
Someof themainresultsof Chapters3 and4

Chapter 3.
Let’s startwith thenotionof a field. Whenyou row reducea matrix,or invert amatrix,or solveasystem

of linearequations,you needto performthefollowing operations:addition,subtraction,multiplication,and
division. A field is definedpreciselyto make this possible,soa field is a set

�
with two operations,addi-

tion andmultiplication,satisfyingvariousproperties(additionmakes
�

into anabeliangroupwith identity
element� , multiplicationmakes

���������
	 ��� into anabeliangroupwith identity element , andaddition
andmultiplication arerelatedto eachotherby the distributive law). You know several examples:the real
numbers� , thecomplex numbers� , andtherationalnumbers� . Anotherimportantexampleis thesetof
congruenceclassesof integersmoduloa primenumber� , written as ������� , or to emphasizethat it’ s a field,
as ��� .

Givena field
�

(andif you want,just take
��� � or

��� � ), a vectorspaceover
�

is a set � together
with two operations:addition(alsoknown as“vectoraddition”; this makes � into an abeliangroup),and
scalarmultiplication. Thesehave to satisfytheaxiomslistedin Definition 2.11. (SeealsoDefinition 1.6 for
thespecialcasewhen

��� � .) Standardexample: ��� , the length � columnvectorswith real entries,is a
vectorspaceover � . (More generally, for any field

�
,
� � is a vectorspaceover

�
.) Any line throughthe

origin or planethroughtheorigin in � � is avectorspace,andis asubspaceof � � . Thecomplex plane � can
beviewedasavectorspaceover � , over � , or over � , just by restrictingwhich sortsof numbersyou allow
for scalarmultiplication.

Now fix a field
�

anda vectorspace� over
�

. Theelementsof � arecalledvectors, of course,andthe
elementsof

�
arecalledscalars. If !#" , . . . , ! � arevectorsin � , thena linear combinationof thesevectorsis

any vectorof theform $ "%!#"'&)(*(*(*& $ � ! �,+
where

$ " , . . . ,
$ � arescalars.The setof all linear combinationsof the vectors !#" , . . . , ! � is the subspace

spannedby theset,written -/.103254 !#" +7686768+ ! � 9 6
It is asubspaceof � . For example, -�.103254;:  � �=<?> + : �  �;<�> 9
is the

4A@ +CB 9 -planein � � , asis -�.10;2'4 :  � � <?> + : �  � <�> + :ED F � <�> 9 6
A setof vectors!#" , . . . , ! � is linearly dependentif$ "%!#"G&
(*(*(H& $ � ! � � �
for somescalars

$ " , . . . ,
$ � which arenot all zero.Otherwise,thesetis linearly independent. For example,

theset :  � � < > + : �  � < > + :ID F � < >
is linearly dependent,becauseD :  � �=< >,& F : �  �H< > � : D F �;< > � � 6

1



Theset :  � � <J> + : �  � <�>
is linearly independent.

A basisfor a vectorspace� is a setof linearly independentvectorsin � which alsospans� . For some
computations,it is usefulto payattentionto theorderof elementsin abasis,soabasisis actuallyanordered
setof linearly independentvectorswhichspanthespace.For example,thefollowing are(different)basesfor� � : 4 :  � � < > + : �  � < > + : � �  < > 9 +4 : �  �;< > + :  � �H< > + : � � J< > 9 +4;:  � �;< > + : �  �H< > + :   F < > 9 6
(Standardnotation: if you list elementsin curly braces–

	 @ +CB � – that meansa set. If you list them in
parentheses–

4K@ +CB 9 – thatmeansanorderedset. So thesets
	 @ +CB � and

	 BL+ @ � areequal,while theordered
sets

4A@ +CB 9 and
4 BM+ @ 9 aredifferent.)

Proposition3.8 is important:a set N � 4 !#" +767676J+ ! � 9 is a basisif andonly if every vector !PORQ canbe
writtenasa linearcombinationof the !HS ’s, in auniqueway.

On to a discussionof dimension: first, a vectorspace� is finite-dimensionalif thereis a finite setof
vectorswhich spansit. (E.g., I gave several differentfinite setswhich span ��� .) Assumethat � is finite-
dimensional;thenProposition3.17 saysthat any two basesfor � have the samenumberof elements,so
definethedimensionof � to bethenumberof vectorsin any basis.(E.g.,thedimensionof � � is 3.)

Givenavectorspace� andabasisN � 4 !T" +7686768+ ! � 9 , any vector !�OU� canbewritten in exactlyoneway
asa linearcombination ! � $ "%!#"G&
(*(*(H& $ � ! �V6
Thecoefficients

4 $ " +8676768+ $ � 9 arecalledthecoordinatesof ! with respectto thebasisN . (This is thefirst place
wheretheorderof thebasisvectorsis important:if I permutetheelementsof thebasisaround,thatwill also
permutethecoordinatesof ! .)

Supposewe areworking with the vectorspace��� of � -dimensionalcolumnvectorswith real entries.
Thestandard basisfor ��� is W � 4YX " + X7Z +768676J+ X � 9 +
where

X\[
is the columnvectorwith 1 in the ] th spotand � ’s elsewhere. If I have someotherbasis N �4 !#" +7686768+ ! � 9 for � � (seeabove for someexampleswith � � ), andif I have a vector ^ � : B "_(*(*( B=� < > in� � , thenProposition4.7 tells mehow to computethecoordinatesof ^ with respectto thebasisN : form a

matrix `aNcb in which the ] th columnis thevector ! [ . Thenthecoordinatesof ^ aregivenby `aNcbKd " ^ . (Soifef� `gNcb d " ^ , then ^ � @ "%!T"h& @iZ ! Z &
(*(*(H& @ � ! � .)
More generally, given two different basesfor a vector space� , it is importantto be able to convert

betweenoneandtheother. Seepages97-99for adiscussionof this.
(I’m notgoingto discussthematerialin Sections3.5and3.6now, but I’ ll askyouto readthemeventually.)

2



Chapter 4.
Giventwo vectorspaces� and Q overafield

�
, a linear transformationfrom � to Q is a functionj�k � �Ml Q

whichsatisfiestwo properties:
j 4 !m&n!#o 9 �pj 4 ! 9 & j 4 !#o 9 for any two vectors! + !#oLOU� , and

j 4 $ ! 9 � $ j 4 ! 9
for any

$ O � and !�OU� . For example,left multiplicationby an qsrc� matrixdefinesalineartransformation
from � � to �ut .

Noticethatif weignorescalarmultiplication,thenany lineartransformation
j

is agrouphomomorphism,
sowe candefinethekernelandimage of

j
. Thekernelis alsocalledthenull space. Oneimportantformula

is givenin Theorem1.6: for any lineartransformation
jvk � �Ml Q ,w,xzy � � w,xzy 4K{3|J} j 9 & w,xzy 4 xzy j 9 6

By theway, thedimensionof thekernelof
j

is alsocalledthenullity of
j

, andthedimensionof the image
is alsocalledtherank.

As it stands,linear transformationsare somewhat abstract,while matrix multiplication is much more
concrete.We canremedythis (andI don’t meanby makingmatrix multiplicationmoreabstract).First we
have to chooseabasisN � 4 !#" +7686768+ ! � 9 of � andabasis� � 4Y~ " +767676J+ ~ t 9 of Q . Thenfor each] , j 4 ! [ 9 is
in Q , socanbewrittenuniquelyasa linearcombinationof theelementsof � :j 4 ! [ 9 � $ " [�~ "h& $ ZK[?~�Z &
(*(*(*& $ t [�~ t +
for somescalars

$ " [ , . . . ,
$ t [ . Sowe candefinean q�r�� matrix � with thesescalarsasentries.This is the

matrix associatedto thelinear transformation
j

, with respectto thebasesN and � . Now if ! is a vectorin� with coordinates
ef� : @ "�(*(*( @ � <?> , by which I meanthat! � @ "%!#"'&)(*(*(*& @ � ! ��+

thento compute
j 4 ! 9 , you multiply the q�rU� matrix � by the ��r� matrix

e
to getan q�r� matrix ^ ;

this matrix ^ givesthecoordinatesof
j 4 ! 9 with respectto thebasis� .

Here’s a goodexampleto work out: let � � bethevectorspaceof all realpolynomialsof degreeat most� , with basis
4  + @ + @ Z +767676J+ @ � 9 . Thenthederivative � is a linear transformationfrom � � to itself. Find the

matrix for � with respectto this basis.
Anotherexampleof a lineartransformation:let

j
berotationof � � by angle�5� F aroundtheline through

the origin determinedby the vector ! � :   D < > . I could work out the matrix for this with respectto
thestandardbasis,but thingswill be nicer if I use ! as,say, thefirst elementof thebasis.Sincethe linear
transformationsends! to itself, thenthematrixwill look like��  � �� � �� � �

�� +
wherethe � ’s dependon how I choosetheothertwo elementsof thebasis.If I choosetherestof thebasis
well, I’ ll endupwith this for thematrix:��  � �� �J��� 4 �5� F 9 � � x 2'4 �5� F 9� � x 2'4 �5� F 9 �8��� 4 �5� F 9

�� 6
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If I’m willing to choosedifferentbasesfor thedomainandrangeof thefunction,thenI canactuallyget the
matrix to look like this: ��  � ��  �� � 

�� 6
How? Pickany basisN � 4 !T" + ! Z + ! � 9 for � � (thedomain);thentherotatedvectors

j 4 !#" 9 , j 4 ! Z 9 , j 4 ! � 9 form
abasisfor � � , andI’ ll usethis basisfor therange.You gettheidentity matrixwhenyou computerelative to
thesetwo bases.

If you changebasesin either � or Q or both, you get a new matrix for the linear transformation
j

;
how a matrix is transformedwhenyou changebasesis discussedon pages113-115.SeeProposition2.9, in
particular.

If � is avectorspace,thena linear operator on � is a lineartransformationfrom � to itself. In thiscase,
whencomputingamatrix for � , youusuallypick thesamebasisfor � in its roleasdomainandin its role as
range.Proposition3.5 saysthis: if � is thematrix for

j
with respectto somebasis,thenwhenyou change

bases,you getmatricesof this form: ������d " , where� is in ��� � 4 � 9 . Definition: two matrices� and � o are
similar if ��o � ����� d " for someinvertible � .

Invariantsubspaces,eigenvalues,andeigenvectorsareusedto studylinearoperatorsonavectorspace� .
A subspaceQ of � is invariant under

j
if
j 4K~ 9 O�Q for all

~ O�Q . For example,if
j�k � � �Ml � � is

rotationaboutthe � -axisby angle �5�3� , thenthe
@ B -planeis aninvariantsubspace:givenany vector ! in the@ B -plane,then

j 4 ! 9 is alsoin the
@ B -plane.The � -axisis anotherinvariantsubspace.

An eigenvector for
j

is a nonzerovector ! so that
j ! is a scalarmultiple of ! : j ! ��  ! for some  O � . Thescalar

 
is theeigenvalueassociatedto theeigenvector ! . Corollaries3.10,3.11,and3.12areall

important.
To find eigenvectorsandeigenvalues,rewrite theequation

j ! ��  ! as
j ! �¡ �¢ ! , where

¢
is the �£r¤�

identity matrix, and then rewrite this as
 �¢ ! ��j ! � � , or

4  �¢���j 9 ! � � . So a nonzerovector ! is
an eigenvectorof

j
, with eigenvalue

 
, if ! is in the kernelof

 ?¢ �)j
. A matrix (or linear operator)has

nonzerovectorsin its kernel if andonly if its determinantis zero, in which caseit’ s calledsingular. So 
is an eigenvaluefor

j
if andonly if the linear operator

 �¢��)j
is singular, which is true if andonly ifw |?¥H4  �¢c��j 9 � � .

So,let
j

bea linearoperatorwith matrix � , let ¦ bea variable,anddefinethecharacteristicpolynomial
of
j

to be � 4 ¦ 9 � w |J¥*4 ¦ ¢�� � 9 . Theeigenvaluesof
j

aretherootsof this degree� polynomial.
(Thismeansthatthey aretherootsof thepolynomialthatexist in thefield

�
. Soif wedecideto work with

thefield � of rationalnumbers,thenthematrix § � D �=¨ , which hascharacteristicpolynomial � 4 ¦ 9 � ¦ Z � D ,
hasno eigenvalues.It hastwo eigenvalues,© D and

� © D , if we areworkingover thefield � .)
Corollary4.14andProposition4.18areuseful.
If
j

is a linear operatoron a vector space� , it is useful to know whether
j

is similar to an upper
triangularmatrix or to a diagonalmatrix. Thecharacteristicpolynomialis importanthere;seeCorollary6.2
andTheorem6.4for themainresults.
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