
1 ∆-complexes

Definition 1.1. Let ∆n be the standard n-simplex, consisting of the points
(x0, x1, . . . , xn) ∈ Rn+1 satisfying

∑
xi = 1, 0 ≤ xi ≤ 1 for all i. There are

coface maps di : ∆n−1 → ∆n, 0 ≤ i ≤ n, defined by

di(x0, x1, . . . , xn−1) = (x0, . . . , xi−1, 0, xi, . . . , xn−1).

Note that the coface maps satisfy identities:

djdi = didj−1 for all i < j.

Definition 1.2. An abstract ∆-complex X consists of a collection of sets Xn,
n ≥ 0, together with functions di : Xn → Xn−1, 0 ≤ i ≤ n, satisfying the
simplicial identity

didj = dj−1di for all i < j.

The elements of Xn are called n-simplices. The maps di are called face maps.
Given an abstract ∆-complex X, its geometric realization is the following

topological space |X|:

|X| =
∐
n

Xn × |∆n|/ ∼=
∐

n,x∈Xn

(∆n, x)/ ∼,

where (z, dix) ∼ (diz, x) for x ∈ Xn, z ∈ ∆n−1. In the right-hand disjoint union,
you should interpret “(∆n, x)” as being the copy of ∆n labeled by x ∈ Xn.
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