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Abstract

I consider electrical networks formed by conducting plates in an
annular region of the plane. These networks are mathematically sim-
ilar to electrical networks on a graph with vertices and edges which
is embedded in an annulus. I describe how to remove lenses from
the medial graph by Y-A transformation. By partitioning the net-
work into subnetworks, I prove analogues of the cut-point lemma with
corresponding algebraic statements. I prove recoverability for certain
classes of networks.
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1 Introduction

1.1 Annular Plate Networks

Let Sinner and Souter be the regions of the plane contained in piecewise-
smooth simple closed curves Ciner and Cyyter respectively, with Siner C
Souter, and let S = Souter \m Let plates Pi,..., Py be compact, simply
connected subsets of S bounded by piecewise smooth curves such that

e The intersection of two plates is either empty or a single point,

e The point of intersection between two plates does not lie on a boundary
curve,

o P; N Cinper is either a empty or an interval of Cipper and Py N Coyter 1S
either empty or an interval of Coyter.

S is called the region of embedding. We will call it an annular region even
though it is not technically an annulus, only homeomorphic to an annulus.
Claner and Cyyter are called the inner and outer boundary curves respectively.
Sinner 18 called the hole.

If two plates P and @ intersect at a point x, they are called adjacent,
we write P ~ @, and x is called a juncture between P and @ and is denoted
PQ. A directed juncture P — @ is a juncture with specified order of the
adjacent plates P and (). The intersection of a plate and a boundary curve
is called a boundary interval. If a plate intersects the boundary curve, we
say it touches the boundary curve.

P is the collection of all plates, 7 is the collection of all directed junctures
between adjacent plates, Z is the collection of all boundary intervals. For
each plate P, Z(p) is the set of boundary intervals for P (Z(P) contains
either zero, one, or two elements). Let 0P be the collection of boundary
plates (plates touching any boundary curve), and let int P be the collection
of interior plates (plates not touching a boundary curve). Let Pipner and
Pouter be the plates touching the inner and outer boundary respectively. A
plate may be in both Pipner and Pouter- Let Zinner and Zoyter be the boundary
intervals on the inner and outer boundaries respectively.

Together, S, P, J, and Z form an annular plate network I'. Of course, we
can define plate networks on any planar region bounded by disjoint simple
closed curves. In particular, we will sometimes need to consider networks in a
simply connected region with one boundary curve. We will call them circular
planar in accordance with standard terminology, even if the boundary curve
is not strictly speaking a circle. For circular planar networks, it is reasonable



Figure 1: An annular plate network.

to assume each plate only intersects the boundary in one interval, although
often we will allow two boundary intervals.

1.2 Conductivity Functions, Feasible Boundary Data, and
Recovery

A conductivity function is a function + which assigns a positive number,
called the conductance, to each juncture, such that v(PQ) = v(QP). We
may think of v as defined on undirected or directed junctures. If P and @
are not adjacent, we say v(PQ) = 0.

A woltage function is a function v : P — R; the value assigned to each
plate is a wvoltage. A current function is a function ¢ : JUZ — R. An
electrical function f = (v,c) consists of a voltage and a current function



such that for every juncture P — Q,
(P = Q) =y(PQ)(v(P) — v(Q)).

An electrical function is called y-harmonic if for every plate P,

Y d@—=P)+ > cI)=0.

Q~P I€Z(P)

For a boundary interval, positive current means current flowing into the
plate P. If f; and fo are y-harmonic, then so is af; 4+ bfs for any a,b € R.

Suppose OP = {Py,...,Px} and T = I,...,I;. A vector x € RE+E
is called feasible boundary data if there exists a y-harmonic function with
v(Py) = zy, for each k and c(Iy) = xx4¢ for each £. The space of all vectors
which are feasible boundary data will be denoted F'.

Suppose we are given a network I' with a fixed conductivity function ~.
We do not know v, and we want to determine v knowing only F'. If v can be
determined from F', then « is called recoverable. If any conductivity function
~ can be recovered, we say the network I' is recoverable. The problem of
recovering the conductances of I' is called the inverse problem.

1.3 Paths and Connections

A path is a sequence of plates Pi,..., Py such that P, ~ P,y1; it may
equivalently be viewed as a sequence of junctures. A 1-connection a between
two boundary cells q; and g3 is a path Py,..., Py with P, = q1, Py = qo,
and all other P, interior cells, such that P; # P; for all ¢ # j. A path with
one boundary cell g is considered a connection from ¢ to ¢. A k-connection
is a set of k disjoint 1-connections.

A network is connected if there exists a path between any two plates.
Here we do not assume the network is connected. However, we assume that
for every plate P, there exists a path from P to a boundary plate.

Suppose U and V are subsets of OP. Let M (U,V) signify the largest k
such that there is a k-connection between U and V.

1.4 Subnetworks

Suppose U is an open proper subset of the region of embedding, such that
OU consists of one or two nonintersecting, piecewise-smooth simple closed
curves. Suppose no junctures of I' lie on 0U. Suppose that each plate P of
[ is either contained in U, it is contained in S\ U, or QU divides P into two



Figure 2: A layer of T.

or more smaller regions (called subplates). Suppose that for each subplate
@, OU N Q is either empty or an interval of Q.

Then we can form a plate network IV with region of embedding U, whose
plates are the plates and subplates of I' contained in U. I is called a
subnetwork of T'. A layer of I is subnetwork IV such that

e the region of embedding U is bounded by two curves;

o Cinner(T) lies inside Cipper(IV);

e cither Cipner(I) and Cipner(I') are the same or they do not intersect;
e cither Coyter(I) and Coyter(T') are the same or they do not intersect.

A partition of I into subnetworks is a collection of subnetworks I'y, ..., 'y
with regions of embedding Si,. .., Sk, such that S; N.S; = 0 for ¢ # j and
USy=S5.

Theorem 1.1. Let I'y,...,I'x be a parition of I' with feasible data sets
Fy,....,Fg. F of I' can be determined from Fy,..., Fik.



Proof. Any partition can be expressed in terms of partitions and subpar-
titions into two parts. Thus, by induction, it suffices to consider the case
where K = 2.

Suppose I' is partitioned into I'y and I's. Let C' be the curve or union
of curves 051 N 0Sy. Let P, ..., Py be the plates of I'y touching C' and let
Q1,...,Qn be the plates of I'y touching C. Let I1,...,Ip and Jy,...,J
be the sets of boundary intervals of I'; and I'y which are subsets of C. (If
P, and @,, form a boundary plate of I', then their boundary intervals in I'y
and I's are not included in {I,,} or {J,,}.)

Let vectors x; and xg represent boundary data on I'; and I's. Let g1 (x1)
be the restriction of x; to Py,..., Py and I,...,I (We can think of re-
striction as a function). Define go(x2) be function which restricts x2 to
Q1,...,Qn and Jy,...,Jy and in addition changes the signs of the current
entries. Define h : Fy x Fy — RNTM py

h(x1,%x2) = g1(x1) — g2(x2).

If h(x1,x2) = 0, the voltage on P, is equal to the voltage on @Q,. If
P, and @, form an interior plate of I', then the net current on the plate
P, U@y is zero. We assumed that x; and xo were boundary data for some
~v-harmonic functions f; and fo on I'y and I'y. We can combine f; and fo
into a y-harmonic function f on I'. Of course, if h(x1,x2) # 0, we cannot
find such a y-harmonic function on I'.

We can compute the boundary data for f from x; and x5. For plates
other than P,, and @, this is obvious. Suppose P, and @, form a boundary
plate of I' with boundary interval I. It is obvious how to find the voltage of
P, UQ),. The current on I can be found from the boundary currents on P,
and @Q,. Hence, we can define a function w “restricting” x; and xo to the
boundary of I'. Then F' = w(h~1(0)). O

Theorem 1.2. If a subnetwork of I' is not recoverable, then I' is not recov-
erable.

Proof. Suppose I' has a nonrecoverable subnetwork. Let I'y,...,I'x be a
partition of I' where I'y is not recoverable. Let g be a function mapping the
sets Fy,..., Fx to the set F'; this function exists by the previous theorem.
Let L be the function mapping v to F. I' is recoverable if and only if L
is injective. Let 5 be the restriction of v to the junctures of I'g, and let
L (k) be the function mapping 7% to Fj. Then

L(v) = 9(Li(m); -+, Lr (VK))-



Since I'y is not recoverable, we know Li is not injective, and so L is not
injective either. O

1.5 Electrical Similarity and Equivalence

Two networks I and IV with conductivity functions v and ' are electrically
similar if there is a one-to-one correspondence M mapping each boundary
plate or boundary interval of I' to a boundary plate or boundary interval of
IV such that

e P is an inner/outer boundary plate of I' if and only if M (P) is an
inner/outer boundary plate of I'";

e [ is an inner/outer boundary interval of I' if and only if M([) is an
inner /outer boundary interval of I';

e [ is a boundary interval of P if and only if M (I) is a boundary interval
of M(P);

e M preserves the counterclockwise ordering of the inner/outer bound-
ary plates;

e The set F is the same for I,y and I", /.
They are called electrically equivalent if in addition
e I' and I'"" have the same region of embedding.
e For each boundary interval I, M (I) and I are the same curve.

The definitions of electrical similarity and equivalence for circular planar
networks are similar except that there is only one boundary curve.

Electrical similarity and equivalence are transitive. As a consequence of
Theorem 1.1,

Theorem 1.3. Let I'y,...,I'x and I'},..., T be a partitions of I' and I”
into subnetworks. If I'y, and '}, are electrically equivalent for each k, then I’
and I are electrically equivalent.

1.6 Comparison to Graph-Based Networks

The plate-based networks described here are similar to the graph-based elec-
trical networks discussed by [1] and others. In a planar vertex-based network
(and in particular, an annular planar network), we can construct the medial



Figure 3: A plate network and equivalent graph-based network.

graph and color the cells white and black, such that each black cell contains
a vertex of the primal graph. The plates described here correspond to the
black cells.

There are important differences between the two constructions:

e A plate can touch both boundary curves, but a vertex must lie on one
or the other.

e Unlike a vertex, a plate can have multiple boundary currents.

e We discuss trivial connections: A plate is considered to be connected
to itself.

e We do not make the usual assumption that the network is connected,
only that each plate has a path to the boundary.

With these changes, we will be able to consider subnetworks which would
be too small to make sense in the graph-based system.

Graph-based and plate-based networks are algebraically equivalent when
a plate does not touch both boundaries. Thus, many of the results about
graph-based networks for [1] and others carry over to plate-based networks.

For instance, we know that the Dirichlet problem has a nearly unique
solution. That is, for given voltages on P, the voltages on the network are
uniquely determined. Boundary currents for each plate are uniquely deter-
mined except when the plate touches both boundary curves, in which case,
the sum of its two boundary currents is uniquely determined. Similarly, the



Neumann problem has a unique solution for plate networks, that is, for every
set of boundary currents which sum to zero on each connected component of
the network, there is a «-harmonic function with those boundary currents,
which is unique up to an additive constant.

As with graph-based networks, we can discuss the Kirchhoff matriz: if
each plate is assigned an index, then we define a |P| x |P| matrix K by

B {—v(PQL P#Q
/in =
ZRNP’Y(PR)a P=qQ.

The response matriz A is the Dirichlet-to-Neumann map, that is, if ¢ is
a vector representing boundary voltages, then A¢ is a vector representing
(sums of) boundary currents for the y-harmonic function with boundary
voltages ¢. A is given by a Schur complement of K. The set F' is equivalent
information to A

Minors of A are related to connections in the graph by the determinant-
connection formula (Lemma 3.12 of [1]). If U and V are disjoint sets of
boundary plates P, ..., Py and Q1, ..., Qk, and « is a k-connection between
U and V, then 7, is the permutation of the symmetric group Si such that
a l-connection in « connects P, and Q.(,) for each n. We define W, as
the collection of plates which are not used in any 1-connection of o and let
D, = det K(W4; W,). The determinant-connection formula says that

det AU; V) - det K (int P int P) = (—1)F > " sgn(r) Y= [ +(PQ)Da,
TES) L@ PQEJa

where the second sum is taken over k-connections which exist between U
and V.

2 Geodesics and Network Modifications

2.1 Geodesics and Lenses

Suppose JP is the boundary of a plate P and T is the union of the boundary
intervals. The junctures of P divide 9P\ T into smaller curves, called edges.
At a juncture y, four edges meet (two edges from each of two plates). If
these edges are e4, ep, ec, and ep in counterclockwise order about y, then
e 4 is opposite ec and e opposite ep. Two edges are adjacent if they share
a juncture.

Suppose that eg, ez, ..., ex is a sequence of edges such that e; # e; for
all 7 # j and ey, is opposite egy1 for all k. If either
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Figure 4: Some geodesics.
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Figure 5: Types of geodesics.
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e ¢; touches a boundary curve and eg touches a boundary curve, or
e ¢ is opposite ey,

then e; Uea U+ - Ueg is called a geodesic.
The intersection between two geodesics is also called a crossing. There
are three types of geodesics:

e Type 0 geodesics are self-loops with no endpoints on a boundary curve.
e Type 1 geodesics have both endpoints on one boundary curve.
e Type 2 geodesics have one endpoint on each boundary curve.

Go, G1, and Gy signify the collections of type 0, type 1, or type 2 geodesics.
Type 1 geodesics are further divided into type inner (Ginner) and type 1 outer
(Gouter) according to where their endpoints are.

When parametrizing a geodesic, we assume the following: A type 1 or
type 2 geodesic g can be parametrized by a continuous function ¢ : [0,1] —
C. Assume ¢(0) and ¢(1) are the endpoints of g and ¢ is injective except at
self-intersections of g. When parametrizing a type 0 geodesic, ¢(0) = ¢(1)
and ¢ is injective on [0, 1) except at self-intersections of g.

Suppose e, ..., ex is a sequence of edges with e; # e; for each i # j,
er and ep4; are adjacent for each k, and e; is adjacent to ex. The curve
e1 U---Ueg is called a lens if one of the following conditions is satisfied:

e In a zero-pole lens, each ey is opposite e;y1 and e; is opposite ey.

e In a one-pole lens, each e is opposite ex11, but e; and e; are not
opposite. The juncture between e; and ex is the pole of the lens.

12



Figure 6: A two-pole lens.

e In a two-pole lens, each ey, is opposite exy1 for k # J; e1, ex and ey,
ej+1 are not opposite. The junctures between e, ex and ey, ej41 are
the poles.

A lens is a closed curve formed by arcs of one or two geodesics.

2.2 Y-A Transformations

A wye (or Y) is a circular planar network with four plates, Py, Pi, P, Ps3
such that the boundary plates are P, P>, and P3, and the junctures are
PyPy, PyP,, and PyPs;. A delta (or A) is a circular planar network with
three plates @1, @2, Q3; all the plates are boundary plates, and all the
plates are adjacent.

Given a wye, it is always possible to find an electrically equivalent delta
and vice versa. Suppose that in the wye, v(PoP1) = a, v(PyP2) = b, and
v(PyP3) = ¢, and that in the delta, v(Q2Q3) = o', v(Q1Q3) = V', and
v(Q1Q2) = ¢’. Then the wye and the delta are electrically equivalent (with

13



Figure 7: A wye and a delta.

M(P;) = Q; for j = 1,2,3) if and only if

, be , ac , ab
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v T 14 ’

Suppose I is a network with a subnetwork ¥ which is a wye. Let IV be a
network obtained from I by replacing ¥ with a delta ¥’. The modifications
changing T" to I” and I to T are called Y-A transformations.

A Y-A transformation may produce a network which does not fit our
original definition of a plate network because multiple junctures join the
same two plates or a plate has a self-juncture. For the purposes of this
section, we extend our definition to allow such networks.

Two networks are Y -A-equivalent if one can be transformed into the
other by Y-A transformations. If I" and I are Y-A equivalent and we are
given the conductivity function 7, we can compute 7. As a result, I' is
recoverable if and only if IV is recoverable.

A Y-A transformation alters the geodesics by changing the order in
which they intersect one another. In a Y or A subnetwork, three geodesics
meet; call them g1, g2, g3. A Y-A transformation moves the crossing of g1
and g2 to the other side of g3.

2.3 Juncture Removals and Trivial Modifications

A single-juncture network is a circular planar (sub)network with two plates,
and one juncture, and one boundary interval on each juncture.

14



Figure 8: Juncture removals.
Contraction: N — “
Deletion: “ — . .

A juncture deletion removes a juncture from the network by replacing a
single-juncture subnetwork with a network with two plates, one boundary
interval on each plate, and no juncture. A juncture contraction replaces a
single-juncture subnetwork with a network with one plate which has two
boundary intervals and no junctures. Both these transformations are called
Juncture remouvals.

If two geodesics meet a juncture, then a juncture removal uncrosses
them. If the geodesics g7 and g5 in the original network had endpoints x1
and y1, xo and yo respectively, then the geodesics in the modified network
have endpoints z; and yo, x2 and y;.

If a plate has a self-juncture, no current can ever flow across the juncture.
Thus, changing the conductance of the juncture will not affect F', so the
network is not recoverable. Deleting the juncture while keeping all other
conductances the same will produce an electrically equivalent network.

An interior plate with only one juncture is called an interior spike. No
current can flow across the juncture, so the network is not recoverable,
and contracting this juncture (or contracting the spike) will produce an
electrically equivalent network.

A parallel network is circular planar network in which there are two
plates, both of which are boundary plates, and two junctures between the
plates. A parallel network with conductances a and b is electrically equiv-
alent to a network with only one juncture, with conductance a + b. A
parallel network is not recoverable because any conductances a’ and o’ with

a' + b = a+ b will produce the same F.
A series network is a circular planar network with three plates, Py, Py,

15



and P, where P, and P» are boundary plates, and there are two junctures

PyP; and PyP,. A series network with conductances a and b is electri-

cally equivalent to a network with only two plates and one juncture, with

conductance ab/(a + b). A parallel network is not recoverable because any

conductances a’ and b with a'b'/(a’ +b") = ab/(a + b) produce the same F'.
Trivial modifications are the following network transformations:

e Deleting a self-juncture.

e Contracting an interior spike.

e Replacing a parallel with a single-juncture subnetwork.
e Replacing a series with a single-juncture subnetwork.

Self-junctures and interior spikes correspond to empty one-pole lenses.
Parallel and series connections correspond to empty two-pole lenses.! A
trivial modification removes the lens.

A lens is called remowable if it can removed from the network by Y-A
transformations and trivial modifications. Any network on which we can
perform a trivial modification is unrecoverable (in fact, the inverse problem
has infinitely many solutions). Since Y-A transformations preserve recov-
erability properties, we know that any network with removable lenses is
unrecoverable.

2.4 Lens Removal 1

Because removable lenses make a network unrecoverable, we want to deter-
mine what kinds of lenses are removable. We begin with the easiest case.
A lens is called simply connected if it is contained within some simply con-
nected subset of the region of embedding.

Theorem 2.1. FEvery simply connected lens is removable.

Proof. A simply connected lens is contained within some subnetwork in a
simply connected region. Theorem 8.3 of [1] shows that all lenses can be
removed from a circular planar network. The proof is similar but simpler
than the later lens removal arguments of this paper. ]

LAn empty zero-pole lens would either be an interior plate with no junctures or a
junctureless hole in a plate. We assume that these configurations do not exist in the
original network, and we know they cannot be produced by Y-A transformations.

16



Figure 9: Trivial modifications.
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Figure 10: Proof of Lemma 2.2.

Lemma 2.2. A self-intersecting type 2 geodesic forms a simply connected
lens.

Proof. We will use the universal cover of the annulus, which is a strip ex-
tending infinitely to the left (clockwise) and right (counterclockwise). For
a geodesic g or region R in the annulus, we use choose one “copy” in the
universal cover to be g[0] or R[0], and we index the other “copies” from left
to right by the integers as g[n] or R[n].

Suppose g is a self-intersecting type 2 geodesic with parametrization ¢
such that ¢(0) is on the inner boundary and ¢(1) is on the outer boundary.
Let ¢p be the corresponding parametrization of ¢g[0] in the universal cover.
Choose the smallest ¢; such that ¢([0,¢]) intersects itself and the ¢ty € (0,11)
such that ¢(to) = ¢(t1). Let A = ¢([0,to]) and B = ¢([to,t1]). Let A[0] and
B[0] be the corresponding arcs of ¢g[0] in the universal cover.

If the self-loop ¢([to,t1]) does not encircle the hole, it is a simply con-
nected lens. Suppose ¢([to,?1]) encircles the hole, and assume without loss
of generality that it is counterclockwise. In the universal cover, A[0], B[0],
and A[l] together with the inner boundary enclose a region S[0]. For small
positive €, ¢o(t1 +¢€) € S[1]. To reach the outer boundary, ¢ must exit S[1],
but it will form a simply connected lens unless it exits along A[2], entering
S[2]. Continuing inductively, we see ¢y must enter S[n| for all positive n,
which is a contradiction. O

Lemma 2.3. If a type 1 inner and a type 1 outer geodesic intersect, they
form a simply connected lens.

Proof. Suppose g1 € Ginner With parametrization ¢ and go € Gouter With
parametrization v intersect. Let t* be the first time ¢ (t) intersects ¢g; and
let u* be the value such that ¢(u*) = 1 (t*).

Since ¥([0,t*)) does not intersect go, we can assume without affecting
the lenses formed by g; and g2 that ([0,¢*]) does not intersect itself. If

18



([0, u*]) intersects itself, we can join ¢([0,u*]) and ¢([0,t*]) into a self-
intersecting curve from the inner boundary to the outer boundary, which
must have a simply connected lens by the previous lemma. No pole of this
lens can lie on ([0, ¢p]) by assumption, so g; forms a simply connected lens.
Therefore, suppose ¢([0,u*]) does not intersect itself.

If g1 is not self-intersecting, the proof is easy, so assume g; is self-
intersecting. Choose the smallest u; such that ¢([0,u1]) is self-intersecting.
Assume the loop winds counterclockwise; the other case is similar. Let
ug be the number in [0,ug) with ¢(ug) = ¢(uy). Let A = ¢1(]0, ug]) and
B = ¢3([ug, u1]). In the universal cover, A[0], B[0], and A[1] enclose a region
S[0]. For small positive €, 1o(t* + €). As in the previous lemma, 1)y must
eventually hit the outer boundary, but cannot exit S[n] without forming a
simply connected lens except by passing across A[n + 1] into S[n+1]. O

Lemma 2.4. If two type 2 geodesics g and h intersect without forming a
simply connected lens, then g always crosses h in the same direction (always
counterclockwise or always clockwise).

Proof. Suppose g[0] crosses h[0] counterclockwise; the other case is similar.
Let S[n| be the fundamental domain between hln] and h[n + 1]. After
entering S[0], ¢[0] cannot exit along h[0] without forming a simply connected
lens. Thus, it must either reach the outer boundary from S[0] or enter S[1].
By the same argument, if g[0] enters S[n|, it cannot exit clockwise across
hin]. Eventually, g[0] reaches the outer boundary, and it has never crossed
any h[n] clockwise. O

Definition 2.5. Let i(g) be the number of self-intersections of a geodesic
or curve g. Let i(g1,g2) for g1 # g2 be the number of intersections between

g1 and go.

Definition 2.6. A type 0 geodesic can be parametrized in two directions
and has a well-defined winding number around the hole for each one. Let
w(g) be the nonnegative winding number.

Lemma 2.7. If a type 0 geodesic g does not form a simply connected lens,
then w(g) =i(g) + 1.

Proof. Let x be a point on g such that two curves C and Cf connect the
inner boundary to x without intersecting g or each other except at z. Let
y # x be a point on g such that two curves Cy and CY connect the outer
boundary to x without intersecting g or each other except at y. Parametrize
g by a function ¢ with ¢(0) = #(1) = z. Let tg = ¢ !(y) and let h =

19



Figure 11: Proof of Lemma 2.7.

#([0,to]) and A" = ¢([to,1]). Cy, Cf, h, and b’ meet at xz. Assume without
loss of generality that C; is opposite h and C7 is opposite b’ at z. Assume
also that at y, Cy is opposite h and C} is opposite h'.

Let C =C1UhUCy and C' = C{UR UCY. If C and C’ form a simply
connected lens, then so does g. This is obvious if the poles of the lens are
not x or y. If x or y is the pole of a lens of C' and C” and the other pole is
not y or x, then there is a simply connected one-pole lens in g. If x and y
are the poles of a simply connected lens, then g forms a simply connected
zero-pole lens.

Suppose g does not form a simply connected lens; then neither do C
and C’. By Lemma 2.2, C and C’ do not have self-intersections, so i(g) =
i(C,C") — 2. By Lemma 2.4, one of C' and C’ always crosses the other
counterclockwise, so w(g) = i(C,C") — 1. O
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Before removing other types of lenses, we must discuss empty boundary
triangles and stubs.

2.5 Empty Boundary Triangles and Stubs

An empty boundary triangle is a triangle formed by two edges of plates and
an interval of a boundary curve. For an empty boundary triangle, there are
two possibilities:

1. The triangle is a plate. In this case, the plate is called a boundary
spike.

2. The triangle is adjacent to two plates. Then, the juncture at the vertex
of the triangle is called a boundary juncture.

A type 1 geodesic is called empty if it does not intersect any other geodesics.
A stub is a boundary plate which touches only one boudary curve and is not
adjacent to any other plates; its edge is an empty geodesic. Since we assumed
that a plate intersects the each boundary curve in at most one interval, there
cannot be an empty geodesic which is not the edge of a stub.

Here we prove the existence of an empty boundary triangles or stubs in
certain families of geodesics, which is an essential step for the rest of this
paper’s arguments.

Lemma 2.8. Suppose g be a type 1 inner geodesic which does not form a
simply connected lens. Suppose that at a juncture point y, two opposite edges
e1 and ey are in g and another edge es touches the inner boundary. Then
e3 forms a triangle with some arc of g and some arc of the inner boundary.

Proof. The juncture point y splits ¢g into two segments (possibly intersect-
ing). Choose a curve C which begins at the outer boundary and ends at a
non-juncture point z on g such that C' only intersects g once. Parametrize
g by ¢ such that ¢(tg) = y and ¢(t1) = z with 9 < t;. Then C U ¢([0,t1])
forms a curve from the inner boundary to the outer boundary. By Lemma
2.2, the curve cannot intersect itself without forming a simply connected
lens, but we know no pole of such a lens can lie on C. Hence, ¢([0,t1]) does
not intersect itself, so ¢(]0,tp]) and eg form a triangle with some arc of the
boundary. O

Definition 2.9. A family of geodesics F is connected if

e For any two points x on g € F and y on h € F, there is a path from
x to y along arcs of geodesics in F.
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e If g and h intersect and g € F, then h € F.

Theorem 2.10. Suppose F is a family of type 1 inner and type 2 geodesics
with no simply connected lenses and at least one intersection or at least
one type 1 inner geodesic. There is an empty boundary triangle or empty
geodesic on the inner boundary.

Proof. First, consider the case where the family of geodesics is connected.

Let gg be a geodesic which intersects some other geodesic. By hypothesis,
go has one endpoint xg on the inner boundary. Orient gy so that the positive
direction moves from z to go’s other endpoint. Let gy be the first juncture
along go, let g; be the other geodesic at 1o, and let Zgyy be the open arc of
go from xg to yg. If g1 is type 2, it cannot intersect itself, and so it must
form a triangle on the inner boundary with go. If g is type 1, then by the
previous lemma, it forms a triangle with go.

In either case, let Tj be the triangle, let 1 be an endpoint of g7 on the
inner boundary which is the vertex of the triangle, and let x1y9 be the open
arc of g1 from x1 to yg.

If Ty is not empty, let y; be the first intersection point along g1, and let
g2 be the other geodesic intersecting g1. There is an arc so of go which lies
inside Ty and has both endpoints on the boundary of 7;. Since sy cannot
intersect xgyo and it cannot intersect x1yo more than once without forming
a simply connected lens, so must have its other endpoint on Ry. Letting
T9y1 = S2, we have a triangle 77 formed by zsy1, z1y1, and an arc of the
boundary curve Ry, and 177 C Tp.

If 77 is not an empty boundary triangle, repeat the above construction
to find T5, T3, .... There are only finitely many junctures, so eventually T,
will be an empty boundary triangle.

Now consider the case where there are multiple connected families of
geodesics. Since one them must have an intersection or type 1 inner geodesic,
one of them has a boundary triangle which is empty with respect to other
geodesics in that family. If the triangle is not completely empy, then it
contains some other connected family of geodesics (which must all be type
1). In that case, we can repeat the argument. We will eventually reach an
empty boundary triangle or empty geodesic. O

Corollary 2.11. Suppose F is a lensless family of geodesics in a simply
connected region with at least one crossing. Suppose R is an arc of the
boundary curve such that every geodesic has an endpoint on R. Then there
is an empty boundary triangle or empty geodesic on R.
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Proof. Suppose g and h intersect. Then an arc of g, an arc of h, and an arc
of R form a triangle. By the previous argument, this triangle must contain
an empty boundary triangle or empty geodesic. O

Corollary 2.12. Suppose F is a family of type 1 and type 2 geodesics with
no simply connected lenses at least one type 1 inner geodesic. There is an
empty boundary triangle or empty geodesic on the inner boundary.

Proof. By Lemma 2.3, we know the type 1 inner and type 1 outer geodesics
do not intersect. We can construct a curve which partitions the network
into two layers, one of which contains all the type 1 inner geodesics. Then
apply the lemma to the subnetwork. O

2.6 Lens Removal II

Definition 2.13. For a point z, let w(x) be the sum of the winding numbers
about x of all type 0 geodesics, parametrized counterclockwise.

Lemma 2.14. Suppose a type 2 geodesic g is parametrized by ¢ with ¢(0) on
the inner boundary and ¢(1) on the outer boundary. If there are no simply
connected lenses, then w(p(t)) is weakly decreasing.

Proof. Consider the case with only one type 0 geodesic h. Let to and t;
be the first and last times ¢ crosses h; let © = ¢(tp) and y = ¢(¢1). Then
h can be broken into two curves A and B which each begin at  and end
at y, parametrized by ¥4 and ¥p. By the argument for Lemma 2.7, we
know A and B are not self-intersecting and by the argument of Lemma 2.4,
we know that one of them, say 14, always crosses g counterclockwise and
the other, ¥ p, always crosses g clockwise. Orienting h counterclockwise
gives the same orientation as ¥4 and the opposite orientation from p,
which implies h always crosses g counterclockwise. Hence, h always crosses
g counterclockwise, which implies w(¢(t)) is weakly decreasing.

If there are several type 0 geodesics hy, ..., hy, then w(¢(t)) is the sum
of weakly decreasing functions wy,(¢(t)), where w,, (x) is the winding number
of h,, about z. O

Definition 2.15. Let A be a continuous oriented curve consisting of oriented
arcs Ai,..., Ay of type 0 geodesics hq,...,hy. We say A is a counterclock-
wise (respectively clockwise) curve if the orientation of each A,, matches the
counterclockwise (respectively clockwise) orientation of h,,.

Lemma 2.16. If a type 1 and type 0 geodesic intersect, there is a removable
lens.
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Proof. Assume there are no simply connected lenses. Suppose a type 1 inner
geodesic intersects a type 0 (the other case is similar). The type 0 geodesics
ho, - .., hy divide the region of embedding into simply connected or annular
subregions Si,...,Sk. Order the subregions by weakly decreasing w(Sk)
(“innermost to outermost”). Sy is the region touching the inner boundary,
and Sk is the region touching the outer boundary.

For 0 < k < K, I claim that 0S; oriented positively can be partitioned
into a counterclockwise curve and a clockwise curve. Consider uncrossing all
the type 0 geodesics without changing the orientation of any arc. At each
intersection x, four edges ej, es, e3, and eq meet. If e; comes before es in
counterclockwise order along one geodesic, and ez comes before e4 on the
other, then uncross to join e; with e4 and ey with e3. When all crossings
are removed, the type 0 geodesics are nonintersecting simple closed curves
which each wind around the hole once. In the modified network, the claim is
clearly true, (although the subregions have changed), and the claim remains
true when we reverse each uncrossing.

Let g1,...,90m be the type 1 inner geodesics which intersect type 0
geodesics. Let J be the first positive number such that ngoSik fully con-
tains some g,,,. We will show that all crossings of type 1 and type 2 geodesics
can be removed from Si,...,55_1.

If 1 < J, divide 057 into a clockwise curve A and a counterclockwise
curve B. All geodesics which enter S across A must exit across B. Consider
a subnetwork >; whose region of embedding lies inside S; and which contains
all the junctures inside S;. The boundary of 3; consists of two curves A
and Bj which cross the same geodesics as A; and Bj respectively. By either
Lemma 2.10 or Corollary 2.11, ¥; has an empty boundary triangle along A
(it cannot have a stub because there are no “type 1”7 geodesics in X;). This
implies that two geodesics in I' form an empty triangle with A;. A; must
consist of a single geodesic arc by construction of S;. Thus, the crossing at
the vertex of the triangle can be moved out of S7 by a Y-A transformation.

Continue the process until all crossings are removed from S;. Then
consider S3, A2, and By. By the same argument, two geodesics g1 and go
which cross within Sy form an empty triangle with A,. There may be a
crossing of some h,, and hy,, on the side of the triangle along As. In that
case, because there are no crossings within Sj, the crossing of h,, and h,,
can be freely moved across g1 or go, so that the As-side of the triangle formed
by g1, g2, and As contains no crossings. Move the crossing of ¢g; and gs out
of S5 and into either Sy or Sy. If the crossing is in S1, move it into Sy by
the procedure of the previous paragraph.

Continue inductively until S1,...,S;_1 contain no crossings. Let X7 be
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Figure 12: The regions S1,...,Sk in Lemma 2.16. Darker color indicates
higher w(S).

the subnetwork inside S;. By Lemma 2.12, ¥ ; will always have an empty
boundary triangle or empty geodesic on A’;. Move crossings out of X as
in the previous paragraph until there is an empty geodesic gg of ¥; with
endpoints on A’;, and the Aj-side of the “biangle” formed by gy and A;
contains no crossings. The lens can be removed by a trivial modification. [

Lemma 2.17. If two type 0 geodesics intersect, there is a removable lens.

Proof. Let Fi,...,Fk be the connected families of type 0 geodesics (where
“connected families” is defined by considering only type 0 geodesics, not
type 1 or 2). Let F; be the innermost family with more than one geodesic.
Consider a layer 3 which contains F; and no other Fy.

Let h be a geodesic of F; such that there exists a curve C from some
point of A to the inner boundary of ¥ which does not cross any other type 0
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geodesic. Construct a curve D which begins at the inner boundary, crosses
h once, crosses back across h, then returns to the inner boundary, such that
D does not intersect a type 0 geodesic anywhere else and D partitions X
into two subnetworks. Then one of the subnetworks ¥’ is annular and has a
type 1 geodesic h’ which is an arc of h. In ¥/, I/ is a type 1 geodesic which
intersects a type 0 geodesic, so ¥/ has a removable lens. O

Theorem 2.18. A network with no removable lenses can be partitioned into
three layers such that

e the first layer contains all type 1 inner geodesics;
e the second layer contains all type 0 geodesics;
o the third layer contains all type 1 outer geodesics.

Proof. Tt follows from the previous lemmas. O

2.7 Layered Form

Definition 2.19. A network is in layered form if it can be partitioned into
four layers such that

e the first layer contains all type 1 inner geodesics;
e the second layer contains all crossings between type 2 geodesics;
e the third layer contains all type 0 geodesics;

e the fourth layer contains all type 1 outer geodesics.

Theorem 2.20. A network with no removable lenses can be put into layered
form by Y -A transformations.

Proof. By the previous theorem, we only have to show that all crossings of
type 2 geodesics can be moved into one layer. Assume there are at least two
type 2 geodesics (there must be an even number).

Consider moving them out of the layer with type 1 inner geodesics. For
each type 1 geodesic in the universal cover, let R(g[n]) be the bounded region
enclosed by g[n] and one of the boundary curves. Choose a g such that no
geodesic is fully contained in R(g[0]). This is possible because otherwise
we could construct an infinite sequence of geodesics g, with R(g,[0]) €
R(gn—1[0]). If R(g[0]) contains no crossings of type 2 geodesics, then ¢[0] is
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Figure 13: Geodesics of a network in layered form.
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irrelevant for the proof, and we can work on a subnetwork which is outside
of R(g[n]) for all n.

So suppose R(g[0]) contains some crossings. Consider a subnetwork ¥ in-
side R(g[0]) which contains all the junctures in the region. In ¥, all geodesics
have one endpoint on the upper boundary and one on C. By Corollary 2.11,
there is an empty boundary triangle of ¥ along C, which means that in I’
some geodesics form a triangle with g. By a Y-A, we can move the crossing
out of R(g[0]). The crossing will not enter R(g[n]) for any integer n and type
1 geodesic g. The Y-A transformation in the universal cover corresponds to
one in the annulus, and so we can apply the same transformation at each
period in the universal cover. By repeating this argument, we can move all
crossings out of R(g[0]), which includes crossings of type 2 geodesics.

Repeat the last two paragraphs until crossings of type 2 geodesics are
removed from R(g[0]) for all g € Gipper- Then apply the same argument to
the outer boundary. To move the crossings of type 2 geodesics inside the
layer of type 0 geodesics, use the same argument as in Lemma 2.16. O

3 The Relationship between the Two Boundaries

The cut-point lemma of [1] is a geometric statement relating connections and
geodesics, but it has clear algebraic implications by way of the determinant-
connection formula. Ian Zemke in fact uses linear algebra to prove a cut-
point lemma for infinite graphs [5]. Here I develop an analogue of the cut-
point lemma in which the partition of the boundary separates the inner and
outer boundaries. Both geometric and algebraic statements are proved using
partitions into elementary networks.

3.1 Solution Spaces

Let Pi,..., Py be the plates of Pjnner in counterclockwise order and let
Ii,...,In bethe corresponding inner boundary intervals. For each y-harmonic
function f, let finner be the restriction of f to Pinner and Zinner (finner assigns
a voltage to each P, and a current to each I,). Let finner be written as a vec-
tor in x € R2P1l where 21, zo, ..., 2N represent the voltages on P, ..., Py,
and TN41,TN42,- .., TN represent the currents on i1,...,1N.

A vector x € R?V is called feasible inner boundary data if there exists a -
harmonic function f with finner = X. Let Finner be the set of vectors which
are feasible inner boundary data, and let Fyuter, the set of feasible outer
boundary data, be defined similarly. A vector x € Finner and y € Fouter
are compatible if there exists a ~-harmonic function with fipner = x and
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fouter = ¥. An X € Finner is called zero-compatible if it is compatible with
0 € Fyuter, and a similar definition holds for y € Fouter. Let Zinner be the
set of zero-compatible vectors in Finner and let Zguter be the set of zero-
compatible vectors in Fyyter-

Obviously, Finners Fouter, Zinner; and Zoyter can be determined from F.
All these sets are examples of what I will call solution spaces for the network,
and I will discuss other solution spaces later. An immediate, purely algebraic
fact about these solution spaces is

Theorem 3.1. dim Fihner — dim Zipper = dim Fyyter — dim Zgyter-

Proof. Let N = |Pinner| and M = |Pouter|- Finner and Zippey are linear sub-
spaces of R2N and Futer and Zoyter are linear subspaces of R2M | Tet Ziiner
be the orthogonal complement of Ziyper in R2V with respect to the stan-
dard basis and inner product and let Zk,. be the orthogonal complement
of Zouter in R2M. Let U = ZiL . N Finper and V = Z25, 0. N Fouger-

There is a one-to-one correspondence between vectors in U and vectors
in V. For suppose x € U. Then there is a y-harmonic function f such that
finner = X. Then u = fouter 1S in Fyuter and can be written uniquely as the
sum of some v € Z yter and some y € Z(ilter. Since u and v are in Fyyter,
so is y, and so y € V. To show y is unique, suppose y; and ys are both in
V' and compatible with x. Then y; — y2 is compatible with zero, and it is
in V because V is a linear subspace of R?VN. Thus, y1 — y2 is in both Zouter
and ZL ... Hence, y1 = yo.

A similar argument shows that for each y € V, there is a unique com-
patible x € U. Thus, there is a bijection between U and V. This bijection
is obviously linear because if x1,x5 € U have compatible vectors y1,ys2 € B,
then ax; + bxs € U is compatible with ay; + bys € V because the sum of
two y-harmonic functions is y-harmonic. Therefore, dimU = dim V. But

dim U = dim Finner — dim Zipper and dim V' = dim Fyyter — dim Zguter- ]

Statements about solution spaces like Finner, Zinners Fouter, and Zouter
have interpretations in terms of the response matrix. For example, if no
plate touches both boundaries, then Pinner and Pouter are a partition of 0P
and we can write A in block form as

A~ (AH AIO>
Aor Moo/’
where the first row/column deals with the inner boundary and the second
row/column deals with the outer boundary. Then
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Proposition 3.2.
dim Zipper = dimker Apy,  dim Fipper = |Pinner| + rank Aoy.

Proof. A vector x = (Xy,Xc) 18 in Zipner if and only if

<AH AIO) (Xv> _ <Xc)
Aor Aoo 0 0)’
which is true if and only if x,, € ker Ap; and x. = Ajrx,. Hence, there is
a bijective linear transformation from x € Zi e and x, € ker Aoy, so that
dim Zipper = dimker Apy.

Let U be the set of all y such that

Arr Ao (Yo _ (Ve
Then U is a linear subspace of RV, where N = |Pinner|. For any y,, there is

a unique y. which satisfies the above equation, namely y. = A;;y,. Hence,
dimU = N. Let V be the set of all z = (0, z;) such that

Arr Ao (0 _ [z
for some w. V is isomorphic to the image space of Apr, so dim V' = rank Ap;.
Every vector in Fipner can be uniquely written as y + z where y € U and
z € V. Hence, dim Finer = |Pr| 4 rank Apy. ]
3.2 Partition into Elementary Networks

To get deeper results about solution spaces and connections, we can partition
the network into specific types of subnetworks. An elementary network is
any of the following four types:

1. An elementary boundary-juncture network is a network in which

e every plate touches both boundaries,

e there is exactly one juncture.
2. An elementary spike network is a network in which

e every plate touches the inner boundary except one plate P

e every plate touches the outer boundary except one plate @
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e there is a juncture point between P and @)

e there are no other junctures.
3. An elementary inner-stub network is a network in which

e every plate touches the inner boundary
e every plate except one (a stub) touches the outer boundary

e there are no junctures.
4. An elementary outer-stub network is a network in which

e every plate touches the outer boundary
e every plate except one (a stub) touches the inner boundary

e there are no junctures.
5. A trivial network is a network in which

e Every plate touches both boundaries.

e There are no junctures.

6. A zigzag network is a network in which

e There are 2N plates, each of which touches exactly one boundary

curve.
e The inner boundary plates are Pi,..., Py in counterclockwise
order, the outer boundary plates are Q1,...,QnN.

e The junctures in the network are P,Q, and P,Q,+1 for n =

1,..., N with indices reduced modulo N.

Any network can be partitioned into elementary networks of the first
four types, but for our purposes, the most important fact is

Lemma 3.3. Suppose I' has no removable lenses and all geodesics are type
1 inner or type 2. Then I' can be partitioned into elementary boundary-
juncture, spike, and inner-stub networks.

works is equal to the number of type 1 geodesics.

Proof. Let 3o =I'. We will define subnetworks g, >, ..
Ym will be partitioned into an elementary network I'y,,+1 and a layer 3,41,
where I';, 11 is next to the inner boundary of ¥, and 3,1 is next to the

outer boundary.
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Figure 14: Elementary networks.
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If ¥, is not the trivial network, there are three cases. Let S, be the
region of embedding for 3,,. The cases are not mutually exclusive, but
they should be considered in the order given here (if more than one case is
satisfied, follow the directions on the case listed first):

1. There is a stub on the inner boundary. Let P be the stub. Let C' be
the inner boundary of S, \ P. Choose C’ on the outside of C' and so
close to C' that no junctures lie between C and C’ and C’ does not
intersect any edges not intersected by C. Then C’ partitions ¥, into
I'yt1 and ¥p,41, where I'y, 4 is an inner-stub network.

2. There is a boundary-juncture on the inner boundary. Let T' be the in-
ner boundary triangle at the juncture, and let C' be the inner boundary
of S;, \ T. Construct C’, T'y, 41, and X, 41 from C as in the previous
case. I'yy41 is an elementary boundary-juncture network.

3. There is a spike on the inner boundary. Let P be the spike and @ be
the adjacent plate. We assume since P is a spike that it does not touch
the outer boundary. Since we assumed there was no inner-boundary
juncture, we know @ does not touch the inner boundary. Let C' be the
inner boundary of Sy, \ P and construct I';;,11 and ¥,,41. Ipp is a
spike network.

These are the only three cases because by Theorem 2.10, a nontrivial network
with only type 1 inner and type 2 geodesics has an empty boundary triangle
or stub and because if ¥, has only type 1 inner and type 2 geodesics, then
the same is true of 3,,+1.The construction will continue until ¥, is the
trivial network. Then I'y,...,I'37_1, X1 are the desired partition.

The number of geodesic endpoints on each boundary is twice the number
of plates. If K is the number of inner-stub networks, then there are K
more plates on the inner boundary than the outer boundary. Since all the
geodesics are type 1 inner or type 2, the number of type 1 inner geodesics
is K, which is the same as the number of inner-stub networks. ]

3.3 Geodesics and Connections

Lemma 3.4. Suppose I' has no removable lenses, and all geodesics are type
1 inner or type 2. Then 2 - M(Pinner, Pouter) = |G2|. The same is true if all
geodesics are type 1 outer and type 2.
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Figure 15: A network partitioned into elementary boundary-juncture, spike,
and inner-stub networks.
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Proof. Consider the case where all geodesics are type 1 inner or type 2. The
other case is symmetrical.

I" can be partitioned into elementary boundary-juncture, spike, and
inner-stub networks I'1, ..., I'ys. Let P11, Pa1 ..., Py, be the outer bound-
ary plates. Define sequences {P; 1},...,{Pn} inductively as follows:

For each n, k, let I';, 1, be the innermost subnetwork of the partition which
includes a subplate of P, ;. Then I, ; must be a spike, boundary-juncture,
or inner stub network. If P, ; touches the inner boundary of I';, i, then P, j
touches the inner boundary, and we let P,  be the last plate of its sequence.
Otherwise I'y, ;, is a spike network and P, has a juncture in I'j, ;. We let
P, j.4+1 be the plate which meets P, ; at this juncture.

The sequences {P; 1 },...,{Pn} define N disjoint paths from the outer
to the inner boundary. They form an N-connection using all the plates of
the outer boundary, so there cannot be any larger k-connection. N is half
the number of type 2 geodesics. O

Lemma 3.5. Suppose I' has no removable lenses, and all geodesics are type
2 or type 0. Then 2 - M (Pinners Pouter) = |G2|.

Proof. As in the proof of Lemma 2.16, we can uncross the type 0 geodesics,
so as to preserve the orientation of each arc of a type 0 geodesic. We are
left with a network I" in which all the type 0 geodesics are simple closed
curves winding once about the hole. Removing junctures cannot create
any connections, only break them. Hence, if we can show that I’ has a
k-connection between all vertices on the inner boundary and all vertices on
the outer boundary, the proof will be complete.

For each type 0 geodesic g, draw a closed curve along the inside of g
so close to g that there are no junctures between g and the curve. Draw
another closed curve along the outside of g. We can create such curves next
to every type 0 geodesic in such a way that the curves do not intersect. The
curves partition I' into I'y,...,T'5;, where each I, is either a zigzag or has
only type 2 geodesics.

It is obvious that a zigzag has a k-connection between all inner and all
outer boundary plates. If I';, is not a zigzag, then the previous lemma shows
that it has such a k-connection. By similar reasoning as in the previous
lemma, we join the k-connections of the subnetworks into a k-connection of
IV with the desired size. O

Theorem 3.6. If " has no removable lenses, 2 - M (Pinner, Pouter) = |G2|-

Proof. By Theorem 2.18, I' can be partitioned into three layers I'y, I's, and
I's, where I'; contains the type 1 inner geodesics, I's contains the type 0,
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and I's contains the type 1 outer. By the preceding lemmas, I'; has a k-
connection from some plates of the inner boundary to all plates of the outer
boundary, I's has a k-connection from the whole inner boundary to the whole
outer boundary, and I's has a k-connection from the whole inner boundary
to some subset of the outer boundary. The theorem follows. O

3.4 Geodesics and Solution Spaces

Lemma 3.7. IfI" is an elementary boundary-juncture or spike network with
N boundary intervals on each boundary, then dim Fine, = dim Foyter = 2N
and dim Zipper = dim Zgyier = 0.

Proof. Consider a boundary-juncture network with plates P, ..., Py and
juncture between P, and P». To show any data is feasible on the inner
boundary, suppose we are given inner boundary voltages and currents, and
we will find a y-harmonic function with that boundary data. The voltages
are all determined. If I,, and J,, are the inner and outer boundary intervals
for P,, then we let ¢(J,) = —c(I,) for n # 1,2. We let ¢(P; — P3) =
Y(PLP)(v(P1) — v(P2)), and ¢(J1) = —c(l1) + c(P1 — P2) and ¢(J2) =
—c(I2) 4+ c(Py — Py).

On the other hand, if all the outer boundary data is zero, then no current
can flow across the juncture, and all the boundary currents are zero. Thus,
the only zero-compatible inner boundary data is 0. The arguments for Futer
and Zguter are symmetrical.

The argument for a spike network is similar and is left to the reader. [

Lemma 3.8. For an elementary inner-stub network with N + 1 plates,
dim Fyuter = 2N, dim Zgyter = 0, dim Fipper = 2N + 1, and dim Zijpper = 1.

Proof. Obviously, any data on the outer boundary is feasible and if voltages
and currents are zero on the inner boundary, they must be zero on the outer
boundary. Any data on the inner boundary is feasible so long as the current
on the stub is zero. If voltages and currents on the outer boundary are zero,
then all voltages and currents on the inner boundary must be zero except
the voltage on the stub. O

Lemma 3.9. Suppose I' has no removable lenses, and all geodesics are type
1 inner or type 2. Then

dim Fouter = |g2’7 dim Zouter = 07
dim -Finner - ‘g2’ + |ginner|7 dim Zinner - ‘ginner‘-
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Proof. By Lemma 3.3, I" can be partitioned into elementary boundary junc-
ture, boundary spike, and inner stub networks I'y, ..., 'y, ordered from out-
ermost to innermost. Let 3, be the subnetwork consisting of I'y,..., .
We show that the theorem is true for each ¥, by induction. The base case
follows from the previous lemmas. The induction step is broken into four

claims:

1. dim Fouter = |G2|- Any outer boundary data which was feasible for 3,

is still feasible for 3,,4+1; it does not matter what the inner boundary
data of X, is because any outer boundary data is feasible for I'y,41.

. dim Zgyter = 0. Suppose that a ~-harmonic function on ¥,,41 has
inner boundary data zero. Then the outer boundary data on I';,41
must be zero. This implies that the inner boundary data on 3, is
zero, and so by inductive hypothesis, the inner boundary data on 3,
must be zero.

. dim Fipper = |G2| + |Ginner|- If T'pt1 is a boundary-juncture or spike
network, then there is a unique compatible vector of outer boundary
data for each vector of inner boundary data, so there is a linear iso-
morphism between Finner and Foyger Of I'yp1. This implies that there
is a linear isomorphism between Fipper of 311 and Fipper of 3, S0
dim Fippner 18 the same for both networks.

If I'y4+1 is an inner stub network, then the set of feasible voltages and
currents on the inner boundary plates and intervals of 3,11 other than
the stub is exactly the same as Finner of ;. Any voltage is feasible
on the stub, and it will not affect the rest of the network; however,
the current on the stub must be zero. Thus, dim Fine of 3,41 is one
more than dim Fipper of 3y, 241 also has one more type 1 inner
geodesic than >,,.

4. dim Zipper = |Ginner|- The argument is the same as the previous claim.

O]

Theorem 3.10. If ' has no removable lenses or type 0 geodesics, then

dim Fipper = ‘g2’ + |ginner‘7 dim Zipper = ‘ginner‘v
dim Foyter = ‘92’ + ’gouter‘y dim Zouter = ‘gouter‘-
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Proof. T' can be partitioned into a network I'y with only type 1 inner and
type 2 geodesics and I's with only type 1 outer and type 2. We apply the
previous lemma to these networks (we can switch roles of the inner and
outer boundaries and the lemma is still true). Since any data is feasible on
the inner boundary of I's, Finner is the same for I' as for I';. Since the only
zero-compatible data on the inner boundary of I'y is 0, Zjyner is the same
for I" as for I';. The argument for the other claims is symmetrical. O

Theorem 3.11. Suppose I' has no removable lenses, but has type 0 geodesics.
If £1Go| is odd, Theorem 3.10 holds.

Proof. We will use the determinant-connection formula. We know that no
plate touches both boundaries because there is a type 0 geodesic. By Theo-
rem 3.6, the maximum size k-connection between the inner and outer bound-
aries is K = %|g2\. Let U and V be sets of plates on the inner and outer
boundaries respectively such that there is a K-connection between U and
V. If a is any K-connection between 4 and V, then 7, must be a cyclic
permutation of the form 7,(n) =n+J mod K for some integer J. Other-
wise, the paths in a would intersect as a consequence of the Jordan curve
theorem. Since K is odd, all such permutations are even.

Thus, by the determinant-connection formula, det A(U; V) is strictly neg-
ative. This implies rank Aoy = K (the rank cannot be any larger because
no larger k-connections exist). By applying Proposition 3.2 and by counting

geodesics and boundary plates, we see

dim Fipper = ‘,Pinner| + rank AOI = %|g2’ + |ginner| + %|g2|
dim Zipper = ‘Pinner| —rank AOI = %|g2’ + |ginner| - %|g2|,
and the corresponding statements for A;p and the outer boundary. O
Theorem 3.12. Suppose %|Q2\ is even. If Theorem 3.10 does not hold, then
dim Enner = |g2‘ + ’ginner| - 17 dim Zinner = ‘ginner‘ + 17
dim Foyter = |g2‘ + ’gouter’ —1, dim Zoyter = ‘gouter‘ + 1.

Proof. There exists a K —1-connection from the inner to the outer boundary,
and K — 1 is odd, so by the argument in the previous theorem, rank Ap; =
K —1, and the statements about dimensions follow from Proposition 3.2. [

The preceding theorem shows that for annular networks the algebraic
versions of the cut-point lemma sometimes require stronger hypotheses than
the corresponding geometric statements. Dimensions of solution spaces are

38



not always what we would expect based on the connection properties. How-
ever, in this case, the matrix is “almost” invertible:

Proposition 3.13. Suppose the network has no removable lenses. Suppose
K= %]Q2| is even and there is at least one type 0 geodesic. Suppose there
exists a K-connection between U C Pipper and V C Pouter- Then every

K —1x K — 1 minor of A(U;V) is strictly negative.

Proof. Since K — 1 is odd, it suffices to show that every K — 1 connection
from a subset of U to a subset of V exists. Since Y-A transformations do
not affect connections, assume the network is in layered form. As in Lemma
3.5, uncross the type 0 geodesics until they have no self-intersections; this
cannot create any new connections. It now suffices to show that all K — 1-
connections exist in a single zigzag.

Suppose the plates on the inner boundary are Pi,..., Px and on the
outer boundary @1, ...,Qk such that there are junctures between P, and
@y and P, and Q1 with indices reduced modulo K. Assume without loss
of generality that the inner-boundary plates in the desired connection are
Py, ..., Px_1. Suppose we want to connect them with @, for n # J. For
n < J, connect P, and @,,. For n > J, connect P, and Qp1. O]

A similar proof will show that, in general, if the sum of the winding
numbers of the type 0 geodesics is N, and if m is an odd integer with
K — N <m < K, then every m x m minor of A(U;V) is strictly negative.
This is true whether K is odd or even.

4 Cuts of One Boundary

4.1 Definitions

Let I1,...,In be the boundary intervals of a network. A cut R of the
iner boundary is an arc of Ciyner whose endpoints are not the endpoints
of any I,,. We will denote by RC the union of Cyyter and the arc in Cipper
which is complementary to R in Cipper. (For circular planar networks, RC¢
is simply the complementary arc of the boundary curve.) We assume that
R contains at least one endpoint of a geodesic, and does not contain all
geodesic endpoints on the inner boundary.

The boundary intervals of R (denoted Zgr) include any I, which is a
subset of R, and the plates of R (denoted Pg) include all plates with these
boundary intervals. The endpoint of R may fall within some boundary inter-
val J corresponding to a plate P. The endpoint divides J into two intervals
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Ja and Jp with J4 C R and Jg ¢ R. In that case, J4 is considered a bound-
ary interval of R and Jp is a boundary interval of R¢. P is considered a
plate both of R and of RC.

The solution spaces of R are as follows. Let Pi,..., Px be the plates
of a cut R. Let Ji,...,Jx be the corresponding boundary intervals of the
cut. Let x be a vector in R?2. We say x € Fp if there exists a y-harmonic
function with voltages x1,...,xx on Py, ..., Pk and currents g1, ..., T2K
on Ji,...,Jg. Suppose Ji is at one of the endpoints of R and that some
boundary interval I of T was split into Jj, and J* C R® by an endpoint
of R. Then we consider ¢(I) = ¢(Ji) + ¢(J*). An x € Fr may have any
current on Jj, because we can always choose ¢(J*) to make ¢(I) correct for
a vy-harmonic function on the whole network.

Define the maximum connection M (R) as M (Pg, Prc). Define the fam-
ily of reentrant geodesics Rgr as the collection of all geodesics with both
endpoints in R. A reentrant geodesic g forms a closed curve C' with some
interval of R. C' can be oriented and its winding number about the hole can
be computed. If the winding number is nonzero, g is called reentrant around

the hole.

4.2 Circular Planar Case

We can prove the cut-point lemma for circular planar graphs by “changing
the region of embedding into an annulus” and using the results of the previ-
ous section. Here we assume that each boundary plate of the given circular
planar graph has only one boundary interval.

Consider a cut R of the boundary of a circular planar network in a
region S. Let C be an arc of R which is slightly shorter at the endpoints,
but contains all the same geodesic endpoints. Let 1 and y; be the endpoints
of C;1. Let Cy be a similar arc of R® with endpoints x5 and y2. Construct
a curve C] which connects z1 and y; and remains outside S and a curve C}
which connects x5 and y2 which connects x9 and yo, such that C; U C] and
C U C} are nonintersecting simple closed curves which form the boundary
of an annular region S’, and such that C; U C] is inside Cy U C.

Let I be the plate network in S”. Do not change the shape of any plates,
even if a plate contains an endpoint of R. For each plate of I' which contains
an endpoint of R, IV will have an extra “type 2” geodesic. Otherwise, the
geodesics will not change. F of I is exactly Finner of IV, ZR is Zinner, M (R)
is M(Pinner; Pouter)y and Ry is Ginner-

By applying the results of the previous section to I, we have

M(Pinnera Pouter) = |g2‘> dim Fipner = |g2’+‘ginner’7 dim Zipper = ‘ginner’-
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The first two are not convenient formulae because we modified the number
of “type 2”7 geodesics. But we can express |Go| as

‘g2| = 2|,Pinne1r’ - 2‘ginner| = 2|73R| — 2|RR|7
which yields

Theorem 4.1 (Cut-Point Lemma). Let I' be a circular planar network and
let R be a cut of the boundary curve. Then

M(R) = |Pr| — [RRl,
dim Fr = 2|Pgr| — |Rgl,
dimZR = ’RR’

We could have proved this directly by partitioning the simply connected
region into “elementary layers;” the proof given in [1] by uncrossing empty
boundary triangles can be interpreted as constructing such a partition.

4.3 Annular Case

In the annular case, the connections and solution spaces of a cut are not as
easy to describe. However, there are certain cases where the same formulas
hold:

Lemma 4.2. Suppose I' has only type 2 and type 1 inner geodesics, mno
removable lenses, and no self-intersecting geodesics, and that the type 2
geodesics do not intersect each other. Let R be a cut of the inner bound-
ary with no reentrant geodesics such that at least one type 2 geodesic does
not have an endpoint in R. Then M(R) = |Pg|, dim Fr = 2|Pg|, and
dim Zr = 0.

Proof. Let A and B be curves which begin at the clockwise and counter-
clockwise endpoints of R and ends at some points on the outer boundary,
such that

A and B do not intersect themselves.

e A and B do not intersect each other.

Neither one contains a juncture.

Neither one intersects any type 2 geodesic. This is possible because
the type 2 geodesics do not intersect each other.
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e Neither one intersects the same geodesic twice. This is possible because
of our assumptions about lenses.

(See Figure 16.)

Let U be the region of the annulus which is counterclockwise of A and
clockwise of B, and let V be the region which is counterclockwise of B and
clockwise of A. Let I'iy and I'y be the subnetworks in these regions. Since
we assumed there was a type 2 geodesic with no endpoint on R, we know
that no plate of I'yy touches both A and B.

No geodesic of 'y has both endpoints on R because no geodesic of T’
does. On the other hand, all geodesics of I'y have an endpoint on R’ by
the following argument: No geodesic of 'y has both endpoints on the outer
boundary, on A, or on B by construction. A geodesic with an endpoint on
the outer boundary must have been a type 2 geodesic of I', so it must not
intersect A or B. If a geodesic had one endpoint on A and one on B, it
would been a type 1 geodesic of I'; and would have both endpoints on R,
which is impossible.

Let C and C’ be the arcs of the outer boundary along I';; and I'y respec-
tively. By Theorem 4.1, there is a k-connection « of I'yy from R to CUAUB
which uses all boundary plates of R. Similarly, there is a k-connection o’ of
I'y from R’ to C" U AU B which uses all boundary plates of C' U AU B.

We construct a connection 3 in T’ from R to R® which uses all the plates
of R in the following way. Let P, ..., Py be the plates along R in I'y;. For
each P, let a,, be the path in o connecting P, to some plate @, of I'y,. We
know @, touches C U AU B. There are two cases:

e If Q,, touches C| let B, = o, (except that if @, is a subplate in T, we
replace it with the whole plate).

e If Q,, touches A or B, but not C, there is a plate @/, of 'y such that
Q,UQ),, forms one plate of . Since @, does not touch C, neither does
Q... Let o/, is the path of o/ connecting @/, to some plate touching R/,
and join «,, and o/, to form f3,.

The paths fi, ..., By are distinct and form an N-connection from R to RC.
This proves the first assertion in the theorem.

For the other two claims, repeat the above argument using the theorems
about solution spaces instead of the theorems about connections. O

Theorem 4.3. Suppose I' has no removable lenses and no self-intersecting
type 1 inner geodesics. Let R be a cut of the inner boundary with no geodesics

42






reentrant around the hole, such that at least one type 2 geodesic does not have
an endpoint on R. Then M(R) = |Pr| — |Rrg]|.

Proof. We can assume that I' is in layered form without changing the con-
nections or solution spaces.

Let C be a curve which begins at the clockwise endpoint of R and pro-
ceeds to the counterclockwise endpoint without intersecting itself, intersect-
ing the same geodesic twice, or including any junctures, such that the region
T bounded by RUC is a simply connected subset of the annulus. Let I' be
the subnetwork in this region. Notice T contains all the reentrant geodesics
of R, and no geodesic of I'p is reentrant for C.

Divide the rest of I' into two layers I'yy and I'y (in regions U and V')
such that 'y contains all type 1 inner geodesics and 'y, contains all type 0
and type 1 outer geodesics and crossings between type 2 geodesics.

By Theorem 3.6, there is a k-connection between the plates touching the
inner boundary of I'yy and some subset of the plates on the outer boundary.
By the previous lemma, there is a k-connection between all the plates of I'y;
along C' and some of the plates of I'ty in C¢. Thus, we have a connection in
I'yuy from the plates touching C' to the some of the plates in Cc.

By Theorem 4.1, the maximum k-connection in I'r from the plates along
R to the plates touching C' is 2|Pr| — |Rgr|. We can join the paths in a
maximal k-connections with the paths of the connections in the previous
paragraph. Thus, the maximum k-connection in I' from the plates along R
to the plates along RC is the same size. O

Theorem 4.4. Let I and R be in the previous theorem. Suppose that The-
orem 3.10 holds. Then

dim Fr = 2|Pgr| — |Rgl,

dim ZR = |RR|
Proof. Let I'r, 'y, and 'y be as in the previous proof. For 'y, any data is
feasible for the plates on the inner boundary because we assumed Theorem
3.10 holds. For I'yy, any data is feasible for the plates touching C. Hence,

for I'yyuy, any data is feasible for the plates touching C'. For I'p, dim Fr =
2|Pr| — |Rr| by Theorem 4.1. Hence, the same is true for I'. O

4.4 Partial Recovery by Removal of Type 1 Geodesics

We can recover boundary junctures and spikes in networks with type 1
geodesics using the algebraic “cut-point lemma.”
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Lemma 4.5. Suppose I' has no removable lenses or self-intersecting type 1
inner geodesics and suppose Theorem 3.10 holds. Let P be a spike on the
inner boundary with juncture PQ connecting it to another plate Q). Suppose
that g, one of the geodesics touching P, is type 1 and is not part of a two-pole
lens. Suppose there is a type 2 geodesic which does not intersect g. Then
the conductance of PQ 1is recoverable.

Proof. The geodesics ¢ splits the region of embedding into two subregions;
let T" be the simply connected subregion. Let Ar be the arc of the inner
boundary curve which is part of 9T. Let R D Ar be an arc which contains
the same geodesic endpoints as Ap such that the endpoints of R are not
endpoints of a geodesic. Let C' be a curve with endpoints at the endpoints
of R which remains close enough to g that no junctures lie between C' and
g. Let C' be a curve with endpoints at the endpoints of R which remains
between g and C except that C’ crosses g twice along the boundary of P.
C’ enters P and then immediately exits P.

Let U be the region bounded by R and C’, let V be the region bounded
by C and C’, and let W be the annular region bounded by R® and C. Let
'y, 'y, and I'yy be the subnetworks in these regions.

Consider the boundary value problem for I' where all voltages and cur-
rents on RC are 0 and the voltage of P is 1. I claim this problem has a
solution and that the voltage of @ is 0.

For 'y, C is a cut of the inner boundary with no reentrant geodesics.
Hence, by Theorem 4.4 the only zero-compatible data on C is zero. In
particular, the boundary data for our problem force the voltage of @ to be
zero. I'yuw is the same as 'y except with a stub P’ on the inner boundary.
Thus, to have zero-compatible data on C’, we need all voltages and currents
zero except that P’ can have whatever voltage we want. Thus, we can set
the voltage of P’ to 1.

Finally, notice that for I'y, C’ is a cut of the boundary with no reentrant
geodesics, so any boundary data is feasible, and in particular, we can have
zero voltage and current everywhere except voltage 1 on P’. Thus, for T,
there is zero-compatible data on R with voltage 1 on P’, which is the same
thing as voltage 1 on P.

Therefore, there is a boundary value problem which forces the voltage of
@ to be zero and the voltage of P to be 1. Knowing F', we can compute the
current on the boundary interval of P, and it is equal to the conductance of
PQ. O

Lemma 4.6. Suppose I' has no removable lenses or self-intersecting type 1
inner geodesics and suppose Theorem 3.10 holds. PQ be a juncture between
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inner boundary plates P and Q. Suppose that g, one of the geodesics at PQ,
is type 1 and is not part of a two-pole lens. Suppose there is type 2 geodesic
which does not intersect g. Then the conductance of PQ is recoverable.

Proof. Assume without loss of generality that P is inside g and @ is outside
g. Construct R, C, C’, U, V, and W as in the previous proof. Consider
the boundary value problem with all voltages and currents zero on R¢ and
voltage 1 on P. By the same argument, this problem has a solution, and all
voltages and currents on I'yy are zero. In particular, the current is zero on
all junctures of @) other than PQ. Knowing F', we can find the boundary
current on ), and it is negative the conductance of PQ). O

Theorem 4.7. Let I' be a network in layered form with no removable lenses
and no lenses involving type 1 geodesics. Suppose Theorem 3.10 holds. Sup-
pose that for every type 1 geodesic there is type 2 geodesic which does not
intersect it. Then all conductances in the layers with type 1 geodesics can
be recovered.

Proof. Consider the type 1 geodesics on the inner boundary first. Let I'jpper
be the layer which contains all the type 1 inner geodesics. By Theorem
2.10, Dipner has an empty boundary triangle or stub. Remove all stubs from
the network. Then there is an empty boundary triangle, and one of the
geodesics must be type 1. By the previous two lemmas, the conductance of
the juncture at this triangle is recoverable.

Uncross the triangle and update the solution spaces (or response matrix)
to match the modified network. The modified network will still satisfy the
hypotheses of this theorem. Repeat the above argument and keep removing
stubs and uncrossing empty boundary triangles until all conductances in
the layer are recovered. The conductances in the layer with type 1 outer
geodesics can be recovered in the same way. O

This theorem has implications for networks which are not in layered form
because any network with no removable lenses can be put into layered form
by Y-A transformations. Knowing the conductances of a Y-A-equivalent
network is (theoretically) just as good as knowing the conductances of the
original network. However, at this point we have only partially recovered
the network. After removing the type 1 geodesics, we still have to recover
the conductances of the remaining network, and that is the focus of the next
section.
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5 Radial Networks

A radial network is an annular network with only type 2 geodesics. Radial
networks with no removable lenses have special properties, as we would
expect from the theorems of §3. They can be partitioned into elementary
boundary-juncture and spike networks (Lemma 3.3). There is a k-connection
from all the plates on the inner boundary to all plates on the outer boundary
(Theorem 3.6). Any data is feasible on the inner boundary or the outer
boundary, and the only zero-compatible data is zero (Theorem 3.10). Thus,
complete voltage and current data on one boundary curve determines a
unique y-harmonic function on the network.

In this section, I explore the geometric and electrical properties of radial
networks in greater depth and prove recoverability for a certain class of
networks.

5.1 Structure

In a radial network, there is a canonical way to classify the junctures. Orient
all the geodesics so the positive direction moves from the inner to the outer
boundary. At each juncture point y, designate the four edges as

e a counterclockwise inner edge eq,
e a counterclockwise outer edge eo,
e a clockwise inner edge eg,
e a clockwise outer edge ey,

where e; and e4 appear in that order on one of the geodesics, e and e3 appear
in that order on the other geodesic, and the counterclockwise ordering of the
four edges about the point y is eq, eo, ey, e3.

There are two possibilities:

1. e; and ey are edges of the same plate and e3 and e; are edges of
the same plate. In this case, y is called a counterclockwise-clockwise
juncture.

2. e and eg are edges of the same plate and so are es and eq. Then y is
called an inward-outward juncture.

By Lemma 3.3, a radial network with no removable lenses can be par-
titioned into boundary-juncture and boundary-spike networks. In any par-
tition, the counterclockwise-clockwise junctures are part of an elementary
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boundary-juncture network, and the inward-outward edges are part of an
elementary spike network. As a result,

Theorem 5.1. In a radial network with no removable lenses, there is ex-
actly one k-connection between Pipner and Pouter; and the junctures in the
connection are exactly the inward-outward junctures.

Proof. Let I'g,T'y,..., 'y be a partition of I' where I'y is a trivial network
and I'y, ..., "y are elementary boundary-juncture and spike networks listed
from innermost to outermost. Let 3, be the subnetwork consisting of
Ig,...,I'y,. We prove the theorem by induction for each 3,,. The base
case is trivial.

Suppose the theorem is true of 3,,. If I';,11 is a spike network, then
its juncture is inward-outward. There is exactly one k-connection from the
inner to the outer boundary of ¥,,. To find the k-connection for 3,1, sim-
ply add the spike of I';,,+1 to the appropriate path. If I',, 11 is a boundary-
juncture network, then its juncture is counterclockwise-clockwise. The junc-
ture cannot be used in an interboundary k-connection in 3,41 because it
is a boundary juncture. Thus, the set of interboundary k-connections for
Ym+1 is the same as that of 3. O

Each path in this single connection will be called a ray (by analogy with
the “circles and rays” networks of [2]). We will index the rays 1,...,N
in some counterclockwise order. The collection of plates along the nth ray
will be called P, and the plates of P, will be P, 1, P2, ... P, k,,, ordered
from innermost to outermost. In the following sections, we assume that
the indexing of the inner and outer boundary plates is consistent with the
indexing of the rays. We label the inner boundary intervals I1, ..., Iy, and
the outer boundary intervals Jq,..., Jy.

5.2 Pseudo-Geodesics and Dominant Geodesics

Let yg be a geodesic endpoint on the inner boundary. Let e; be a plate edge
with endpoint yo. Let y; the other endpoint of e;. For k =1,2, ..., let ex41
be the counterclockwise outer edge at yx, and let yi1 be the other endpoint
of exy1. Continue inductively until yx is on the outer boundary. The
curve formed by ey,...,ex is a counterclockwise outward pseudo-geodesic.
A clockwise outward pseudo-geodesic is defined in a symmetrical way. For
counterclockwise and clockwise inward pseudo-geodesics, we perform the
same process but begin at the outer boundary and choose counterclockwise
or clockwise inner edges.
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Figure 18: Geodesics in the universal cover. A counterclockwise outward
pseudo-geodesic is shown in blue. g2 and gg are counterlclockwise-dominant;
g1, 94, g5, and gg are clockwise-dominant.

A geodesic is called counterclockwise-dominant if it is identical to a coun-
terclockwise outward pseudo-geodesic. Equivalently, g is counterclockwise-
dominant if for every geodesic h which crosses g, g crosses h counterclockwise
and h crosses g clockwise. Similarly, a geodesic is clockwise-dominant if it
is identical to a clockwise outward pseudo-geodesic.

The slant of a geodesic or pseudo-geodesic is defined as follows. Let the
geodesic endpoints on the upper and lower boundaries of the universal cover
be y; and z; for all integers j. Index them from left to right, and such that
y; and z; are on the same ray in the universal cover and the same side of
the ray. Let g be a (pseudo-)geodesic with endpoints y; and z;. The slant
of gis j — .

The outward counterclockwise pseudo-geodesic beginning at y is the path
of maximal slant out of all paths consisting of positively oriented edges which
begin at y and end at the outer boundary.

As we will see in the next section, pseudo-geodesics and dominant geodesics
are important for analyzing information propagation and recoverability. To
do so, we need the following results:

Lemma 5.2. Let h be a counterclockwise outward pseudo-geodesic. Let
gi,--.,9K be the geodesics which share edges with h, listed in outward order
along h. Then g is counterclockwise-dominant; gx is either the same as
g1 or the first counterclockwise-dominant geodesic intersected by g;.
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Proof. Consider the geodesics in the universal cover. The lower endpoint
of h must lie to the left of the lower endpoint of each gi. If h crosses any
geodesic g, then A must cross g counterclockwise or g must intersect h in
an edge. Suppose that some geodesic g* intersects gx clockwise. Then the
endpoint of g* is to the left of the endpoint of g, so ¢g* must not intersect
h in an edge. Thus, g* must cross h counterclockwise, which is impossible.
Therefore, g is counterclockwise-dominant.

Suppose g* is a counterclockwise-dominant geodesic such that g; inter-
sects g* before gg. Then g* crosses h counterclockwise. The argument of
the previous paragraph shows this is impossible. ]

Corollary 5.3. The endpoints and slants of pseudo-geodesics are unaffected
by Y-A transformations.

Proof. The endpoint of h is determined by gg, the first counterclockwise-
dominant geodesic which is intersected by g;. No two counterclockwise-
dominant geodesics intersect because if they did, then one would cross the
other counterclockwise. Also, g1 must cross any counterclockwise-dominant
geodesic in the clockwise direction. Thus, Y-A transformations cannot
change the order in which ¢; intersects these counterclockwise-dominant
geodesics. Therefore, they do not affect which geodesic is gx-.
A symmetrical argument holds for the other types of pseudo-geodesics.
O

Lemma 5.4. Let g1,...,gon be the geodesics of I', ordered counterclockwise
by their endpoints on the outer boundary. If I' is not the trivial network,
there exists a j such that g; is counterclockwise-dominant and intersects g;_1
(indices reduced modulo 2N ).

Proof. Suppose that no such geodesic exists. Let g be a geodesic of maximal
slant. If a geodesic h intersected g; counterclockwise, then h would have
greater slant. Thus, g is counterclockwise-dominant. Since gj_; does not
intersect g7, the slant of gy_1 is greater than or equal to the slant of g;, so
gj—1 must also have maximal slant. Proceeding by induction, we see that all
the geodesics have maximal slant and are counterclockwise-dominant, which
is impossible unless I is the trivial network. O

Lemma 5.5. A nontrivial radial network with no removable lenses is Y -AA
equivalent to one which has an empty boundary triangle on the outer bound-
ary, such that one of the geodesics forming the triangle is counterclockwise-
dominant.

o1



Proof. Let g; be a counterclockwise-dominant geodesic which intersects g;_1.
Let y be their point of intersection closest to the outer boundary. Then there
is a triangle T" with a vertex at y formed be g;, gj—1, and an arc of the outer
boundary, such that T lies within a simply connected region of the network.
Any geodesic which intersects 7' must enter 7" along g;_1 and exit along g;.
By Y-A transformations, we can remove all crossings out of T'. After that,
we can empty T of all geodesics. Then T is an empty boundary triangle. [

5.3 Principal Electrical Functions

For any inner boundary plate P;, there is a unique ~-harmonic function

f with v(P;1) = 1 and all other voltages and all currents on the inner
boundary equal to zero. We will call f the principal electrical function for
Pj,l.

Let y4 and yp the the clockwise and counterclockwise endpoints of I;.
Let h s be the outward clockwise pseudo-geodesic with endpoint y4 and let
hp be the outward counterclockwise pseudo-geodesic with endpoint yp. Let
R be the arc of the inner boundary complementary to I;. Let S be the
region of embedding.

For Pj 1, the zone of no propagation U is the component of S\ (hqaUhp)
which touches the inner boundary and does not intersect Pj 1. The zone of
propagation V is S\ U. Let Q4 and Qp be the outer boundary plates along
ha and hp. See Figure 19 (W is explained later).

The zone of propagation is called simple if it is simply connected and
Q4 # Qp. This means that If either Q4 or Qp is in U, then there must be
at least one geodesic endpoint outside of V.

Theorem 5.6. Let f be the principal electrical function for Pj 1. Suppose the
zone of propagation is simple and that the rays are indexed with Qp = P i, .
If P;1 has at least two junctures, then

o If P, intersects U, then v(P, ) = 0.

If Poy CV, then (—1)""v(P, ) > 0.

If the juncture Py, Py, k41 € U, then c(Pp i — Ppg+1) = 0.

]f Pn,kpn,k+1 S V, then (—1)n+jC(Pn7k — Pn’k-Jrl) < 0.
If J, C U, then c(J,) = 0.

If J, intersects V, then (—1)"t7+lc(J,) < 0.
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Figure 19: Zones of propagation for an inner boundary plate
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Figure 20: The principal electrical function of a boundary plate.

_|_

Otherwise, we make the following exceptions:
e If P;; touches both boundaries and has no junctures, then c(Jy) = 0.
e If P is a boundary spike, then c(Pj1 — Pj2) = 0.

o If P;1 is a boundary spike, and Pj3 is on the outer boundary and has
no junctures besides Pj1P;a, then ¢(J;) = 0.

Roughly speaking, this means that f is zero in the zone of no propaga-
tion, and in the zone of propagation, the voltages are positive and increasing
or negative and decreasing on each ray, in an alternating pattern.
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Proof. Let I'g,...,I'j; be a partition of I' where I'g is a trivial network and
I'y,..., 'y are elementary boundary-juncture and spike networks. Let >,
consist of I'g,...,I'y,. Let J, ,, be the outer boundary interval for ¥,, on
the nth ray. Notice that the zone of no propagation for ¥, is exactly the
part of U which intersects X,,’s region of embedding, and the same is true
for the zone of propagation.

We show that the theorem is true for X, by induction. The base case is
trivial. Next, we show that if the theorem holds for ¥, it holds for ¥,,11.

Suppose 'y, 11 is a spike network with juncture P, P, x4+1. There are
several cases:

1. P, = P;j1 and Pj; is a spike. In this case, ¢(Jpm) = 0, so ¢(Pp i —
Py g+1) =0and v(P,;) =1>0.

2. P, = Pj2 and Pj; is a spike. We know that P;2 has junctures with
other plates besides Pj; and P;3 because otherwise it would form a
series connection, which corresponds to a removable lens. Thus, by
inductive hypothesis, ¢(Jpm) < 0. For the rest of the argument, see
the next case.

3. Pn,kpn,k-i-l € V. Then (_1)n+jC(Pn,k — Pn,k-‘rl) = (_1)n+j+lc(‘]n,m)v
which is negative by hypothesis because J,, ,,, intersects V. Also by hy-
pothesis, (_1)n+jU(Pn,k) >0, and (_1)n+jU(Pn,k:+1) > (_1)n+jU(Pn,k‘)
because of the sign of ¢(P,  — Py k+1)-

4. P, P, 141 € U. In this case, Jp, ;, C U, so its current is 0 by inductive
hypothesis. This implies ¢(P, y — P, x+1) = 0. Since P, j intersects
U, its voltage is zero, so v(Py k+1) = 0.

Suppose 'y, 41 is a boundary juncture network with juncture P, P, 1 5/
with 1 <n < N — 1. There are two cases:

1. In the case where P, 1 P,y1 4 € U, both plates intersect U, so their
voltages are zero. Thus, the outer boundary data of 3,41 is the same
as that of X,,.

2. Suppose P, P11, € V. The outer boundary voltages for ¥,,.1 are
the same as for ¥,,. By inductive hypothesis, (—1)"*/v(P, ) > 0 and
(=1)"Hy(Pyy1 ) > 0. At least one of the plates is in the zone of
propagation, so at least one of the inequalities is strict. This implies
(—1)"+jc(Pn’k — Py+17) > 0. Both boundary intervals J, ;41 and
Jn+1,m+1 intersect V. Because of the sign of ¢(P, — Poi14/),

(_1)j+n+1c(<]n,m+1) > (_1)j+n+1c(<]n,m)a
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which is nonnegative by hypothesis. Similarly,
(=17 e(Jnt1me1) > (=1 e(Jngam) > 0.

Finally, if I';;,11 is a boundary-juncture network with juncture Py ;P i/,
then the juncture is in U because of the zone of propagation is simple and
because of how we indexed the rays. This completes the induction argument
and hence the proof. O

The principal electrical function for an inner boundary interval I; is de-
fined similarly. It is the y-harmonic function f with ¢(/;) = 1 and all other
voltages and all currents on the inner boundary equal to zero. We let ya
and yp be the clockwise and counterclockwise endpoints of I;. Counterin-
tuitively, h 4 is the clockwise outward pseudo-geodesic with endpoint at yp
and hp is the counterclockwise outward pseudo-geodesic with endpoint at
YA-

If P;; touches both boundaries, then h4 and hp do not intersect, and
we define the zone of no propagation as S and the zone of propagation as J;.
Otherwise, h4 and hp intersect at P;1Pj2. We let h/y and h’; be the arcs of
ha and hp starting at P;1P;2 and ending at the outer boundary. Then U,
the zone of no propagation, is the component of S\ (h'y Uh’y) which touches
the inner boundary, and V' = S\ U. (The picture is the same as Figure 19
except that hy and hp are crossed at their inner endpoints.)

Then we have the following theorem. The proof is essentially the same
as for Theorem 5.6, so the details are left to the reader:

Theorem 5.7. Let f be the principal electrical function for I;. Suppose the
zone of propagation is simple and that the rays are indexed with Qp = P i, .
Then

o If P, intersects U, then v(P, ) = 0.

If Po CV, then (=1)""u(P,y) < 0.

If the juncture Py, Py, 41 € U, then ¢(Py, — Py j+1) = 0.

If Pn,kPn,k+l € V: then (_l)nJer(Pn,k — Pn,kJrl) > 0.

If J, C U, then c(J,) = 0.

If J,, intersects V, then (—1)"ti+1e(J,) > 0.

The last two theorems hold in more generality when N is even:
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Corollary 5.8. If N is even, Theorems 5.6 and 5.7 hold even if the zone
of propagation is not simple.

Proof. Examine the proof of Theorem 5.6. The only case that required
the assumption that the region of propagation was simple was the last case
where I';, 11 was a boundary-juncture network with juncture Py ;P pr. If
we remove that assumption, Py ;P may be in the zone of propagation.
If N is odd, v(Pn) and v(P; ) have the same sign, so we do not know
the sign of ¢(Pnyjy — P1x). However, if N is even, the two voltages have
opposite signs, and we can apply the argument given in subcase 2 of the
case when I'y,41 is a boundary-juncture network. O

For the odd case, the theorems do not hold in general, but there is
a subregion of the network for which they do hold. We define the zone
of simple propagation W as follows. If the zone of propagation is simple,
W = V. Otherwise, if the zone of propagation is simply connected but not
simple, then Q4 = Qp and W is defined to be V' minus the outer boundary
interval of Q4. Otherwise, if the zone is for a plate, let A} and h/; be the
arcs h4 and hp from their first point of intersection to the outer boundary;
if the zone is for a boundary interval, let Ay and h’; be the arcs of hy and
hp from their second point of intersect to the outer boundary. Let X be
the component of S\ (h’y U ') which touches the inner boundary, and let
W=X\U.

Corollary 5.9. Theorems 5.6 and 5.7 hold in the zone of no propagation
and the zone of simple propagation.

Proof. If the whole zone of propagation is simple, then W = V', so we are
done. Otherwise, consider a subnetwork of I' which intersects all the plates
and contains all the junctures in the zone of no propagation and the zone of
simple propagation, but no other plates and junctures. Apply the theorems
to this subnetwork. O

5.4 Factorization of the Interboundary Map

For each y € R?V representing data on one boundary, let ¥ be the vector
with the signs of the current entries changed. That is, if y = y1,...yn,
YN+1,---,Y2N, then ¥ = y1,..., YN, —YN+1,--.,—Y2n. The current entries
for y represent current entering the network; the current entries for y rep-
resent current exiting the network.

Let x € R?N be a vector representing voltage and current data on the
inner boundary of a radial network I' with no removable lenses. There is a
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unique y representing data on the outer boundary which is compatible with
x. There is an invertible linear transformation = mapping x to y, which we
will call the interboundary map. By direct computation,

Proposition 5.10. In a radial network with no removable lenses, if no plate
touches both boundaries, then

_ < —ApoAr A%o )
—Aor + AooAjgAi —AooArs

(1]

Each column of = represents outer boundary data for one of the principal
electrical functions. Thus, the theorems of the previous sections provide sign
conditions on the entries of Z. = behaves nicely with respect to partitions:

Theorem 5.11. Let 'y, ..., p be a partition of I' into elementary boundary-
juncture and spike networks, with boundary plates indexed according to the
rays of I'. Then = =ZyZp-1...21.

Proof. Let 'y, ..., ' be a partition of I into elementary boundary-juncture
and spike networks. Let X,, consist of I'g,...,I',,. We prove the theorem
for each ¥,, by induction. The base case ¥ is trivial.

Suppose the claim is true for ¥,,, and I will show it is true for >,,41.
Let Qn,m and J,, ,, be the outer boundary plate and interval for ¥, on the
nth ray, and let R, ,, and I, ,, be the inner boundary plate and interval for
[

Let x be a vector of inner boundary data for 3,11, which determines a
unique vy-harmonic function f. Then =,,=Z,,—1 ... 21X gives the data on the
outer boundary of ¥,,: voltages for Q1m,...,QnN,» and minus the current
on I m,...,INm. Since Qp,m and R, ;41 are subplates of the same plate
in X,,11, we need v(Rym+1) = v(Qnm) and c(Inm+1) = —¢(Jn,m). Thus,
the data on the inner boundary of I';,41 is 2,51 . . - 21X, so the data on
the outer boundary of ¥, 11 i8S S 412, - - - Z1X. O

We can think of = as a matrix with rows and columns indexed by in-
tegers 1,...,2N. Alternatively, we can index the rows and columns by the
boundary plates and the boundary intervals, where the plates correspond
to the voltage data and the intervals to the current data. That is, if the
inner and outer boundary plates are R, = P, 1 and @, = P, i, , then for
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k,0=1,..., N, we write

Eoke = §(Qu, Ri)
Eontk = E(Qe, Ii)
Enter = E(Jo, Ri)

ENtentk = E(Jo, Ii).

Partition into elementary networks corresponds to factorization of =.
Each factor is a nearly-elementary matrix. For instance, consider an el-
ementary spike network with inner boundary plates where R, = @, for
n # 1 and Ry and @) are connected by a juncture with conductance . For
n # 1, we need v(Q,) = v(R,). Since the currents on R, must add up to
zero, c(Jy) = —c(I,) for n # 1. Also, ¢(I1) = ¢(R1 — Q1) = —c(J1) and,
since ¢(Ry — Q1) = y(v(R1) — v(Q1)),

0(Q1) = v(R1) — icul).

Thus, {(Qn, R,) = 1 and &(Jp, I,) = 1 for all n, £(Q1,11) = —1/~, and all
other entries of = are zero. For example, when N = 3,

100 —1/y 0 0
010 0 00
_ foo1 0o 00
= looo 1 00
000 0 10
000 0 01

Now consider an elementary boundary-juncture network where the junc-
ture connectes P} and P». Since R, = @, for all n, we need v(R,) = v(Qy).
For n # 1,2, ¢(J,) = —c(I). Since ¢(I1) + ¢(R2 — R1) + ¢(J1) = 0 and
¢(R2 — Ry) = vy(v(R2) — v(Ry)) for any y-harmonic function, we have

—c(J1) = (1) +yv(R2) — yv(R1).

Similarly,
—c(J2) = c(I2) + yv(R1) — yv(R2).

Thus, £(Qn, Rn) = 1 and {(Jn, In) = 1 for all n, {(J1, Rz) = £(J2.R1) = 7,
&(J1, R1) = &(J2, R2) = —, and all other entries of £ are zero. For example,
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when N = 3,

1 0 00 0O
0O 1 0 00O
_ o o 1000
|-y v 0100
v —y 0 0 1 0
0O 0 00 01

If the juncture is at a different place, the matrix has a similar form, only
the rows and columns are permuted by shifting the indices some amount
modulo V.

Each “elementary” matrix has determinant 1, so det = = 1.

When we modify I" by contracting a spike or deleting a boundary junc-
ture, = is easy to update. Suppose that I' is partitioned into elementary net-
works I'y, ..., 'y where I'js is an elementary spike network. Suppose that
I is obtained from I' by contracting the spike. Then 2 = Z,Zp/_1... 21,
and Z)s. Contracting the spike, or transforming I' into I, is equivalent
to replacing I' with the subnetwork consisting of I'y,...,'as—1. Hence, the
interboundary map for I is

—/ —_ —_ o —_—
S =218 M—-92...81 = :‘M

If @ is the spike, PQ is its juncture, and [ is the boundary interval, then
s is an elementary matrix which corresponds to the row operation of sub-
tracting 1/v(PQ) times row I to row Q. EX/} corresponds to the reverse row
operation. Contracting a spike on the inner boundary is similar, except that
we right-multiply by the appropriate matrix (perform a column operation).

Deleting a boundary edge is similar. If I';; is an elementary boundary-
juncture network, then =,; has four off-diagonal entries, which correspond
to four row operations. Thus, the inverse matrix also corresponds to four
row operations.

5.5 Recovery

We can recover certain boundary edges and spikes using the interboundary
map and the principal electrical functions. Consider a boundary plate P; .
Let ha and hp be the corresponding pseudo-geodesics, and let Q4 and Qp
be as in §5.3, and let f be the principal electrical function for P; ;. Suppose
that Qp = P; i, is a boundary spike. If the zone of propagation is simple,
then P; i, 1 intersects the zone of no propagation, so its voltage is zero. But
we know by Theorem 5.6 that the voltage and current of P; g, are nonzero.
Thus, we can determine the conductance of the spike.
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The outer boundary data for f is represented by the jth column of =.
Thus,

c(Pyk,—1 — Pik,) —c(J;) ENtij
P' L P ) — b} k3 b} k3 — — 9, .
Wk b)) = o o P - Pk | &y

The conductance of the spike is the quotient of two entries of =.

The same reasoning applies if f is the principal electrical function for I;
and @Qp = P, g, is a boundary spike. If the zone of propagation is simple,
then

V(P’K,Ki_lp'ivKi) = _M'
§iN+j

In fact, this method will work in a slightly more general case. If the zone
is propagation is not simple, but if P; g, is the only plate not in the zone
of simple propagation, then P; i,_1 will still have voltage zero. If P; g, has
nonzero voltage (which will happen if N is even), then the above formulae
are still valid.

Now consider the case of a boundary juncture. Let f be the principal
electrical function for P;;. Suppose P; i, Pit1,k,., is a boundary juncture
and @p = P; ,, and that the zone of propagation is simple. Then P; g, and
all junctures of P; f, except P; i, Pi11,k,,, are in the zone of no propagation.
Thus, v(P; k,;) = 0 and c(J;) = ¢(P; k; — Piy1,x,,,) # 0. Thus,

c(Ji) _ EN1ij
_U(Pi-i-l,KH—l) £i+1,j

V(Pi,KiPiJrl,Kiﬂ ) =

Similarly, if f is the principal electrical function for an interval I; instead of
a plate Pj 1, then

EN+i,N+j
V(PLKz‘PiJrl,Kiﬂ) = .
§it1,N+j

Unfortunately, this method does not work if the zone of propagation is
not simple. Even the “simplicity” requirement is stronger for the boundary
juncture than for the spike. If @p is on the clockwise side of hp as in
the case with the spike, then it merely requires that the outer endpoint
of hp is clockwise from the outer endpoint of hy (that is, clockwise as
we pass through the zone of no propagation). However, if Qp is on the
counterclockwise side of hp, the endpoint of hg must be clockwise from the
outer endpoint of hs and there must be at least one geodesic endpoint in
between them.

To discuss recoverability globally, we use the lemmas of §5.2.
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Theorem 5.12. Let I' be a radial network with no removable lenses. Sup-
pose that for each inner boundary plate and boundary interval, the zone of
propagation is simple. Then T is recoverable.

Proof. To determine the conductances of T, it is sufficient to determine the
conductances of a Y-A equivalent network. We recover conductances in the
following way:

1. Use Y-A transformations to change I' into a network with an empty
boundary triangle at which one of the geodesics, g, is counterclockwise-
dominant. This is possible by Lemma 5.5. By Corollary 5.3, the end-
points of pseudo-geodesics are not affected by Y-A transformations,
so the zones of propagation are still simple.

2. Let Pj; be the plate at the inner endpoint of g. If P;; is on the
clockwise side of g, we can use the principal electrical function of P
to recover the conductance of spike or boundary juncture at the empty
boundary triangle. If P;; is on the counterclockwise side of g, then
we can use the principal electrical function of I;.

3. Uncross the empty boundary triangle. Perform one or four row opera-
tions on Z to find the interboundary map of the modified network. In
the modified network the zones of propagation are still simple. This is
because uncrossing an empty boundary triangle can only decrease the
slant of counterclockwise outward pseudo-geodesics and increase the
slant of clockwise outward pseudo-geodesics.

4. Repeat the process. The modified network still satisfies the hypotheses
of the theorem.

Eventually, all junctures have been removed and all conductances re-
covered. I' has been transformed into a trivial network, and = has been
row-reduced to the identity matrix. O

Of course, there is an analogous theorem with the roles of the inner and
outer boundaries reversed.

6 Open Problems

6.1 Recoverability

The recoverability results of this paper are incomplete in several ways. First
and most importantly, I have not dealt with networks which have type 0
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geodesics. For some results on a particular class of networks with type 0

geodesics, see [4]. For networks with type 0 geodesics, the inverse problem

may have finitely many solutions, something which does not happen in circu-

lar planar networks. In other words, the network is discretely unrecoverable.
I conjecture that

e If a type 0 geodesic intersects itself, then the inverse problem has
infinitely many solutions.

e [f the network is discretely unrecoverable, then there are type 0 geodesics.

Second, Theorem 4.7 and 5.12 are incomplete as recoverability criteria.
There are recoverable networks in which type 1 geodesics form lenses. There
are recoverable radial networks which cannot be recovered by the method
described in this paper. However, I believe that networks which “flagrantly”
violate the hypotheses of these theorems are not recoverable.

Third, the recovery methods of this paper relied heavily on Y-A trans-
formations. More numerically efficient methods should be explored.

6.2 Nonlinear Conductances

We should consider a generalization to nonlinear conductance functions of
the type described by Will Johnson in [3]. Like Johnson’s geodesic closures,
partition into subnetworks provides a way to analyze how boundary-value in-
formation propagates through the network. And partition into subnetworks
does not rely on covoltages (which are problematic for non-simply-connected
regions).

Solution spaces are well-defined for nonlinear conductances. Certain
theorems of this paper state that any data is feasible and the only zero-
compatible data is 0 for a certain boundary curve or cut (such as Lemmas
3.9 and 4.2). I believe these theorems will hold for nonlinear conductances
with essentially the same proof. In other cases (Theorems 3.10 and 4.1),
it is difficult to define the dimension of a solution space, although we can
at least say that it has a continuous injective parametrization in a specified
number of variables.

I believe Theorem 4.7 (partial recovery by removal of type 1 geodesics)
will hold with essentially the same proof. However, widespread application of
the theorem requires the ability to perform Y-A transformations while com-
puting conductances which make the new network electrically equivalent. To
my knowledge, this has not yet been done for nonlinear conductances. The
same issue may interfere with the proof of Theorem 5.12 (recoverability of
certain radial networks).
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The theorems on the principal electrical functions for radial networks will
still hold. However, “factorization” of the interboundary map will require
care.

It is anyone’s guess what might happen when we put nonlinear conduc-
tances on discretely unrecoverable networks.

6.3 More Complicated Regions of Embedding

Consider a generalization to planar regions with an arbitrary number of
boundary curves. Such networks will require all the lens removal techniques
for annular networks and possibly more, although I suspect the most dra-
matic contrast is between networks in simply connected regions and networks
in non-simply-connected regions. There are probably analogues of Theorem
2.20 (layered form) and Theorem 4.7.

We might also consider networks on a surface. [5] has considered infinite
networks in a half-plane, but perhaps annular techniques can be applied to
networks in an infinite, non-simply-connected region.
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