Solutions, homework assignment 3

Section 3.3, 50(a) The range of tha x nidentity matrixl, is all of R": for anyy € R",
ifllet x =Yy, thenlx =Y.

The null space ofy, is {0}: sincelpx = x for anyx in R", the only solution to
Inxx=0isx=0.

(b) Then x n zero matrixO has the property thax = 0 for any vectorx in R".
Therefore its range i§0}, becaus@® is the only thing which can appear on the right
side of the equatio®x =y, and its null space is all &R".

(c) If Ais ann x n nonsingular matrix, then its range is allRF, and its null space
is {0}. I'll provide two explanations. First, sinokis nonsingular, the only solution to
the equatiorAx = 0 is x = 0 — that’s the definition of nonsingular. This means that the
only vector in the null space & is the zero vector.

Also, Theorem 13 in Section 1.7 says that for any 1 vectorb, there is a unique
solution toAx = b. That s, for any vectdp, the systenfx = b is consistent. Therefore
everyn x 1 column vectob is in the range, so the range is allR¥f.

The second explanation: I'll use the fact that siBde nonsingular, it is invertible.
Suppose that is inR". Letx = A~1y. Then

Ax=AA"ly) = (AA Yy = Iy =.
Thusy is in the range oA. Also, if X is in the null space oA, then
X = Inx = (A"1A)x = A"1(AX)
Sincex is in the null space’Ax = 0, so
x=A"10=0.

Thusx = 0: the only vector in the null space #fis the zero vector.

Section 3.3, 52 (a) Suppose thatis in .4(B), the null space oB. This means that
Bx = 0. | want to show thatAB)x = 0. Well,

(AB)x = A(BX),

butBx = 0. Therefore(AB)x = 0, which means that is in .4"(AB).

(b) Suppose thay is in Z(AB), the range ofAB. Then there is a vector such
that(AB)x =y. Letz = Bx. ThenAz =y, which means tha is in the range of as
desired.



