Mathematics 411
9 December 2005
Final exam preview

Instructions: As always in this course, clarity of exposition is as important as correctness of
mathematics.

1. Recall that a&Gaussian integers a complex number of the form-+ bi wherea andb are
integers. The Gaussian integers form a r&ig, in which the number 3 has the following
special property:

Given any two Gaussian integarands, if 3 divides the products, then 3 divides
eitherr or s (or both).

Use this fact to prove the following theorem:

For any integen > 1, givenn Gaussian integens,, ro, ..., Iy, if 3 divides the
productrs - --ry, then 3 divides at least one of the factagrs

2. (a) Use the Euclidean algorithm to find an integer solution to the equation

x+37y=1

(b) Explain how to use the solution of part (a) to find a solution to the congruence

7x=1 (mod 37.

(c) Use part (b) to explain whiyr] is a unit in the ringZ 3.

3. Given a Gaussian integethat is neither zero nor a unit ififi], a factorizatiort =rsin Z[i] is
nontrivial if neitherr norsis a unit.
(a) List the units inZ[i], indicating for each one what its multiplicative inverse is. No proof
iS necessary.
(b) Provide a nontrivial factorization of 53 iifi]. Explain why your factorization is nontriv-
ial.
(c) Suppose thagb is a prime number iZ that has no nontrivial factorizations #ii]. Prove
that the equation
X +y?=p

has no integer solutions. (For full credit, do this from scratch: you shouldn’t need to cite
any results from the book.)
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4. Suppose thaR is a ring with additive identity 0. An elementof R is called azero-divisorif
r is nonzero and if there is a nonzero elemeat R such thats = 0.

(a) Find a zero-divisor iZ g and explain why it is one.

(b) Suppose than > 2 is an integer that is not a prime. Describe a zero-divis&jand
explain why it is one.

(c) Suppose thap is a prime number. Recall that [f divides a producab of two integers,
then it divides at least one afandb. Use this to prove that there are no zero-divisors in
Zp.

5. One can construct a rirRwith six elementsR= {a, b, c,d, e, f }, with multiplication table as
follows:

x|la b ¢c d e f
ala a a a a a
bla b c a b c
cla c b a c b
djla aad dd
ela b c d e f
fla c b d f e

(a) Which element oR is the multiplicative identity? Why?
(b) Which elements oR are units? Why?
(c) IsRa field? Why or why not?
(d) Can the multiplication table above be the multiplication tablggfwith the six elements
of Zg being assigned (somehow) the naragh, c, d, e, and f?
6. In this problemg represents the Euler phi-function amds a positive integer.
(a) Defineg(m).

(b) Supposan = p® for some prime numbep and positive integee. State a formula for
¢(m) in terms ofp ande, and prove that the formula is correct. (For full credit, do this
from scratch: you shouldn’t need to cite any results from the book.)

(c) State Euler’'s theorem. Make sure that all of the terms occurring are clearly identified and
any restrictions on them are described.

(d) Use Euler’s theorem to find the smallest positive integgrch that

5/3=¢ (mod 121.

Explain what you are doing in your calculation, pointing out in particular how Euler’s
theorem is used.



