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These are notes on the construction of n-to-1 graphs and the verification
of sign conditions on conductivities in the response matrix, where each A; ; is
an entry in the response matrix. We choose to use the convention that all off-
diagonal entries in the response matrix are positive; this is different from the
standard convention.

This paper contains a 3-to-1 graph construction along with the calculations
required to verify the sign conditions. Unfortunately, the construction method
used for the 3-to-1 graph does not hold up well for larger n as the relation-
ships between the \’s became far too complicated—and, in some attempted
constructions, impossible—for all of them to be positive. The primary tool for
propagation of information through our graph is the quadrilateral rule.

1 3-to-1 Graph
1.1 Main Arm

Here, we propagate the unknown function, f; = x, through the “main arm” of
the graph.

fi=z (1)

fo=fi=2, if Ma2= X3 (2)
fa=Xaz—fa=Xg3z—x (3)
fa=fs=Xo3—x, if Aoa = Ay (4)
fs=Xs6—fa=X36—(Nos—z)=u=x, if \3g = Ao (5)
Jo=1Js=z, ifA35=2As59 (6)
fr=Xe9—fe =Aso—= (7)



fs=Jfr=2X60—x, if Ag;7 = A7 8 (8)

fo=2s0 = fs=As9 = (X690 —2) =, if A9 = Asg9 )
Jio = fo ==, if Ag .10 = A1o,11 (10)
Jit=2Xs11— fio=As 11— (11)

fiz=fir =811 — 2, if Ag12 = Mi214 (12)

fis=A11a— fizo = Ai1a — (As11 — @) =2, if Mpa = g1 (13)

fia= fiz==x, if M1,13 = iz 15 (14)

fis = AMajas — fra = A — @ (15)

fie = fis = Ma15 — 2, if Ag16 = Ais17 (16)

fir = Ms17 — fi6 = Msa7 — (Ma15 — ) =, if Ai517 = Aa1s (17)
fis = fir =, if Aoj1s = Ais18 (18)

Ji9 = Ao,17 — fis = Aoir — @ (19)

1.2 Secondary Arm

Here, we propagate the unknown function, f; = x, through the “secondary arm”
of the graph. Where the secondary arm branches off from the main arm, we
switch to f notation. Note that we have replaced Vertex 8 with Vertex 1.

fi=z (20)
fo=fi=uz, if oo = Ao (21)
fa=Ms—fa=hs—z (22)

fi=fs=Xs - iA1=\ (23)



fs=XAg—fa=A35—(Ma—z)=m, if \y5= A3
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fG = f~5 =, if )‘3,5 = /\5,9

1.3 Tertiary Arm

Here, we propagate the unknown function, fo = x (obtained from propagating
f1 = z through the main arm), through the “tertiary arm” of the graph. Where

the tertiary arm branches off from the main arm, we switch to f/ notation.

fo=x
fior = fo =z, if Ag10 = Ao,11
fii! = X911 — fio! = Ag11 — @

frol = fi1! = Ao 11 — z, if Ag12/ = A12s 14

fis! = M4 — fiol = Miaa — (Mg11 — @) =z, if A1 14 = Ao 11

fial = fist =z, if Mi113 = Asrs
fis! = Marasr — fial = Mz — @

fie! = fis! = Marasr — 2, if Ma1er = Merim

fir! = Msam — fie! = Msiim — (Mais — ) = @ if Mg = Maras

1.4 Multipliers

(29)
(30)
(31)

(32)

(33)

(34)

(35)

In this section, we describe the propagation of information when the “arms” of

the graph come together at the square multipliers.



Secondary and Tertiary Arm Input Here, we consider the square multi-
plier with edges (1,9) and (157,177).

~ fo - fre! z?
fio= = (38)
)‘9,17/ >\§,17/
~ ~ 22
fi1 = M5 — fio = Aiisr — 3 (39)
9,171

Main Arm Input and Polynomial Output Here, we consider the square
multiplier with edges (0,17) and (1,15/). We will carry these computations
through the square multiplier to obtain the polynomial which will ultimately
allow us to define our roots.

fi1 - fio z? 1
=4 = (>\1,15/ - ) : ()\0,17 - CU) :
A15,17 5,17/ A15,17

20

(40)

We then add the double edge between Ap; and plug in values to produce
our A-dependent polynomial.

f20+ f1 = Ao (41)
22
(M.15/ — ) - (Xojir —x) - ( )+ = Ao (42)
>‘§,17/ A151,17
22
(M 15 — )\%) -(Ao17 — ) + 2(Mis17) — Ao, 1 A1s,17 =0 (43)
9,17/

(A 1517 — 2%) - (Moir — @) + 2(Misr172g17/) — Aot dasimAg 1, = 0 (44)

CUS—)\O,N»T?—)\1,15/>\§,17/x+)\1,15/)\9,17/)\0,17+$(>\15/,17>\§717/)_)\0,1>\15/,17)\§,17, =0
(45)
This is our A\-dependent polynomial:

23— Mo 17w? + Mg/ (A15,17 = A115)T + Ag 17, (A1,15/A0,17 — Ao A1sr,17) = 0 (46)

1.5 Sign Conditions and Necessary Assumptions

From the construction of the graph, in order to make all of the conductivities
positive, the following sign conditions must be met.

)\3,6 = )\0’3 >x (47)



)\8,9 = )\6,9 > (48)

Al1,17 = Ag,11 > T (49)
A15,17 = A14,15 > T (50)
Asg=A3>7 (51)
Msg=Xg>7 (52)
AMi,14r = X911 > @ (53)
Asr17 = Masis > @ (54)
AL1s > LQ (55)
A517s
Xoi7 > T (56)

1.6 Choosing Roots and Appropriate Conductivities

Now that we have a A-dependent polynomial and sign conditions in place, we
can designate our desired roots and choose appropriate values for each A; ;. Let
our roots be a, b, and ¢, given by the polynomial:

(x —a)(x —b)(x —c) =2> — (a+ b+ c)x? + (ab + ac + bc)x — abc = 0

We can use the coefficients of each polynomial to choose appropriate values
for each A; ;.

a+b+c= X7 (57)
ab + ac+be = A5 17,(M15,17 — A11sr) (58)
—abe = A5 17,(A1,15: 00,17 — Ao, 1A15,17) (59)

We then use sign conditions to choose conductivities that fulfill all restric-
tions noted above.



1.7 Example: Roots at x=1,2,3

We can show that this polynomial can have three distinct positive roots and all
sign conditions are met. If we choose z = 1,2, 3 as the roots of the polynomial,
this is not difficult to verify. Thus, we need to choose the \’s such that our
polynomial becomes:

3 —62% + 11z — 6 = 0. (60)
Thus, from Equations 57, 58, 59, 60, we get that:

Xo.17 = 6, (61)
A 17 (A1sr,17 — Aiss) = 11, (62)
Ag17/(A1,15: 20,17 — Ao,1A151,17) = —6. (63)
If we choose
>‘§,17/ =11, (64)
Equation 62 becomes:
Atsr17 — As = 1, (65)
and Equation 63 becomes:
—6
61,150 — Ao,1 15,17 = 1 (66)
Thus, if we choose
Ao, =9, (67)
we can pick
60
A5 17 = 11 (68)
and
49
Al15 = o (69)

Notice that the final choices for A\i5,17 and A1 15, were not arbitrary, and not
all X’s that satisfy Equation 66 will satisfy the sign conditions.

It is not difficult to verify based on our choices for the \’s that the previously
mentioned sign conditions are met and that we have constructed a 3-to-1 Graph
with all positive conductivities.






