
Solutions, homework assignment 4

Section 3.5, 36: The rank ofA is defined to be the dimension of the range. Since the
range is equal to the column space ofA, the rank is therefore equal to the dimension of
the column space. SinceA by assumption hasn columns, its column space is spanned
by n vectors, and so its dimension is at mostn. Thus rk(A)≤ n. By theorem 10 in the
book, rk(A) = rk(AT). AT hasmcolumns, so its rank is at mostm, and thus rk(A)≤m.

Another way to show that rk(A)≤m: the range ofA is a subspace ofRm, and every
subspace ofRm has dimension at mostm. Hence rk(A)≤m.

Another way to show that rk(A)≤ n: the rank-nullity theorem says that

rk(A)+nullity(A) = n.

The nullity ofA cannot be negative, so rk(A)≤ n.

Section 3.5, 38: The the rank-nullity formula (the remark at the bottom of page 209)
says that ifA is m×n, then

n = rk(A)+nullity(A).

So if A is 3×4 with nullity 1, then its rank is 3. Thus its range has dimension 3, and
since the range is a subspace ofR3, the range must be all ofR3. Now, the range consists
of all vectorsb for which the systemAx = b is consistent (I’ve discussed this in class;
also see the sentence after the definition of range on page 181 in the book). Therefore,
for every vectorb in R3, the systemAx = b is consistent.
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