This problem is extracted from Dummit and Foote, problems 9.5.5 and 9.5.6.
Let ¢(n) denote theéEuler p-function for any positive integen, ¢(n) is the number of positive integers less than
or equal ton which are relatively prime ta. By conventiong(1) = 1. You may use the following facts abogt

e If pis prime, thenp(p) = p—1.
o If pXis a power of a prime, theng(p¥) = p“1(p—1).
e If aandb are relatively prime, thep(ab) = ¢(a)¢(b).

e For any positive integem, ¢(n) is the order of the groufZ /nZ)*.
Prove the following:

(@) Yqne(d) =n. (The notation here means: for every divigbof n, add up the numberg(d). For example, if
n==6, thenthe sumip(1l)+ ¢ (2)+ @ (3)+@(6) =1+1+2+2.)

(b) LetF be afield and leG be a finite subgroup of the group of uniks'. For any integed, let w(d) denote the
number of elements @ of orderd. Prove thaty(d) = ¢(d) for every divisord of |G| = n.

(c) Letd =nto conclude thaty(n) > 1, soG is cyclic. That isany finite subgroup of the group of units of a field
is cyclic.

Hints:

(a) Here are two approaches: (i) First prove the formula wihina power of a prime. In general, write= p™n/
for some primep and some integar not divisible byp; show that

d) = d// d/7
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and use induction to finish the proof. (ii) L€, be a cyclic group of ordem and show that sinc€, contains
a unigue subgroup of orderfor each factod of n, the number of elements @, of orderd is ¢(d). Hence
n=|Cy| is the sum ofp(d) asd ranges over all divisors of.

(b) For any integeN, xN — 1 has at mosN roots inF, and soy g w(d) <
induction thaty(d) < ¢(d) for every divisord of n. Sincey g, y(d) =n
o(d) for every divisord of n.

N. Sinceyqn @(d) = N, show by
= Ydjn®(d), conclude thaty(d) =



