Lecturer: Thomas Rothvoss Due date: Friday, Nov 8, 2024, 11pm, on GradeScope

Problem Set 5
CSE 521 - Design and Analysis of Algorithms
Fall 2024

Exercise 1 (3+7=10pts)
(i) Let M € R be a (symmetric) PSD matrix. Show that for any P € R”*", PMPT > 0.

(ii) Let M € R™" be a symmetric matrix that has k positive eigenvalues for some integer k > 1.

Use Cauchy’s interlacing theorem (below) to show that for any P € R”*", PMPT has at most k
positive eigenvalue.

Theorem 1 (Cauchy’s Interlacing Theorem). Let M € R™*" be a symmetric matrix with eigen-

values A, < --- < A;. For a vector v € R", let B, < --- < By be the eigenvalues of M +vw'.
Then,

M <Bu <A1 <Pt <o <A < By

Exercise 2 (3+3+4=10pts)
In this problem you can use the following theorem.

Theorem 2 (Hanson-Wright inequality). Let o1, ...,0, ~ {—1,1} be independent random variables
(ie., 0;=+1 w.p. 1/2 and 6; = —1 otherwise) and let A € R"*". Then for allt > 0
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where ¢ > 0 is a universal constant (independent of n).
(i) Show that for any matrix A € R™*",
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(ii) Show that for a random vector & ~ {—1,1}", and for any A € R™*" one has E[||[Ac||5] = ||A||.

(iii) Show that for a random vector o ~ {—1,1}", and for any A € R”*" and 0 < € < 1, we have,
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