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Exercise 1 (5+5=10pts)

(i) Consider the unit radius n-dimensional sphere Sn−1 = {x ∈ R
n | ‖x‖2 = 1}. Prove that it has a

1/4-net of size 2O(n), i.e., there exists a set N ⊂ Sn−1 such that |N| ≤ 2O(n) and for each point

x ∈ Sn−1, there exists a point y ∈ N such that ‖x− y‖2 < 1/4.

Hint: Construct N by greedily adding points at distance at least 1/4 from each other. In order

to bound |N|, compare the volume of disjoint balls of a suitable radius around each point in N

to the volume of a single large ball including all of them. Feel free to use that the volume of an

n-dimensional ball of radius r is Voln(rBn
2) = cn · rn where cn is a constant independent of r.

(ii) Let M ∈ R
n×n be a symmetric matrix and let N be a 1/4-net of the unit n-dimensional sphere.

Show that

σ1(M)≤ 2max
y∈N

|yT My|,

where σ1(M) is the largest singular value of M; it is also the largest eigenvalue of M in absolute

value.

Hint. You may use the fact that for any symmetric matrix M ∈ R
n×n and vectors x,y ∈ R

n one

has |xT Mx| ≤ |(x− y)T Mx|+ |yT M(x− y)|+ |yT My|.

Exercise 2 (5+5=10 points)

Let A be the adjacency matrix of the Erdös-Renyi random graph G(n,1/2), i.e., a random graph where

there is an edge between every pair of vertices, independently, with probability 1/2.

(i) Prove that for any c > 0 there is a C > 0 so that for any vector y ∈ R
n with ‖y‖2 = 1 one has

Pr[|yT (A−E[A])y| ≤C
√

n]≥ 1−2−cn.

Hint: You may use Hoeffding’s inequality in the following form:

Let r1, . . . ,rn ∼ {−1,1} be independent random variables, and let a1, . . . ,an ∈ R.

Then for any t ≥ 0,
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(ii) Prove that for any c > 0 there is a C > 0 so that

Pr[‖A−E[A]‖op ≤C
√

n]≥ 1−2−cn.

Remark: Note that proving the required claim using (i) may seem impossible because you

would have to use a union bound over infinitely many bad events. However, if you use a net as

suggested in the previous exercise, you can reduce the question to finitely many vectors.


