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1. (10 points) Evaluate / / — dx dy by changing the order of integration.
o Jyyg T
Hint 1: first figure out what is the integration region R.
Hint 2: recall that /udv = uv — /vdu.

Answer: Note that s Ymax = i, Tmin(Y) = /v and . Thus, the region of integration
is

Lmin (?/) - \/.77

1
Ymax = 7

8

Thus, switching the way we slice, we get that Ty = 0, Tpmax = %, Ymin() = 0 and Ymax(z) = 22

Therefore, our new double integral is
1,2
3 X
/ / & dy dx.
o Jo T

First solving the inner integral, we obtain

1
Thus, we obtain the outer integral f02 ze®” dr. We need to use integration by parts: we set u = z,
dv = e®dx, so that du = dz, v = e”. Thus, the outer integral is equal to

1
1 2 1 1
[ze®]? —/ e’ dx = §e% - (e% -1)= —56% +1.
0
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2. (10 points) (a) (5 points) Switch the order of integration of / / yvz2 4+ y?dydx to dx dy.
—1J—v2—22
Do not evaluate.

Answer: Note that s Tmax = 1, Ymin () = —v2 — 22 and ,,,...(2) = 2. Thus, the region
of integration is

Yy Tmax = 1

.1/“](1\(:'(4) xr

ymin(m) = =V 2 - IQ

I~

Thus, switching the way we slice, we’ll need two double integrals: one for /7; and one for Rs.
Y

For Ry, we have that ymin = —1, Ymax = 1, Zmin(y) = y and Zmax(y) = 1. For Ry, we have that

Ymin = —V2, Ymax = —1, Tmin(y) = —v/2 — 32 and Zpay(y) = /2 — y2 Therefore, our new double
integrals are

1 1 —1 \/2—y2
/ / y\/x2+y2dxdy+/ / yv x2 + y? dx dy.
-2 J- /2—y?
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(b) (5 points) Switch / / yv/ 2 + y? dy dz to polar coordinates. Do not evaluate.
—1J—v2—22

Answer: Here again, our region splits into two: and Ro.
Yy
T
Here, Ry is such that the Omin = — 7, Omax = §, T"min(0) = 0 and rpax(0) = Fl(a) since we exit on x = 1
(i.e. reos(f) =1).
For Ry, we have 0., = 57“, Omax = =75, "min(0) = 0 and ryax () = V2 since we exit on the circle

22 +y? =2 (ie. 2 =2).
Finally, note that y1/22 4+ y2 becomes rsin(f)r and dydx becomes rdrdf. Therefore, we obtain

i [ -5 V2
/ / 73 sin(6) dr df + / / 3 sin(6) dr df
-3Jo 5= Jo
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3. (10 points) (a) (7 points) Find the center of mass of a flat object with density proportional to the
distance to the z-axis, and with region R bounded by y = 22 — 1 and y = 0.
Answer: The region in question is

Y

We can slice either vertically or horizontally. I'll choose the former. Then i, = —1, Tymax = 1,
Ymin(7) = 22 — 1 and ymax(z) = 0. Moreover, the density is § = k|y| for some constant k; since y is
negative on our whole region, § = —ky. Thus, using the formula for the center of mass, we obtain

f_ll fwo2_1 € - (_ky) dyd.’L’
S oy —kydyda

1 40
J oy ey (“ky)dyde
T 0 :
Joi Jory —hydy de
Note that we can already notice that £ = 0 since the region is symmetric around the y-axis and the

density is the same for all points at a same height y. Therefore, the contribution of any point (z,y)
in the region will cancel out with the contribution of point (—z,y) (which is also in the region).

T

|
Il

For y, we must actually evaluate the integrals. We have

bore Lrys1” kot —32k
—ky?d dx:—k/ [y] dx:f/ 28— 32 + 322 — 1da = ——=
/—1 /z2—1 Y Y —1 3 21 3 1 105
d
0

1 40 11,2 A k
/ / —kydyda:z—k/ [y} da:zf/ x4—2x2—|—1dm:8—.
—1Jz2-1 -1 2 z2—-1 2 -1 15

4

?.

(b) (3 points) Without doing further calculations, find the center of mass of a flat object with density
proportional to the distance to the line y = 3, and with region R bounded by y = 242 and y = 3.

an

Therefore, § = —

Answer: Note that both the region and density were shifted up by three units. Therefore, the
center of mass also shifts up by three units to become (0, —2 + 3) = (0, ).
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