Mathematics 404 Exam Name: Answers
April 27, 2005

Instructions: This is a closed book exam, no notes or calculators allowed. Justify all of your answers. You
may refer to and use any result from the book, homework, or portfolio problems, but for full credit, do not
use results from practice problems — if you need one of those results, you should prove it.

This is a timed exam, so you may use abbreviations and symbols (sugt)aas long as | can make
sense of what you write without struggling too much, it's okay.

1. (10 points) Let, be a field withg elements and fixi > 1. What is the order of the groupLn(Fy)?
[One of your homework problems asked you to establish a bijection bet®egfF) and the set of
ordered bases &", for any fieldF. Use that result. You can get some partial credit by answering this
question for small values af]

Solution: By the homework problem, the order of the group is equal to the number of ordered
bases ofF;)". Note that there arg" vectors in(Fg)".

To construct a basis of this space, choose the first vector: this can be any nonzero vector, so there
areq" — 1 choices for it. Choose the second vector. This can be anything which is not a scalar

multiple of the first one, and there agescalar multiples of it, so there agg — g choices. Continue
like this. After having chosem,Vv»,...,V;, the basis vectov; ;1 can be any vector which is not in
the span of the firgtvectors. The span of the firstectors is of the form

CiV1+CoVo + -+ -+ GV

where eaclt; is an arbitrary element d¥;, and thus this span haselements. So there ag@ — ¢
choices for thg(i + 1)st vector. Therefore the total number of bases, which equals the order of
GLn(Fy) is

(@"=1)(@"—a)(@" - ) (q" =" ).
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2. Letpbe a prime number angandk positive integers.

(@) (6 points) What conditions opandk guarantee tha,; an extension oFx? (I'm looking for an
answer of the formF,; is an extension of if and only if ...")

Solution: According to the main theorem on finite field, is an extension df if and only
if k dividesj.

(b) (4 points) When itis an extension, what is its degree: whigjis F]?

Solution: The answer ig/k. To determine this, ledl denote the degree. Then as a vector
space overk, the fieIdej has dimensionl, and so there is a vector space isomorphism

Foi = (Fy ).
The left side hag! elements, and the right side hgs)? = p* elements. Thug = kd, so
d=j/k
Alternatively, according to the main theorenfr,, : Fy] =i for anyi, so you can solve for

[Fpi : Fx] in the following:

[ij ‘R = [ij : Fpk”Fpk - Fpl.

3. This problem deals with construction with straight-edge and compass.

(&) (6 points) We proved a theorem describing the fielaf constructible numbers; state that theorem.
(No justification required.)

Solution: For everya in K, there is a tower of field extensions
Q=RCHCRC---CHK

such thaix € F,, and such that for eadh> 1, F is equal tom_1(+/Bi—1) for somepi_1 € F_;.
Conversely, every elememtin such a field extensioR, is contained irK.
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(b) (4 points) LetK denote the field of constructible numbers. Give two different examples of irra-
tional numbers which are i, and give two different examples of irrational (real) numbers which
are not inK. (If you explain why some number is not inK, then—c« is not a “different” example
of a number not irK, for instance.)

Solution: There are of course lots of examples. According to the theorem, numberg5ik
and+/7 are inK (and are not rational). Numbers lik¥2 andx are not inK, because their
degree is not a power of 2 (in the casey@®) or they are transcendental (in the case)of

D

4. (10 points) Letg = €2¥'/8. Compute the irreducible polynomial
(a) for gg overQ(i)

Solution: X2 —i. {g=€*"/8 = % + %i certainly satisfies this polynomial, so its degree is|at
most 2 overQ(i). Also {gis notinQ(i): the elements df(i) have the forna+ bi wherea and
b are rational, andg does not have this form. Therefore its degree is bigger than 1: its degree
is at least 2. Therefore its degree must be exactly 2xand is its irreducible polynomial.

(b) for s overQ

Solution: x*+ 1. {g satisfies this polynomial; can it satisfy one of smaller degree? Consider
the extension®) C Q(i) C Q(Lfg). These are all of degree 2, €g has degree 4 oveD.
Therefore its irreducible polynomial ov€ has degree 4, and we've found it.
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5. (10 points) Consider the number= /24 /3.
(&) True or false: the irreducible polynomial faroverQ is the same as the irreducible polynomial

for o overQ(v/6).

Solution: False. Note that has degree at most 2 ov@(+/6): sincea? = 5+ /6, thena is
a root of the polynomiak? — (5+ /6).

| claim thato has degree 4 ove. Indeed, | claim thaQ(v/2+1/3) = Q(v/2,v/3), and the
right side is a degree 4 extension ogrl should verify both of these claims.

The first claim is thaQ(v/2+v/3) = Q(+v/2,/3). Itis clear that the left side is contained ip
the right. What about the other inclusion? By the formogf 1/6 is contained in the left side
s0v/6a = 2v/3+ 32 is as well. Therefore

V60— 20, = /2

is contained in the left side, as is— /2 = /3. Therefore the right side is contained in the
left, and the two fields are equal.

The second claim was th@®(1/2,1/3) : Q] = 4. Consider the tower of extensions
QCQ(V2)cQ(vV2,V3).

The first of these is degree 2 and the second is degree 1 or 2. It is degree 1 if and only if
V3 € Q(+v/2), which | claim is not true. If it were, ther/3 = a+ by/2 for some rational
numbersa andb. Squaring both sides leads to the conclusion t/iatis rational, which is
nonsense.

(b) True or false: the irreducible polynomial for overQ is the same as the irreducible polynomial

for o overQ(+v/5).

Solution: True. According to the computation in part (&) has degree 4 ové). The exten-
sionQ C Q(v/5) has degree 3¢5 is a root of the polynomiat® — 5 which is irreducible by
Eisenstein’s criterion (witlp = 5). Consider the extensions

QCQ(V5) cQ(V5a)

and

QC Q(a) CQ(V5,«)

The degredQ(v/5, ) : Q] is divisible by 3 by the first tower of extensions, and is divisidle
by 4 by the second tower of extensions. Thus it's divisible by 12y soust have degree at
least 4 oveiQ(v/5). | know that it satisfies a degree 4 polynomial, so its degree is at most 4.
Thus its degree is exactly 4, and its irreducible polynomial €vé&sthe same as its irreducible
polynomial overQ(+v/5).
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