Name: Solutions

Mathematics 403 Exam
February 2, 2005

Instructions: This is a closed book exam, no notes or calculators allowed. Justify all of your answers. You
may refer to and use any result from the book, but for full credit, do not use results from homework or
practice problems — if you need one of those results, you should prove it.

Z denotes the ring of integers, denotes the field witlp elements:F, = Z/(p). All rings mentioned
in this exam are assumed to be commutative.

This is a timed exam, so you may use abbreviations and symbols (sugt)aas long as | can make
sense of what you write without struggling too much, it's okay.

1. (10 points) LeF be a field. What are all of the ideals frix]/(x? — 1)? (Your answer may depend on
the characteristic df.)

Answer. According to the “correspondence theorem,” the idealB [af/ (x> — 1) are in bijection with
the ideals ofF [x] which contain(x? — 1). The ideals ofF[x] are all principal and so are of the form
(f(x)) for some polynomialf (x). Furthermore(f(x)) contains(x> — 1) if and only if f(x) divides
x? — 1. The polynomiak? — 1 factors as® — 1 = (x— 1)(x+ 1), so its divisors are (up to unit multiple)

1,x—1,x+1,x°—1

When the characteristic & is 2, the middle two terms are equal; otherwise, they are all distinct.
Therefore when the characteristichois 2, there are three idealsFrix]/(x* — 1):

(1), (x+1), (**+1) = (0).
When the characteristic & is not 2, there are four ideals x|/ (x*> — 1):
(1), (x—=1), (X+1), (¥ ~1)=(0).

(I'm writing X for the residue ok in the quotient ring=[x]/(x? — 1).)
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2. (10 points) LetR be an integral domain. Given nonzero polynomié(s),g(x) € R[x], prove that
deq f(x)g(x)) = deg f(x)) + dedg(x)).
Answer Let f(x) = S oax with am # 0, so that ded(x) = m. Letg(x) = Yo bjx with b, # 0, so
that degy(x) = n. In the productf (x)g(x), the coefficient ok is Yi+j=kabj. This means that when
k > m+ n, this coefficient is zero, and whdn= m+ n, this coefficient equalanb,. SinceR is an
integral domain and sinca, andby, are nonzero, their product is also nonzero. Thus the leading term
of f(x)g(x) is anbpx™™", so dedf (x)g(x)) = m+n=ded f(x)) + dedg(x)).

3. (5 points) For which prime numbepsis Fy[x] /(X% + 1) a field?

This is a hard question in general, so | would like you to make an educated guess, and to provide
justification and evidence for that guess.

Answer The answer is: all primeg which are congruent to 3 mod 4.

To come up with this guesEp[x] /(x> + 1) is a field if and only if the idea{x? + 1) is maximal, which

is true if and only if the polynomiak? + 1 is irreducible. Because this is a degree 2 polynomial, this is
true if and only if it has no roots: if and only i # —1 for all x € Fy. In summary:Fp[x] /(X2 + 1) is a
field if and only if —1 = p— 1 is not a square ifp.

Now try some primes to see what happens.

e Whenp=2, 1= —1is asquare, so we don't get a field.
Whenp=3,0?=0,12=1,and 2 =1, so—1 = 2 is not a square, so we get a field.

Whenp =5, 2 =4= —1, so we don't get a field.

Whenp =7, the squares are 0, 1, 2, and 4,sb= 6 is not a square and we get a field.

Whenp =11, the squares are 0, 1, 4, 5, and 9;-¢o= 10 is not a square and we get a field.
Whenp =13, ¥ = 25= —1, so we don't get a field.
Whenp =17, # =16= —1, so we don't get a field.

So the good primes (so far) are 3, 7 and 11. These are all congruent to 3 mod 4. The bad primes (so far)
are 2,5, 13, 17. These are all congruent to 1 or 2 mod 4.
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4. (5 points) The rin@ [x]/(9x?+ 1) is isomorphic to a subring of the complex numbers. Which subring?

Answer. View this ring as bein@ with an elemenk adjoined which satisfies the relatior?9- 1 = 0,
or %? = —1, orx? = —1/9, sox = +i/3. So | would guess that the answeiZi§/3]; this is easy to
verify with the first isomorphism theorem.

(Note, by the way, thaZ[i /3] is not equal to{a+% :a,b,e Z}. Sincei/3 and 3 are in our ring, So is
their producti, and hence so i§)(i/3) = —1/3. Note that-1/3 is not in{a+% ra,b,eZ}.)

5. (5 points) Let, b, andk be positive integers, and lat= akb. Show that the residue ab is nilpotent
inZ/(n). (Recall that an element of a ringndpotentif some power of it is zero.)

Answer (ab)k = akbk = (ab)b*! = nt¥~1, so when | reduce this mad | get zero.

6. (5 points) LeR andSbe rings with identity elementsland X, respectively. Suppose thiit R— S
is a function with the propertieg(a+ b) = ¢(a) +¢(b) andd(ab) = ¢(a)p(b) for all a,b € R. Show
that if (1r) is not equal to &, then there is a nonzero elemért Sso thatp(1g)b = 0.

Answer. Leta= ¢(1r). Since k1r = 1r, then when | apply to this, | geta? = a, soa’? —a=0. | can
rewrite this aga— 1)a= 0. If $(1r) # 1, thena— 1 # 0, so this is my elemerit



