
Mathematics 402 Exam
Solutions

1. (10 points) Determine the group of automorphisms ofC5 = {1,a,a2,a3,a4 | a5 = 1}.
Solution. By problem 4(a), every homomorphismf from C5 to itself is determined by wherea goes.
If f (a) = 1, then f sends every element to 1, and this is not an automorphism. Since 5 is prime,ai is
a generator ofC5 wheni = 1,2,3,4, so if f (a) is any of these, then the resulting homomorphism is an
automorphism.

Thus there are four automorphisms ofC5:

• f1, defined byf1(a) = a. This is the identity map, and so is the identity element in the group of
automorphisms.

• f2, defined byf2(a) = a2.

• f3, defined byf3(a) = a3.

• f4, defined byf4(a) = a4.

Since the automorphism group has four elements, it must be isomorphic to eitherC4 or to the Klein
4-group,C2×C2. I claim that the elementf2 has order 4:

( f2◦ f2)(a) = f2( f2(a)) = f2(a2) = a4,

so f 2
2 = f2◦ f2 = f4.

( f2◦ f2◦ f2)(a) = f2(a4) = a8 = a3,

so f 3
2 = f2 ◦ f2 ◦ f2 = f3. I can also computef 4

2 and show that it’s the identity map, or I can observe
that since I’m working in a group of order 4, the fourth power of every element is the identity. Since
no smaller power off2 equalsf1, I conclude thatf2 has order 4. Therefore the automorphism group is
isomorphic toC4.

2. (10 points) Letp be a prime number and letG be a group of orderp2. Prove thatG is isomorphic to
eitherCp2 or Cp×Cp.

You may use the following fact (which we will prove later in the quarter): every group of orderp2 is
abelian.

It may also be helpful to recall this fact about products: ifH andK are normal subgroups of a groupG
such thatH ∩K = {1} andHK = G, thenG≈ H×K.

[If you can’t do this in general, you can get up to 7 points for doing the case whenp = 3. If you can’t
do that, you can get up to 4 points for doing the case whenp = 2.]

Solution. By Lagrange’s theorem, the order of any element ofG must divide|G|= p2. Sincep is prime,
this means that the orders of the elements ofG can be 1,p, or p2. Only the identity element has order
1, of course, so the other elements all have orderp or p2.

If G contains an elementg of order p2, thenG is cyclic: if g has orderp2, then the cyclic subgroup
generated byg has orderp2. Since it’s a subgroup ofG, and sinceG has orderp2, it must be all ofG.

Otherwise, every non-identity element ofG has orderp. Choose some such elementh, and letH be
the cyclic subgroup generated byh. Then |H| = p, and sincep is prime,H ≈ Cp. The elements of
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H account for onlyp of the p2 elements ofG, so there must be other elements inG. So choose some
elementk which is inG but not inH, and letK be the subgroup generated byk. Sincek 6= 1 (because
1∈ H andk 6∈ H), k has orderp; thus|K|= p, andK ≈Cp.

I want to use the theorem about products described above. First, by the “fact” above, I may assume that
G is abelian. Every subgroup of an abelian group is normal, and thusH andK are normal subgroups of
G.

Next,H ∩K is a subgroup ofK, and so its order must divide|K|= p. Sincep is prime, this means that
|H ∩K| is either 1 orp. If it’s p, thenH ∩K = K, which means thatk∈ H ∩K ⊆ H. But I chosek so
thatk 6∈ H. Therefore|H ∩K|= 1, soH ∩K = {1}.
Alternatively, suppose thata∈ H ∩K. Sincea∈ H, thena = hi for somei. Sincea∈ K, thena = k j

for some j. This means thathi = k j . Sincep is prime, every non-identity element ofK generatesK, so
if k j 6= 1, then some power ofk j equalsk; sayk jm = k. But sincehi = k j , I find thathim = k. This is a
contradiction, though, because I chosek so thatk 6∈ H, andhim is in H.

The last thing I need to do is to show thatHK = G. There are several ways to do this. One of them is
to cite problem 9 in section 2.8. I prefer to use problem 5 in section 2.7: sinceK is normal (or sinceH
is normal), the product setHK is a subgroup ofG. Its order must therefore be 1,p, or p2. HK contains
all of H, and it also contains the elementk, so|HK|> p. ThusHK = p2, and this means thatHK = G.

You can also prove this directly: you need to show that the order ofHK is p2. Well, HK is equal to

{hik j |0≤ i ≤ p−1, 0≤ j ≤ p−1}.

If I knew that all of these elements were distinct, then I would havep2 different elements, and so I
could conclude thatHK = G. So assume thathik j = hmkn. Rearranging terms, I gethi−m = kn− j . The
left side of this equation is inH, and the right side is inK; since they’re equal, both sides must be in
H ∩K = {1}, so both sides are equal to 1. That means thathi = hm andk j = kn. In other words, as the
exponents vary, the elementshik j are distinct.

By the fact about products stated above, I can conclude thatG≈Cp×Cp.

3. (10 points) Prove that 2 has a multiplicative inverse modulon if and only if n is odd. (By “2 has a
multiplicative inverse modulon,” I mean that inZ/nZ, there exists an elementk such thatk 2 = 1.)

Solution. If n is odd, thenn = 2k−1 for some integerk. Son clearly divides 2k−1, which means that
2k≡ 1 (mod n); therefore ifk = (n+1)/2, thenk is the multiplicative inverse of2 in Z/nZ.

If 2 has a multiplicative inverse modn, then there is an integerk so that 2k≡ 1 (mod n). This means
thatn divides 2k−1. The number 2k−1 is odd, and every divisor of an odd number is odd; thereforen
must be odd.

4. (10 points) Fix a positive integern, let Cn be a cyclic group of ordern generated bya, and letG be a
group.

(a) Prove that any homomorphismf : Cn → G is determined byf (a): that is, if you knowf (a), you
can figure outf (b) for anyb∈Cn.

Solution. For anyb ∈ Cn, b is of the formb = ak for somek. Since f is a homomorphism,
f (b) = f (ak) = [ f (a)]k. So if I know f (a), I can computef (b) = f (ak) just by raisingf (a) to its
kth power.
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(b) In this setting, f (a) cannot be an arbitrary element ofG; what restrictions are there onf (a)?
(Equivalently, what properties mustf (a) have?)

Solution. Sincea has ordern, an = 1. Apply f : f (an) = f (1) = 1. Sincef is a homomorphism,
this means that[ f (a)]n = 1. This means that the order off (a) dividesn.

(c) Describe all of the homomorphismsC4 →C8. How many of them are onto? How many of them
are one-to-one?

Solution. LetC4 = {1,a,a2,a3}, and letC8 = {1,b,b2, · · · ,b7}. By part (a), every homomorphism
f : C4 →C8 is determined byf (a). By part (b), f (a) must have order 1, 2, or 4. We can compute
the orders of the elements inC8:
element 1 b b2 b3 b4 b5 b6 b7

order 1 8 4 8 2 8 4 8

So there are 4 homomorphisms:a 7→ 1, a 7→ b2, a 7→ b4, anda 7→ b6. None of these is onto; after
all, C4 has 4 elements andC8 has 8, so there are no surjective functions fromC4 to C8. The maps
a 7→ b2 anda 7→ b6 are one-to-one: ifa gets sent tob2, thena2 gets sent tob4, a3 to b6, and 1
to 1. Thus all elements ofC4 go to different places. The same goes for the map sendinga to b6.
(Alternatively, the kernels of these maps are both{1}.)
The map defined bya 7→ 1 is not one-to-one, because both 1 anda go to 1. The map defined by
a 7→ b4 is not one-to-one, because both 1 anda2 go to 1.

So there are no onto maps, and two one-to-one maps.


