Mathematics 412
Final preview
8 March 2006

As usual, clarity of exposition is as important as correctness of mathematics.

The actual exam will be closed book, no notes or calculators allowed. There will be room on the
paper to write your answers. Since itis a timed exam, you can use abbreviations and shorthand, and
you don’t need to use complete sentences, as long as | can easily understand what you're saying.

1. Consider the rind)[x],s_,; the elements in here are of the foam+aiy+--- + asy*, where
eacha; is rational, andy satisfies the “rewrite ruley® = 2. This is a field because the polyno-
mial x°> — 2 is irreducible inQ[x]. (You don't need to prove any of the preceding statements.)
What is the multiplicative inverse gf? What is the multiplicative inverse of1y?

2. Consider the polynomiaf® + 3x+ 1. In each of the rings below, either explain why it is
irreducible in that ring, or factor it as a product of irreducible polynomials.
(@) Q[x]
(b) R[X
(c) Fua[x
3. LetF be a field.

(a) Suppose thain(x) andu(x) are non-zero polynomials iR[x] and you wish to divide
m(x) into u(x). State what the Division Theorem tells you about this situation. You
should make an explicit statement about the existence of certain polynomials.

(b) Suppose thed(x) andm(x) are relatively prime polynomials iR[x]. Bezout's Theorem
guarantees the existence of polynomials) andv(x) in F[x] such that

a(xX)u(x) + m(x)v(x) = 1.

Given this, prove that there exist polynomial) and s(x) in F[x], with deg (x) <
degm(x), so that
a(x)r(x) +m(x)s(x) = 1.
4. In this problem, we will consider polynomials#3[x].
(a) Prove that the polynomiaf —x — 1 has no root irff'3[x]. Using this, explain why® —
x—1is irreducible inF3[x].

(b) Construct a ring< that containsFs, has an elemeng satisfyingy® = y+ 1, and has
exactly 27 elements. Describe explicitly what the elements afe, give a formula for
the product of any two elements Kf and explain whyK has 27 elements.

(c) Using the strengthened version of Bezout’s theorem obtained in Problem 3(b), prove that
K is a field; that is, prove that each non-zero element bfis a multiplicative inverse in
K.
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5. Suppose thaR is a ring with no zero-divisors. Recall that an elemarmtf R is calledirre-
ducibleif ais not zero or a unit iR, and if, for any factorization o& in R as a products,
eitherr or sis a unit. (That is, every factorization afis trivial.)

Suppose thak has a measure of size assigning to each elemgnR a non-negative integer
N(r), and suppose that the measure of size satisfies the following properties.

e The zero element dR has size 0; any non-zero elementolias positive size.

e The smallest size any non-zero elemenRdfas is 3, and the elementsRDf size 3 are
precisely the units oR.

e The second smallest size any non-zero elemeR lods is 5, and each elementRbf
size 5 is irreducible.

e For any two non-zero elementandsof R, the inequalityN(r) < N(rs) holds. Moreover,
if sis not a unit, themM(r) < N(rs).

Given this, prove that every nonzero elemamf R that is either a unit, is irreducible, or
factors as a product of irreducible element&Rof

6. Letp be a prime number and suppose thandb are integers such that + b? = p.
(a) Prove that the Gaussian integer bi is irreducible inZ][i].

(b) Factorpin Z[i] as a product of irreducible Gaussian integers, and explain why the factors
in your factorization are irreducible.

(c) Letpbe the prime number 1021, which happens to satisfy the equation
112+ 307 = 1021
Describe 8 pairs of integefs, b) that satisfy
a®+b? = 1021

(d) State what the unique factorization theoremZf says about the possible factorizations
of 1021 inZli] as a product of irreducible Gaussian integers. Using this, explain why
there are exactly eight solutiois,y) in the integers to the equatiof+ y> = 1021.

(e) Now letp be the prime number 607. How many integer solutions are there to the equation
X2 +y? =607?

7. Fermat's theorem discusses which primes can be written as sums of two squares. What about
composite numbers?

(@) Show that ik = a® + b? andm= ¢+ d?, then you can write the produktmas a sum of
two squares. [Hint: use the formuNy(rs) = N(r)N(s).]
(b) Use unique factorization if[i] to prove that 1119 = 209 cannot be written as a sum of

two squares. [Hint: suppose 289a® + b?. This leads to the two factorizations 269
11x 19= (a+ bi)(a—bi) in Z[i]. Derive a contradiction.]

(It is possible to combine the previous two parts to describe exactly which integers can be
written as a sum of two squares. Ask me what the answer is, if you're interested.)



