the reduction in Prop 4.21.
OJ



50CHAPTER 4. HARDNESS OF APPROXIMATION I (VIA PCP THEOREM + PARALLEL REPETITION)

Arguably a better known problem is MAX-3-SAT where we are given a SAT
formula C with 3 literals per clause? and the goal is to find an assignment to the
variables that satisfies as many clauses as possible. Using similar techniques as
for 3LIN one can prove the following:

Theorem 4.23 (Hastad [H01]). For any € > 0, given a 3SAT instance C, it is NP-
hard to distinguish between val(C) =1 and val(C) < & +¢.

Here val(C) denote the maximum fraction of satisfiable clauses. Recall that
for any instance one already has val(C) = % via a random assignment.

4For example C could be (x1 V 7x2 V x3) A (7X1 V X2 V Xg) A (X2 V T1X3 V T1Xg).



Chapter 5

Hypercontractivity

Recall that for any f: {~1,1}" = Rand 1 < p < g <ocowe have || flg, < I flEq
by a Jensen inequality argument (see Prop 1.18). The goal of this chapter will be
how to bound || f | g,q4 in terms of || f | g, p.

5.1 Bonami’s Lemma

First we prove that for any function f the ratio ”ﬂ%: (the “Jensen gap”) can be
bounded dependent on the degree of f. Recall that for any random variable X,
by Jensen inequality one has E[X*] = E[X?]2. On the other hand, for well concen-
trated random variables one would expect that the gap between both quantities

is not large.

Definition 5.1. We say that a random variable X is B-reasonable if E[X*] < B -
ELX?)%.

It is not hard to verify that the random variables x ~ {-1,1}, g ~ N(0,1) and
u ~ [—1,1] are B-reasonable for some constant B. Reasonable random variables
satisfy some (weak) concentration:

Lemma 5.2. If X is B-reasonable, then for all t > 0, Pr[| X| > tE[X?]'/?] < %.

Proof. Using monotonicity of z — z* and Markov’s Inequality we get

E[X*] B
Pr[|X|> rE[X?]Y?] = Pr[ X > A EX?)? < ——— < —.
[IX] > tE[X*]"?] [ E[X"]7] AL S

51
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It is a well known fact that concentration of a random variable also implies
some form of anti-concentration:

Proposition 5.3. Let X be B-reasonable. Then for any 0 < t < 1 one has Pr[| X| =
PEIX2)2) = A=

Proof. Using the Paley-Zygmund inequality (Lemma 1.41) we obtain

Paley-Zygmund 2
> p—

212 _2\2
Pr[IX]= tE[X?)V2] = Pr[ X2 = 2E(XY] o 2 (g g2 BTN Brreasgnable (1~ 1)

E[X4] B

O

Next, we prove an important result telling us that low degree boolean func-
tions correspond to reasonable random variables.

Theorem 5.4 (Bonami Lemma). Let f : {—1,1}"* — R be a function with deg(f) < k.
Then

(i) The random variable f(x) (where x ~ {—1,1}") is 9k _reasonable.

.. k
(i) Onehas||fllga<V3 | fllE2.

Proof. We quickly show that (ii) follows from (i) as

1 fllea = ELFYY 2L (98- ELF0212) 4 = VBS - 1 fllse

Now we prove (i) by induction over n. For n = 0, the random variable f(x) is
constant and the claim is true. Now assume n = 1. We write x = (X, x,) with
X = (x1,...,Xp—1) and pull out the variable x;, to obtain

f(x) =x,8(%) + h(X)

where g and i depend on at most n—1 variables with deg(g) < k—1 and deg(h) <
k. The goal is to prove that [E[f(x)4] <9k. [E[f(x)z]2 where x ~ {—1,1}". First we
can rewrite the right hand side as
E[(xng(®) +h(®)"]*
2
(ELIElg(0)?) + 2ELeal E[g(D ()] + ELA(R)])
~—— \\,0_4
=1 =

2
([E[g(J'C)Z] +[E[h(56)2]) =: (%)

E[f(0)?]°



5.2. THE FKN THEOREM 53

using that x, and X are independent. Now we do the main argument and bound
the left hand side as

E[f(x)*] = E[(xng(®) +h(D)*]
indep.+binom
formula  E1x41E [g(0)*] +4EIX3IE [g(®)3R(B)] + 6 EIX2] E[g(R)2h(%)?]
—— —— —

=1 =0 M
+4E[xp] E [ R(X)®] +E[h()*]
=0
= E[g(®)"] +6E [g(®)2h()*] +E [h(Z)"]

Cauchy-Schwarz
= Elg(x)*] +6\/[E[g(5c)4] E[h(x)4] +E[h(X)?]
MIGION gko1E [g()2]2 461/ 951E [g(02) -9 E [h(2)2]? + 9FE [ ()]
(%)
<

9%+ (E[g®?)° +2EIg (I ELh(®)?) + ElA(D)*))

bin.formula gk. ([E[g()-c)z] + [E[h()—C)Z])Z =9k. E [f(X)Z]Z

[ -

=(*)

In (* *) we use that 6V9k-19k = g. %_k =2.9k
O

Remark 1. Let By be the minimum value so that every degree-k function f is
Bj-reasonable. We have proven in Theorem 5.4 that By < 9%. For a simple expo-
nential lower bound, let 1 < k < n and consider the function f: {-1,1}"" — {0,1}
with

1 ifx;=...=xx=1

flx)= -y

0 otherwise
for x € {-1,1}". Then deg(f) = k as one can verify. One can also check that
E[f(x)%] = 27% = E[f (x)*] which implies that B > 2¥ is needed. A more complex

example shows that By = Q(?C—];), see Exercise 9.3 in | 1.

5.2 The FKN Theorem

Next, we see an application of Bonami’s Lemma to derive the FKN Theorem
which says that any boolean function f : {—1,1}" — {—1,1} with most weight on
level-1 must be close to + yy;; for some coordinate i. Recall that for two functions
f,8:{-1,1}" — {1, 1}, their distance is denoted by dist(f, g) := Pry~(—1, 12 [f (x) #
g(x)] € [0,1] and the level-1 weight of f is W'[f] = Z;?:lf({i})z.
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Theorem 5.5 (Friedgut-Kalai-Naor (FKN) Theorem). Let f : {—1,1}" — {-1,1} be
a function with W'[f] = 1 -6 for some 0 < § < 1. Then there is an index i € [n]
and a sign o € {—1,1} so that dist(f,o ;) < O()).

1

Proof. We may assume that § < ¢ for some large universal constant C > 0; oth-

erwise the claim would be trivially true. Let g(x) := f~1(x) = PO f({i}))({i}(x) be
the linear part of f. It will be useful to study the function g2 which is a quadratic
function of the form

n “ 2 n R n R R
gx)? = (Z fihxm (x)) =Y FUiD*+ Y Y FAiD D (0
i=1 i=1 i=1j#j

Note that by assumption, we have Ex~(-1,1}» [g(x)z] =Wl [f1=1-0. Itwill be cru-
cial to prove that the variance of g? is small'.

Claim L. One has Var{g?] < 0(0).

Proof of Claim I. Since deg(g?) < 2 we know by the Bonami Lemma (Theorem 5.4)
that g2 is 9%-reasonable. As Ey~;-1,1j2[g(x)?] = 1 -6 we can use Prop 5.3 to obtain
that Pr [Ig(x)2 -(1-0)|= %\/Var[gz]] > Q(1). For the sake of contradiction, let
us assume that %\/Var[gz] > § + CV/6 (since otherwise Var[g?] < O(5) and we are
done). Then Pr,CN{_M}n[Ig(x)2 —1] = CV8] = QQ1). Since |z2-1]| < 4||z| - 1| for
—2 < z <2, thisimplies that Pry~(_y 1}2[4]|g(x)| - 1] = CV6] = Q(1). Then

5 = Y (g-N©?
Sc(n]

= E lgo-f)]

x~{-1,1
C
= o E [(g(x) —f@)*1]Ig®I-1] = Z\/E] > Q(C20)
x~{-1L,1}" L —
=(CV6/4)2
Choosing C large enough results in a contradiction. O

'Which shouldn’t be surprising as g as close to f and f2 = 1 is constant.
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Now inspecting the Fourier representation of the variance of g? we see that

Q@) =Vvarig?] "L Y 292 ()

|S|=2
=YY funifuin
i=1j#i
n 2 n.
= (X faw?) - X funt
i=1 i=1
=1-6
>  (1-8%-max{f({ih?:i€n] 3 F({in?
{f } i;f
>1-26 —_——

<1

> 1-26-fdi*h?

where i * is the index attaining the maximum. Then rearranging () gives f {i*hH?% =
1-0(5). Let o € {—1,1} be the sign with o f ({i*}) = 1 -©(J). Recalling the relation
between distance and inner product from Chapter 2 we then conclude that

) 1
dist(f,ox+) = = - (1= (f, 01 ) < O©)
2 —
>1-0(9)
O
The FKN Theorem also has a probabilistic variant that does not rely on boolean

functions. Recall that a random variable X is symmetric if X has the same distri-
bution as —X.

Theorem 5.6 (| . Let X := Xj +...+ X,, where Xi,..., X, € R are indepen-
dent random variables with finite variance. Then there is an index k € [n] so that

Var[ X — X;] <6- Var{| X|]

5.3 The KKL Theorem

In this section we discuss an important application of hypercontractivity to ana-
lyze the influence of boolean functions that we introduced in Section 1.8. Recall
that for a function f:{-1,1}" — {—1, 1}, the influence of the ith coordinate is the
probability that flipping the ith bit changes the value, i.e.

W= Py (S0 £ £ Y oy

S<(n):ieS
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A function would have Inf;[f] = 0 for all i if f is constant, so let us focus on func-
tions that are balanced (i.e. Ex~{-1,137[f (x)] = 0) or almost balanced (i.e. Var[f] =
©(1)). Clearly 0 < Inf;[f] < 1, but how small can the influence of coordinates ac-
tually be? We can estimate that the sum of the influences of a balanced function
(.e. f(@)=0)is

1f1= Y Infi(f] Thm 1.32.(i) Y 821l 21-F@)P=1
i=1

gcS<in) T —
R , = =
=1-f(@)?

and so there has to be some coordinate i with Inf;[f] = % Next, we discuss two
non-trivial constructions and analyze their influence.

5.3.1 The Majority Function

Consider an odd n and consider the majority function f : {—1,1}"" — {—1,1} with

1 if Z?zlxi >0

ﬂ”:{q if Y <0

The function is symmetric, hence the influence of all coordinates must be the
same and it suffices to determine Inf; [f]. Let us draw x»,...,x, ~ {—1,1} at ran-
dom. Then the outcome of f depends on the first coordinate ifand only if 7, x; =
0. It is a well known fact in probability that Pry, . x,~-1,13[X7, x; = 0] = @(ﬁ)

and so Inf;[f] = @(ﬁ) for all n.

(_1)_1)_1)

majority function for n =3
5.3.2 The Tribes Function

Next, we discuss a more complex function. We fix integers s, w € N and set n :=
s- w. We partition the coordinates as [n] = 1U...Ul; with |Ij| = wfor j =1,...,s.
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Then we define the function Tribes,, s : {—1,1}" — {-1,1} by

Tribes,y o(x) = {—1 if3j € ls]:x, = (=1,...,-1)

' 1  otherwise.
One can imagine that one has s many tribes of size w each and Tribes,, ;(x) is a
voting function that rejects if at least one tribe unanimously rejects. If one sets
—1 = TRUE and 1 = FALSE then Tribes,, s corresponds to a DNF of s clauses con-
taining w many variables each:

I I ...A\ I
T TTT T T e varabes

We observe that

Pr
x~{-1,1

[Tribesyy,s(x) = 1] =
J

Prix;, #(-1,...,-D]=(1-27"%)°
=1

We are interested in the parameter regime where this function is approximately
balanced and setting s := 2% gives® (1 -2"%)% = %2 Now we can prove that using
this choice of parameters, every variable has very low influence.

Lemma 5.7. For w € N, set s := 2" and n := sw. Then Var[Tribes,,s] = ©(1) and
Inf;[Tribesy,s] = ©(2Y) foralli =1,...,n.

Proof. First, from n = sw = w2" we can get that 2% = G(k)g%)' By symmetry all
coordinates have the same influence, so consider coordinate 1 and assume 1 € I;.
If we draw x»,...,x,; ~ {—1,1}, then f(x) depends on x; if and only if both of the
following is satisfied:

(A) Onehas x;=—1forallie I; \ {1}.

(B) Onehas xj; # (-1,...,—1) forall je{2,...,s}

20ne could also choose s more careful to get a probability very close to 1/2 but this choice will
suffice for us.



58 CHAPTER 5. HYPERCONTRACTIVITY

The probability of this happening is then

Inf) [Tribes,s] =2~ 1-27 =0T = G(log’in))

=Pr{(A)]  =Pr[(B)]=0(1)
O

This construction gives a function whose maximum influence is within a ®(log(n))
factor from the trivial lower bound of % In the remainder of this section, we close
the gap.

5.3.3 Proof of the KKL Theorem

In this section, we will prove the Kahn-Kalai-Linial (KKL) Theorem which in par-
ticular says that any balanced function f: {-1,1}"" — {—1,1} must have a coordi-
nate i with Inf;[f] = Q(lo% , matching the influence of the tribes function. For
this part, we will follow the exposition by Minzer [ 1.

First, consider a “partial boolean” function f: {-1,1}" — {-1,0,1} and let a : =
Pry-—112[lf(x)| = 1]. Note that the total Fourier weight of such a function is
Simply Y sc(n) f(S)? = Ex~j-1,1;n [f (x)?] = @. Surprisingly, if & is small, then only a
small fraction of the Fourier weight can be on low levels.

Lemma5.8. Let f : {-1,1}" — {—1,0, 1} be a function with & := Pry_(—1 12 [| f (x)| =
1]. Then for any d € N,
Y 8?2 <v3’ ot

|Sl=d

Proof. Since |f(x)| € {0, 1} we have the convinient fact that for any p = 1 one has
I flE,p = Ex~i-1,132[| f (x)|P1/P = a''P. Now consider the function f=%:{-1,1}"" —
R with f=9(x) := >iS|=d f(S)xs(x) which is the low-degree part of f. Then using
Hoélder’s Inequality (Theorem 1.49) and the Bonami Lemma (Theorem 5.4) we
can bound

17=4%, = (LN
(%)
= (5 g
Holder
< 1f*%ga-1fllgas
Bonami d
< V31 g2 I fllEas
———
<lflEgz2

d d
= V3 Ufllg2lfllgas=V3 a®*

—qll2  —g3/4



5.3. THE KKL THEOREM 59

In (*) we use that we could write f = f=%+ f>“ with the high degree part f>¢ and
(f=4, f>9 r = 0 by orthogonality of the character functions. O

Now we prove the following statement which basically is a restatement of the
KKL Theorem.

Proposition 5.9. Let f : {—1,1}"" — {—1,1} be a function with I[f] < K - Var[f] for
K =1. Then there is an index i € [n] with Inf;[f] = e 0K

Proof. Just for the sake of simpler notation, we prove this claim for balanced func-
tions, i.e. Ex~{—1,11[f(x)] = 0 and so Var[f] = 1 — the mechanics of the general
proof would be the same. Then the assumption says that /[ f] < K and we need to
find a coordinate i with Inf;[f] = e~ 9K Note that if K = Q(log n) then this state-
ment is dominated by using the bound of E;~ ) [Inf;[f]] = f 1. So one should
think of K as a small quantity between ©(1) and ©(logn).

We prove the claim by contradiction and assume that for all i € [n] one has
Inf;[f] < a := e~ “X where we choose C > 0 large enough. For each coordinate
i € [n] we abbreviate the derivative by F;(x) := D; f(x) = 1 - (f(x"1) = f(x™™h).
Since f(x) € {-1,1} we have F;(x) € {-1,0,1}. Then Pry;_; 12 [|F;(x)| = 1] = Inf;[f]
and so Lemma 5.8 we can upper bound the low-degree Fourier weight involving
coordinate i by

L RREE D D O RV s AT R (5.1

|Sl=d+1,ieS [Sl=d

Summing over all coordinates we can upper bound the low-degree Fourier weight
by

Y fPs =X X fS)Z( \/_Zlf[f]5’4< 3%l 5.2)
= d+1

S|<d+1
On the other hand, the high degree Fourier weight can also be bounded by

IS 5 _oThm132 I[f]

JIORE -9 =T (5.3)
|S|§+1 |5|§+1£lv_1, d+1

=1
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Combining both gives
1 = Y f(9?
scinl
(5.2)+(5.3) d 1/a 1
< V3 al* + —) -1
( d+1 iﬂ
<K
2K _cKk/a 1 )
< (VB ok, L )k
(_v—“ 2K+1
<e K for C=12
C:=12
< (e‘K + ) ‘K<1
2K+1
where we make the choice of d := 2K and C := 12. This is a contradiction which
then proves the claim. O

Finally we prove the main result of this section:

Theorem 5.10 (Kahn-Kalai-Linial (KKL) Theorem). For any function f : {-1,1}" —
{—1,1} there is a coordinate i € [n] with

log(n)

n

Inf; [ f] zQ( Var[f])

Proof. Again, let Var[f] = 1 for simplicity. If I[f] = clog n for some constant ¢ > 0,

then E;~ () [Inf; [f1] = L,{] > % and we are done. On the other hand, if I[f] <

clogn, then by Prop 5.9 there is a coordinate i with Inf;[i] = e 0(clogn) > 501 >

log% for ¢ small enough. O

5.4 Introduction to hypercontractivity

We again abbreviate V,, :={f | f: {—1,1}" — R} as the vector space of all functions
on the n-dimensional hypercube. We make a few definitions:

Definition 5.11. For a (linear) operator M : V,, — V,, and p, g € [1,00), we define

the p-to-q operator norm as

IMfllE,
I Ml pq = sup ——2
fev, WflEp

We call M a contraction from || - |g,p to || - | g,q if [Mlp—q <1, i.e. if
”Mf”E,q = ||f||E,p VfE Vn

If1<p<g<ooand ||M| -4 <1then M is called hypercontractive.
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Recall that by Jensen’s inequality, for 1 < p < g <ooonehas || fllgp < I fllgq
but in general this inequality is strict. So in order for an operator M to be hy-
percontractive it must shrink the length of f enough so that the length decreases
even if measured in the stricter norm ||-|| g,; that punishes peaks more than ||| g,
does.

The only operator that we will be considering for this purpose will be the
noise operator T, from Section 1.7. Recall that for -1 < p <1 and x € {-1,1}"
we write y ~ N, (x) as the distribution over y € {~1,1}" with

_Jxi with probability % + g
Yi= —x; with probability % - g

independently for all coordinates i € [n]. Morever we define T}, : V;; — Vj, as the
linear operator that maps a function f € V, to T, f € V}, with
Tofx)= E [f(NI
of YN () [y
Recall that (T, 1)(x) = Lscpn 0/ f(S) - xs(x), so the operator indeed shrinks all
Fourier coefficients — but it does not do that at the same rate and it is not ob-
vious what the effect should be on various || - || g, ,-norms. To warm up, we give
a hypercontractivity result that can be proven very similar to Bonami’s Lemma

(Theorem 5.4). In fact, if f had all Fourier weight on the same level k, then
Tpf = p* f and by Bonami’s Lemma (Theorem 5.4.(ii), f is 9%-reasonable so that

I TofllEa= pk||f||E,4 < pk\/§k||f||5,2 implying that p = % suffices as noise factor.

Theorem 5.12 ((2,4)-Hypercontractivity Theorem). For any f : {—1,1}" — R one
has

1Ty, 5 lEa<IflEg2

Proof. We abbreviate p := % from now on. We will prove by induction over n

that ,
T 4 < 2 5.4
ELTfeT] s E I (5.4

The claim is true with equality for n = 0 when the function f is constant, so sup-
pose n = 1. We write x = (X, x,) with x € {-1, 13" land x,, € {-1,1}. Pulling out
the variable x, from all terms of f gives f(x) = x,8(x) + h(x) for two functions
g h: (-1, 1} - R,

Then
(TpHx)= E E (Ynl () + h(P) | = pxn- Tpg(%) + Tyh(X)
J~Np(X) L yn~Np(xn)
~—_——

=PXn
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Now let x ~ {—1,1}"" be uniform at random. We first verify that the right hand side
of (5.4) is

E[f0?]* = E[(xag®+h®)*]> )

2
= (ELZIE[g(0?] + 2ELal E[g(DR(D)] + E [ n(2)?])
=1 =0

2
= (E[g@?] +E[h®?))
On the other hand, the left hand side of (5.4) is

E[(T,f)"] = [E[(xinpg()'c) + Tph()'c))4]

= o EIE((Tyg(®)']+ 60° EDGIE[(Tog(0) (Tph(D) ] +E[(Tp h(®)']
<1 =1 =2 =1

L (1) ]+ 2y E[(Tog0) |E[(T, k(D) +E[(Th(0)']

induction

< E[g@?) +2E[g@®?E[h(®?] +E[h®)?)°

= (Elg® +Eh®A)* YE[f0?]?

Here in (* *) we drop the odd terms as E[x,] =0 =E[x>]. O

5.5 The General Hypercontractivity Theorem

In this section, we will prove a hypercontractivity theorem for general parameters
p and q.

5.5.1 Functional analysis

Our goal will be to prove hypercontractivity for parameters 1 < p < g < 2 and
then transfer the result to the parameter ranges p <2 < g and 2 < p < q. For that
transfer we need to review a few facts from functional analysis. For convinience
we restate Holder’s inequality (see Theorem 1.49) specialized for functions on the
hypercube:

Theorem 5.13 (Holder’s Inequality for functions on {—1,1}"). Let p,p’ = 1 be a
pair with % + % = 1. Then for any f, g € V,, one has

<f, 8 el =1 fllep-18llE,p
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The numbers (p, p’) with % + % =1 are also called conjugate (Holder) indices.
Note that p’ = % is the conjugate index to p.

For example (2,2) are conjugate pairs and (1,00) are. We also require the follow-
ing fact:

Lemma 5.14. Let p,p’ = 1 so that % + # = 1. Then | - g, is the dual norm to
I-llg,p, ie forall fe Vi,

I fllg,p= sup (g g
geVnzllgllEyp:l

We can rephrase Lemma 5.14 as follows: fix any conjugate pair (p, p’) and
any f € V. If we let g € V;, with ||gllg,,» = 1 denote the function attaining the
maximum in Lemma 5.14, then

L @p=Iflgp-18lgp

In other words, each f € V}, has a dual element g € V,, that satisfies Holder’s In-
equality with equality.

Proposition 5.15. Let 1 < p < g < oo and let p', q' > 1 be their conjugate Holder

indices, i.e. L + % =1 and % + % = 1. Then for any fixed0 < p <1 and C > 0 the
following is equivalent:

(A) One has | T, fllg,q < Clfllg,p forall f € V,,.

(B) Onehas || Ty fllg,py <Clflg,q forall f € V.

3By compactness of V,,, the supremum is always attained. However it seems more common in
the literature to use sup instead of max in this context.
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Proof. By symmetry it suffices to prove that (A) = (B). First we observe that the
linear operator T is self-adjoint, i.e. for any functions f, g € V;, one has

(Tof,8 5= Y. PP F(9)8)=(fTpg)y
Sc(n]

using for both equations Plancharel’s Theorem (Theorem 1.5) and Prop 1.23. Then

L 5.14
1 Tpfllgy = sup (g Tof)g
”g”E,p=l

T, self-adj. Thm 5.13
= sup (Tpg iy = sup [ Togligllfllg =Cliflly
——

”g“E,p:1 "g“E,p:l
<C by (A)

5.5.2 Hypercontractivity for n =1

Next, we will show prove hypercontractivity for 1-dimensional random variables.
While this sounds modestly exciting, this is where much of the work needs to be
done. We make the following crucial definition:

Definition 5.16. Let 1< p<g<ooand 0 < p < 1. Let X be areal-valued random
variable with E[| X|9] < co. Then X is called (p, g, p) -hypercontractive if

Ella+pbX|1V9 <E[la+DbX|P1YP Va,beR

Hypercontractive random variables satisfy a range of nice properties (we leave
the proof as homework).

Proposition 5.17 (Properties of (p, g, p)-hypercontractivity). Let X and Y be in-
dependent random variables that are (p, q, p) -hypercontractive.

(i) One hasE[X] =0.

(ii) For any constant c € R, cX is (p, g, p)-hypercontractive.
(iii) X is (p, q, p")-hypercontractive for all0 < p’ < p.
(iv) Thesum X +Y is (p, q, p)-hypercontractive.

Lemma 5.18 (Two-Point Inequality). Let 1 < p < g<ooandlet0<p < Pl

q-1
Then



5.5. THE GENERAL HYPERCONTRACTIVITY THEOREM 65

(i) The uniform random bit X ~{-1,1} is (p, q, p)-hypercontractive.
(ii) For feVionehas|T,fllgq=<IflEgp-

Proof. First we argue that for any given triple (p, g, p), (i) and (ii) are equivalent.
In fact, any function f € V; is of the form f(X) = f(@) + X - f({1}) while T}, f (X) =
f@)+pX- f({1). Then [T, fllg,q < Il flg,p is equivalent to

E 1}[|f(sz>)+pX -f({l})ﬂ]”‘fsx E 1}nf(@)+X-f({1})|l’1”l’

N{_ ~{_

which indeed is the statement of (i) and obviously the reduction works the other
way around.

Now fix a triple (p, g, p) where by Prop 5.17.(iii) we may assume that p = / Z—j.
We consider three regimes of parameters where we will prove either (i) or (ii) de-
pending which view is more convinient.

* Casel < p < q < 2. First we make the observation that it suffices to prove
the inequality || T, f || g,4 < || f | g,» for non-negative functions f since replac-
ing f by the function F(x) := | f(x)| would leave the right hand side invari-
ant while it can only increase the left hand side. Now we switch to the view
of (i). By scaling the pair (a, b) from Def 5.16 it suffices to prove that for any
€ € Rone has

E [N+peX|M9< E [1+eX|P1VP (%)
X~{-1,1} X~{-1,1}

By the non-negativity assumption we may assume |¢| < 1*. Then we con-

tinue
(%) o (%(1+p6)q+%(1—p8))p/qs%(1+£)p+%(1—8)p
© (1 + :X::l (zi)kagzk)P/‘? <1+ 2 (;;C)sz’c
(1+t)051+9tCVt20,05051 1 +I§Z(2qk)pzk€2k <1+ é (zljc)gyc

In (x*) we apply the Generalized Binomial Theorem (Theorem 1.43) on
both sides separately and use that the odd terms cancel while the even
terms are identical. We note that

p _p(p—1)(p—2)(p—3)-(p—(2k—1))>0
2k| 2k)! -

“We skip the case || = 1 which follows by continuity.
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because each consecutive pair of factors is non-negative, i.e. p(p—1) =0,
(p—2)(p—3) = 0. This crucially uses that 1 < p < 2. By the same argument

() =o0.

0.1 + (2)

0.05\ +

VN

-0.05

-0.10 -~

Finally by an elementary but tedious calculation one can do a term-wise
comparison (we refer to [ |, page 287 for details).

Claim. Forl<p<qg<2,keNandp= \/Z—j one has & (,1)0* = (3,)-
Proof of Claim. We write

Pl4 o2k < p
q\2k 2k

p(p 1k 1 2k—-1 ~ 1 2k—-1 .
q(q—l) 2o 0= [T =D
2k-1 Zkl :

Iq | lp—il
[1 <[] —
i=2 - i=2 P—l
l_q i-p

Vi=2

Va1 Jp-1

Thelastline is true because forall i = 2, the function g(z) := \/_ is positive

and decreasing for z > 1 as g'(z) = 2(z 1)3,2 Zl_l = —Z(Z;_ll)g/z =0.

* Case2=<p< 6] Let p’ and ¢’ be the conjugate indices of p and g, i.e. %
; =landi T 7 q, =1. Note that1 < g’ < p’ < 2. Moreover one has Z ﬁ = Z’—l
which means the parameter p for the pairs (p, q) and (¢, p') is the same.
From the first case we know that || T, 1l g,y < | fl| g4 for all f € V1 which by

Prop 5.15 implies that | T, fll; < || fll g, for all f € V.
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e Casep<2<gq. Set p; := % and p := \/’27%11 and note that p = p; - p2.
Then

(2,g9,01)-hypercon. (p,2,p2)-hypercon
1T fllg,g=1Tp, Tp, fllE,q = 1 Tp, fllE2 = I flE,p

making use if the previous cases.

5.5.3 Lifting to general dimension

Next, we want to prove hypercontractivity for functions in general dimension n.
For that purpose it will be more useful to prove a more general result first which
is more friendly towards a proof by induction.

Theorem 5.19 (Two-Function Hypercontractivity Theorem). Let p,q =1 and 0 <
p<+(p-1(g-1)<1. Then forany f,g € {-1,1}"" — R one has

xN{_[El,l}n,[f(x) 8= ,Tp8 = Iflgplgleq
y~Np (%)

Proof. We prove the claim by induction over n. First we begin with n = 1, which is

actually the hard case, but fortunately we have done all the tedious work already

in Lemma 5.18. Let p’ = 2 be the conjugate index to p, i.e. % + % = 1. Note that

p—-1= ﬁ and by Lemma 5.18, the triple (g, p’, p) satisfies that || Tohly < lhlg

for all i € V7. We use this to bound

Holder Lemma 5.18
([(Togp = IfleplTegllEepy = IflEplgleq

which completes the induction base case.

Now consider n = 2. We write x = (X, x,,) and y = (j, y,,) where x ~ {—1,1}" and
¥ ~ Ny(x). Note that (x5, y,) is a p-correlated pair and (%, y) is also p-correlated.
We denote fy, : {—1, 1}"*"! — R as the restriction with Jx, (%) = f(x,x,) where the
last coordinate has been fixed to the value of x,. Then

E 1£(x)-g(y)] = E [f0 (08,0
(x,) )

(X, yn) L (X, 7
induction for dim n—1
< E [Ife,lEplgy,lEq]
(Xn,yn)

induction for dim 1

< E
Xn

1/p 1/q
p q
1l ] E [

1/q

- el £ [Ig0ol]
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where we apply the inductive hypothesis twice, once for dimension n — 1 and
once for dimension 1. O

Finally we can derive the main result of this chapter:

Theorem 5.20 (Hypercontractivity Theorem).Let 1 < p < g<ooand 0 < p <
\/ 2. Then forany f:{~1,1}" — R one has | Ty fll£,4 < | f I p.

Proof. Let q' be the conjugate index to g, i.e. %+ # =1. Again, g' -1 = ﬁ

and so we have 0 < p < /(p—1)(g’' —1) as required in Theorem 5.19. Let g with
lgllg,4 =1 be the dual function to T, f (see Lemma 5.14). Then

Thm 5.19
I1Toflleqg=<Tpf, 8 = Iflleplgleq=1flEp
=1

We record a fact that we will prove in the homework:

Corollary 5.21. For any g = 1 and f: {+1}" — R, the function p — | T, flg,q is
monotonically non-decreasing for0 < p < 1.

5.6 Small-set expansion of the hypercube

Next, we provide a simple but important application of hypercontractivity. First
we small result that will be useful more than once, so we keep it general.

Lemma 5.22. For any f : {-1,1}" — {-1,0,1} and 0 < p < 1 one has (f, Ty ), <
a?’1*P) where a := Pry-1 [ f ()| = 1].

Proof. For any p = 1, we have || flg,p = Ex~—1,12[|f()IP1VP = a''P as | f(x)] €
{0,1}. We want to apply Theorem 5.19 and we want to pick a parameter p so that®

p=+/(p—1)-(p—1) which can be rearranged to p =1+ p. Then

Theorem 5.19
2/(1
FTof g = Wflep-Iflhep =a® P,

Then we can lower bound the probability to exit a set via perturbations:

50ne can of course try general parameters p,q with p = \/(p—1)(g - 1) and try to optimize.
But it seems the choice of p = g is already optimal.
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Theorem 5.23. Let A < {—1,1}" be any subset of the hypercube. Then for0<p <1

one has

|A[\(1-p)/(1+p)
Pr [yeAl< (—)
x~A,y~Np(x) 21

Proof. Let a := % be the volume of the set A. The proof works by analyzing the
characteristic function 1,4 : {—1,1} — {0, 1} of the set A. Then using conditional

probability and Lemma 5.22 we obtain

Pro —1,17,y~N, (0 [1a(X) - 1a(y)]

Pr [ye Al =
X~A,y~Np(x) Pry i1 nlx € Al
_ <1A; Tp 1A>E
a
2/(1+p)
a

O

The bound proven in Theorem 5.23 appears to not be tight. If we choose A <
{—1,1}"* as a (n — k)-dimensional subcube with density a = 2% for k € {0,..., n}
then Pry_a,y-n, [y € Al = @255 for all 0 < p < 1. 1believe that this is the
extremal case.

1.0 random-like sets

. 1-p
Theorem 5.23: o —

0.5 1

log, (ﬁ) for subcubes

0 1 —>
0 0.5 1.0
Now we discuss a more combinatorial application. For 0 < p < 1, let the p-
noisy hypercubebe the complete weighted undirected graph G , := ({-1, 1} E, w)
where for each x, x' € {—1,1}", the edge has a weight of

w(x,x):= Pr [x'=y]
y~Np(x)
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X
‘, ........... .
E\Pfnyp(X) [x' =yl
@ s ./
RPN R
P é

We note that the probability to move from x to x’ is the same as to move from x’
to x and hence we can indeed think of G, , as undirected. For a set A < {+1}"
we define §(A) as the edges with exactly one endpoint in A while E(A) are the
edges with both endpoints in A. For a subset F < E of edges we use the short-
hand notation w(F) := Y.y w(e). We note that for each node x € {+1}" we have
w(0(x)) =1 (since probabilities add up to 1). In particular w(6(A)) < | Al. But for
small sets, this bound is almost attained with equality — we also say that G, is
a small-set expander.

Lemma 5.24. Let G, , = ({£1}", E, w) be the p-noisy hypercube. Then for any

AC {+1}" one has
w6 (A)) | A\ (1-p)/(1+p)

|A| 2n

Proof. We abbreviate the density of Aby a := '2#. By Theorem 5.23 we have

w(E(A)) Thm5.23 1=
—_—= Pr [ye Al = a'*r
| Al x~A,y~Np(x)
Then
w(6(A)) w(E(A)) 1-p
—:1——21_a1+p
|A| | Al

5.7 Friedgut’s Junta Theorem

In this section, we prove Friedgut’s Junta Theorem which says that any boolean
function f with very small total influence I[f] is close to a junta, which is a func-
tion that only depends on a few coordinates. Before we come to the formal state-
ment and its proof, we make a small detour.

In Section 1.8 we defined the p-stable influence of a function f: {-1,1}"" — R
as

Inf” (f]:= Staby[D; f1 = (Dif, T,DifYy= Y. pS71f(92 55
S<(n):ieS
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Recall that for p = 1, this quantity is simply equal to Inf;[ f]. We can prove that for
any function f with f(x) € {-1, 1}, the p-stable influence is a lot smaller than the
influence itself.

Proposition 5.25. Let f : {—1,1}" — {-1,1},0< p <1 and i € [n] one has
Inf? [f1 < Inf; f1¥/1+F)

Proof. We fix the index i and abbreviate the derivative of f in coordinate direc-
tion i has g(x) := D; f(x) = 1 - (f(x"™1) = f(x"~™1). Since f(x) € {~1,1}, we have
g(x) € {-1,0,1}. Note that Inf;[f] = Pry~—1,132[1g(x)| = 1]. Hence we can apply
Lemma 5.22 and get

(5.5)

L 5.22
111 (g, Tog), "= Pr llg(nl =170 = Infy[f) 0,

O

Recall that for two functions f, g: {—1,1}"" — {—1, 1} we denote their distance
as dist(f,g) := Pry~—1,13n[f(x) # g(x)]. We will also need a simple rounding ar-
gument to make functions {—1, 1}-valued. For z € R we define the sign function
as
+1 ifz=0

sign(z) := {—1 if z<0

Lemma 5.26. Let f : {—1,1}'" — {—1,1} and g : {—1,1}"* — R. Define h: {-1,1}"* —
{—1,1} by h(x) := sign(g(x)). Then dist(f,h) < || f — gll%yz.

Proof. We have

. (%)
dlSt(f, h) = E [lf(x);ésign(g(x))] < E [lf(x) - g(x)lz] = ”f - g”%‘,z
x~{-1,1}" x~{—=1,1}"

where we use in (*) that (f(x) # sign(g(x))) = |f(x) — g(x)| = 1. O
Now we make the formal definition that gives the junta theorem its name:

Definition 5.27. A function f:{-1,1}"" — Ris called a k-junta if there are coordi-
nates J < [n] with |]| < k so that for all x € {-1,1}", the value f(x) only depends
on (X;)ej.

Now we can prove the main results of this section. Note that the statement is
only non-trivial if I[f] < €log(n), so one should think of the total influence I[f]
as tiny here.
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Theorem 5.28 (Friedgut’s Junta Theorem). Let f : {—1,1}" — {—1,1} and0 < e < 1.
Then there exists a e/ junta h: {—-1,1}" — {-1,1} with dist(f, h) <e.

Proof. For a parameter 6 > 0 that we decide later, we denote
J:={i €[n]|Inf;[f] = 6}

as all the influential coordinates. We define

gx):= Y f(8) xs(x)
Scj

which by construction is a |/|-junta, though it is only a function of the form
g : {-1,1}'* — R. But the rounded function & : {-1,1}"" — {-1,1} with h(x) :=
sign(g(x)) is still a | /|-junta and by Lemma 5.26 we have dist(f, h) < || f — gll%)z. So
it suffices to prove that for a suitable choice of parameters one has || f — gll%2 <e.

First, set d := %[f] and note that similar to the proof of Prop 5.9 one has
A I[f] e
SP<——=—, 5.6
2 ferf=—r=3 (5.6)

IS|>d

implying that we will be able to ignore the higher order Fourier coefficients.

The main idea of the remaining proof is to analyze the p-stable influences for
the coordinates outside of J. Here we can make a choice of say p := % On one
hand we can upper bound

Yt Y Y gy [£1372 < VB Y Infy(f] < V5 - I1f) (5.7)
i¢] i¢] i¢]
<11/

On the other hand, using the Fourier representation of the p-stable influence, the
same quantity can be lower bounded as

Y Y Y 13)S fs)? (5.8)
i¢] i¢] Sc[n]:ieS
= Y ISnJl-(1/3)¥7 £(8)?
Scin]
7. 1SI-1 2 ¢\2
> > 1SN J|-(1/3)°7! £(S)

ISI=d and ISnJI=1 2]

|S|<d and |SNJ|=1

>3-d

IV
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Now the distance between f and g is

If-glz,< Y f(S*+ Y f(8)25§+32”f”8\/51[f] <e

1S|>d |S|<d and |SnJ|=1

=el2by (5.6)  <3d\/51(f] by (5.7)+(5.8)

where the last inequality holds if we choose & := e ®Ul/1/8 Note that I[f] =
Y ie;Inf;[J1 = 61J] and so |J| < eOU/1/€) which completes the proof. O

In case that f:{-1,1}" — {—1,1} has degree d := deg(f) we know that I[f] < d
and hence by Theorem 5.28 we know that there is a e?%/¢)-junta that approxi-
mates f up to an € error. However, in the homework we have seen that a boolean
degree-d function can only depend on at most d - 2¢ many coordinates which
supercedes this bound anyway.

5.8 A generalization of the Bonami Lemma

In the Bonami Lemma (Theorem 5.4.(ii)) we have seen that for any degree- k func-
tion one has | fllg4 < 32 fllg2. It will be useful to have a generalization to
parameters g other than g = 4, for example in order to prove stronger concen-
tration bounds. Rather than proving these generalizations from scratch, we can
derive them from hypercontractivity.

Theorem 5.29 (Generalized Bonami Lemma). For any function f : {-1,1}"" — R
of degree at most k and any q = 2 one has

Iflgg<(@=D2 0 fllge

Proof. The original definition of the noise operator T, only makes sense if —1 <
p < 1. But we could agree to define the operator instead by the identity T, f (x) =
Y scinl 'S £(8) x s(x) which makes sense for all p € R. While many of the theorems
we have proven for the noise operator only work for —1 < p < 1, other properties
still hold. For example for all py, p2 € R one has that Ty, Ty, f = Tp,.p, f. Then

If1Eq = 1Ty 5= T gl
hypercontr.
<= T g=flE,
= Y (g-D¥If(8)2
|S|<k

IA

(@-DFIfI%,
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Here we have used the General Hypercontractivity Theorem (Theorem 5.20) with
parameters (2, q), g = 2, which tells us that for any function g one has || T}, Va8 lEqg <
O

lgll2.
We note that the inequality from Theorem 5.29 can be written out to
Ellf (01 < (g - DT -EIf (079"

where x ~ {—1,1}".
We also prove an inequality for the regime [1,2].

Theorem 5.30 (Generalized Bonami Lemma II). For any function f: {-1,1}"" — R
of degree at most k and any 1 < p <2 one has

2 1.k
Ifle2<(er )" fllEgp

Proof. For the sake of simplicity we consider the case of p = 1, i.e. we prove that
Ifllz2 < eI fllg1. We want to compare || fl| g, with || fllg,1 and || fl|z,2+¢ where
we determine ¢ > 0 later. For that purpose, let 8 € (0,1) be the unique value so

that
1 6 1-0

+
2 1 2+¢

as required by Littlewood’s Inequality (Theorem 1.52). One can easily check that

0= % - 7==. Then combining this with the Generalized Bonami Lemma that we

just proved, we obtain

Thm 1.52 Thm 5.29
0 1-6 0 k(1-0)/2 1-6
Iflgz < IAIG - 0F1552 < If1G - A+ D2 fll

Then rearranging gives

1 _¢

1-0\k 0=315 1,1k -0
Ifle2< (@405 ) flen &7 (@+02 2 ) Iflen = el fliea

—ease—0
which gives the claim. O

1

N

We note that other sources give a base of instead of exp(% —1) but that

former factor diverges for p — 1.
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5.9 Exponential concentration

We already know from a combination of Lemma 5.2 and the Bonami Lemma
(Theorem 5.4) that for every degree-k function f: {—1,1}" — Rand any ¢ > 0,

k

9
P >t <—
@I fllge] =

But this only gives an error probability that is inverse polynomial in t. For many
application it is desirable to have exponentially small error bounds. This can be
done using the Generalization of Bonami Lemma from Theorem 5.29.

Theorem 5.31. Let f: {—1,1}"" — R be a function of degree at most k. Then for
any t > (2e)*'? one has

k 2/k
P (Gl 0 2] < exp (- 22 2%)

Proof. After scaling we may assume that | |z = 1. Let g = 2 be a parameter that
we determine later. Then for x ~ {—1,1}" one has

Prif(x)l=¢] = Prllf(x)|7=1t1]
Maékov ELlf(x)]9]
taq
m5. -1 qkl2
Th 55 29 &-[E[f(x)z]q/z
tq
=1
k/2 .
q 9 choice of g ]C. 2/k
< (T) = exp(—g 3 /e)

=q
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ki2
Here we can see that we should choose g so that qT < 1. We make the choice of

k2
k

94— = e7¥2 which is equivalent to g = r*/¥/e. Finally we remember that we need

g = 2 for Theorem 5.29 for which we had made the assumption of ¢ > e)k2, O



Chapter 6

The invariance principle

The goal of this chapter is to prove the invariance principle which says that for
any low degree multilinear polynomial F : R” — R without influential coordi-
nates and any “nice” function ¥ : R — R one has

X~{£E1,1}"[W(F(X))] = YEEW [w(F(Y))]

The usefulness of such a statement is that we can prove facts on boolean func-
tions instead for Gaussians where they might be easier to derive. Here y,, is the
n-dimensional (standard) Gaussian distribution with mean 0 and covariance ma-
trix I,,. Alternatively we will write N(0, X) for the Gaussian distribution with mean
0 and covariance matrix X; in particular y, = N(0, I,,).

6.1 Functions in Gaussian Space

First, we need to leave the realm of functions restricted to the boolean hypercube
that we gotten so comfortable with.

Definition 6.1. A function f : R” — R is a multilinear polynomial of degree at
most d if there are coefficients as € R so that

f= Y ag-ysx) YxeR”
Scinl:|S|=d
Here by a slight abuse of notation we extend ys(x) = [I;esx; to the whole
R” and in reverse for a function f : R” — R we will use notation such as f S =
Ex~i-1,137[f (x) - xs(x)]. With this notation it is clear that the coefficients as must
be equal to f(S) so we can directly write any multilinear polynomial f : R” — R
as

f@=Y f(8)ysx) VYxeR"

Sc(n]

77
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If we work with an arbitrary function f : R"” — R then for most operations we
need to ensure that integrals are well defined and so we restrict our attention to
the class

L*(R",y,) := {f :R" > R| f integrableand E [f(x)*] < oo}
X~Yn

Note that any multilinear polynomial and also any continuous bounded function
is anyway contained in LZ(R”,)/”). We can define a (Gaussian expectation) inner
product

(f,8)y, = xN[EYn[f(x)-g(x)]

for functions f, g:R"” — R. For p = 1, we also define a norm
1fly,pi= E [If@IP]"?
ymP X~Yn

In many cases these operations coincide with the boolean case:

Lemma 6.2. For any multilinear polynomials f,g : R" — R one has (f, 8y, =

<f) g)E-
Proof. By linearity it suffices to consider f = ysand g = yr for S, T < [n]. Then
1 ifS=T
asany,= E |[Tx-[lx]= 1 _E &[] E (x ={ _
~Ynlies  ieT i€SnTS™ N jesaTtiTN 0 ifS#T
=1 =0

We can see that the only properties of the Gaussian that was relevant here is that
(i) coordinates are independent, (ii) the mean of each coordinate is 0 and (iii) the
variance of each coordinate is 1. O

Note that Lemma 6.2 is not true for arbitrary functions. For example consider
the function f : R — R with f(x) = x” for p € N. Then (f, f) = Ex~—1,1[x*’1 = 1
while (f, ), = Ex~y, [x*]1 = @p - DL

Lemma 6.3. For any multilinear polynomial f :R" — R one has || flly,2 = flE,-

Proof. Clear because IIfllim2 =, )y, = PE= ||f||%,2. O

Again, this fails to hold for general p-norms. We make the following observa-
tion:
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Lemma 6.4. Let f : R" — R be a multilinear polynomial and let X;,..., X, € R be
independent random variables so that

E[X;1=0 Vie[nl and E[X/1=1 Vieln]

Then

Elf(X)1=f(®) and VarlfX)l= Y. f(S)?
@cS<(n]

These conditions are in particular satisfied for Gaussians and hence this mo-
tivates to use the following notation:

Definition 6.5. For a multilinear polynomial f : R"” — R we define

Var[fl:= Y. f(S) and Infi[fl:= Y f(9? Vieln

@cSc(n) Sc[nl:ieS

6.1.1 Stability and noise operators

A particularly important application of the invariance principle will deal with the
noise operator and stability of functions which we need to generalize to Gaussian
space as well. Recall from Section 1.7 that for any x € {-1,1}" and -1 < p <1,
¥ ~ N,(x) is a vector in {-1,1}" with independent coordinates and E[x;y;] = p.
We defined T), as the operator with (T, f)(x) = Ey~n, [f ()], i.e. it provides a
noisy version of f. Now, to the Gaussian case.

Definition 6.6. For x € R"” we define Ny, ,(x) as the distribution over px+4/1 — pg
where g ~ v, is an independent Gaussian.

We can see thatif x ~y, and y ~ Ny, ,(x), then y ~y;, (i.e. y is Gaussian) and
the correlation of x and y is E[x; y;] = p for all i. For notational convinience, we
denote G, , as the distribution over such p-correlated Gaussian pairs, i.e. (x,y) ~
Gn,p satisty x,y ~ y, and E[x;y;] = p for all i € [n]. We define the linear operator
Ty, p: L*(R",y,) — L*®R",y,) with

(Ty, o @)= E  [f] VxeR"

Y~Nyp,plx

For a function f € L2(R",y,) and -1 < p < 1, we define the Gaussian stability as

Staby, [ f] = E [f)- f=ATy, 0 (). ),

X,y)~ n,p

We make an observation that will be useful later:
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Lemma6.7. Let f : R — R be a multilinear polynomial and let —1 < p < 1. Then
(i) One has (T, f)(x) = (Ty, o f)(x) for all x € {-1, 1},
(ii) Ty, [ is again a multilinear polynomial.
(iii) One has Staby,, ,[f1= Stab,|[f].

Proof. First we verify (i). By linearity of T, and Ty, , it suffices to consider the
case that f(x) = ys(x) for some set S < [n]. Fix x € {—1,1}". Then

Tyoxs® = E  [xso=[]  E  (yil=p"gsx)
Y~Nyp,p(x) iesYi~Nyy,p(xi)
=pXi
which is exactly the same as in the boolean case. For (ii), since T}, f is a multilin-

ear polynomial, the same must hold for Ty, , f. For (iii) we use that for multilin-
ear polynomials, Ty, , and (-, -),, are identical to their boolean counterparts. [

It is not hard to show the the Gaussian noise operator is a contraction.

Lemma6.8. Forany f :R" — Rwith| f|,1 <ocoand0<p <1,onehas | Ty, ,(fly,1 <
”f”y,,,l-

We will also consider sets A € R"” and work with the Gaussian measure

Yn(A):= Pr [xe A]

X~Yn

In order for this quantity to be well-defined, A needs to be measurable.

6.2 The Berry-Esseen Theorem

The most classical form of the invariance principle is the central limit theorem
which says that a sum of many independent random variables converges to a
Gaussian with the same mean and variance. A precise quantitative version of
this fact is as follows:

Theorem 6.9 (Berry-Esseen Theorem). Let X;, ..., X, beindependent random vari-
ables withE[X;]=0and Y} | U? =1 where 0? :=Var{X;] andlet X =} | X; and
Y ~ ;. Then for all u € R one has

n
|PriX < ul - Pr[Y < u]| <0.56- Y E[IX;[]
i=1
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A PriX =x]

0.2 +

[ ] [ ]
[ ] [ ]
0.1+
[ ] [ ]
[ ]

——— | | * 4 o 4>

Distribution of X = Z?Zl X; where X; ~ {iﬁ} forn=16

For example if | X;| < O(\/iﬁ) for all i, then E[| X;[3] < O(n=%'?) and the right hand
side is of the form O(ﬁ). There are several ways to prove the Berry Esseen Theo-
rem including Fourier analysis. However, we will use a rather flexible technique
called the replacement method (or hybrid method) even though its result will be
somewhat suboptimal. One can think of the statement of Berry Esseen as saying
that |E[y (X)] — E[w(Y)]] is small, where y(x) := 1<, is the characteristic func-
tion of an interval (—oo, u]. Here we will prove a variant of Berry Esseen using a
smooth “test function” y instead. In the following statement, ¥’ denotes the 3rd
derivative of ¥ and ||¢/" |l = sup g [¥" (x)| denotes its largest absolute value.

Theorem 6.10. Let X;,..., X,, and Y1,..., Y, be independent random variables so
that
E[X;]=E[Y;] Vie[n] and E[X:]=E[Y?] Vie(n]

and set X :=Y" , X; and Y := Y. | Y;. Then for any function ¥ : R — R with
continuous y"" one has
[Ely (0] - E (V1] < 219" oo ¥
wherey =Y (E[X;1*] +ENYi).
Proof. For t€{0,...,n} we consider the random variable
Hi=Y1+...+ Y+ Xp 1 +...+ X,

One can think of H; as a hybrid or mixture of the X and the Y-random variables
where Hy = X and H,, =Y. Itis not hard to see that it suffices to upper bound the
error made in any step f.

Claim I. For each t one has | Ely (H)]—Ely (H-D]| < £ 19" oo €N X P1+EN Y P]).
Proof of Claim 1. We abbreviate the random variable

U=Y1+...+Y: 1+ X1 +...+ X,
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which leaves out the rth summand. Note that X; and Y; are independent from U
and H;—1 = U+ X; and H; = U + Y;. Recall that the 2nd order Taylor expansion of
w at point U is

1//(U+Z):w(U)+1//’(U)-Z+%1//”(U)-ZZ+ —y"(Vy ) Z3

where Vi 7 is a point in the interval between U and U + Z. Applying this twice
gives

|Ely (H)I-Elw(H-))l| = |Elw U+ Y)]-ElyU + X))]|
Taylor / 1 " 2 " 3
¥ ‘[E[W(U)H,U(U)Yﬁzw Y2+ w (VUYt)Y]

~E|(y@) +y W)X, + 1w”(U)XZ sy, WX

1
3 VAROR R AR X?]\

IA

1
51" oo (ENVZ 11+ ENXEIT)
In () we have used that E[X;] = E[Y;] and E[X?] = E[Y?] which causes the con-

stant, linear and quadratic terms to cancel. O
Now summing over the error terms of all n steps we get

Iz

Z |Ely (H)] —Ely (H-)]|

|Ely (X)] - Ely (V)]

(H) -y (Hy-) |

IA

Claim I m L
L ”‘” loo 3~ (E01X:P1 + E11Y: )

l:

O

We want to derive at least a weak version of the Berry Esseen Theorem from
this result. For that purpose we need a smooth approximation of the indicator
function 1,<y,.

Lemma 6.11. For any u € R" and § > 0 there is a function y : R — [0, 1] so that ¢’
is continuous with |||« < O((%) so that

- 1 ifx<u-6
X) =
v 0 ifx=u+od
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A

Yo,

I T 1
u—-06 U u+od

Proof. Define the symmetric function p : R — R>( with

px) 1= cexp(—l_lxz) if -1 <.x <1
0 otherwise

where ¢ =~ 2.25228 is the unique scalar so that [, p(x)dx = 1, meaning that p is
a density function.

1.0 A

p(x)

0.6
0.4 -
0.2 A

Y

-1 0 1

One can verify by induction that for any k € N, the kth derivative of p on (-1,1)
is of the form p® (x) = (1’1 ’;(f))z,c - p(x) where py is some polynomial. In particular
all derivatives are smooth and || p(k) oo < Ci for some constant k. We write x ~ p
if we sample x according to “squeezed” density function p(x) := %p(%). Any such
sample has |x| < §. The definition of our smooth test function is then given by
the convolution of 1., with p, i.e.

Y= Pr [x+6g€[—oo,ul] = (1< * p)(X)

which indeed has [l < O(55). O

Theorem 6.12 (Weak Berry-Esseen Theorem). Let Xj,..., X,, be independent ran-
dom variables with E[X;] = 0 and Z?zlalz. = 1 where 012. := Var[X;] and let X :=
Z?Zl X; and Y ~v,. Then for all u € R one has

|PrX < ul - Pr{Y < ul| < O(y''%)

wherey:=Y " E[X;P].
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Proof. Let ¥ be the smooth approximation to the indicator function 1,<, from
Lemma 6.11 where the transition from 1 to 0 is between u — 6 and u and we de-
termine the parameter 6 > 0 later. For symmetry reasons it suffices to consider
the case where Pr[Y < u] is the larger probability. Then

Pr[Y < u] - Pr[X < u] < PrilY = u-0]-Pr[X < u]+Pr[u—6sYsul

<6
= |Ely (V)] —Elwy (X)) +6
ThrnSG.lo O(%) +5<00h

where the last inequality follows by setting § := y*. Note that we have omitted the
3rd moment contribution from the Gaussian part, but splitting ¥ = ¥ | ¥; with
Y; ~ 0;y1 we may see that E[|Y;|*] < O(E[|X;|®]) no matter how X; looks like. [

We want to conclude this section by stating a multi-dimensional Berry-Esseen
Theorem without proof for later reference:

Theorem 6.13 (Multidimensional Berry Esseen). Let Xj,..., X,, € R? be indepen-
dent random vectors with E[X;] =0 for all i € [n]. Set X := X; +...+ X,, and as-
sume that ¥ := CoviX] = E[XXT] has full rank and draw Y ~ N(0,%). Then for
any convex set U < R? one has

|Pr(X € U] -Pr[Y € Ul| < 0(d"*y)

wherey:=Y" E[IZ72X;13).

6.3 The invariance principle

Now we come to the main topic of this chapter, which is the statement and proof
of the invariance principle. Recall that a random variable X is B-reasonable if
E[X*] < B-E[X?]2. If we revisit the statement and proof of Bonami’s Lemma (The-
orem 5.4) then we can quickly see that there is very little about the hypercube
that is being used. In fact, the exact same proof also gives the following more
general statement:

Theorem 6.14 (Bonami Lemma on R"). Let F : R” — R be a multilinear polyno-
mial with degree at most d. Then for any independent random variables X, ..., X, €
R with

E[X;]=0, EX71=1, E[X]]1=0, E[X;1<9 Vieln],

the random variable F(X) is 9% -reasonable.
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We give a name to the property that makes Bonami’s Lemma work:

Definition 6.15. We say that a vector of independent random variables Xj,..., X,
is niceif
E[X;]=0, E[X?]=1, E[X}]=0, E[X/|<9 Vieln]

Theorem 6.16 (Basic Invariance Principle). Let F : R” — R be a multilinear poly-
nomial of degree at most d. Let X = (Xy,...,X,) and Y = (Y3,...,Y,) both be
random vectors with independent coordinates that are nice (see Def 6.15). Then
for any function v : R — R with continuous """ one has

" n
M -9d-ZInfi[F]2
12 i=1

|Ely (FOO) —Ely (F(Y)]| <
Proof. We use a similar hybrid argument as in the proof of Theorem 6.10. For
t€{0,...,n} we define

Hl’:: F(Y1)~--)YI!XI+1!---)XI’1)

so that again Hy = F(X) and H,, = F(Y). Again we account the error made by a
single swap:

Claim. For any t one has |E[w(H;-1)] —Ely (Hp]| < % .94. Inft[F]Z.

Proof of Claim I. We can pull out the ¢-th variable and write

F= Y FOrso=( ¥ FOxs)+x( Y FSrsun)
|S|=d ¥|S|Sd:l‘$S - LISISd:L‘ES

::A(xlnn»xt—lvx[+l;~~~»xn) ::B(xlv~~~rxt—1vxt+lv~~~rxn)

-

Then we define the random variables
U:=AXy,.... X1, Y41,...,Y,) and D:=B(Xy,...,Xi-1,Yee1,..., Yy

so that
Ht_1:U+D’Xt and Ht:U‘l‘D‘Yt

Crucially note that (U, D) are independent from X; and Y; (but of course U, D
themselfs are not necessarily independent). Next, the 3rd degree Taylor approxi-
mation of y at U is

/ 1 " 2 1 n 3 1 n 4
U/(U+Z):W(U)+W(U)'Z+5U/ -z +8‘” -z +ﬁ1// Vu,z)-Z
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where Vy; 7 is a point on the segment between U and U + Z. Now we can bound

|Ely (H;-1)] - Ely (H)]|
= |Ely(U+D-X)]-Ely(U+D-Y))]|

Tayl 1 1 1
aror ‘w(U) +vy'(U)-DX; + Et//”(U) -D*X? + 61//”’(U) DX} + ﬂ1//’”(\/11,,%) -D*X}
1 1 1

—(w(U) +y/(U)- DY, + 59" (U)- D VP + <" ()- DY} + oy (Vi py) - D Yf)‘

1
= || Wuox) - DXE -y (Vu.ov)- DY |

" oo 4 4 4
< -E[D*] - (EIX1+EL[Y'])

24 —— ——
<9 <9

Subcliim A " o

.94 . Inf, [F)?
2 ¢[F]

Here we use that E[DX;] = E[D]E[X;] by independence (similar for Y; and other
powers) and we also use that E[X;— Y;] =0, [E[X? — Ytz] =0, E[X? - Yf’] =0 so that
all except the 4th order terms cancel. In the last step we bound E[D*] with the
following argument:

Subclaim LA. One hasE[D*] <9971 - Inf,[F)2.

Proof of Subclaim L.A. Let us write Z := (Xi,..., X;-1, Y+1,..., ¥,) € R"" ! and re-
call that D = B(Z) where B is a multilinear polynomial of degree at most d — 1.
Hence we may apply the Bonami Lemma (Theorem 6.14) and get

EIB2)Y <9 EB(2)A2 =9 ¥ F(S)Z)Z:Qd_l-lnft[F]z 0
z IS|<d:teS

Then again summing over all 7 gives

|Ely(FON -Elwy(FYN]| = D |Elw(He)] —Ely(Hy)]|
=1
n

Claim I m

aém Z ™ Moo -9d-Inft[F]2
= 12

O

Recall that a function y : R — Ris called c-Lipschitzif |y (t1) —yw ()| < ¢l — |
for all 11, £, € R. We can also give a guarantee for Lipschitz test functions.

Lemma 6.17. Let F : R” — R be a multilinear polynomial of degree at most d
and assume additionally that Var[F] < 1 and Inf;[F] < € for all i € [n]. Let X =
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(X1,...,Xp) and Y = (Y1,...,Yy) both be random vectors with independent coor-
dinates that are nice (see Def 6.15). Then for any c-Lipschitz function v : R — R
one has

| Ely (FOO)] - Ely (F())]| < O(c) - 27 - £'/*

Proof. After scaling we may assume that ¢ = 1. Let n > 0 be a parameter that we
determine later. Asin Lemma 6.11 we can can construct a smooth approximation
¥ :R—Rsothat [ || < O(n%) while (using Lipschitzness of ) one has |y (1) —
v ()| <nforall f € R. From the assumptions we know that

n n n
Y Infi[FI*<e) Infj([Fl=¢e) Y F(S)?* ISl <ed
i=1 i=1 i=1|S|<d:i€S j:i"

<Var[F]=1

Hence we can apply the Invariance Principle (Theorem 6.16) and obtain

_ N d-9
|Ely (FOXO)] - Ely (F(Y)| < n+ | E[@ (F(XO)] - E[@ (F(Y)]| <7+ o('g 7 )

Then setting n:= (d9%)/* gives the claim. O

6.4 Comparison inequality between the boolean and
the Gaussian case

Now, let us focus on comparing random variables F(x) and F(y) where x ~ {—1,1}"
and y ~ y,, as this will be main application of the invariance principle. All state-
ments of the invariance principle that we developed so far have the huge disad-
vantage that they depend on the degree of the multilinear polynomial F. Dealing
with this disadvantage will be the topic of this section. For a multilinear polyno-
mial F(x) = Ysc F(S)xs(x) and k € Zxo we write F=¥(x) := ¥ 5<x F(S) xs(x) as
the low degree part and F>¥(x) := XS5k F(S)xs(x) as the high degree part. First
we derive the (unsurprising) fact that the error in the invariance principle is small
if the high degree part has small norm.

Lemma 6.18. Let F : R” — R be a multilinear polynomial with Var[F] < 1 and
let k € N and € > 0 so that Inf; [F=K| < ¢ forall i € [n]. Then for any c-Lipschitz
function v : R — R one has

E - WEI- E WER)]|<0©- (2% + 1|,
13" Y~Yn

x~{-1,
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Proof. Recall that F = F=k + F>k is the split of F into low degree and high degree
parts. Then we can bound

E [wFE@) - E [w(F(y))l\
137 Y~Yn

x~{-1,

v is c-Lip.
<

< E [wEFfw)I- E [w(FS’“(y))1)+c E [F*@N+c E UF*O)0]
¥x~{—1,1}” Y~Yn b x~{—1,1}" Y~Yn
SO(C)-Z’CEI/ZbyLemG.N
< 02k re B IFF0R] e B [IFFG)R])M
x~{-1,1}" Y~Yn

LSS o()2ket + 2¢ | F7 R g
Here we use that v is c-Lipschitz. Moreover we use that by Jensen’s inequality,
for any random variable X one has E[| X]|] < E[X2]Y/2. O

Now, we can prove that using a noisy version of F, we can remove the depen-
dence on the degree. Here we remind the reader that by Lemma 6.7, for multilin-
ear polynomials, the operators T, and Ty, , are the same.

Lemma6.19. Let0<e<1and0<d < %. Let F : R" — R be a multilinear poly-

nomial with Var[F] < 1 and Inf;[F] < € for all i € [n] and let ¢ : R — R be any
c-Lipschitz function. Then

[w(T1_sF(»)]| < O(c) - €%/

E [y(Ti-sF(x))]- E
137 Y~Yn

xN{_lv

Proof. We define function H : R" — R with H(x) := T;_sF(x) which again is a
multilinear polynomial with Var[H] < Var[F] < 1 and Inf;[H] < Inf;[F] < €. Let
k = 0 be a parameter that we determine later. The norm of the high degree part
of His
IH I, = Y AS? T Y S0 -6)7 < exp(-26K),
ISI>k |SI>k

—_——
<Var[F|<1

crucially using the fact that the noise operator T;_s dramatically shrinks the high
degree Fourier coefficients. Then applying Lemma 6.18 to H we get

B W H = E [y (Hp)] < 00 (2% + 1 H M) Ep)
< 0(c) - (2Fe'* + exp(~5k))
1
k: 3lSn(l/s) O(C).55/3

making an appropriate choice for k that balances both error terms. O
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Extending a definition from Section 1.8 we can define the p-stable influence
of a multilinear polynomial F as Infg.p) [F] = ¥ scinpics 0'°"1F(S)?. The reader may
note that in Lemma 6.19 one could have replaced the assumption of Inf;[F] < €
by the weaker assumption that Infﬁ.l_‘s) [F] < € as we still would have been able
to infer that Inf;[H] < Infi.l_(s) [F] < €. This weaker assumption is usually phrased
that F has no (g,6) -notable coordinates.
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Chapter 7

The Majority is Stablest Theorem

7.1 The Majority Function

We want to revisit a topic from the introductory chapter (see Section 1.7 and Sec-
tion 6.1.1). We remind outselfs that the stability of a function f: {-1,1}"* — R for
parameter -1 <p<1is

Stab,[f] = E [f ) fO=(Tpf, )

olf X~{~1,1}%, y~Np (%) A ZRLE

where N,(x) is the distribution over {~1,1}" with independent coordinates so
that Ey~n, o [Xiyi]l = p. The question that we want to answer is which functions
f:{-1,1}" — {-1,1} maximize the stability Stab,[f] in the regime 0 < p < 1.
Clearly for a constant function the stability is 1, so let us restrict to functions
f:{=1,1}" — {-1,1} which are balanced, i.e. Ex~;-1,132[f (x)] = 0.

Lemma 7.1. Let 0 < p < 1. The balanced boolean functions f : {-1,1}"" — {-1,1}
that maximize Stab,(f] are precisely all the (anti-) dictatorship functions *y;
with i € [n] which have Stab, [+ ) ;] = p.

Proof. Fix any balanced function f: {—1,1}" — {—1,1}. Then the stability is

Stab, [f1=(Tpf, /Y= Y. p"'f(S)?* =< p=Stab,ly;]
Sc(n]

where we use that f (@) = 0. We note that this inequality can only be tight if all
of the Fourier weight is on the 1st level, i.e. Wi f1 =1. By the FKN Theorem
(Theorem 5.5) this is true only for (possibly negated) dictatorship functions. [J

It would be more interesting to require that all coordinates have small influ-
ence to rule out dictatorship functions. It turns out that then the problem be-

91
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comes rather non-trivial. First we discuss one particular function that is of fun-
damental importance in this context.
For odd n, we consider the majority function Maj,, : {-1,1}" — {—1,1} as

( 1 Xn: ) 1 ify? x>0
vt -1 X xi<0

Maj,,(x) :=sign
Of course one could drop the scalar ﬁ without affecting the definition, but this
normalization will be convinient for us later. As we already mentioned in Sec-
tion 5.3.1, Maj,, is symmetric under permuting the coordinates and Inf;[Maj,] =
@(ﬁ) for all coordinates i. It will be interesting to determine the stability of the

majority function.

Theorem 7.2. For any —1 < p < 1 one has Stab,(Maj,] =1 — %arccos(p) +o(1).

A

1 - )
L -~ /1-=arccos(p)
P T
//
//
//
| ay = ! 3
I L= I -
Cd
f— ~
1 ~Z 1
//
//
///
-1 +

Proof. We will reduce this question on boolean functions to the Gaussian case.
Let D, be the distribution over p-correlated pairs (x, y) € {-1, 1}2 where x ~ {~1,1}
and y ~ N,(x). We draw Xj,..., Xj ~ ﬁDP and set X := Z?:l X; € R?. Then we

have the covariance matrices

-3 4 o (s
[E[XlXi]_np 1 and [E[XX]_p 1

To avoid confusion we write the vector as X = (ig%) We draw

Y~N@@ ﬂ)

which is a 2-dimensional random Gaussian that has the same mean and covari-
ance matrix as X. Let Q := [R{io be the positive orthant.
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\ i

Then

Stab,[Maj,] = Elsign(X (1)) - sign(X(2))]
= 2Pr[sign(X(1)) =sign(X(2))] -1
= 2Pr[XeQorXe—-Q]-1
= 4Pr[XeQ]-1

Thmb13 ypry € Q1= 1+0(1)

Sh. d 2
eppare —arccos(p) + o(1)
7T

In order to apply the multidimensional Berry Esseen Theorem (Thm 6.13) we use
that the orthant Q is convex. In the very last step we use the classic Sheppard’s
Formula, see Lemma 7.3. O

We also prove Sheppard’s Formula which we just used:
Lemma 7.3 (Sheppard’s Formula). Let —1 < p < 1. One has

arccos(p)

1
Pr[YenquZO]zE o

where Y ~ N(O, (; T))

Proof. We generate the Gaussian Y as follows: Let u;, u € S! be two unit vectors
in R? with inner product (u1, ) = p. Then draw a standard Gaussian g ~ y» and
let Y =(g,u;) and Y, = (g, u;). Let O be the angle between the vectors u; and uy,
i.e. cos(f) = p. By rotational symmetry of the Gaussian we can see that there is
an angle of 7 — 0 in which g needs to fall in order to satisfy the event that Y = 0.
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Hence
m—0 1 arccos(p)
PrlY 20]=—=--————
21 2 2n

O

We hope that the reader can appreciate how simple the analysis of the stabil-
ity for majority function was once we transferred the question to the Gaussian
setting. We want to prove that the majority function indeed maximizes the sta-
bility among all balanced functions with no influencial coordinate. In order to
do so we will first prove the analogue in the Gaussian setting and then transfer it
back.

7.2 Borell’s Isoperimetric Theorem

Recall thatin Section 6.1.1 we defined (x, y) ~ G, , to be p-correlated n-dimensional
Gaussians. We make the following definition.

Definition 7.4. For A<R" and 6 € R we define the rotational sensitivity of A atd

as
RSA(6) := Pr [La(x) # 1a())]
(x)y)Ngn,cos(é)
We note that
RS4(0) = Pr [(la@and1;(y)or(145(x)and14(p))] (7.1)
(xvy)Ngn,cos(é)
= 2 Pr [14(x)and 1 4(y)]
(xvy)Ngn,cos(é)

If f:R" — {—1,1}isafunction with A:= {x e R" | f(x) =1}and A= {x e R" | f(x) =
—1}, then we can write f(x) =2-14(x)—1=-2-14(x) +1 and so

Stabeosg) [ f] E [f(x)- f()] (7.2)

(x»y)Ngn,cos(Q)
= E [(2-14(x)=1)-(=2-14(y) +1)]
(x’y)~gn,cos(9)

= -4 E ax)-1;(MI+2 E 1a0)]+2 E [15(0)]-1
(%, ~Gn,cos0) X~Yn Y~Yn |

(. > (.

~/

=RS A(G)TZ by (7.1) =Yn(A) =1-yn(4)
= 1-2-RSg(A) (7.3)

That means in order to upper bound the stability of a set, it suffices to lower
bound the rotational sensitivity of a set.
The following property will be important:
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Theorem 7.5 (Subadditivity of Rotational Sensitivity). For any set A < R" and any
61,...,0¢0 € R one has

4 4
RSA(Y.8:) = Y RS(©)
i=1 i=1

Proof. It suffices to prove the result for ¢ = 2 and then apply induction. Draw two
independent Gaussians g, h ~ v, and for 0 € R define the interpolation

z(0):=cos(@)-g+sin@)-h

As cos(0)? +sin(0)? = 1, we have that z(0) ~ y, for all 6. For 0,0’ € R and any
coordinate i € [n], the Gaussians have a correlation of

Elz(0);-z(0");] = cos(@) cos(0) + sin(0) sin(0") = cos(0’' — 0)

That means for any ¢ and 6 we have (z(6),z(0 + 8)) ~ G,cos5) and so RS4(6) =
Pr[14(z(0)) #14(z(0 +6))]. Then using this fact with the union bound we obtain

RSA(51 + 52)

Pr{14(2(61 +62)) # 14(2(0))]
Pr{14(2(0)) # 14(2(61)] +Pr [L(2(81)) # 14(2(81 +62))]
RSA(61) +RS4(62)

IA

O

Now we can prove that in Gaussian space, indeed no balanced function has a
higher stability than a majority function (or any indicator function of a halfspace
through the origin). We recall that we had defined Staby,, , [f1:= Ex,y)~g,,, [f (X) -
f(]in Section 6.1.1.

Theorem 7.6 (Borell's Theorem — Majority is Stablest in Gaussian Space). Let
f:R"—[-1,1] and Ex~y,[f(x)] = 0. Then for any 0 < p <1 one has

2
Staby, p[f1<1- ;arccos(p)

Proof. We will only prove the statement for cos(6) = p where 6 = 5; with £ € N.
Still these are infinitely many p’s that cover our later application. First we want to
argue that we can restrict our attention to functions f : R"” — {—1,1}. To see this,
let 7, := {f € R" — [~1,1] : Ex~y,[f(x)] = 0} be the space of balanced bounded
functions. Note that

Staby, o [f1=(Ty, o f, f>yn =T nr\/ﬁf”invz
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As Tyn,\/ﬁ is linear, we know that the map @ : F,, — R with ®(f) := Staby,, »[f]
is convex. Hence a maximizer should be attained at an extreme point! which
would be of the form f:R"” — {—1,1}. Then we can set A:={x e R" | f(x) =1} and
because f was balanced we have y,(A) = % and it suffices to prove the following:

Claim L. Let A< R" be a set withy,(A) = % Then for 6 = 35,

0
Pr [14(x) #14()] =RSA0) = —
(,9)~G n,cos0) n

Proof of Claim I. Using the subadditivity of RS 4 we have

T\ Thm75 1 b4 1 11 6
RSA(ﬁ) E 7 'RSA(E) =7 'xlﬁfyn [L1a(x) #14(p)] = 72" 7
indep.

=1/2

as for a set A with y,(A) = %, one has that 14(x) # 14(y) with probability 1/2
when x and y are independent Gaussians.
Then

2
Stab, [f] ‘2’ 1 -2 RSarecos(py(A) < 1 - —arccos(p)

O

A minor modification of the argument (adjusting the balance condition and
replacing the probability of 1/2) gives the following:

Corollary 7.7 (Variant of Borell's Theorem). Let f: R" — [~1,1] and p := Ex~y, [f (X)].
Then for any 0 < p < 1 one has

2
Staby, p[f1<1- ;arccos(p) + O(w)

We leave the details as an exercise. See the textbook [ ] for the tight
bound in terms of p.

7.3 Majority is stablest

In this section we will finally prove the Majority is Stablest Theorem. But first we
show an auxiliary result that bounds the change of Stab, [ f] when we vary p.

Lemma?7.8. Forany f:{-1,1}" = Rand0<p<1 onehasld%Stabp[f]l < ﬁVar[f].

'We generously skip any compactness issue here.
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Proof. Writing out the Fourier representation of stability from Prop 1.24 we have

d linearity of
derlvatlve 2 IS | _ [S]-1 2 -
—Stab, [f] Z f(S) Z ISlo f(S) Var[f]
dp P scinl P scin~——~— —-pP
—— <1
=|§|-p!SI=1 ~1-p
Here we use that k- p*~ 1# forall0<p<1and ke Zs. O
Now to the main result:
Theorem 7.9 (Majority is stablest — Mossel, O’'Donnell, Oleszkiewicz | D.

Let 0 < p < 1. For any function f : {-1,1}"* — [-1,1] with Ex~i—1,132[f (x)] = 0 and
Inf;[f] <€ foralli € [n], one has

loglogl, 1
)' 1

log% —p

2
Stab,[f] <1 - —arccos(p) + O(
/4
Proof. We appreviate ¢(p) :=1— —arccos(p) Let0<d < 20 be a parameter that
we decide later. Eventually we will make use of the invariance principle from
Lemma 6.19. For that purpose define an auxiliary function & : R — R with

h(x):=T_sf(x) VxeR"

One can think of this as a minimally smoothed version of f. In fact the stability
of f and h is very close so that instead we may analyze h.

Claim I. One has |Stab, [h] — Stab, [ f]| < 1 p

Proof of Claim I. We use the Fourler representation of stability from Prop 1.24 to
write

Staby[hl = Y. S Ti_s£(9%= Y (p-(1-8)2 f($)* =Stab,_sp[f]
Sc(n] Sc(n]

Then using the bound on the derivative of stability from Lemma 7.8 we can bound

b d
|Stab,, (k) — Stab, (f)| = f —Stab (1|t
p(1-6)2, ,

dt
sﬁVar[f]

Lem 7.8 1 20
< p -(1-Q1- 5))—Var[f<—
:,I-J <26 —p <1 1= P

Here we use that Var[f] <1 as|f(x)| <1 forall xe {-1,1}". O



98 CHAPTER 7. THE MAJORITY IS STABLEST THEOREM

Later we will use the invariance principle in the following form:
Claim II. For any O(1)-Lipschitz function ¢ : R — R one has |Ey-~y, [y (h(y)] -
Ex~i-1,12 (¥ (R(x))]] < O(%73).
Proof of Claim II. Simply apply Lemma 6.19. O

If our remaining goal is to upper bound Stab,[4] then one might be tempted
to assume that Borell's Theorem (Theorem 7.6) immediately gives that Staby, ,[h] <
¢(p). But Theorem 7.6 requires that the function is bounded between —1 and 1
on the whole R"” which may not be true (even though indeed |h(x)| < 1 for all
x € {—1,1}""). The way to work around this is to cut the function off outside of the
interval [-1, 1] and account for the error using the invariance principle.

First we define the truncation

1 Trunc(t)
t if-1=<t=<1
Trunc(f):=4 -1 ift<-1 ——* —
runc = 1 _2 1 1 2
1 ifr>1 1

which is a 1-Lipschitz function. Then the overall approach that does work is to
bound

Claim I

20
Stabp [f] < Stabp [h] + E

hmlgtlhn. Stabyn,p[h]+
1-p
26
<  Staby,[Trunc(h)] +|Stab,, ,[h] —Stab,, ,[Trunc(h)]| o
N ~ 2 ~ - 1-p
<p(P)+0(23) (%) <O(e93)  (x%)
<

P(p) + 0% + %

Then choosing a § that balances the error terms (e.g. 0 := 3%) gives the

statement of the theorem. It remains to justify the inequalities claimed in ()
and (* ). Towards this goal we prove the following:

Claim IIL. One hasEy~y, [|h(y) — Trunc(h(y))|] < 0(%3).

Proof of Claim III. We define dist 4(¢) as the distance of ¢ to the nearest pointin a
set A. This always gives a 1-Lipschitz function. In particular we are going to use
the function dist[—; ).
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diSt[,l,l] (1)
1
—
-2 -1 0 1 2

Then using the invariance principle we can bound

E [|h(y)-Trunch(y)|] = ‘ E [dist;-1,1(R()] - E  [disti—1,1;(R(x))]
Y~Yn Y~Yn x~{=1,1}" P

=0 since —15h()2)(51 for xe{-1,1}"
Claism 1 03

as for any fixed y one has |h(y) — Trunc(h(y))| = dist;—1,1;(h(y)). O

We recall that f is balanced and so & is balanced which (since # is multilinear)
also implies that Ey .-, [(y)] = 0. Hence by Claim III, Ey .y, [Trunc(hk(y))] has to
be small and we can apply the variant of Borell’s Theorem (see Cor 7.7) to obtain

Lem 7.7 Claim III 5/3
Stab,, ,[Trunc(h(y))] = ¢(p)+o(‘y~[5y [Trunc(h(y))]’) < () + O(e%'3)

Hence we have proven (x).
Next, we want to show (x*). We define the square function Sq: R — [0, 1]

? if-1<t<1
Sq(1) := | | |

. [ I 1
1 if|t>1 o 1 0 1

It will be useful to note that for any function g : R"” — [-1,1] one has
Staby, (8] = (Ty,, /58 Ty, 58y, = y~[Ey [Sa(Ty,, s8] (7.4)

Again, h is not bounded everywhere and so (7.4) does not directly apply, but we
can still use the following:

Claim IV. One has |Staby, ,[h] = Ey~y, [S4(Ty,,, sh(y)]| < O®'3).

Proof of Claim IV. As £ is a multilinear polynomial we have

Staby, ,[h] = Stab, [A]

[h(x)|<1 Vxe{—1,1}"
= E Sq(T sh(x
x~{—1,1}"[ q(T,5h(x))]

= JE [Sa(Ty,, sh(y)] £ 0E""?)
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using in the last step again Claim II with the fact that Sq is 2-Lipschitz as well as
the fact that for the multilinear polynomial h one has T sh = Ty, 5h. O
We apply (7.4) for function g = Trunc(h) directly and use Claim IV to get

|Staby,, ,[h] - Staby, ,[Trunc(h)]|
(7.4)+Claim IV
= ‘ JE [8a(Ty,, s hom)] = E_[Sa(Ty, p(Truncta(y))] ) + 053

Sq 2-Lipschitz
U g [hph] - E [T p(Truntip)][+ 06

Leg s 2| E (h()1- E [Trunc(h(y)]|+ 0"
Y=~Yn Y~Yn
< 2 E [|h(») - Trunc(h(y)]|] + O®"3)
Claién 111 0(86/3)

Here we use that the Gaussian noise operator Ty, /5 is linear and a contraction
as we know from Lemma 6.8. This shows (* %) and concludes the proof. O

The assumption of Inf; [ f] < € for all 7, can be replaced by the weaker assump-
tion that f has no (¢,6)-notable coordinates, see the remark after the proof of
Lemma 6.19. We want to record two variants for later use.

Theorem 7.10 (Majority is Stablest II). For any 0 < p <1 andn > 0 there are € >0
and d € N so that the following holds: For any function f : {-1,1}" — [-1,1] with
Ex~i-1,132[f(x)] =0 and Inffd[f] <eforallie€ [n], one has

2
Stab,[f]1=<1- —arccos(p) +n
b4
Proof. For a cleaner notation assume that the assumption is that Inffd [f1= g (so

we do not need to introduce more constants). Using that assumption we can see
that for any 6 > 0 one has

Inf!=9[f] = 1-8)51f(9)? < F(S)? F(S)2 exp(—61S]) <
nf, fl= ), A-OPf©O* = ) O+ ) f(exp(-bIS)=<e

Scinl:ieS |S|<d:i€S SI>d
“ —_ J O\ — <eg/2
<Inff4(f]<e/2 =1
. In(2 oo
if we choose d := n[(;). By the remark from above, Theorem 7.9 already applies if
Infg.l_‘s) [f] < € where the choice of 6 depends on ¢. O

For the regime —1 < p < 0 we can also obtain a lower bound on the stability:
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Theorem 7.11 (Majority is Stablest III). For any -1 < p < 0 and n > 0 there are
€ >0 and d € N so that the following holds: For any function f:{-1,1}" — [-1,1]
with Inifd[f] <¢ foralli € [n], one has

Staby[f] = %arccos(—p) -1-n=1- %arccos(p) -7
Proof. Let foqq:{—1,1}" — R be the function with
foad(x) := %(f(x) - f(=x) Vxe{-1,1}"
which is also called the odd part of the function f. By definition we know that

| foada(x)] = 1 for all x because also | f(x)| < 1 for all x. Moreover, f,qq is balanced
(even if f was not). We can verify that the Fourier expansion of f,qq is simply

1 A N
fodd@ == Y fO-(xs@)—xs=x))= Y f(Oxsx) (¥
2 sty ~ — ~  Sc[nl:lS| odd
=0if |S| even,
=2ys(x)if |S| odd

from which we also know that Infl.sd [ foddl < Inffd [f] for all i. Then

Stabp [f] Prop:1.24 Z p|S|f(S)2
Sc(n]

> - Y =pfs)?
S<[n):|S| odd

dt (s Thm 7.9 2
Prop 1.24+(x) —Stab_,[foddl E —(1 — —arccos(—p) + 77)
T

where we apply the Majority is Stablest II Theorem to the function f,qq. For the
alternative representation one can use that arccos(—p) = & — arccos(p). O
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Chapter 8

Hardness of Approximation II — The
Unique Games Conjecture and
Hardness for MaxCut

For the MAXCUT problem we are given a weighted undirected graph G = (V, E, w)
and the goalisto finda cut S ¢ V that maximizes w(5(S)) := ¥ ocg:|ens|=1 We Which
is the weight of the edges with end points in different sides of the cut. We denote
val(G, w) as the value of the optimum solution, i.e. the maximum weight of edges
separated by any cut.

After Chapter 4, this is the second part on hardness of approximation in which
we prove an optimum hardness result for MAXCUT, assuming the so-called Unique
Games Conjecture (UGC). In particular we prove that assuming UGC, there is no
polynomial time algorithm that finds a (agw + €)-approximation for MAXCUT
where agw =~ 0.878 is the approximation ratio of the Goemans Williamson SDP
rounding algorithm [ ]. The crucial ingredient for this hardness proof will
be the Majority is Stablest Theorem that we have just proven in the previous
chapter. The presentation here follows the notes of Minzer [ ] as well as
O’Donnell’s book [ .

8.1 The Unique Games Conjecture

We have introduced the label cover problem in Section 4.1.3 as an NP-hard prob-
lem which served as a starting point to derive hardness for 3LIN,. We recall that
a label cover instance is of the form ¥ = (G, X, 2R, (®,)ecg) Where G = (LUR, E)
is a bipartite graph, V := LUR, X := X U Xy and for every edge e = (u,v) € E we
have a function ®, : £; — Xy which is satisfied by an assignment A:V — X if

103
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®,(A(u)) = A(v). Using the PCP Theorem and the Parallel Repetition Theorem,
we know that for any € > 0 distinguishing the cases of val(¥) = 1 and val(¥) < € is
NP-hard. In this chapter we will introduce a special case of label cover where the
maps @, are bijections rather than arbitrary maps.

Definition 8.1. A Unique Games instance is of the form ¥ = (G,Z,ZR, (P;) eeE)
where G = (V = LUR, E), |21| = |Zg| and all functions ®, are bijective. An assign-
ment A: V — X satisfies an edge e = (u, v) € E if ®.(A(u)) = A(v). The goal is to
find an assignment A that maximizes the number of satisfied constraints.

R
[ ) [ ]
[ ) ( ]
° ><\o
C7Ne\.
[ ) @
@ ®
graph G possible map ®,

If val(¥W) = 1, then a satisfying assignment A can be found in polynomial time.
The reason is that once we know one value A(u), this uniquely determines all
assignment values in the connected component of G that contains u. But similar
to 3LIN, this argument does not work if say val(¥) < 1 —¢ for some constant € > 0.
So the following is being conjectured:

Conjecture 1 (Unique Games Conjecture; Khot [ ). Foralle >0, there is
a k € N so that UNIQUEGAMES!! ~#¢! js NP-hard for instances with alphabet size
|Z| < k where the graph G is regular.

Here regular means that all vertices v € L U R have the same degree. In par-
ticular this implies that |L| = |R|. The assumption that vertices in G need to have
regular degree is not actually part of the original Unique Games Conjecture but
it would follow from it by standard techniques, hence we add it here for con-
vinience. The Unique Games conjecture has been open for over two decades
and we will justify the interest in it by an deriving optimum inapproximability for
maxcut from it. We should note that non-trivial algorithms exist for the Unique
Games problem. In particular given any instance ¥ with val(¥) = 1 — € by round-
ing a semidefinite program one can find an assignment satisfying a 1-0(y/elog(k))
fraction of constraints [ .



8.2. THE REDUCTION FROM UNIQUE GAMES TO MAXCUT 105

8.2 The reduction from Unique Games to MaxCut

We will first describe the reduction from a Unique Games instance to MaxCut and
then prove soundness and completeness over the following two sections. Recall
thatfor—-1<p<land xe{-1,1}", y ~ Np (x) provides random vector in {—1, 1}
with independent coordinates so that E[y;] = p - x;. Also recall that for a function
[{=11}" — R, the stability is Stab, [ f] = Ex~(-1,137,y~N, (0 [f () - f())]. We refer
to Section 1.7 for details.

Now consider a Unique Games instance ¥ = (G, Z1, Zg, (Pe) cc ) Where we as-
sume the bipartite graph G to be regular and fix a parameter —1 < p < 0. We
define a maxcut instance G’ = (V', E') with weights w': E' — R, that has vertices
V':=Lx {-1,1}*, corresponding to variables f,(x) € {-1,1} for u€ Land x € 3;.
We now generate an edge via a random process and the weight of the edge will be
the probability/density that the edge is being generated: we pick a uniform node
v € R on the right side. Then we pick two uniform random neighbors u, u' € N(v).
We draw x ~ {—1,1}*% and ¥ ~ Ny(x). We insert the edge

(1, @y (1)), (W, @y, () € E'

part of graph G’ graph G
visualization for case that ®,, ,, ®,, , are the identity
Note that the original label cover graph G is bipartite and maxcut has a trivial
optimal solution for bipartite graphs. Hence the construction of G’ atleast passes

the sanity check of not being bipartite. It might not yet be obvious what function
the noise parameter p has. Formally we will prove:

Theorem 8.2 (Analysis of reduction). For all -1 < p <0 and 6 > 0, there is a small
enough n > 0 so that for any Unique Games instance V¥, the weighted graph
(G, w') constructed above satisfies:

« Completeness. val(¥) = 1-n=>val(G,w) = 3(1-p) - 6.



106 CHAPTER 8. HARDNESS OF APPROXIMATION II — THE UNIQUE GAMES CONJECTURE AND HAI

* Soundness. val(¥) <n = val(G',w') < %arccos(p) +94.

8.3 Completeness

We will first prove completeness.

Lemma 8.3 (Completeness of reduction). Letn > 0. Ifval(¥) < 1-7, thenval(G', w') =
1

5(1—p)—2n.

2

Proof. Let A: LUR — X denote the Unique Games assignment satisfyinga 1 -—n
fraction of edges. Define functions {f,},c; with

ful®):=xaw VYueLVxe{-1,1}*L

Note that these functions correspond to the dictatorship functions induced by
the labeling. The good cut in G’ is given by the set U := {(u, x) : fy(x) = 1}. In
order to analyze the value of that cut, consider the random process that generates
the edges in E'. By regularity, both of the edges (u, v) and (¢, v) are uniform
random choices from E, hence with probability at least 1 — 27, A satisfies both
edges (u, v), (1, v). Now condition on this outcome.

W.lLo.g. assume that the maps @, , and @, , are bijections. Then there is a
single symbol i so that A(u) = i = A(u/). Then both vertices (u, x) and (¢, y) will
end up on different sides of the cut with probability

1
Pr [x; ]1==(1-
yNNp(x)[z?fyz] 2( p)

which gives the claim. O

8.4 Soundness

Analyzing the soundness however will take a lot more effort and some heavy
Fourier analysis machinery. For the soundness direction we need to turn a cut
into a good unique games assignment. Recall that the constructed graph G’ has
vertices V' := L x {—1,1}*L. But instead of thinking of a cut as the set U < V' we
will rather work with the functions f, : {-1, 1}*L - {—1,1}sothat U = {(u, x) e V' :
fulx) =1} A

If these functions have significant Fourier coefficients |f;,(S)| for small ||
where S € X1, then similar to the argument in Prop 4.21 we would be again opti-
mistic that we could extract a good assignment for A(u) by sampling from such a
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set S. So the difficult case would be where we have no significant Fourier weight
on the lower levels and we expect that there cannot be any good unique games
solution. Now for the sake of argument imagine all the functions ®,, are identities
and the functions f;, := f are all identical. Then the value of the maxcut solution
would be

Pr  [f(x)# f(]
x~{-1,1}%L,
yNNp (x)

Proving that this is less than the value of %(1 — p) obtained for the completeness
case is exactly what is done by the Majority is Stablest Theorem.

Proposition 8.4 (Soundness of reduction). Fix —1 < p < 0 and V. Suppose there
is a cut U < V' in the constructed graph (G', w') of value %arccos(p) +6. Then
val(¥) = ¢(6,p) > 0.

Proof. Let {fu}ucr with f, : {£1}*F — {1} be the functions representing the cut,
i.e. U ={(u,x): fu(x) = 1}. For a bijective function ®: X; — Zg and x € {-1, 1}%R
we write @ 1(x) = (Xp-1(j))iesy € {—1, 1}*L as the vector with permuted coordi-
nates. Similarly for aset SS X, @ 1(S) = {®~1(i) : i € S} gives the permutation of
the elements in S. Recall that we only have functions f;, defined for vertices u on
the left side. However, we want to extend those functions to the right side. We set

g():= E [ful®,)(x)] VveR VxeXp
u~N(v) ’

Intuitively, v € R obtains its function values by averaging over the values of its
neighbors. Note that g, : {~1,1}*# — [~1,1] is in general not a boolean function.
First we can relate the value of the cut to the stability of those functions g,.
Claim I. One has w' (6 ¢ (U)) = %(1 —Ey~r[Stab,(gy)]).

Proof of Claim I. As in the reduction, let v ~ R, then u, u' ~ N(v), x ~ {—1,1}*R
and y ~ N, (x) independently. It will be useful to also draw v ~ N,(1) € {-1, 1}%R
independently. We note that y has the same distribution as x©v. We use this fact
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to write
wj(6Gl(U)) - v ulb)t}‘x y [fu(q);,lv(x)) # fu’ (q);,lv(y))]
- v ulz)}x % [fu(q);_ly(x)) 7 fu’ (ve (D;’lyv(x))]
1
= S(1- E [fu@, ) fulved,! ()]
2 vu,u',x,v ’

_ %(1 - E L E @bl B [fuvedy,w]])

-

=gy(x) =g, (vox)

B %(HE[X[Fv[gv(x)-ngw)]])

_ %(1 —[E[Stabp(gy)]) =

Next, we prove that the Fourier coefficients of g, are simply the averages of the
Fourier coefficients of f;, with u € N(v) (actually this is a simple consequence of
the linearity of the Fourier coefficients).

ClaimII. Forve R and S € X, one has §,(S) = Eu~Nu) [fu(q);)lv(S))].
Proof of Claim II. We can write

& = E_[s@pswl= E [ E[f@)0) sw]]
x~{+1}*R ueN) L xoqs1)%r
= . B _ ~ q)—l S
Eol B 0 oo W] = B @)

From Claim I, we know that
2
[ER [Stab,(g,)] =1-2w' 6 (U) <1- ;arccos(p) -26
UN

We call a vertex v € R good if Stab,,(g,) < 1- %arccos(p) —6 and we denote Rgooq S
R as the good vertices. By the Reverse Markov inequality (Lem 1.40) and the fact
that stability is in [-1,1], we know that |Rgood| = gIRI and so it suffices to find
an assignment that satisfies a constant fraction of edges incident to good ver-
tices. We fix values for d and 7 that in the Majority is Stablest III Theorem (The-
orem 7.11) work for parameters p and n := 6/2. That means for any function
f:{-1,13" — [-1,1] with Inffd[f] <t forall i € [n], one has!

2 0
Stab,[f] =1 - —arccos(p) — =
b4 2

IBeing picky one could say that we actually use that the majority function is least stable in the
regime -1 < p <0.
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Claim II1. For each v € Rgyoq thereis ani € g so that Inﬁd (8]l =T.

Proof of Claim III. If there was no such i, then the Majority is Stablest Theorem
would give that Stab,(g,) =1 - %arccos(p) —6/2 which is a contradiction. O
Forue Land veR, let

List, (w) :={i € 27 | Inf9[f,] =7} and List;(v):= {i € 2 | Inf%[g,] > 7}

be the list of influential coordinates. From Claim III and Lemma 1.37 we know
that 1 < |List;(v)| < % for each v € Rgpo4. So sampling from List; (v) will be a good
idea to get labellings for vertices in Rgo0q. But we still need to find suitable labels
for the left hand side L, but fortunately there is some consistency in the influen-
tial coordinates between both sides.

Claim IV. For v € Rggoq andi € Ly with Inﬁd[gv] > 7 one hasPr, ) [Inj;fi1 0 [ful =
I>1. |

Proof of Claim IV. In order to simplify notation, let us assume w.l.0.g. that all the
maps ®, , for u € N(v) are identities. Then

E £l = E fu(S)? OF
LE IfEUf, JE [|S|S§iesfu |= 2B
Jensen ~ d
= E [fu(S)]] =Inf7%g ] =7
|S|sd,ies(”~N(“) Ju ) I
=§u(5)
Then by Reverse Markov (Lem 1.40) one has Pr,-n(,) [Inf< [ful = 5] = T which
gives the claim. O

Now we can define partial assignment A : LU Rgo0q — Z that satisfies a con-
stant fraction of edges. For v € Rgq04, select any A(v) € List; (v) (which exists by
Claim III). For u € L, draw A(u) ~ Listy/2(«) uniformly (or set A(u) arbitrary if
List;/2(u) = @).

Claim VI. For each v € Rgoo4, P a,u~n(w) (1, V) satisfied by A] = 2 2d
Proof of Claim VI. We abbreviate i := A(v). First we draw u ~ N(v), then with

probability at least  we have Inf< 4,1 = X for j:= ;! (i). We condition on this
event. Then Pr[A(u) =jl= m > . Combmmg both probabilities gives
the claim. O

Finally, the assignment A will satisfy a 5 -5+ 57 fraction of edges. O

8.5 Conclusion

Now choosing an optimum value for the parameter p, we can derive an optimal
hardness for MAXCUT.
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Theorem 8.5. Assume the Unique Games Conjecture holds. Then for any € > 0,
finding a MAXCUT approximate solution within a gy —€ isNP-hard where agy =
0.878 is the same constant as in the Goemans-Williamson SDP rounding algo-
rithm.

Proof. Combining the result from Lemma 8.3 and Proposition 8.4 we obtain the
following. For all -1 < p <0 and 6 > 0, there is a small enough 1 > 0 so that the
reduction from Section 8.2 satisfies:

A) val(¥) =z1-n=val(G,w) = 1(1-p) - 6.
(B) val(¥) =np=val(G,w) < %arccos(p) +6.

We can make the constant 6 as small as desired, hence it remains to maximize

la-
the ratio of % over —1 < p <0. The minimizer is p* = —0.6891 with a value
of approximﬂately 0.8785.
%arccos(p)
1 Ta-
5(1—-p) 1.0kt 5(1-p) M
2 . R 2 1.0
1 N o === 10.87
—arccos(p) T 0.6 1
04 1 04 1
1 1 1 1 1 0.2 1 p 1 1 1 1 1 0.2 1 p
-1.0 -0.8 -0.6 -0.4 —-0.2 -1.0 -0.8 -0.6 -0.4 —-0.2



Chapter 9

Induced subgraphs of hypercubes

In this chapter we discuss a beautiful result by Huang [ ]. For an undirected
graph G = (V, E) and a subset of vertices S < V, we write G[S] := (S, E[S]) as the
(vertex) induced subgraph with edgeset E[S] := {e € E | e < S}. We also write A(G)
as the maximum degree of the graph G. This chapter deals with the hypercube
graph G, := ({—1,1}", E,,) where {x, y} € E,, if the Hamming distance between x
and y is exactly 1.

e T
s

graph G, forn=3

We note that the degree of every vertex in G, is exactly n. We are wondering how
small the maximum degree A(G,[S]) of a sizable subset S < {—1,1}" could be. For
example if S := {x € {—1,1}" | |]ones(x)| is even} then G[S] contains no edge at all
and so A(G[S]) = 0 and for odd 7 one has |S| = 2", Interestingly as soon as S is
one element larger it must contain a lot of edges:

Theorem 9.1. Let S < {—1,1}" with |S| > 2"""1. Then A(G,[S]) = /7.

This bound is tight for infinitely many n, see [ , 1!. Despite be-
ing a claim on the hypercube, the proof uses linear algebraic arguments rather
than Fourier analysis.

'We sketch the construction by | ]. For that purpose it will be more convinient to use
the cube {0,1}". Fix an n so that /7 € N. Partition the variables [n] = FU...UF 5 with |Fj| = Vn

111
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9.1 Linear algebra background

For a symmetric matrix A € R”*" and I < [n], A;; € Rl is the principal sub-
matrix with entries (Aj j);j = A;j fori, je I

Any symmetric n x n matrix A has only real Eigenvalues which we denote by
A1(A) = ... = 1,(A). We denote the singular values (which are the absolute val-
ues of the Eigenvalues) by 0,1(A) =... = 0,(A) = 0. If A has all Eigenvalues in the
interval [a, b] then also a principal submatrix must have all Eigenvalues in [a, b].
In fact, the following more precise relationship is known:

Lemma 9.2 (Cauchy-Interlacing Theorem). Let A € R™*" be a symmetric matrix
with a principal submatrix B := A ; where I < [n]. Then

Ai(A)Z2A;B) 2 Ajypn (A Vi=1,...,|I|
We also need the following:

Lemma 9.3. For any symmetric matrix A € [-1,1]"*" there is a row i € [n] with
|supp(A;)| = o1(A).

Proof. Let A € R be the Eigenvalue with largest absolute value and let v € R” be

the corresponding Eigenvector. Let i € [n] be a row index with |v;| = || V]lo. Then
v Eigenvector n
AL |vil = I(Av)il < Y 1Aijl lvjl <Isupp(A)]-|vil
j:1 v
——— =[]
<|supp(A;)|
Rearranging gives the claim. O

for all i. Define
S:={17:T<[nlwith|T|isevenand 3i: F; < T} u{lr: T < [n] with |T|isodd and Vi: F; ¢ T}

Then one can prove that |S| € {27! + 1,2""! — 1} depending on the parity of n + /1. Moreover,
A(GL[S]),A(GL[S]) < /1. See | ] for details.
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9.2 The adjacency matrix of the hypercube graph

For an undirected graph G = (V, E), the adjacency matrix is the symmetric matrix
A€ 0,1}V with A;; =1 < {i, j} € E. We also write Ag if we want to emphasize
the graph. For a matrix A € R™*" we write |A| € R"*" as the matrix with entries
|Al;j = |Ajjl.

Proposition 9.4. Recursively define a matrix A, € {—1,0,1}*"*2" with

L 1 0 L An_l Izn—l
Al.—(o 1), and A,,._(Izn_1 iy forn=2

Then
(A) |A,| is the adjacency matrix of Gy,.
(B) A, has2""! many Eigenvalues /n and 2""~! many Eigenvalues —/n.

Proof. For (A) we can imagine to construct the hybercube graph G, by taking
two copies of G,,_; and inserting edges {(x,—1), (x,+1)} for x € {-1,1}"*"!. This
is exactly the recursive definition of |A,|. In order to prove (B) we first show the
following:

Claim I. For all n € N one has A% = nln.

Proof of Claim. We prove the claim by induction over n where the base case n =1
is trivial. For the induction step we have

A2 =

Ai_l + Irn 0 induction nln 0
4 0 A2 4 D)

0 nlzn—l -

That means all Eigenvalues of A2 are n and hence the Eigenvalues of A, must
be of the form ++/n. Since Tr[A;] = 0, there must be an equal number of +v/n
Eigenvalues and —+/n Eigenvalues. O

9.3 The main proof
Now we can give the proof of the main result:

Proof of Theorem 9.1. Let A := A, be the matrix constructed in Prop 9.4 which
has the property that | A| is the adjacency matrix of G,,. Let S < {—1,1}" be a subset
of the hypercube vertices with S > 2""!. Consider the principal submatrix B :=
As,s (and note that | B| is the adjacency matrix of the induced subgraph G, [S]). By
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Prop 9.4.(B), half the Eigenvalues of A are ++/n and so by the Cauchy-Interlacing-
Theorem we have A (B) = y/n. Then by Lemma 9.3 there is a row i € S with

166151 (0)| = [supp(B;)| = V/n.

9.4 The Sensitivity of Boolean Functions

We also want to show an interesting application of [ ]. Recall that for a func-
tion f:{-1,1}" — R we denote its degree as deg(f) := max{|S| : f(S) # 0}. In other
words, deg(f) is the maximum degree of f, when considering it as a multilinear
polynomial. We make some new definitions:

Definition 9.5. For f: {—1,1}"" — {—1, 1} we define the sensitivity at x € {—1,1}" as

S(f,x):={ielnl: f(x) # f(x®H}]

where x® is the vector x with the ith bit flipped. The sensitivity of f is then

S(f):= nax S(f,x)

In other words, the sensitivity tells us how many Hamming neighbors may
have a different function value. A consequence of Huang’s work [ ] is the
following (where the connection had been known before due to Gotsman and
Linial [ D.

Theorem 9.6. For any boolean function f : {-1,1}"* — {—1,1} one has S(f) = y/deg(f).

Proof. We first prove the claim for the case that the function has the maximum
possible degree of n:

ClaimL If f: {-1,1}"" — {—1,1} has deg(f) = n, then S(f) = V/n.

Proof of Claim I. The assumption tells us that f([n]) # 0. So suppose w.l.o.g. that
f((n]) > 0. Consider the function g : {-1,1}" — {—1,1} with g(x) := f(x) X ().
Then Ey-q_1,17[8(X)] = Exm_1yn[f(X) - ¥y (0)] = f([n]) > 0. That means if we
define S := {x € {-1,1}" : g(x) = 1} then |S| > on-1, By Theorem 9.1 we can fix
a point x € S that has at least v/n Hamming neighbors in S. Consider one such
neighbor x® € S. Then

FOO) - xi - i (1) = g(x) =1 = g(x®) = F(x®) - (=x3) - Xy (1)

which can be rearranged to f(x) # f(x®). Hence S(f, x) = /. O
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Now back to the main claim. Consider a function f: {—1,1}" — {—1,1}. Let
S < [n] be one of the sets where f attains the degree, i.e. |S| = deg(f) and f(S) # 0.
Fix an arbitrary z € {—1,1}/"1'S and consider the restriction fs,: {—1,1}% — {—1,1}
with fs,(x) := f(x, z) for x € {~1,1}5. From Prop 1.15 we know that

Fe®= Y fSUD yr(2) = f(S) #0

TS\ ——~—"
=0 for T#®

That means deg(fs|;) = |S| = deg(f). Then by Claim I, S(f) = S(fs|z) = v/deg(f).
O

This is result is tight in the sense that for infinitely many d and all n > d there
is a function? f:{-1,1}" - {-1,1} with deg(f) = d and S(f) < v'd. We will discuss
more relationships between sensitivity and the degree of boolean functions in
the following Chapter 10.

2Take the set S < {—1,1}¢ described in the footnote below Theorem 9.1. Then set f(x,)):=1 &
xeSforall xe{-1, 1}d and y € {-1, 1}”_d. This function has indeed degree d and S(f) < V.
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Chapter 10

Bounded low-degree functions and
the Aaronson-Ambainis Conjecture

In this chapter we want to study functions of the form f: {—1,1}" — [-1, 1], mean-
ing they are bounded but do not neccessarily have values in {-1, 1}. In particular,
we will be interested in functions that additionally have low degree. Aaronson
and Ambainis [ ] came across such functions in the context of the query com-
plexity of quantum computers. They made the conjecture that any low degree
bounded function must have an influential variable:

Conjecture 2 (Aaronson-Ambainis [ ). Any function f:{-1,1}" — [-1,1] of
degree d has a coordinate i € [n] so that

Var|f]
Inf;[fl1= poly(T)
We recall from Section 1.9 and Section 1.8 that variance and influence can be
expressed as

var[fl= Y f(§? and Infilfl= Y f(S)?

pcS<(n] Sc[n]:ieS

We also recall that the total influence of a function fis I[f]:= X" | Inf;[f] and we
abbreviate the maximum influence by Infiax[ /1 := max;e(,) Inf; [ f]. Also recall for
any degree-d function f:{—1,1}"" — [-1,1] one has I[f] < d (see Lemma 1.33).
Naively, say for d = O(1), just by accounting the Fourier weights it would ap-
pear possible that I[f] = ©(1) (equivalently Var[f] = ©(1)) and Inf;[f] = G)(%) for
all i. Hence it has to be the boundedness that enforces limitations on how the
Fourier weight can be distributed. To illustrate the issue, let us consider the case
of d = 1 with alinear function f(x) = ;’:1 a;x;sothat|f(x)| < 1forall x e {-1,1}".

117
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The variance of such a function is Var[f] = || allg and the maximum influence is
I allgo. As the function is bounded by 1, we know that || a||; < 1. On the other hand,
Generalized Cauchy-Schwarz gives that || allg < |lal1llalloc which can be used to

derive
, _ lal nans= 9
Infmax[f1 = llalls, = | 1”2 > Var[f]
We conclude that Conjecture 2 is indeed true! for d = 1. On the other hand, we
can make the observation that while the maximum function value is maxye(-1,1; | f (x)| =
llally, the average value is rather Ex~i—1,132[| f (x)]] = [lall2. That means, the proof
has to necessarily make use of function values that are extremely rare.

At the time of this writing, the Aaronson-Ambainis Conjecture is still open.
Inspired by the terrific survey of Backurs [ ] we would like to explain the
state of the art of what is known towards this conjecture. In particular we discuss
the following results:

* We explain the original motivation by Aaronson and Ambainis [ ] in
the area of quantum computing and how their conjecture implies that bounded
low degree polynomials have alow average query complexity (see Section 10.1).

» We prove that Conjecture 2 is true for functions f : {—1,1}"* — {-1,1}. For
that purpose we take a detour and prove that low degree functions have
low depth decision trees. In a second step, we then prove that decision trees
have influential variables.

* We prove the currently best known bound for functions f: {—1,1}"* — [-1,1]
which are only exponential rather than polynomial. To be precise, one has

Nfmax[f1=~ Var ! for a universal constant C > 0.
* A result by Lovett and Zhang [ ] shows that the fractional block sensi-

tivity of a degree-d function f:{-1,1}" — [-1,1] is small. We reproduce an
improved and simplified bound due to Agarwal and Ben-David | ]
and show that FBS(f) < O(d?).

10.1 Average query complexity of bounded functions

We begin by describing a “classical” consequence that an affirmative answer to
Conjecture 2 would bring; in the next Section 10.2 we will then explain how this
insight can be used in the context of quantum computing.

IThe reader may note that for a := (%, e %) one has Infax[f] = # and Var([f] = % and so the
exponent of 2 cannot be improved even if the degree is d = 1.



10.1. AVERAGE QUERY COMPLEXITY OF BOUNDED FUNCTIONS 119

Consider a function f: {-1,1}"" — [-1,1]. We want to study algorithms that
know the function f, but only have adaptive query accessto the input x* € {—1,1}".
In other words, the algorithm produces a sequence iy,...,i4 € [n] of indices and
receives the bits xlf‘l, eee) x;‘q € {—1,1}. Here adaptive means that the choice of the

index i; may depend on the outcomes of the bits x; , ..., x;

.y ij—l.

g queries

input x*:

At the end the algorithm should output a number that is close to f(x*) (without
having seen all the input x*). Clearly, some structure is needed for the function f
if we want to make sense out of a lot less than n queried bits. And in fact, Aaron-
son and Ambainis [ | have proven that for bounded low-degree functions few
queries suffice on average. We would like to emphasize that this is indeed only
true for an average input.

Theorem 10.1 ([ 1). Assume the Aaronson-Ambainis Conjecture 2 is true. Then
for any degree-d function f : {—1,1}"" — [-1,1] and any € > 0 there is a random-
ized algorithm A that makes poly(d, %) many adaptive queries before producing
an output so that
Pr  [If(x")—AX")|>¢el<e
x*~{=1,1}n

Proof. The algorithm that we will be using is as follows:

ALGORITHM A
Input: Degree-d function f : {—1,1}" — [-1,1]. Query access to ran-
dom input x* ~ {-1,1}"
Output: Estimate on f(x*)
(1) IfVar[f] < * then return f(@) = Exq_1,1n[f(x)].
(2) Selectanindex i € [n] with Inf;[f] = 6 :=poly(e/d).
(3) Query x;‘.
(4) Recurse on the function fij,: : {~1, 1}*"1 — [~1,1] which is the
restriction of f on {i} using x:.

We will now prove by induction over n that the algorithm works. First consider
the case that Var[f] < €* so that we terminate immediately in (1). In that case, as
the input is random, its expected error is

LI -fols | E MCOR F@)A2 = Var[f11/2 < ¢2

E
x*~{-1,1
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using Jensen’s inequality (Theorem 1.45). Hence Pry«-—1 132 [| f(x*) —f((Z))I o
€ by Markov’s inequality. That means the algorithm is indeed making more than
an e-error on at most an e-fraction of inputs. Similarly, if the algorithm recurses,
then it recurses on the correct “subcube” and the non-queried input is still uni-
form.

Hence, it only remains to prove that the algorithm indeed terminates after at
most poly(d,%) many recursions. As we only recurse in (2) when Var[f] > &%,
by the Aaronson-Ambainis Conjecture 2, there must be some index i so that
Inf;[f] = 6 where 6 = poly(d/e). Now, instead of considering the variance, we
analyze how the total influence of the function changes. Recall that the original
function has I[f] < deg(f) < d by Lemma 1.33. Consider the very first recursion
on some coordinate i. As the queried input is assumed to be random, the total
influence of the next function is

hm 1.32.(ii -
ifigll M R4S E - (R (6

E
x~-11 seimp  X~l=

Prop L.16.(d) YIS (f (92 + f(Suiih?

Scn]\{i}
= YISO - Y. F(9*<Iif1-6
Scn] Scn]:ieS

=Inf;[f]=6

More intuitively, each set S < [n] with i € S contributes |S|- f (S)? to the total influ-
ence of f butonly (|S|-1)- f (S)? to the expected total influence of the next func-
tion and the difference when accumulated over all sets is indeed the influence of
i. We can conclude that the expected number of iterations until the algorithm
terminates is at most? %ﬂ < % and the probability to not have terminated after

% iterations is at most® € by Markov’s inequality. O

2The right way too see this is as follows: suppose we have a random process Xg, X, ... where
X; € Ry for all ¢ and Xy > 0 is some fixed value. The process is active for T iterations (T is
also called the stopping time) and then becomes inactive. The number T € Z-; is a random
variable as well. Let Y; € {0, 1} be the indicator random variable telling if the process is still active
in iteration ¢,i.e. 1=Yy=...=Yr_jand 0= Y7 = Y74 .... In particular T = ¥?2, V;. As long as
the random process is active, it decreases in expectation, i.e. E[X;4+; — X; | Y; = 1] < —6 while it
freezes afterwards, i.e. X;+1 = X; if ¥; = 0. Then by linearity of expectation

(0] [eo]
E[X; = X¢1l = ) Pr(Y; = 11-E[X; = Xy41 | Y = 1126 ) E[Y;] = SE[T]
0 =0 =0

18

Xo =

~
1l

which can be rearranged to E[T] < %.
3We can modify the algorithm and agree to return 0 if the number of recursions have exceeded
our limit which lets us incur another €.
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We should note that the algorithm is deterministic as long as we assume that
variances, influences and expectations can be computed for all restrictions. We
also note that Theorem 10.1 could be rephrased as the statement that any func-
tion f: {-1,1}"" — [-1, 1] has a decision tree of depth at most poly(d/€) so that the
expected error (on average over the inputs) is at most €.

10.2 Query complexity for quantum computers

Now we come to the application to quantum computing that was the motiva-
tion of Aaronson and Ambainis [ ]. Again, there is some input x € {-1,1}"
but now we have a quantum computer that has query access to the input. It is
beyond the scope of these notes to explain the query model of quantum com-
puting, but a very readable introduction can be found in the survey of Buhrman
and de Wolf [ ]. For a more extensive introduction to quantum computing
in general we recommend the popular textbook of Nielsen and Chuang [ .
Quantum algorithms are inherently randomized and after making some number
q of queries to the input x, the algorithm accepts with some probability Q(x).
This gives us a function Q : {—1,1}" — [0, 1] that represents the acceptance prob-
ability of the quantum algorithm. The only fact on quantum computers that we
then need is the following result by Beals at al.

Theorem 10.2 ([ 1). Suppose a quantum algorithm makes g many queries
to an input x € {—1,1}". Then the acceptance probability Q : {—1,1}"" — [0,1] is a
multi-linear real polynomial with deg(Q) < 2q.

Then combining this fact with Theorem 10.1 we can conclude:

Theorem 10.3. Assume the Aaronson-Ambainis Conjecture 2 is true. Suppose a
quantum algorithm makes q queries to an input x € {—1,1}" and let Q(x) € [0, 1]
be the acceptance probability on input x. Then there is a classical randomized
algorithm A that makes poly(q, %) many queries and satisfies

Pr [|Qx)-Ax)|=¢gl<e¢
x~{=1,1}"

We would like to emphasize that the classical algorithm is only able to approx-
imate the answer on average over the inputs. Also, the algorithm would need to
have access to the polynomial Q and be able to compute variances and influ-
ences for restrictions.



122CHAPTER 10. BOUNDED LOW-DEGREE FUNCTIONS AND THE AARONSON-AMBAINIS CONJEC

10.3 Decision trees

The material from this section is mainly taken from the survey of Buhrman and
de Wolf [ 1. A decision tree is a binary tree with a distinguished root in which
each interior node is labeled with a variable from x;,..., x,, and each leaf is la-
beled with an output from {-1,1}. Moreover, each edge is labeled with a num-
ber —1 or +1. Given an input x* € {—1,1}", we can follow the unique path from
the root to a leaf where at an interior node labeled with x; we take the —1 arc
if xlf" = —1 and otherwise the +1 arc. The decision tree then defines a function
f:{-1,1}" — {—1,1} where the function value f(x*) corresponds to the label of
the leaf that we reach on input x*. We are free to query the variables in any order.

@/@\i@
AEAS

@ 0 O @

decision tree of depth 2

The depth of a decision tree is the maximum length of a root-leaf path (in terms
of number of edges). Note that in a minimal decision tree, we would never query
the same variable twice. Typically one is interested in either minimizing the
depth or the size of a decision tree. For our purposes here, it is the depth that
matters:

Definition 10.4. For a function f: {-1,1}"" — {—1, 1}, the decision tree complexity
is
D(f) := min{depth(T) | T is a decision tree computing f}

One can interpret D(f) as the number of variables that need to be queried in
order to determine the function value f(x). Clearly, some functions need deci-
sion trees of high depth. For example for the parity function f(x) = [T}, x; we
always need to query all variables and so D(f) = n. Also by a counting argument
one can easily estimate that a random function f would have D(f) = n(1 - o(1)).

10.3.1 Sensitivity and block sensitivity

We want to introduce other complexity measures for a function f that turn out
to be closely related to D(f). Recall that for point x € {-1,1}" and i € [n], we
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denote the vector with the ith bit flipped by x® = (xq,..., Xi 1y =Xiy Xitlyeeer Xn).
We recall a definition that we had earlier given in Sec 9.4.

Definition 10.5. For a function f:{-1,1}" — {—1, 1}, the sensitivity at x € {-1,1}"
is the number of hamming neighbors with different function values, i.e.

S(f,x):= i€ nl: f(x) # f(x®)}]
The sensitity of f itselfis S(f) := maxXye(—1,132 S(f, X).

Next, we introduce a generalization of this quantity. For a set S < [n], we
define x®S as the vector x where precisely the signs of the entries in S are flipped.
In particular x and x®S differ in exactly |S| many coordinates.

—

x=[1|1|1f1]1]1]

x®S= |11 1]1]

Definition 10.6. For a function f : {—1,1}" — {—1,1}, the block sensitivity at x €
{—1,1}", denoted by BS(f, x) is the maximum number b so that there are disjoint
sets Bj,..., By < [n] so that f(x) # f(x‘BBi) forall i =1,...,b. The block sensitivity
of f itself is again BS(f) := maxye(-1,137 BS(f, x).

By By
et W et
x=[1]1 1 1|1]1 1]1

o

[
}Oc
w
ElEiIRIERE

e

b= [1[k1-1-1]1]1 1]1

B = 11 1 1{1[-1-1]1

x®B= |11 1 1]|1[1 1]1

e

—

®Bi= 11 1 1]|1[1 1]1

It is not hard to see that S(f) < BS(f). In the following chapters we want to elab-
orate that also BS(f) can be bounded by a polynomial in S(f). First, we need to
take a detour and discuss a method to lower bound the degree of a polynomial.

10.4 Lower bounds on the degree of a polynomial

In this section we want to discuss methods to prove lower bounds on the degrees
of polynomials. For this chapter it will be notationally convinient to work with
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functions g : {0, 1} — R instead of the usual functions on the {+1}"-cube. As we
are working towards degree lower bound and by Prop 1.9 a shift does not change
the degree, this is indeed only a change in notation.

10.4.1 Univariate polynomials

Even though the functions g : {0,1}" — R that we are interested in are multi-
variate polynomials, we begin the discussion with the univariate case. A very
classic result is the following which relates the derivative, range and degree of a
polynomial:

Theorem 10.7 (Markov brothers’ inequality (1890s)). For a univariate polynomial
p:R— R of degree d, one has

max_|p'(x)| <d?- max |p(x)|
x<1 —-1<x<1

-1=<

This means that if a polynomial stays in some range over a longer interval and
we have a lower bound on the derivative, then this implies a lower bound on the
degree.

polynomial p with x* € [-1,1] maximizing |p’(x*)]

In fact, an inequality can be proven more generally for the k-th derivative in
which case it states that

max_[p®(x)| < d?*- max |p(x)|
—-1<x<1 —1<x<1

(here we slightly simplified the dependence compared to the tight actual inequal-
ity).
Remark 2. The bound from Theorem 10.7 is tight. Let T; be the d-th Chebychev

polynomial which is a univariate degree-d polynomial. Then |T;(x)| < 1 for all
—-1<x<1while|T)(x)|<T,1)=d*for-1<x<1.
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V><

8th Chebychev polynomial Tg(x) with extrema

However, for our purpose it will be more convinient to use a variant where
only the function values on a discrete set of points matter. Also, we stretch the
interval of consideration from [-1, 1] to [0, n].

Theorem 10.8 (Ehlich and Zeller [ ], Rivlin and Cheney [ D.Letp:R—R
be a univariate polynomial and let by < p(i) < by for all i € {0,...,n}, f:= by — by
and y := maxyeo, |p'(x)|. Then

1
deg(p)= |n-
1+?

If0 < % <1, thendeg(p) = \/%.

=

A

by

bo

Y

0 nl
10.4.2 Symmetrization of multi-variate polynomials

The idea is to apply the degree lower bound for univariate polynomials to the
multi-variate case. In order to do so we need to be able to turn a multivariate
polynomial into a univariate one. The first step is to symmetrize the polynomial:
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Definition 10.9. Given a function g : R"” — R, the symmetrization is the function
&sym : R” — R defined by

gsym(x) = E ][g(xn(l);---;xn(n))]

w:[n]—[n
where the expectation is over a uniform random permutation 7.

For example the function g(x, X2, x3) = x; — X2x3 + 1 has the symmetrization
X1+ X2+ X3 X1X2+ XoX3+ X1X3 1

3 3 "
We summarize a few properties of the symmetrization:

8sym (X1, X2, X3) =

Lemma 10.10. Let g : R” — R be a multilinear polynomial. Then
(a) One has deg(gsym) < deg(g).

(b) If|g(x)| =1 forall x € {0,1}", then also |gsym(x)| <1 for all x € {0,1}".

Proof. For (a) we observe that

Zym(S) = E [8(T)]
()
and so the degree cannot increase when symmetrizing. The symmetrization is
obtained by averaging which implies (b).
O

Note that (b) also holds if {0, 1}" is replaced by {—1,1}" (or any other set that
is closed under taking permutations).

Once we have symmetrized a function it is easy to express it as a univariate
polynomial:

Lemma 10.11 (Minsky and Papert | 1). For any function g : {0,1}" — R, there
is a univariate polynomial p : R — R with p(¥X._, X;) = gsym(x) for all x € {0,1}"
and deg(p) = deg(gsym) < deg(g).

See the survey of Buhrman and de Wolf | ] for a proof.

10.4.3 Degree lower bounds for polynomials on the hypercube

Next, we want to explain how to use symmetrization to make the degree lower
bound from Theorem 10.8 work for functions on the hypercube. While this is in
preparation of the Theorem of Nisan and Szegedy, we keep it rather general. For
¢ €{0,...,n}, let us define H, := {x € {0,1}" | Z?lei = ¢} as the ¢th Hamming
level of the hypercube.
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Theorem 10.12. Let g : {0,1}" — [-1,1] and let a, b € {0,..., n} with a # b be two

Hamming levels. Then
deg(g) = \/ynl/4

B, [8(0)] = Ex~3y, [ ()]
N |a— b

where

Proof. Let p be the corresponding univariate polynomial from Lemma 10.11, so
that

n

p(Y %) = gam®) Vxe (o1
i=1
We also note that |p(¢)| < 1 for all £ =0,...,n since |g(x)| < 1 for all x € {0,1}",
making use of Lemma 10.10.(b). Note that for a particular Hamming level ¢ €
{0,..., n} we have

H= E
p(f) X~Hg[g(x”

Then there is a point z between a and b where the derivative of p is at least its
average, i.e.
lp(@)-p)| _

la-bl

Applying Theorem 10.8 with parameters y and § := 2, we obtain a degree lower

bound of
Thm10.8 [yn
deg(g) =deg(p) = e

Ip'(2)| =

10.5 The Theorem of Nisan and Szegedy

Now we have everything in place in order to prove the result of Nisan and Szegedy [
which says that any low degree boolean function has low block sensitivity.
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Theorem 10.13 (Nisan and Szegedy [ ). Forany f:{-1,1}" — {—1,1} one has
BS(f) < 2deg(f)?.

Proof. Let b:= BS(f) be the block sensitivity of f and assume by symmetry rea-
sons that it is attained at point x := 1. Let By,..., B < [n] be the correspond-
ing disjoint subsets. Again, by symmetry we may assume that the coordinates
are sorted in the order of By,..., Bj, followed by all remaining coordinates. We
write 1p, as the all-ones vector with | B;| many entries. We define a new function
g:1{0, 1P —{-1,1} by letting

g, yp)i=fA=2y1-1p,...,1=-2y,-15p,,1,...,1).

We note that g(0) = f(1) and because of the definition of block sensitivity one has
gle;) = f(1®Bi) # f(1) = g(0) for all i. That means the function g has a value of
f(1) on Hamming level 0 and a value of — f(1) on every point of Hamming level
1. Then applying Theorem 10.12 with y := 2 we have

deg(f) =deg(g) = vb/2
O

This closes the last part in the proof that indeed both notions of sensitivity as
well as the degree are polynomially related.

Corollary 10.14. For any f:{-1,1}" — {—1,1} one has

1) @ 3 2
\/deg(f) = S(f) = BS(f) < 2deg(f)

Proof. We have proven (1) in Theorem 9.6 by combining the breakthrough of

Huang [ ] with a reduction of Gotsman and Linial [ ]. For (2) one can

use that even pointwise S(f, x) < BS(f, x) by defining B, ..., By, as the singletons

i where f(x) # f (x®0). Finally, (3) is Theorem 10.13 due to Nisan and Szegedy [ 1.
O

10.6 Lowdegreeboolean functions have low depth de-
cision trees

In this section, we want to prove that any function f: {-1,1}" — {—1, 1} satisfies
that D(f) < O(deg(f)*). In other words, any boolean function has a decision tree
of depth at most O(deg(f)*). Again, we rely on the survey of Buhrman and de
Wolf | ]. First we obtain a simple lemma that will allow is to find function
value “flips”.
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Lemma10.15. Let f : {-1,1}"* — {—1,1}, let S < [n] be any inclusion-wise maximal
set so that f(S) # 0 and let x € {—1,1}"*. Then there is a set ] S so that f(x®/) #
f(x).

=(1 1 -1-11 1 1

Proof. Consider the function g : {-1, 1}$ — {—1,1} with 8 := fSixpys» 1-€- g is Ob-
tained by restricting f to S using xj,)\s. Then by Prop 1.15, the Fourier coefficient
of the restriction for the “top-level” set S itself is

g9 =Y FSuD yrx)=f(S
Telhp\s~——~—"
=0for T#®

using the maximality of S. In particular g(S) # 0 and so the function g cannot
be constant. Hence the function value of g cannot be equal to g(xs) everywhere.
Then denote x?] as any such point so that g(xs) # g(xj';] ). That settles the claim.

O

Consider a set family F < 2"/, A standard notion in combinatorics is the one
of a transversal or hitting set for JF, which is a subset U < [n] so that UN S # ¢ for
all Se F.

Set family F with hitting set U

Crucially we can prove that for a boolean function the maximum cardinality Fourier
support has a small hitting set.

Lemma 10.16. For f:{-1,1}"* — {—1,1} with d := deg(f), let F :={S< [n] | f(S) #
0 and |S| = d} be the maximum cardinality Fourier support. Then JF admits a
hitting set of size O(d®).
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Proof. Let M :={Sy,..., Sk} € F be any maximal hypergraph matching in F, i.e.
the sets Sy, ..., Si are disjoint and no other set from F could be added without
destroying that property. We fix x € {—1, 1} arbitrarily. By Lemma 10.15 there are
subsets J; = S; forall i =1,..., k so that f(x@]l') # f(x). Then by the definition of
block sensitivity and Lemma 10.13 we know that k < BS(f) < O(d?). Hence, the
set U:= S U...U S is a hitting set for F of size |U| < o(d?). O

Finally we can prove that any degree-d boolean function has a decision tree
of depth at most O(d*).

Theorem 10.17. For any f :{—1,1}"* — {—1,1} one has D(f) < O(deg(f)4).

Proof. Let x € {—1,1}" be an unknown input so that we have to determine f(x)
by querying at most O(d*) many variables.

Let U < [n] be the set from Lemma 10.16 which is a hitting set for the size-d
sets in the Fourier support of f. Recall that |U| < O(d®). We can query all values
of x in U. Consider the restriction f;_; : {—1,1}" — {—1,1} obtained by fixing all
variables in U accordingly. Then deg(f;-1) < d —1 (see Prop 1.15). We repeat the
argument with f;_; until we reach a function of degree 0. This requires a total
number of O(d*) queries. O

Clearly a function f: {-1,1}"" — {—1,1} depends on at most 2D < 2O(deg(NY
many variables. We would like to point out that there are functions whose num-
ber of non-redundant variables is exponential in D(f). One such example is the
address function. For x € {—1,1}%, let bin(x) € {1,...,2%} be the number repre-
sented by the bits in x. Define f: {-1, 1}k+2k — {=1,1} with f(x,¥) := Ybinw)- In
other words, the function returns the entry of y that is indexed by x. One can
observe that f depends on all variables while D(f) < k + 1.

10.7 Every decision tree has an influential variable

As mentioned above, any degree-d function f : {-1,1}" — {—1,1} without redun-
dant variables satisfies that r < 200" Moreover, we know that Inf [ f] = Q(log%)'
Var[f] by the KKL Theorem 5.10, and so we can already conclude an exponential
bound for the Aaronson-Ambainis problem for boolean functions. Goal of this
section is to prove a polynomial bound instead (again, only for boolean func-
tions). The result that we will be discussion is due to O’Donnell, Saks, Schramm
and Servedio | 1.

First, we provide alternative expressions for variance and influence for boolean
functions that will come in handy.
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Lemma 10.18. For a boolean function f : {—1,1}"* — {—1,1} one has

Var(f] = {[E 1}n[lf(x)—f(y)ll and Infi[fl= E [f(x)-fI

y~i=1, (x,1)~Q;

where Q; is the distribution over pairs (x,y) where x ~ {—1,1}" is uniform and
yj=xjforall j #i and y; ~ {-1,1} independently.

Proof. We draw x, y ~ {—1,1}" independently. Then the variance is

Def 1.38

Var[f] ELf (%)) —ELf ()]

1
= E([E[ F?1 = 2ELf (OIELf D] +ELf(1)1?)

1
= —El(f®) - fFONA=ENfx) - fFOI
2 ~——— ——————

€{0,4} €{0,2}
Moreover, drawing (x, y) ~ Q;, the influence of variable i is

Lem 1.30

Inf; [f] =7 Prlf(x) # f(x®)] = 2Pr[f () # fF] = ELf(x) = fF(W)]]
———

€{0,2}

For a decision tree T, and variable i we define

pi(T):= {Prl | [variable x; is queried when evaluating x* |
x*~{-=1,1}"

In particular if T has depth D then the expected number of queried variables
is Y1 , pi(T) = D. We prove the following inequality that relates variance and
influences:

Theorem 10.19. Let f: {—1,1}" — {—1,1} be a boolean function that is computed
by decision tree T. Then

n
Var(fl< ) pi(T)-Inf;[f]
i=1
Proof. Consider two independent random inputs x*, y* ~ {—1,1}"*. On input x*,
the computation of f(x*) follows a random path in the tree T. Let x;,,..., x;, be
the variables that are being queried on this path. Note that the indices iy,...,i4
as well as length d of the path are random variables that depend on x*. For ¢ = 0,
let u'Y € {~1,1}"* be the vector with

(1) _
ui - *

x;'k ifie {it+1,it+2,...,id}
y; otherwise
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meaning that the variables on the evaluation path after step ¢ are taken from
x*; everything else is from y*. In particular for any ¢ = d one has u® = y* and
while in general u©@ # x*, one still has f(u?) = f(x*) because all values on the
computation path are taken from x* in this case. So, one can think of #¥ as an
interpolation between x* and y*.

Visualization of u?. Note that the

decision tree eval. path is w.r.t. x* instead

Then we can rewrite the variance using the triangle inequality and the inter-
polation from above as

Var(f] em201® E [fx™)=fuol

x5y ~{=1,1}"

riangle ineq.
TS S ) - FY)]

=1

= > > Prliy=il-Elf ™) = f@"™ )i, =]

t=1i=1 D
=Inf;[f] by Claim I
n
= > Infi[f1- )" Prli; =]
i=1 =1
————
=pi(T)

Hence it remains to prove the following:

Claim L Fixi € [n] and t = 1. ThenE[| f (u®) — f(w'""D)||i, = il = Inf;[f].

Proof of Claim I. We fix outcomes X := (x],..., xft_l) so that in iteration ¢ the de-
cision tree (on input of x*) queries the ith variable, i.e. indeed i; = i. It suffices to
prove that then E[| f (u?) — f(u'*"V)| | X] = Inf;[ f]. We note that the vector u(/~V
contains the variables yl’."l,..., y;.“H instead, which are independent from X. In
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particular, the vector u" Y is still uniformly from {—1,1}" even under condition-
ing on X. The vector u'? differs from u’"" only in coordinate i; = i. Moreover
we make the observation that u’~" contains x; and the vector u"~! contains
;. Hence we may conclude that* (1", u'") x ~ Q;. Then

[E[|f(u(t)) —f(u(t_l))l | X] :( E Q.“f(x) — N Lem 10.18

Inf;[f]
x,¥)~

O

Now, as a consequence, each low degree function with low decision tree com-
plexity must have an influential variable.

Theorem 10.20. Any function f : {—1,1}" — {—1, 1} with degree d := deg(f) has a
variable i with

Var{ f] >Q(Var[f])

Infi[f] = o >Nz

Proof. We denote Infy [ f] := max;e[,) Inf;[ f] as the maximum influence of any
variable. Let T be the decision tree that has depth D(f) < O(d*), according to
Theorem 10.17. As never more than D(f) many variables are being queried, we
have

Var[f] <

pi(T)- Inf;[f] = D(f) - Infmax(f]
i1 ———

~—— <Infpa[f]
<D(f)

Rearranging gives the claim. O

10.8 Maximum values of functions with significant lin-
ear part

We will now switch gears and focus our attention on functions of the form f :
{—1,1}" — Rwhich are much less understood and less structured than their boolean
special cases. Much of what we know is from the work of Dinur, Friedgut, Kindler
and O’Donnell | ]. Most of their work deals with probability estimates for
anti-concentration of degree-d functions. Instead we will here focus on simply

40One subtle aspect that might lead to confusion is the following: the indices iy,...,i; are de-
fined dependent on the decision tree path for input x*. On the other hand, in this claim we
account the change arising from the vectors u(” whose decision tree paths are not even consid-
ered.
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proving that maxye—1,132 | f(x)| is large depending on variance, maximum influ-
ence and degree. This loss of generality will allow us a much simpler proof where
we deviate quite a bit from the original.

First, we need another result that deals with univariate polynomials.

Lemma 10.21. For any odd d € Z= there is a set P < [-3%, 3] of size [P| < d +2 so

that the following holds: let p(x) := Z?:o a;x' be a degree-d polynomial. Then

lai|

there is an x* € P so that |p(x*)| = 5di3

For details, we again refer to [ ]. We just would like to point out that
this lemma can be derived from extremal properties of the Chebychev polynomi-
als.

For a linear function f(x) = X | a;x; we can maximize | f (x)| by simply pick-
ing x; := sign(a;) and obtain a function value of f(x) = ||al;. Quite surprisingly,
we obtain almost the same bound if arbitrary other Fourier coefficients are present.

Theorem 10.22. Let f : {-1,1}"" — R be a degree-d function with linear coeffi-
cients a; := f({i}) fori =1,...,n. Then
lallx

P ON= g

where C > 0 is a universal constant.

Proof. For symmetry reasons we may assume that a; = 0 forall i = 1,...,n. For
—1 =< p <1, recall that x ~ N,(1) gives a random vector x € {-1,1}" with indepen-
dent coordinates so that Ex~n,m[x:i] = p for all i. In other words, x is a biased
random vector. Consider

d
.— - F . c = k- f
gp= E =Y fOT] _E =Y 0" X /o)

x~Np(1) S<inl ie§*~Npl k=0 ISI=k
=p
We note that g is a univariate polynomial with variable p and its linear coeffi-

cient is Z?Zl f({i}) = |lall,. Hence by Lemma 10.21, there exists a value p* so that
lg(p™)| = @(@). Then there has to be at least one outcome x* € {—1,1}" so that

If(x")=1g(p") 2@)(@). That settles the claim. O

10.9 Maximum values of arbitrary functions

We continue our discussion of [ ]. The next goal is to be able to lower
bound maxye(-1,132 | f(x)| for an arbitrary function f that may not even have any
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linear part. First we prove a lemma that will be useful:

Lemma 10.23. Let f: {—1,1}"" — R be a function of degree at most d. Then

E [f@l=z2°? E [fo4"?
x~{~1,1}" x~{—1,1}"

Proof. First we prove the following useful fact:

Claim L. Forall t > 0 and z € R one has |z| = tz*> — t3z*.

Proof of Claim 1. If |z| < % then |z| = tz% and the claim is true. If |z| = %, then

tz2—-t3z4 <o. A O

|z]

VN

~ |
~ =

tz?2—13z*

The claim is invariant under scaling f, hence we may assume that Ex~¢-1,1;2[f (x)?] =
1. We abbreviate X := f(x) where x ~ {—~1,1}". Then we know that X is 9¢-
reasonable. For t > 0 we have

Claim I ;=279
ENX]] 2 (EXY-PEXY=r-1399" s 270@

=1 <94
O

It will also be useful to understand how the Fourier weight of random restric-
tions behaves. Recall that for any k, we abbreviate Wi[f] = Y sc(n)is1=k [ (S)? as
the Fourier weight on level k. More generally, for an interval I, we write W;[f] :=

Y sisier (92

Lemma 10.24 (Properties of random restrictions). Let f: {-1,1}" — R and let k €
N. Sample J < [n] by including each index independently with probability %,
then sample z ~ {—1, 1V and let g := fij-:1-1, 1V — R be the restriction of fto]
using z.

(i) One has
][E (W1g1] 2 Wik,2i [f].
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(ii) For fixed ] and S < J, the map z — £(S) has degree at most deg(f).
(iii) For each fixed J < [n] and i € J one has E,[g({i})?] < Inf;[f].

Proof. For (i). We recall from Prop 1.15 that the Fourier expansion of such a re-
striction is

g=Y xs» Y. FfSuDyr(2 (10.1)

Scj T<[n\J

S

:gTS)
for y € {-1, 1. We need to prove that g has a significant linear part in expecta-
tion. Using Prop 1.16.(d) we know that

[E[Z[E[g({z}) 1 [E[Z Y fuiuTy?

i€ ieJT<[n\]

= Y f?* 1|Sm]|=1]

Sc(n]
> f(S) PriisnJl=1]
k<|S|<2k

> —W
10 (k26 Lf]

v

Here we use that a term f (S)? appears in the expression on the first line if and
only if |[Sn J| = 1. Additionally, we used that for a set S < [n] of size k < |S| < 2k
we have

Priisnsi=11=Y Prisns=(i=15-7(1-7) ==
' I ) \__k“ kK710
=1 >0.1

For (ii). For fixed J < [n] and S < [n], reinspecting (10.1) we know that

g8= Y FfSuD xr@
TSn\J
Considering this as a function in z, clearly the degree is at most as high as the
degree of f itself.
For (iii). We fix J< [n] and i € J. Then

Y funun?is Y f(9?=Infilf]

T<n\J Sc[n]:ieS

(10 1)

[E[g({ ih?]

which finishes the proof. O

Now to the main result whose remaining proof is short as we have already
done much of the legwork:
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Theorem 10.25. For any degree-d function f :{—1,1}"* — R one has

max |f(x)| = Varl/]

| P
xe{-1,1}" Ce\/Infaxlf]

where C > 0 is a large enough universal constant.

The proof strategy is as follows: a suitable random restriction of f will have a
significant linear part. Then by Theorem 10.22 the restriction must have a high
maximum value.

Proof of Theorem 10.25. By a bucketing argument, there must be some value k

which is a power of 2 in {1,...,d} so that Wi 25 [f] = lefg[(g) We pick a set J <

[n] at random by independently including every coordinate with probability Ve
Then we draw z ~ {—1,1}"\/ and consider the random restriction g := fi; :
{+1}/ — [-1,1]. By Lemma 10.24.(i) we know that E; ,[Wi[g]] = Wik2x [f]. We
fix a set J so that this expectation is attained, i.e. E;[W;l[g]] = E.[¥;c; £(iN%1 2>
Wik26)[f]. We abbreviate u; := E,[§({i})?] and pmax := max;es ;. We note that
by Lemma 10.24.(iii) we have pmax < Infihax[f1. Then as for each i, the function
z— g({i}) is a function of degree at most d, we have

£[Y 1gainl] " 200 Vi
Zhi=1 i
> —G)(d)z Hi

2- @(d) Var(f] _ Var|[f]

0108(d)) v/Imax  20@ \ /Infnax[f]

Now fix any outcome of z attaining this expectation. We abbreviate the linear
coefficients as a; := g({i}). Then applying Theorem 10.22 gives

£ g restric>tion of f ()| Theore;n 10.22 | all; - Var| f]

max x)| > max > >

xe{-1,1} yel-1,1¢ 8 Cd  20@,/Infimax(f]
as claimed. O

One can rearrange the statement of Theorem 10.25 to provide an exponential
(rather than polynomial) bound for the Aaronson-Ambainis problem:

Corollary 10.26. For any degree-d function f: {—1,1}"* — [—1,1] one has Infy [ f] =
Var[f]?
Cd

where C > 0 is a universal constant.
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Proof. Rearranging

Thm 10.2 Vi
1> max |f(x)] = P Varlfl
xe{-1,1}" Ce\/Infax[f]

gives the claim. O

The reader might already suspect that the Aaronson-Ambainis conjecture ap-
pears to be equivalent to finding large function values depending on variance
and influence. We can make that explicit:

Conjecture 3. There are small enough constants Cy, > 0 and a large enough con-
stant Cy > 0 so that for any degree-d function f : {—1,1}"" — R one has

Var 1/2+6
max |f(x)|=Cy c L] 5
xe{—1,1}" dCr-Inf . [f]

Every function f has an x € {—1,1}"" with | f(x)| = Var[f]”z, hence the goal is
to beat this trivial bound.

Lemma 10.27. Conj 2 < Conj 3.

10.10 Bounded low degree functions are close to jun-
tas

The proof of Theorem 10.25 is somewhat flexible and would allow to modify the
function f. In particular it can provide the following:

Theorem 10.28. Let f : {—1,1}"" — R be a function of degree at most d and for a
set I < [n] of variables, we let h(x) := }_scn):snize [ (S) - xs(x). Then

F)l 2 Var[h]

max —_—
xe{=1,13" C4\/Infaxlhl
where C > 0 is a large enough universal constant.

We note that the way that # is defined one has Inf;[h] = Inf;[f] forall i € I
and 0 < Inf;[h] < Inf;[f] for i ¢ I. The proof of Theorem 10.25 can be modified by
changing the definition of F to F :={S < [n]: 2571 <|Sn 1| <25 and sampling co-
ordinates U < I independently with probability 27°. Then set timax := maX;es t; <
Inf,ax[h]. We leave further details of the modification to the interested reader.
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We recall that a function f that only depends on at most k coordinates is
called a k-junta (see Def 5.27). We also recall that dist(f, g) = Ex~—1,132[(f(x) —
g(x))?] denotes the distance between two functions. The work of Dinur, Friedgut,
Kindler and O’Donnell [ ] also contains the following result:

Theorem 10.29. Let f : {—1,1}" — [-1,1] be a function so that

Z f(S)z < exp(—@(mn

ISI>k €

for some k € N and some ¢ > 0. Then there is a 20%) / ¢2 juntag:{-1,1}" - R so
that dist(f, h) <e¢.

We will not prove this result in full generality here, but we prove the special
case where the function f has low degree (rather than very low Fourier weight
above some level).

Theorem 10.30. Let f: {—1,1}" — [-1,1] be a function of degree at most d. Then
for any € > 0, there is a Zo(d)/sz—junta h:{-1,1}" — R so that dist(f,h) < €. In
particular there is a set ] < [n] of size |]| < 20W) /2 gq that} sc(n):s¢s f(S)2 <e.

Proof. We abbreviate the influential coordinates of f as

2

]::{ie [n] | Inf; [f] 2%}

where C > 0 is the same constant as in Theorem 10.28. Since Zle Inf;[f] < d we
know that |]| < dc (see Lemma 1.37). We set g(x) := Y sy £(S)ys(x) which by

82
definitionis a |J|-juntaandlet h:= f — g = Y s.5¢; f (S) xs be the error that we are
making by this approximation. Then dist(f, g) = Y.s.s5¢; f (S)* = Var[h]. Hence it
remains to prove that indeed Var[#] < €. By construction, h has degree at most d

and Infy.«[h] < £ Then applying Theorem 10.28 to f and & (with [ := [n]\])

c2d-
we have
Thm 10.28 Var[h] Varl[h] Var[h]
1= maxnlf(x)l = y = — =
xe{-1,1} C?/Infmaxlh]  cd /ﬁ €
Then rearranging gives the claim. O

The reader may note the similarity of Theorem 10.30 with Friedgut’s Junta
Theorem (Theorem 5.28).
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10.11 Sensitivity, block sensitivity and fractional block
sensitivity for bounded functions

The notions of sensitivity and block sensitivity can be extended from boolean
functions to arbitrary functions on the hypercube.

Definition 10.31. Let f: {—1,1}"" — R. The sensitivity of f at a point x € {-1,1}"
is

1 & ;
S(f,x):= 2 2 Ifx) = f(x®)
i=1

Moreover, the block sensitivity of f at a point x € {—1,1}" is

k
max Y |f(x)— f(x®P)]

1
BS(f,x):==
(f 2 2 disjoint i-1
Again, S(f) := maxye;-1,137 S(f, x) and BS(f) := maxye(—1,13» BS(f, x) are the sensi-
tivity and block sensitivity of the function itself.

Here we have added the factor 1/2 so that the definition is consistent with
the boolean case as in Def 10.6. Of course we still have S(f,x) < BS(f,x) and
S(f) = BS(f) forall f and x.

Backurs and Bavarian | | were the first to prove that BS(f) < poly(d)
for a degree-d function f : {-1,1} — [-1,1]. Filmus, Hatami, Keller and Lif-
shitz [ ] improved and simplified the bound to BS(f) < O(d?). We some-
what deviate from their exposition and prove a auxiliary result first that will turn
out to be useful. Again using the {0, 1}"-cube is notationally convinient:

Proposition 10.32. Let h : R — R be a multilinear polynomial of degree at most
d so that |h(x)| <1 for all x € {0,1}". Then for any t > 0 one has

Y 1h(0) - h(te)| < O(d? 1)
i=1

Proof. First we want to get rid of the absolute value. Let I := {i € [n] : h(te;) >
h(0)} and I_ :={i € [n] : h(te;) < h(0)}. Then we can write

Z |h(0) - h(te))| = ) (h(te;) — h(0) + )_ (h(0) - h(te;))

i=1 iel; iel

We note that the restriction Ay, : R+ — R with hy1, () = h(y,0) is again a multilin-
ear polynomial of degree at most d which is bounded on the hypercube (same for
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hi1 ). Hence, resetting the notation, it suffices to prove that Z?:l (h(te;) — h(0)) <
O(d?t) for any degree-d function h : R” — R with |h(x)| < 1 for x € {0,1}" (i.e.
proving the original claim without the absolute values).

We use Lemma 10.11 to construct a univariate polynomial p : R — R of degree
at most d so that

pll)= E [h(x)] V€=0,...,n
x~H,

where H, is again the /th Hamming level. Since |h(x)| < 1 for x € {0,1}", we
know that |[p(¢)| < 1 for all £ € {0,..., n}. Then using the degree lower bound from
Theorem 10.12 with levels a := 0 and b := 1 we obtain

21 _ R N
&z E (h] ~[gio[h(x)](—4;(%:(«31) h(0))

x~Hy X
This only proves our claim if ¢ = 1. But & is a multilinear function. That means for
any x and i, the function s — h(x + se;) is an affine linear function. In particular
n n
Y (h(rep) = h(0) = Y (h(e;) — h(0)) < 4td*
i=1 i=1

This finishes the claim. O

Theorem 10.33. For any function f : {—1,1}"* — [-1,1] of degree d one has BS(f) <
od?).

Proof. Fix x € {—1,1}" and let By,..., B < [n] be any disjoint blocks. For symme-
try reasons we may assume that x = 1. Define g : {~1,1}* — R by letting

g(J/l,---yJ/k) = f((l—zJﬁ)lBl,,(I—ZJ/k)lBk,l)

€[-1,1]" for ye[0,1]%

Then g(0) = f(1) and g(e;) = f(1®5). Moreover |g(y)| < 1 for y € [0,1]¥ because f
is bounded on the [—1,1]" cube. Also we can see that deg(g) < deg(f) < d. Then

k k
Y If@-fa®Pyi=3 1g0) - gle)l = 0(d*
i=1 i=1
by applying Prop 10.32 with 7:=1. O

Next, we can actually make the argument work also when the blocks are not
disjoint! We need the following fact:
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Lemma 10.34. Let f : R” — R be a multilinear polynomial of degree at most d
and let h: R™ — R" with h(y) := Ay + b be affine linear with A € R"*" and b € R".
Then also the function y — f(h(y)) is multilinear with degree at most d.

Proof. By assumption f(x) =} sj<a £(S) - Tl;es xi. Then we can write

m

f =Y F)-TT (bi+ Y Aijyi)
|Sl=d i€eS j=1

Multiplying out the product we can see that only multilinear products y r(y) for

|T| < d appear which gives the claim. O

Now we can prove the following:

Proposition 10.35. Let f : {—1,1}" — [-1,1] be a function of degree d and let x €
{—1,1}". Let Sy,...,Sn < [n] be a set family that contains each element at most t
times. Then

Y| f) - fx®®)| = 0wd*n)
j=1

Proof. Let t = 1. Again assume w.l.o.g. that x = 1. Define the function g: R — R
as

gy = f(l - %Ji)’jlsj)

where 1g € {0, 1}" is the characteristic vector of a set S < [n] and we think of f also
as its extension to R”. Then by Lemma 10.34, g is again a multilinear polynomial
of degree at most d. Moreover g(0) = f(1) and g(re;) = f(1 - t% . 15].) = f(l@sf).
For any y € [0,1]" one has 1 — %ZTZI yils; € [-1, 1]" using the assumption that
each element i appears in at most ¢ sets. Then |g(y)| < 1 for y € {0, 1}"". Applying

Prop 10.32 we know that

Y If - fa®h =Y g0 - g(tep| < 0d* 1)

j:l ]:1

It will be convinient to also allow to take blocks fractionally:

Definition 10.36. Let f: {—1,1}" — R. The fractional block sensitivity of f at a
point x € {—1,1}" is the optimum value of the linear program

FBS(f,x)::max{ Z ys-lf(x)—f(xe’s)lz Z ys<1Vieln]; ys=0 VSg[n]}
Sc[n] S:ieS
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We set FBS(f) := maxye(—1,13» FBS(f, x) as the maximum fractional block sensi-
tivity of f itself.

We note that integral solutions to this LP correspond to disjoint blocks and
so S(f,x) < BS(f,x) < FBS(f,x) for any f and x. Lovett and Zhang [ ] were
the first to prove some upper bound on the fractional block sensitivity (though
they used a slightly different definition). Here we reprove a bound that is due to
Agarwal and Ben-David [ .

Theorem 10.37. For any function f : {-1,1}" — [-1,1] of degree at most d one
has FBS(f) < O(d?).

Proof. Fix x € {—1,1}". Let {ys}scin) be a solution for the LP from Def 10.36 whose
value attains FBS(f, x). There is always such an optimum solution which is ratio-
nal and hence we may assume that for some k € N one has ys € % forall Sc [n].
Let Sy,...,S;; be the set system that contains each set S exactly kys € Z>( times.
Because of the packing constraint of the LP, each element i € [m] will be in at
most k of the setsin Sy, ..., Sy, (of course counted with multiplicity). Then

®S m ®s; ., Prop10.35 9
k-FBS(f,x)= Y kys-|f(xX)—fx®) =) If(x)-fx®*N] "= 0@k
Scin] j=1
Dividing by k gives the claim. O

10.12 Geometric properties of bounded low degree func-
tions

Finally, we want to discuss some results of Lovett and Zhang [ ] on the geom-
etry of bounded low degree functions.

Distances in the hypercube

We begin by discussing general aspects about distances. For p = 1 and a compact
set A< R" we write
dp(x,A):=min{llx-yl,:y€ A}

as the minimum L -distance of a point x to A. For two compact sets A, B < R"
we also write
dp(A,B) :=min{||lx—yl,:x€ A yeB}.

Here, we will be exclusively consider the cases p € {2,00}.
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A rather powerful result to bound distances on the hypercube is due to Tala-
grand. For a set A < {-1,1}", we write u,(A) := % as the uniform measure w.r.t.
to the hypercube points. Moreover conv(A) denotes the convex hull of A, i.e. the
unique smallest convex set containing A. One can prove that most points will be

very close to the convex hull of a not too tiny set A.

Theorem 10.38 (Talagrand [ ). Let A< {—1,1}" be non-empty. Then

x~{E,l}” [ exp (liG -ds(x, conv(A))Z)] < R

dy(x, convézﬁ)xk

Arguably, we are not doing justice to this inequality, which holds in much more
generality for arbitrary product spaces. A very readable account can be found
in the textbook by Alon and Spencer [ ]. In particular by Jensen’s inequality,

this implies that Ex-(_1,1;»[d2(x,conv(A))] < O(/In m). Another variation of
Talagrand’s Theorem is as follows:

Corollary 10.39. Let X, Y < {—1,1}". Then

1
(in(X) - 1 (Y) < exp ( -5 da(X, conV(Y))z)

A fractional certificate

In the following we interpret a distribution 7 over [n] also as a probability vector
m € RZ, with > 7 = 1. For S < [n] we write 71(S) := Prj~;[i € S] = Y ;es7;. The
fractional block sensitivity bound from Theorem 10.33 also has a dual interpreta-
tion:

Proposition 10.40. Let f : {—1,1}'" — [-1,1] be a function of degree at most d.
Then for any x € {—1,1}" there is a distribution . over [n] so that

1f(x) = f(x*$)] < 0d*) - 7c(S) YS<In]
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Proof. As we mentioned before, FBS(f, x) is the optimum value of a linear pro-
gram — in fact, the LP in Def 10.36 is a packing LP. Let c € R2"' be the vector with
entries cs:=|f(x) — f(x@s)l and let A € 2" be the matrix with entries

1 ifiesS .
Ajs:= ) Vie[nlVSc(n]
0 otherwise

Then the LP from Def 10.36 is
FBS(f,x) = max{cTy | Ay<1; y=0}

Such a linear program must have a dual with the same optimum value, which
will be the covering LP
min{1”z|z"A>c"; z>0}

Writing this out gives

FBS(f, x)

n
2z
i=1

Yz = If(0)-f&x*) vScn]
i€eS
z € RL,
Now setting 7; := #{fx) and using the estimate of FBS(f,x) < O(d?) from The-
orem 10.37 gives the claim. O

We also include a simple lemma for later:

Lemma 10.41. Let X € [—1,1] be a random variable with Pr[X = E[X] + €] < €.
Then Var[X] < 12¢.

Proof. After shifting we may assume that —2 < X <2 with E[X] = 0. Then

Var[X] = E[X?] < 2E[|X|] = 4E[max{X,0}] <4-(e-2+1-¢&) < 12¢.

Distances to the convex hull of ¢-separated points

Now, back to functions f: {—1,1}"" — [-1, 1] of degree at most d. Suppose that the
variance of such functionis Var[f] = ©(1) and Ex~{-1,1}»[f(x)] = 0. By Lemma 10.41,
for some constant € > 0 one has that

X:={xe{-L,1}"| f(x)=¢} and Y:={xe{-1,11"|f(x)<-¢}
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have a measure of i, (X), u,(Y) = €. Then by Talagrand’s inequality (Theorem 10.38),
the average Euclidean distance is Ex~x[d2(x,conv(Y))] < O(1). The Euclidean
ball B} has the same volume as the scaled cube @(ﬁ) -BIL. So intuitively, one

might then think that E . x [deo (X, conv(Y))] < O(ﬁ) should hold as well. But this
is very wrong and the opposite is true — the L,-distance is surprisingly large! For
a function f and a point x € {—1,1}" we say that S < [n] is an (r, €) -improvement
iff(x@s) > f(x)+¢€ and |S| < r. We can also give a condition for the existence of
such improvement steps with small r. For a vector a € R" we write |a| € R" as the
vector with entries |al; := |a;| for i € [n].

Proposition 10.42. Let C > 0 be the implicit constant from Proposition 10.40. Let
f:{x1}'* — [-1,1] be a function of degree at most d and let x € {—1,1}" and Y <
{ye{£1}""| f(y) < f(x) — €} for some € > 0. Then

(i) Forany a € R" with x+a € conv(Y) one has (r, |al) = Ej~r[la;|] = % where
7 := 7y is the distribution from Proposition 10.40.

2¢€

(ii) One has d.(x,conv(Y)) = e

(iii) At least one point inY admits an (r, £)-improvement where r := poly(d, %) .
do(x, conv(Y))2.

Proof. For (i). Since x + a € conv(Y), there is a distribution o over sets so that
x+a=Es-o[x®%] and x®S € Y. We note that |a| = 2Es-,[15]. Recall that | f (x®5) -

f(x)| = ¢ for all S € supp(0) and by Proposition 10.40 we have 7(S) = w
for all S < [n]. This implies that
(mlah= E la=2 E [ E((9i1]2
i~m S~o li~n Cd?
—_——

=71(S)

For (ii), let a be the vector with x + a € conv(Y) that minimizes ||| . As
the maximum entry is at least the average entry (w.r.t. distribution 7) we have
lalloo = £ by ().

Finally we prove (iii). Now, let a € R" be the vector with x + a € conv(Y) that
minimizes || all». Let o be the distribution over sets so that x + @ = Eg[x®°]. For
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some parameter 6 > 0 that we determine later, let / := {i € [n] | |a;| = 0} be the
large coordinates of a. Clearly || allg > |J|- 6% which can be rearranged to |J| < r:=

2
”g#. We define a set Y’ and a vector a’ so that

Y'i={(xp,ymn) | yeY} and x+d' = S[E [x®*EYV] € conv(Y”)
~g

In other words, for all y € Y, we overwrite the coordinates in J with the corre-
sponding entries in x. For each point this changes at most r coordinates. More-
over a} =0 and a[n]\ ; = ain\j. Now suppose for the sake of contradiction that
Y'c{y e{z1}"| f(y") = f(x) - £}. Then

£
Cd?

choice of J

§ = do(x,conv(Y") (g)

which is a contradiction if we choose say 6 := 2537. From that contradiction we
learn that there is indeed a y' € Y’ with f(y') > f(x) — £. That point is of the
form y' = (xj, yiap\ ) for some y € Y. That means if from that y we overwrite the J

coordinates with xj, we increase the function value by at least 5. Hence y is our

2
(1, §)-sensitive point where r = ":% = @(‘Z—;) -d>(x,conv(Y))?. O

Many points have small improvement steps

We can now prove that a large fraction of points must have a significant improve-
ment by flipping only few bits.

Theorem 10.43. For a large enough constant C > 0 the following holds: Let f :
{—1,1}"* — [-1,1] be a function of degree at most d with Var|f] = Ce. Then there
is a set Yimp < {—1,1}" of points with p,,(Yimp) = € so that all points in Yi,p have
an (r,€)-improvement for r := poly(d, %).

Proof. To simplify notation we may shift the function so that Ex~—1,1;2[f(x)] = 0.
We define the sets

X = {xe{-1,1}"| f(x) =&}
Y = {xe{-1,1}"| f(x) < —¢}
Yimp = {xeY|x has an (r, €)-improvement}
Yno-imp := {x€Y|xhasno (r,¢)-improvement}

We note that Y = YjnpU Yno-imp. By Lemma 10.41 we know that u, (X), p,(Y) = 2¢
if we choose C > 0 large enough. Now assume for the sake of contradiction that
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(1 (Yimp) < €. Then py, (Yno-imp) = pn(Y) =t (Yimp) = €. By Talagrand’s bound from
Cor 10.39 we have

1
0 (X) - i Vioimp) < €xp = = da (X, cONV(Yro.imp))?)
ety 9 16

>2¢€ =€

from which we know that d> (X, conv(Ype.imp)) < O(vIn(1/¢€)). Let x € X be a
point attaining this bound. By Prop 10.42.(iii) there is a y € Yyo.imp that admits
an (r,€)-improvement for r := poly(d, %) -dy(x,conv(Y))? < poly(d, %). This is a

contradiction.
O



Chapter 11

The Bohnenblust-Hille Inequality

Littlewood’s 4/3 inequality and its generalization, the Bohnenblust-Hille inequal-
ity [ ] are important results in mathematical analysis. We will discuss their
proofs and show applications to the Aaronson-Ambainis conjecture and learning
of low-degree functions. To keep the notation simple, we will only cover those in-
equalities for functions f : {—1,1}"* — R on the hypercube even though they apply
in much more generality.

11.1 Preliminaries

First we review some notation. As before, for any p = 1 and any function f :
{~1,1}" — R we define a norm || fllg,p = (Ex~-1,12[If(X)IPDYP. On the other
hand, without the expectation the normis justasum, i.e. | fll, = (X xej-1,137 | f(X) |PYLP,
For us important will be the maximum function value of || f o := maxye;—1,137 | f (X)].
We also use the notation ﬂfﬂp = Xscn If(S)Ip)”p for the corresponding norm

of the Fourier coefficients. We know that the balls By are getting larger as p in-
creases, e.g. B{' € B} € B]. In reverse, this implies the following:

Lemma 11.1. For any vector x € R", the function p — || x|, is decreasing in p.

We will also use a version of the Generalized Bonami Lemma from Chapter 5
which we restate for convinience.

Theorem (Theorem 5.30 — Generalized Bonami Lemma II). For any function f :
{—1,1}" — R of degree at most k and any 1 < p <2 one has

2 1.k
Ifllg2=<(er )" 1flgp

149
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Next, we want to work towards a matrix sum inequality that will be crucial for
our proof of the Bohnenblust-Hille Inequality. First we prove a helper lemma that
allows us to swap the summation order as long as we move the larger exponent
inside.

Lemma 11.2. For any Be€ RZ{*" and 1 < p < s one has

where we use that || - || s is a norm so that the triangle inequality can be used. [

Now we come to the crucial matrix sum lemma. For a parameter k = 1 we
define exponents py := kz—fl We can define those for any real k = 1, though later
we only need the values py for integer k. The p;’s give an increasing sequence of
exponents that approaches 2 as k — oo. But the power of the Bohnenblust-Hille

Inequality will lie in the fact that py < 2. It will also be useful to keep the identity

2(k/2 2k - .

priz = 252 = 2K in mind.

_ 2k

APk = 51
T e o e .. e
..... @ @@

e [ ]
1+ e

k

0 1 2 3 4 5 6 7 8

Now we can prove the matrix sum inequality which due to Defant, Popa and
Schwarting [ |, extending work of Blei [ l.

Lemma 11.3. Let A € R™*" be a matrix and let k > 0. Then

(

n 1
1= =

m 1 n 1
P 2p j 2p
|Al.j|Pk) k< (Z ||Ai||§k/2) k/z( 1A/ ”51«/2) k2
i=1 j:l

J

—

1
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Proof. W.l.0.g. we assume that A;; = 0 forall i, j. We abbreviate a := %pk. For any
p > 1, we define p* := % > 1 as the Hélder conjugate which is the unique value

sothat L + L = 1, see again Section 5.5.1.
Now, let p, s > 1 be two parameters that we determine later. Then

m

Holde é((éA?]p)%,(jZ:A?]p*)#) (11.2)
S B me
w2 BE S Ea)T me

Here in line (11.2) we apply Holder’s inequality with exponents (p, p*) to the in-
ner terms. Then in (11.3) we apply Holder’s inequality again but with exponents
(s,s*) applied to the outer terms. Finally in line (11.3) we bound the right hand
side factor using Lemma 11.2 keeping in mind that we will need that s* = p* &
s<p.

It then remains to pick the parameters p, p*, s, s* so that the outcome in (11.4)
matches the expression in our claim. In fact, by symmetry we can see that we
will need to set p = s* and p* = s. Next, we want an inner exponent of % p =
a - p = 2 which means that we should set p = % = s*. Then by definition of

Pk, the conjugate is s := p* = % = 2%“:21) = 2’;%. We note that conviniently,

S _ P _2Pr2 Pk _ Pki2

< 1. Hence we can rewrite (11.1)+(11.4) to

p s pe 4 2
m n p m , n ) pl;i zpk n o, m ) % 2Pk
k p p
Yy Ay=(n (X)) (R () )T
i=1j=1 i=1 j=1 j=1"i=1
which was exactly the claim (after taking the pj-th root). O

11.2 Littlewood’s 4/3 Inequality

To warm up, we prove Littlewood’s 4/3 Inequality. Luckily, the bulk of the techni-
cal work has already been taken care of in Lemma 11.3. We note that functions
of the form f(x,y) = xT Ay are also called bilinear forms. In our usual Fourier
analytic notation this means that each set S with f (S)#0has (i) |S|=2and (ii) S
contains exactly one of the x-variables and one of the y-variables.
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Theorem 11.4 (Littlewood’s 4/3 inequality [ ). ForAe R™" Jet f : {-1,1}/""" —
R be the function with f(x,y) = xT Ay. Then

mon 3/4
(X 2 1451") 7 < C il
i=1j=1

where C > 0 is a universal constant.

Proof. After scaling we may assume that || f|l.c = 1. Then applying Lemma 11.3
with k = 2 one has p, = 3 and p; = 1 so that

’

By symmetry, it remains to prove the following:
Claim I. One haszml Il Aill2 < O(1).
Proof of Claim I. We can write

m
Y 1 Aillz
i=1

||[\/]§

iAU‘“?’) (ZuA I2)” (iM]llz)

)N

> E Ayl

=1y~

[Z max x,<A,,y>] fo] =1

1} [xe{ 1,1}m

using Khintchine’s inequality and the fact that f is bounded. O

11.3 The Bohnenblust-Hille Inequality

Now we come to the central part of this chapter, the Bohnenblust-Hille Inequal-
ity which generalizes Littlewood’s 4/3-Inequality. A function f: {—-1,1}V — R is
called k-multilinear if there is a partition of V = V,U... UV} so that

IVinSl=1 Vie[k] VScV with f(S)#0

In other words, for each block i, the function is linear in the variables xy..

For our purpose it will be notationally cleaner to write such a k-multilinear
function as f : {-1, 1}"* — R with k blocks of exactly n variables. Then each
monomial can be indexed by a vector i = (i1, ..., ix) € [n]*. For x = (xV,..., x®) e
{—1,1}"% (i.e. x) € {~1,1}" for each j € [k]) we then write the characters as

xilx) = (1) ex®

3
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In particular a k-multilinear function f: {1, 1}"% — R can be written as its Fourier
expansion

f= Y flyei-x X0 = Y 6

i1,..,ik€[n] ie[n]k

for x = (xW,..., x®) e (-1, 1},
Then the Bohnenblust-Hille Inequality is as follows:

Theorem 11.5 (Bohnenblust-Hille Inequality [ 1). For any k-multilinear func-

tion f:{-1,1}"* = R and any p > k+1 one has

A 1/
Flp=( X 17 i) < Celfleo

i1,.-ix€[n]
Here one can pick Cj < k1982(¢) < k32,

We should mention that the polynomial bound on Cy is due to Pellegrino
and Seoane-Sepulveda | ]. For the proof, we will follow the exposition of
Montanaro [ ]. From Lemma 11.1 we know that || 1 p is decreasing in p
and so it suffices to prove the claim for p = k +1 One can replace a given k by the
nearest larger power of 2 which only changes Cy by a constant. We can also scale
f sothat || flloo < 1. Then the exact statement that we prove is then the following:

Proposition 11.6 (Bohnenblust-Hille Inequality IT [ 1). For any k-multilinear
function f: {-1, 13" — [-1,1] and any k = 1 that is a power of 2 one has

A A

Ifllp, = Ck
where Cy < k1219 < k145 and py = 2%

Proof. We prove the claim by induction. For k = 1 we have p; = 1 and the in-
equality is of the form }_;¢(y If(i)l < Cy whichistruefor C; =1as | flloo =1 (see
e.g. the argument at the beginning of Chapter 10).

Now suppose k is a power of 2 with k = 2. We split the block indices [k] into
two parts A := ,....5 and B := {% +1,...,k} so that |A| = |B| = % For a tuple
i € [n]* we write i5 = (i1,..., ix/2); similar for iz. Moreover, we split x = (x4, xp) €
{—1,1}"F into the variables belonging to the corresponding blocks.

We define a matrix M that has row indices i4 € [n]%¥/2 and column indices
ig € [n]%¥/2 where the entries are the Fourier coefficients of fie.

MiA,iB = f(iA» lB)
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Then applying Lemma 11.3 to the matrix M gives

A A l/pk
floe = (X X M)

iAE[I’l]k/Z iBe[n]’C/Z

Lem11.3 1/2pks2) . 1/2pk2)
= Z ||MiA||§k/2) ( Z ”M(lB)”gk/Z)
iaeln)k/2 ipe[n)2
(%) (5 %)

Now we have broken the sum into two parts and we can bound both by the same
quantity.

Claim L. One has (%), (%) < ePki2 . C]’z/kz/z.
Proof of Claim I. For symmetry reasons it suffices to upper bound the column
sum (x*). For each x4 € {—1,1}"¥2 we consider the function hy,:{-1, 1}7k2 R
which is the restriction of f when fixing x4. We know that we can write

hoyep) = faxp = Y (X fliain) xi (o) xi(p) ()

iB€[n]k/2 iAE[n]k/2
-

-

::giB (xA)

where we have abbreviated g;,(x4) as the arising Fourier coefficients of that re-
striction.
For each ip we can bound the length of each column by

: N 1/2
.. 2
IMPy, = Y flain?) (11.5)
l'AE[n]k/Z
Parsival
= I&igllE,2
hypercontr. 2 _1\k/2
= (epk/z ) N &isllpys

= eXp((T_l)'g)'”giB”Pklz

= e'||gi3||pk/2

where we use hypercontractivity from Lemma 5.30 with parameter py,, = 1c2_+k2 €
[1,2) as. We observe that for any r = 1 one has

Def |-,
Y gy, =) E  [lgiy(xa)l] (11.6)
ipeln]kr2 iBE[n]k/2xA~{—l,1}”k/2
= E [ Y g (xa)l”
Xa~{—1,1}1k/2 ipeln)k/2
Defﬂ-ﬂ, A N
= E [, Il

xA~{_1'1}nk/2
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using that g;, (x4) are the Fourier coefficients of the restriction h,,. Then we can
bound

(k%) = 2 MU
iBE[I’l]k/Z
(11.5)
= e Y gl
iBe[n]k/z
(11.6) a ~
T S 1/ PN 1

XA~{—l,l}nk/2
induction
Pki2 . Pki2
€ Crrz
using the inductive hypothesis with the fact that the restriction is also bounded,
i.e. [[hx,llc = 1. That concludes the proof of Claim I. O
We continue the main claim. We can bound

| f] Pria = (*)1/(2pk/2) - (x *)1/(2pk/2

A A )ClaimI
< ( =e-Ck/2

1/ pkr2
Piiz . (Pki2
e Crp )

Hence we obtain the recursion of C;. < e- Cy/» which can be resolved to Cj <
elogz(k) — klogz(e) < J145 -

11.4 An application to the Aaronson-Ambainis Con-
jecture

We will now demonstrate that the Bohnenblust-Hille inequality implies the Aaronson-
Ambainis conjecture for a special class of functions:

Theorem 11.7. Let f : {~1,1}** — [~1,1] be a bounded k-multilinear form where
for some a > 0 one has f (i) € {-a, a} for all i € [n]*. Then
Var|f1?
O(k3)
Proof. One has Var|[f] = n*a? and Inf;[f] = n*=1a? for each variable j asone can

easily see. Using the Bohnenblust-Hille inequality (Theorem 11.6) with p := kz—fl
we can bound the p-norm of the Fourier coefficients by

Infmax [f 1=

N

n(k+1)/2 ca= (nkap)l/p — Alf”p < Ck < O(kS/Z)
. 3/2 . .
We rearrange to obtain an upper bound of a < O(W). This gives us exactly

the saving that we need and

Var(f]?  n*a* P12 < O
Infra[f]  nk-la? B
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O

11.5 A generalization and an application to learning
low degree functions

In Theorem 11.6 we stated the Bohnenblust-Hille inequality for k-multilinear
functions with a bound of Cy. < poly(k). But of course, the same inequality makes
sense for arbitrary functions on the hypercube. Here is what is known:

Theorem 11.8 (Bohnenblust-Hille Inequality III | 1). For any function f :

{—1,1}"* — R of degree at most k and any p = kz—fl one has

iFlo=( X 1fP)"" <1 flo

Sc(n]
Here one can pick Cy. < exp(®(v'klog(k))).

It is unknown if the bound of Cy can be improved, possibly to a poly(k). In
a talk on the work [ ], Ivanisvili even mentions that there is no known con-
struction proving that C; needs to grow with k. But just the fact that there is
such a constant independent of n already has interesting consequences. We will
show case this with an application to learning low degree functions which is due
to Eskenazis and Ivanisvili [ l.

Suppose we are given random query access to a bounded function f: {-1,1}"" —
[—1,1] of degree at most d and from the queries, we want to learn f up to an er-
ror of €. More precisely, for some number N, we may draw uniform independent
points 2V xW™ < {—1,1}" and are then being informed of the function values
FxW),..., f(xN) € [~1,1]. From those values we have to construct a function
h:{-1,1} - R so that | f — hllg2 < €. We note that this is a variant of the ques-
tion that we studied in Chapter 3.

To warm up, we discuss a classical result:

Theorem 11.9 (Linial, Mansour, Nisan | D). Lete > 0. Given N := G)(gi2 n log(n))
many random samples from a degree-d function f : {-1,1}" — [-1, 1], with high
probability one can construct a function h so that || f — hlg2 < €.

Proof. Let 6 >0and N € N be parameters that we determine later. We draw sam-
ples xW, ..., x™ ~ {~1,1}"* and use those samples to create an estimate ag :=
XN F&xD) - xs(x®?) for the Fourier coefficient f(S).

'See https://www.ipam.ucla.edu/abstract/?tid=17275&pcode=CV2022
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We have proven in Lemma 3.1 that for a choice of N = @(6—32) one has
Pr(|f(S)—as|<d)=1-¢*

for each fixed set S. Then taking the union bound over the on% many sets S
with |S| < d and letting s := @(log(nd)), we know that

1
poly(n)

Pr(|f(S)—as|<8V|S|<d]=1-

for N := @((% log(n)). Condition on this event to happen. We set i := 3} g<q @sXs
as the approximation to f. Then the error satisfies

If=hi%,= Y (f(S-as?=0mn?) 6=
|S|=d

if we make a choice of 6 := @(ﬁ). O

If we think of € and d as constants then this bound is of the form O, 4 (n? log(n)).
Surprisingly, one can reduce the number of samples down to only ©, ;(logn)
with almost the same choice of #.

Theorem 11.10 (Eskenazis, Ivanisvili | 1). For any degree-d function f : {—1,1}" —
[-1,1], N:= % log(n) = O, 4(log n) many random samples suffice to construct

a function h with || f — hllg2 < €.

Proof. As before, we may assume to know estimates a so that | f(S) — as| < & for
all |S| = d. Again, we know that N := @(54'12 log(n)) samples suffice. So the surpris-
ing part is to argue that we can choose 6 > 0 independent of n. Let £ :={S < [n] |
|S| < d and |ag| = 28} be the large Fourier coefficients. Then we define a function
h according to our estimates — but only on the large Fourier coefficients. That
means we set

h(x):=) as-xsx)
Sel

The error in the approximation is

If=hl,=Y FO-a9®+ Y [f(©S?

§€[, | |S|=d:S¢e L

(%) (;)

We will analyze the parts (*) and (**) separately.
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* Error (x) on the large Fourier coefficients. The number of large Fourier co-

efficients is R g -
| f(S)\ 45 Thm11.8 (Cy\ 71
1Ll ) |=—— < (=
5 (St e oy
using the Bohnenblust-Hille inequality III (Theorem 11.8). Here we use

that for each S € £ one has “CS% > 1. The error coming from the large

Fourier coefficients can then be bounded by

Sel

\S}

O(d)
. £
for a choice of § < 5.

Error (x*) on the small Fourier coefficients. We have

(k)= Y F(8)? < 30X @D Y f(s)2d!@+D Thm 1.8 (36)2/(d+1)(~:;d/(d+1) _E

NS S¢L 2

for the same choice of §. Here we use that f(S)? < (36)%/(@+D f(§)24/(d+D)
since for each S ¢ £ we know that | f(S)| < 36.

This concludes the claim. O



Chapter 12

Isoperimetric inequalities

Generally speaking, an isoperimetric inequality considers a set with a given vol-
ume or measure and lower bounds the volume or measure of its surface. Of
course it is natural to ask such questions for the hypercube as well. We will dis-
cuss one particular variant due to Talagrand [ ] where our exposition follows
the simpler proof presented by Eldan, Kindler, Lifshitz and Minzer [ 1.

12.1 Talagrand’s Isoperimetric Inequality

First we introduce the necessary notation. Throughout this chapter we will re-
strict our attention to boolean functions f : {—1,1}" — {—1,1}. Recall that in Sec-
tion 9.4, we defined the sensitivity

S(f,x):=llielnl: f(x) # f(x®D}]

of the function f at point x € {—1,1}" as the number of coordinates that flip the
value.
We will also revisit the variance of a function (see also Section 1.9) which is

Varlfl= E It fo- E yl}n[f(y)])z] - Y A

@cSc(n]

Recall that for a boolean function f: {-1,1}" — {—1,1} with p := Pryec;_1 12 [f(x) =
1] as the fraction of points with value 1, one can conveniently write

Var[f]=4p(1—-p)€[0,1]
The main result of this chapter will be:

159
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Theorem 12.1 (Talagrand [ 1). For any non-constant f : {-1,1}'" — {-1,1}

one has
EL [\/stf, 0] = o(varif1- log(Vaf[f] ) (12.1)

It will be instructive to study this inequality on two natural functions:

e Majority. For n odd, let f:{-1,1}" — {—1,1} be the majority function (see
Section 5.3.1). Here we have a @(ﬁ) fraction of points x where S(f,x) =
O(n) and S(f,x) = 0 for all other points. On the other hand, Var[f] =1
and so both sides of inequality (12.1) are ©(1) implying that Talagrand’s
inequality is tight here.

e Subcubes. For some k€ {1,...,n}, consider the function

1 ifx=...=x=1
(x) =
! {—1 otherwise

Then Var[f] = ©(27%) and so the right hand side of (12.1) is ©(Vk-275).
For the left hand side, points x in the subcube (which are a 2~¥ fraction of
points) have S(f,x) = k. Points that are Hamming neighbors of the sub-
cube — which is a ®(k - 27%) fraction of points — have S(f,x) = 1. Hence

the left hand side is G)(‘/E;r k), meaning that Talagrand’s inequality is only

tight for constant k but not for superconstant k. But there is an asymmetry
to the situation to which we will get back later.
12.2 The proof of Talagrand’s inequality

In this section, we will present a proof of Theorem 12.1. As indicated earlier we
will not use Talagrand’s original proof but the more recent one by [ ]. Re-
call that the derivative of f at a point x € {—1,1}" in direction i is

1 , .
Dif(x) =5 (fx™H=f7),
see Section 1.8. We use this to define the gradient V f (x) e R" as

Vf(x):= (D1 f(x),...,Dnf (%))

For hypercube vertices x € {—1,1}", our definition V f(x) indeed coincides with
the gradient of the multilinear function f — and we will never consider it on
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other points anyway. Most of the time we are only interested in the absolute
value of the derivative which simplifies to

1 .
ID; f(x)| = Elf(x) - f(x®hH1.

We also write |V f(x)| € R" for the vector with entries corresponding to the ab-
solute values of the gradient. We note that for any boolean function f and x €
{—1,1}"* onehas \/|S(f, x)| = [V f(x)ll2, hence Talagrand’s inequality actually lower
bounds the average Euclidean length of the gradient of f.

Gradient length vs. Level-1 weight

Recall that Wi[f] = ¥ |=k f (S)? is the Level-k weight and for an interval I we
write Wrlf] = X gjer f (S)2. First we prove a lower bound on the length of the
gradient in terms of the level-1 weight. That lower bound by itself might not be
very strong; in fact any character function f := ys for |S| = 2 has variance 1 and
wilf]=0.

Lemma 12.2. For any f :{-1,1}"* — {—1,1} one has

MOICIRERVALAT)

x~{-1,1

Proof. For aboolean function f we have D; f(x) € {—1,0,1} and so

E [VfL]l = E [(IDi(x)] (12.2)
x~{-1,1}" x~{-1,1}"
fInf AL
= E_IDi@P = g () = Fin?
x~{-1,1}"
Then
EUVFWI) ET | Eavrel
x~{=1,1}" 2 h x~{~1,1}1 2
(12.2) no 12
=" | Y Faiy
i=1
= Wilf]
where we use Jensen’s inequality1 with the convexity of | - [|2. O

!See Theorem 1.45 or to be more precise its extension to convex function F: R — R.
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Gradient length vs. approximate level d weight

Next, we want to compare to average length of the gradient to level d weights. We
will do this by considering a random restriction of f and then applying Lemma 12.2
to the random restriction.

Lemma 12.3. Let f: {-1,1}" — {—1,1} and let d € N. Then

E V@212V Wazalf]

x~{-1,1

Proof. First fix a point x € {—1,1}". We consider the following random experi-
ment: we sample J € [n] so that each index i € [n] is included independently
with probability % and let g := fj; x; be the restriction of f to variables J. Then

Jensen 2 \12 1l ' ' 212 IV
ELIV gl "= (ENVECIE)) = [ L ElLie)) Dif (o) = ===
=1/d

(12.3)
where we use Jensen’s inequality with the concavity of z — /z. Then averaging
over x ~ {—1,1}" gives

E IV -
BRI g levgenie)

vd
= E [E0vstle]]
Lem 12.2
2 ][E [VWilgl]
X
> E [Wiigl]
J,xj
Lem 10.24

2 Wia2a)Lf]

using that 0 < Wy [g] <1 as g is always a boolean function. Moreover, we used in
the last step the properties of random restrictions from Lemma 10.24. O

We can bootstrap this inequality to get a slightly stronger bound:
Lemma 12.4. Let f : {—1,1}" — {-1,1} and let d € N. Then

EIVF@I 2 Vd Wealf]

x~{-1,1
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Proof. One has Z°° 2712 = 1. Applying the previous Lemma to d’ := 2/d
for j=0,1,2,... glves

Ex~-1,17 IV (2)l2] 1 & Erep-nyr IV () 2] Lem 123 &2
= Pe W . i [ ] — WZ [ ]
vd 2+\/§j§0 Void ]gb id2rialf alf

The main proof

One last technical ingredient that we need is that low variance boolean functions
must have most of their Fourier weight on higher levels. This is not a new in-
sight; we have seen similar argument e.g. in the proof of the KKL Theorem (see
Prop 5.9). It will be more convenient to switch to {0, 1}-values here.

Lemma 12.5. There is a constant € > 0 so that for any function h : {—1,1}"* — {0, 1}
with Var[h] < € one has W, ;[h] = 0.99 - Var[h] where d := %logz(ﬁ[h]).

Proof. Let a := Pry-(—1,1;n[h(x) = 1]. After possibly replacing & by 1 — h which
does not affect the variance or high level weight we may assume that 0 < a < %
As Var[h] = a(1 — a) we know that the assumption means that we can make a
as small as we want. We recall that for any p = 1, the function & has a norm of

lhlEgy=a /P Using Holder’s Inequality and the Bonami Lemma we have

Woalhl = K595,
< (hg
Thm 1.49 <d
< IRl E431 R~ |IE,4
Thm 5.4 d 1 1/8
<" hllgasV3 ||h||E,25a5’4-(m) < 0.01Var[h]
for a small enough. O

Now we have everything together for the proof of the main result of this chap-
ter, which we restate for convinience:

Theorem (Talagrand [ 1). For any non-constant f : {—1,1}'* — {—1,1} one has

[\/S(fx]>Q(Var[f log f)
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Proof. Applying Lemma 12.3 with d =1 gives

EVsUn]= E 09/l 2 Walf) = Varlf

x~{~1,1}"
In particular this settles Talagrand’s inequality whenever Var[ f] = Q(1). Now con-
sider the case where Var[ f] < € for a small enough constant € > 0. Given f, define
h:{-1,1}" — {0,1} so that f(x) = 1—2h(x). Then |A(S)| = 1|f(S) for |S| = 1 and
Var([h] = iVar[f]. Hence setting d := %(logz(\/a%[ﬂ) +2), we can apply Lemma 12.5
and conclude that
W=4(f1=0.99Var[f]

We now apply Lemma 12.3 to obtain

x~{—[E1,1}" [\/S(f,x)] 2 Vd- Ws 4l f] 2@)( logVaf[f] -Var[f])

=Q(Var[f])

which concludes the proof of the theorem. O

We recall our discussion from Section 12.1 that Talagrand’s inequality was not
quite tight for subcubes of codimension k > 1 as we had two classes of edges
and one contributed more than the other. But Talagrand offered an extension
that can prove a tight bound for this case as well. For a boolean function f and
x € {-1,1}", let Ef(x) := {(x,x®") | f(x) # f(x®") where i € [n]} be the sensitive
edges incident to x. Consider a 2-coloring of the hypercube edges and call the
color classes RED and BLUE. Define

|Ef(x) NBLUE| if f(x) =1
Shiue(foX) 1=
blue (f> X) {0 if 00 = -1
0 if =1
Swealfr0) = iy
|E¢(x) NRED| if f(x) =-1

In other words, +1-valued points only pay for the incident blue edges, —1-valued
points only pay for the incident red edges. One can prove:

Theorem 12.6 (Talagrand [ 1). For any non-constant f : {-1,1}"" — {-1,1}
and any 2-coloring of the hypercube edges into RED and BLUE edges one has

L [\/Sred(f’ x) + \/Sblue(f’ x)] = Q(Var[f] “1/10g Vai[f] ) (12.4)
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Now, let us go back to the subcube function

1 ifxy=...=x=1
(x) =
f {—1 otherwise

from the Section 12.1. We color all edges BLUE, so that we only pay for incidences
of +1-points. And indeed the left hand side of (12.4) is Ok -2~%) which is the
same as the right hand side.

12.3 The vertex and edge boundaries
We also want to discuss an isoperimetric inequality due to Margulis [ ] which
can be derived from Theorem 12.1.

Definition 12.7. For a boolean function f: {-1,1}" — {—1, 1}, the vertex bound-

ary
Vii={xe{-1,1}" | S(f,x) >0}

are all the vertices that have a neighbor with different value. Moreover the edge
boundary

Ep:={x,x®) | xe{-1,1}", ie[n] and f(x) # f(x®))}

are all the edges between Hamming neighbors with different signs.

(1,1,1)
/. ............ O
¢ ¢
® 5€Vf
EEf
('j ............ o
(-1,-1,-1) € Vy

Vertex/edge boundaries for Maj;

f(x) =1 for blue points, f(x) = —1 for red points.

For a function with Var[f] = ©(1) it is possible that lgﬁ - @(ﬁ) (for example

for the Majority function) and it is also possible that |E¢| = ©(1) — see e.g. dicta-
torship functions. But it is not possible that both are true for the same function.

Theorem 12.8 (Margulis [ ). For any f:{—1,1}" — {—1,1} one has
Vel |Efl
on  on

> Q(Var[f1%)
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We note that Margulis’ Theorem preceeds the one of Talagrand by two decades.
But as we have proven Talagrand’s Theorem already, we can now use it to derive
Theorem 12.8.

Proof of Theorem 12.8. We can write

Vrl |Ey| 1
on on 5 1 : S(f,
2n 2n 2x~{E,1}n[ S(f'x)>0] x~{£El,1}n[ (f, )]
) 1 )
= 5x~{£,1}n [\/ls(f’x)>0 ' \/S(f’ x)]
1 2
= —_— S ,
2 x~{—[E1,1}n [m
Z Var[f)?

using Cauchy-Schwarz in (*) and the basic version of Talagrand’s Theorem in the

form Of[EXN{_l,l}n[\/S(f,x)] Zval'[f] in (). [
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