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• Raise your hand if you have a question.

• This exam has 5 pages, plus this cover sheet. Make sure that your exam is complete.
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1. (a) (7 points) Compute
∫

(

3x4 − 1
x

+5cos(x)
)

dx.

Solution: No substitutions required: these are all easy antiderivatives. The answer is

3
5x5 − ln |x|+5sinx+C .

Check: the derivative of this is
3
55x4 − 1

x
+5cosx,

which is what it’s supposed to be.

(b) (7 points) Compute
∫

sec2(2x) tan5(2x)dx.

Solution: Make the substitution u = tan(2x). Then du = 2sec2(2x)dx, and the integral becomes
∫

u5 1
2 du =

1
2

1
6u6 +C.

Now substitute back in for u: the answer is

1
12

tan6(2x)+C .

Check: the derivative of this is (by the chain rule)

1
126×2tan5(2x)sec2(2x),

which is the original function.
Alternatively, make the substitution u = sec(2x). Then du = 2sec(2x) tan(2x), so sec2(2x) tan(2x)dx =
1
2 udu. This leaves a factor of tan4(2x) to deal with, at which point I can appeal to the trig identity
sec2(θ) = 1+ tan2(θ), or tan2(θ) = sec2(θ)−1, so tan4(2x) = (tan2(2x))2 = (sec2(2x)−1)2. So the
integral is
∫

sec(2x)(sec2(2x)−1)2 sec(2x) tan(2x)dx =
1
2

∫

u(u2 −1)2 du =
1
2

∫

u(u4 −2u2 +1)du

=

∫ 1
2

∫

(u5 −2u3 +u)du =
1
2

(

1
6u6 − 2

4u4 +
1
2u2
)

+C

=
1

12 sec6(2x)− 1
4 sec4(2x)+

1
4 sec2(2x)+C.

This is actually equal to 1
12 tan6(2x)+C′ by the same trig identity (note, thought, that the constants are

not the same).
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2. (a) (4 points) Compute
∫ 1

−1

√

1− x2 dx. [Hint: interpret the integral as an area.]

Solution: This definite integral is the area under the curve y =
√

1− x2, which is the top half of the
circle x2 + y2 = 1. Thus the area is half the area of this circle: the answer is π/2 .

x

y

1−1

(b) (7 points) Compute
∫ 2

1
x(2− x)7 dx.

Solution: Make the substitution u = 2−x. Then du =−xdx, and also x = 2−u, and for the endpoints,
when x = 1, u = 1, and when x = 2, u = 0. So the integral becomes

−
∫ 0

1
(2−u)u7 du =

∫ 1

0
(2u7 −u8)du =

[

2
8

u8 − 1
9

u9
]1

0
=

1
4
− 1

9
=

5
36

.

Alternatively, make the same substitution, but don’t change the endpoints. In fact, don’t worry about
the endpoints until the very end:

∫

x(2− x)7 dx = −
∫

(2−u)u7 du =
∫

(u8 −2u7)du =
1
9

u9 − 2
8

u8 =
1
9
(2− x)9 − 1

4
(2− x)8.

Now plug in the original endpoints:
[

1
9
(2− x)9 − 1

4
(2− x)8

]2

1
= −

(

1
9
− 1

4

)

=
5

36
.

Alternatively, you could multiply out x(2− x)7 and integrate it. This is unpleasant and easy to screw
up, so it’s not a very good method.
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3. (7 points) Find the interval (or intervals) on which the curve

y =

∫ x2−x

2
(1+ sin2(t))dt

is increasing.

Solution: The curve is increasing where its derivative is positive, so I’ll compute its derivative: by the first
part of the Fundamental Theorem of Calculus,

y′ = (2x−1)(1+ sin2(x2 − x)).

In more detail: let g(u) =
∫ u

2
(1+ sin2(t))dt. Then g′(u) = 1+ sin2(u), by the FTC. y is equal to g(x2 − x),

and by the chain rule,
y′ = (x2 − x)′g′(x2 − x) = (2x−1)(1+ sin2(x2 − x)).

Because it’s squared, the term sin2(x2 − x) is always greater than or equal to zero, so 1 + sin2(x2 − x) is
always positive. Thus y′ is positive whenever 2x−1 is, which is when x > 1/2. So

y is increasing when x > 1/2 .
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4. A spaceship is at rest in space. At time t = 0, the pilot turns the engine on, and then turns it off when t = 4. As
a result, the spaceship’s acceleration is given by

a(t) =

{

10, if 0 ≤ t ≤ 4,

0, if t > 4.

(a) (5 points) What is the spaceship’s velocity when t = 2? When t = 4? When t = 10?

Solution: Draw a graph of acceleration as a function of t; then the velocity at time t is the area under
the acceleration curve between 0 and t. In this case, the acceleration curve looks like this:

1 2 3 4 5 6 7 8 9 10 11

5

10

It’s easy to compute areas under this curve: v(2) = 20 , v(4) = 40 , and v(10) = 40 .

(b) (3 points) Find a formula for v(t), the velocity of the spaceship, valid for all t ≥ 0.

Solution: We just need a formula for the area under the acceleration curve between 0 and t. This
formula is

v(t) =

{

10t if 0 ≤ t ≤ 4,

40 if t > 4.

Here’s a graph of that curve, for use in part (c):

1 2 3 4 5 6 7 8 9 10 11

20

40

(c) (2 points) How far has the spaceship traveled after 10 seconds?

Solution: The distance traveled is the area under the velocity curve between t = 0 and t = 10. If you
draw the velocity curve (as I’ve done in part (b)), you can easily compute the area: it’s 320 .
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5. (8 points) Consider the region bounded by the curve y = 1/x, the line x = 1, and the line y = c for some constant
c > 1. Rotate this region about the y-axis. For what value of c is the volume of the resulting solid equal to 2π?

Solution: Here’s a picture of the region:

1 x

y
y = c

y = 1/x

Now compute the volume of the resulting solid in terms of c, set it equal to 2π , and solve for c. You can use
either washers or cylindrical shells.
Using washers: use horizontal slices and integrate with respect to y. y ranges from 1 to c, the outer radius
of the washer is 1, and the inner radius is x = 1/y. So the volume is

V =

∫ c

1
π

(

12 −
(

1
y

)2
)

dy = π
(

y+
1
y

)c

1

= π
(

c+
1
c
−2
)

.

Using cylindrical shells: use vertical slices and integrate with respect to x. x ranges from 1/c to 1, the radius
of each shell is x, and the height of each cylindrical shell is c−1/x. So the volume is

V =

∫ 1

1/c
2πx(c−1/x)dx = 2π

∫ 1

1/c
(cx−1)dx

= 2π
(

1
2cx2 − x

)1

1/c
= 2π

(

c
2 −1− 1

2c
+

1
c

)

= 2π
(

c
2 −1+

1
2c

)

= π
(

c−2+
1
c

)

.

Either way, the volume is π
(

c−2+ 1
c

)

. This is supposed to equal 2π:

2π = π
(

c−2+
1
c

)

.

Thus 2 = c−2+1/c. Multiply through by c to get a quadratic equation: c2 −4c+1 = 0. By the quadratic

formula, the roots of this are c =
4±

√
16−4
2

= 2±
√

3. The root 2−
√

3 is less than 1, and since c is

supposed to be bigger than 1, the answer is c = 2+
√

3 .


