Topological Games on Self-dual and More General Graphs
Midterm Report, 13 July 2006

Nathan Pflueger

[image: image1.png]



Topic of Investigation
The general strategy of the game. In particular, the so-called Greatest Current Strategy, which interprets the game board as an electrical network, where it fails, how more intelligent strategies can defeat it even when at a strategic disadvantage. The topic may also branch out into extensions of Owen and Jeff’s research of self-dual graphs and multiple embeddings, or more general game theoretic considerations, including the related game Hex.

Standard Game Board
Referred to under as Gale, Bird Cage, or Bridg-It.
Java applet: http://www.stanford.edu/~pflueger/java/circuitcutter/
General Game Definition and Standard Restrictions

Begin with any connected graph G with only two boundary nodes. Play alternates back and forth, with Player 1 choosing edges to reinforce and Player 2 choosing edges to delete. Play continues until all edges are chosen, or if no further moves will change the outcome of the game. Player 1 wins if the two boundary nodes are connected by reinforced edges; Player 2 wins otherwise.
Embedding Restriction: G is typically chosen so that it can be embedded in some surface, enabling the construction of the medial and dual graphs. All graphs I have thus considered are embedded on the disc.
Self-dual Restriction: The game takes on marvelous symmetry if G is further restricted to being isomorphic to its dual.

Topological Equivalent Graphs
As an aid in understanding the consequences of various moves, it is useful to instead view the game as taking place on the topologically equivalent graph G’.  G’ begins identical with G, and each edge is identified with an edge of G. Each move is mirrored on G’ by contracting or deleting edges correspondent to reinforced and deleted edges.

No information is lost in this formulation, making it a useful abstraction.

G’ almost always will become a multigraph, with multiple edges between nodes, as well as edges from a node to itself. Both cases are highly significant to the game strategy.

Pairing Strategies – Double Edge / Series Connection
In order to simplify the topological graph as well as more effectively gauge overall strength, player 1 may decide to contract all double edges that arise in the dual graph, making the decision that, should Player 2 delete one of them, he will immediately contract the other. Thus this contraction may be taken as a given.
The analogous strategy for Player two is to eliminate series connections – any node with only two edges is removed, along with these edges.

Some information and potential strategy is lost in this model.

Often contractions can cascade off of each other, vastly simplifying the graph and making clear, after only a few moves, that a player can win with certainty.

The Dual Graph, Self-Dual Graphs, and Player 1’s dominance
If the graph is embedded, it is possible to draw the dual graph. This effectively reverses the roles of the two players.

Simple topological arguments show that, once all edges are chosen (either in the graph or the dual graph), either the graph or the dual graph has its boundary nodes connected, but not both.

In the case of a self-dual graph, the two players are essentially playing an identical game; the only difference is which player goes first.

Due to this symmetry, it follows that Player 1 always has a winning strategy on a self-dual graph.
Construction of Self-Dual Graphs with two boundary nodes
Consult Owen and Jeff’s paper from last year.

Graphs are typically constructed by drawing the medial graph. There can be only two non-closed geodesics, and typically the graph will have 90 degree rotational symmetry.

Many possible graphs seem to consist of grid graphs embedded within each other and/or with several turns already played.

So far the ordinary grid graphs seem to be the most interesting graphs, though further investigation and more precise extension of Jeff and Owen’s results may reveal new, more interesting graphs.

The Medial Graph and Diamond Complex
The medial graph and diamond complex (the dual of the medial graph) are both equivalent representations on which the game can be played.

I may at some point amend the applet to display these graphs, especially the medial graph, which is a neat visual representation of the progress of play.

The Greatest-Current Strategy and its Fall
A remarkably effective strategy is to consider the topological graph as an electrical network, with each edge having the same conductance, and always choosing the edge of greatest current (the same for either player).

The Dirichlet-to-Neumann map, or discrete complex analysis show the notable fact that this strategy chooses the same edge whether the graph or the dual graph is examined. This is a consequence of equal conductance and having only two boundary nodes.
This is the strategy currently implemented in my applet, and generally plays quite well
It seemed for some time that this strategy might be infallible (when allowed to go first). This has recently been struck down by counterexample. Its defeat depends on carefully choosing only low-current edges which still have strategic significance, as revealed by double-edge contraction. Thus the player can conceal an extremely strong position from the computer, before backing it into a corner.
Other Strategic Factors and directions for further study

Simple counting reveals what I call the bonehead strategy for Player 1, which is essentially to perform double-edge contraction and not make any stupid moves. The reason this is effective is that at the beginning of the game, on a self-dual graph, there are one fewer than twice as many edges as nodes, thus if the game is played to the finish, Player 1 will go into his last turn with only two nodes and an edge on the topological graph. The only way he can not win is if the edge is a self-connection, which can happen only if Player 1 makes a stupid move: contracting one of a double-edge. There are various means the player may employ to make sure he is never forced to do this, without really thinking much at all about strategy.

The bonehead strategy gives insight into strategy for Player 2: if he/she can avoid contracting any double edges on the dual graph, and trick Player 1 into contracting a double edge on the primary graph, he/she will gain the upper-hand. In particular, the greatest current strategy can be tricked in this way.
There may exist other simplifications, along the lines of double-edge contraction, to simply the topological graph into simpler graphs that the player knows he/she can attain. One such simplification is box notation, which encapsulates related nodes into a single block.

It is possible that alternative numerical metrics could be found that produce a computer strategy that overcomes the weaknesses of Greatest-Current. I have dubbed this effort pseudo-current and it may produce absolutely nothing.

Oliver Gross produced a closed-form pairing strategy for the grid board, which may or may not be extensible to more general contexts if analyzed properly.

Possible Rule Variants
Several rule variants might enrich the theory of the game, and make it fairer. Examples include allowing each player to take two moves at once or allowing Player 2 to switch roles with Player 1 as one of his/her moves. Both of these are inspired by similar variants of Hex. Other variations may arise later.

Miscellany
This game is very similar to the game Hex, which is a very similar game relying on dividing up faces between players, rather than edges. While similar in statement and some theory, the two are fundamentally very different. Hex is very popular among mathematicians, accounting for a large literature of results despite never being entirely solved.

There are a number of very useful directions I could take the programming side of this project, such as producing a general applet for working with graphs and their duals embedded on the disc and other surfaces, as well as efficiently and visually working with modifications of electrical networks and viewing the solution to the forward problem.
