Solutions, homework assignment 7

Problem from web page Suppose tha#x = Ax. Let f(t) = ag+agt +apt?+--- +
at. Then

f(A)Xx = (aol +aA+ azA2+~-+akAk) X
= agl X + g AX + apAPX + - - - + a Ak

Now apply Theorem 11(a) to compudéx for eachi:

= apX+ g AX +apA?X + - - + aAkx
= (ao+all+a212+---+ak/lk)x
= f(A)x,

as desired.

Section 4.4: 24 (a) If B is a 3x 3 matrix satisfyingBx = 0 for every vectorx, then
B must be the zero matrix: the columnsBfare equal tBe, fori = 1,2,3, so each
column is equal t@, so the whole matrix is filled with zeroes.

(b) Now suppose thafus, up,us} is a linearly independent set, wheka; = A;u;
for eachi. Since{us,up,us} is a set of three linearly independent vectorR it
must form a basis (see Theorem 9 on p. 207), and therefore every ve&dican be
written as a linear combination of these.

Now letv be any vector irR3. | want to show thap(A)v = 0; | can then apply
part (a) to conclude thai(A) is the zero matrix. Write as a linear combination of the
vectorsu;:

V = aiuz + axuUz + agus.

Now computep(A)v:
P(A)V = p(A) (aqus + apu2 +agUs)

= p(A)aqus + p(A)aguz + p(A)agus
= a;p(A)ur +axp(A)uz +azp(A)usz

Now apply the previous problem:
= a1p(A1)us +a2p(A2)uz +asp(4s)us.
The numberd,;, A2, andAz are roots ofp(t), sop(A;) = 0 for alli. Therefore the above

sum is equal to the zero vectop{A)v = 0. This is exactly what | wanted to show. |
can conclude thap(A) is the zero matrix.



